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QUALITY CONTROL FOR MARKOV CHAINS AND FREE
BOUNDARY PROBLEMS ()
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ROBERT F. ANDERSON AND AVNER FRIEDMAN

ABSTRACT. A machine can manufacture any one of n Markov chains P
(1 < j < n); the P} are defined on the space of all sequences x = {x(m))
(1 < m < ) and are absolutely continuous (in finite times) with respect to
one another. It is assumed that chains P} evolve in a random way, dictated
by a Markov chain 8(m) with n states, so that when #(m) = j the machine
is producing P). One observes the o-fields of x(m) in order to determine
when to inspect §(m). With each product P there is associated a cost <
One inspects 8 at a sequence of times (each inspection entails a certain cost)
and stops production when the state § = n is reached. The problem is to
find an optimal sequence of inspections. This problem is reduced, in this
paper, to solving a certain free boundary problem. In case n = 2 the latter
problem is solved.

0. Introduction. Let X be a fixed countable subset of the real line. Let 0(¢)
(t=0,1,2,...) be a Markov chain with n states 1, 2,..., n, and with
transition probablllty matrix p,;. With each state i we associate a Markov
chain P} defined on the space ©, of sequences (x,, X;, X5, . . . ) Where each x,
varies in X. We assume that the P} are distinct from each other and
absolutely continuous (in finite time) with respect to one another. Denote by
E"* the expectation corresponding to the random evolution of the P} in
accordance with the chain 6 (¢) starting at § = j and x.

Let K;,..., K,_, be given positive numbers. Let ¢,,...,c, be given
nonnegative numbers and define a function f(f) by f(i)=¢ if i=1,
2,...,n Let = (r,7,...) be an increasing sequence of “inspection
times” in the sense that 7, assumes only nonnegative integer values and each
set (1; < s) (s nonnegative integer) depends only on the coordinates
Xg, Xy, - -+ » X, and on the knowledge of §(7;) forall 1 < j < i — 1.

Throughout this paper we shall use the notation
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8 R. F. ANDERSON AND AVNER FRIEDMAN

fbg(s) ds=g(a)+ gla+ 1)+ - +g(b) (0.1)

where a, b are integers and 0 < a < b.
Consider the cost function

) n—1

Ji(r)y = E™ K + 2, K[ > 19(,,)_,}
j=1 1=1

+ E™*

[ as + 2] 12 loco= "7 1(006)) ds} ©02)
j=11=
The problem considered in this paper is to find and characterize a sequence
of inspection times 7 = (7}, 7,, . . . ) such that

Ji(7) = ilefJ;' (7). 0.3)
This is called a quality control problem. The same problem in the case of
continuous-parameter Markov processes was studied by the authors in [1], [2].
The problem was reduced to solving a certain elliptic quasi variational
inequality (q.v.i.). We shall establish a similar reduction also.in the present
setting of Markov chains. Analogously to the q.v.i. of [1], [2] we shall obtain
here a “discrete” q.v.i. In the special case where n = 2 we shall solve the q.v.i.

The development of this paper proceeds parallel to [2]. Some of the results
follow similarly to [2], and these will be mentioned only briefly. There are,
however, some novel features in the present Markov chain setting.

In §1 we introduce the random evolution process (x, 8). We choose a
model as in [2, Appendix] which displays very clearly the structure of this
evolution.

In §2 we introduce the p-process and prove results analogous to Theorems
2.1, 2.2 of [2]. The quality control problem is introduced in §3, where it is
reduced to solving a certain “discrete” q.v.i.

In §4 we solve the q.vi. in case n =2 under some monotonicity
assumption.

1. The (x, 8) process. It will be convenient to denote the discrete parameter
of various Markov chains by f; thus the parameter ¢ will take values ¢ = 0, 1,
2,.... We fix a countable set X of points on the real line and denote by @,
the space of all sequences w = (xg, X, X,, . . . ) With x; € X. Viewing w as a
function x = x(t) = x(7, w) on the nonnegative integers with values in X, we
write x, = x(f) = x(t, w), t =0, 1,2, . ...

Let 8(¢) be a Markov chain with n states 1, 2,...,n defined on a
probability space &, of all sequences ' = (6, 6,, 8, . . . ) where each 6, may
take values 1, 2,..., n. Viewing ' as a function 8 = 8(¢) = §(¢, '), we
write §, = 0(¢) = 0(¢t, w'), t =0, 1, 2,.... Denote the transition probability
matrix of 6 () by p, ;.
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Let PN (i=1,...,n) be n distinct Markov chains defined on €, and
absolutely continuous (in finite time) with respect to one another. Denoting
the transition probability matrix of P> by p}_"k we then have, for each pair
U k),

eitherp, = Oforalll < i< norp) >O0foralll <i<n (L)

We are interested in an explicit construction of the random evolution of the
P) in accordance with the law of @ (¢). First we write down what, intuitively
speaking, the transition probabilities should be:

t—1
P (0()=jix()EB)=23* X

p-O (i’YI’ sy pri)
> -1 u, =1 -1, L L TS
Pii Piy,Pyy, Py, Pyl%, p’IpJp]J ’

utu, + - +u.,'<l

. Px)“ ®g Fx(h'_)®g+unpx\8,‘+“n)® « o e

B N P4+ (X(1) € B)
(12)

fori=1,. LM X E X, where B is any subset of X. Here, the notation
> forp > 1
(AT
means that summation is extended over all integers y,, . . ., ¥, varying from 1
to n such that
i FNFVN2F F Y s
for p = 0 it means that i # j, i.e., the sum is empty if i = j, and consists of

one term if i # j. The summation

=1

2*

p=0
means that p varies over 0, 1, 2, ..., — 1 with one exception: if i = j then
there is no term with p.= 0 and instead there appears the term

PifiP:‘ (x(t) € B);

we refer to this term as the term corresponding to p = —1. Finally, the
notation
2,

uitu, + - +u7'<l
means that the summation is extended over all integers u;, u,, .. ., u, such
that
w21, u >1L...,u >1, and u+u, +- - +u, <Lt
The concept of the tensor product
1 0 e - 1
Px ®u. Pz(u|)® te ®:i.-:- .:l‘u:,, ! P,'v”(:.+ cee tu,)
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used in (1.2) is the same as in [1], [2] (which is taken from [3]) with the obvious
adaptation to the discrete parameter case.

Let @ = Q, ® €, and denote by %, and 9N, the o-fields generated by the
first ¢+ + 1 coordinates of (xg, x|, X5, ...) and of {(6y 8,, 6, ...),
(x¢ X5 X5, . .. )} respectively.

THEOREM 1.1. The P, define a Markov process with respect to I, and Q.
PrOOF. It suffices to verify the Chapman-Kolmogorov equation
P, (0(1) =, x(¢) € B)
n
=23 2 P.(0()=1Lx(s)=p)P,(0(1—5)=Jj,x(t—s)EB) (13)
I=1 »

where s is any integer, 1 < s <t — 1, and B is any subset of X. The
right-hand side of (1.3) is equal to
t—s—1

D, s S

I=1 ¥ p=0 (iay,...,¢u0) +ia® - +Up<s y=0 (LB ...,RJ)
' — 1 -1 —g— e — -1 -1
> Pii Pia P, * " Pa,,,lpzfl 4 “p}” Pip,PE°S,
utug + - tug <t—s
_ p— . o
Pp,,,l’f s—y ,P:» ®“.' P;“l,)® ..

Bt it Pt - +,) (X(5) =)
PN PYuy® - - - ®UL B PYyr .y (x(t = 5) EB). (14

Summing over y and combining the two factors P as in [2, following (A.7)]
we deduce that the sum over y of the tensor products is equal to

0 -+ - ST R
Px' ® x(u) ® - ®u,: . # IP g R )®:'.:.ul i, :&'w,)
® - ®ii:1:ﬁ : + ""F(s+u,+ugl . +u,')(x(t) € B)

Next we substitute ¥, + s — u,. The sum

>

utug+ - tug <t—s
becomes a sum
2'
wtug+ - tug <tu>s+1
where the prime “’ ” in the last summation indicates that ug, 2 1,..., ug >
1.
We next substitute 4, — u; + u, + - - - + u, + . The last sum becomes

a summation over u;, ug, . . . , U subject to

P
Uit uy + - tug tuytug + - +ug <t

wRrs+l—wi—ug = - —uy
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and the prime “ " ” indicates thatug > 1,...,ug > L.
The effect of the two substitutions is to transform (1.4) into the sum (cf. [2])

D> SO I,

/=1 ”-0 (i,al,...,a”,l) ui+“d|+ Tt +u°p<s »y=0 (Lﬁl:---rﬂni)
2 u—1 v;—lu,—l
Pii Pig, P Pi} PLB Pg.p,
Uit g, + - - Fu, tutug + - fug <t
wrstl—wi—uy = —uy
t—u— _——e - —y— —_——.e - " 0 K, .. + e 4
Py Bl T T T PN @O PR, ® - @Y T

. N u+ - tu )‘m U+ o tu, +y
Px(u,+ s tug) ®u,+ s +u::+u,Px(ug+ s U tu) ®u,-+ s uug,

Pir vurugy ® - BT 1Pl vy (X() EB). (1)
The left-hand side of (1.3) is equal to

t—1

> X > P iy Py Py

p-o (i’YI" . "'prj) u,-+un+ tee +u‘lo<‘
Py Py T T T PN @ Py ® - -
®u% Tt Plus - +u(%(1) € B). (1.6)

We have to prove that the expressions in (1.5) and (1.6) are equal.
Denote the general term under the summation in (1.6) by

T(isYis o v v s Yoo Js Uy Uy, ooy u,,p).
Then the general term under the summation in (1.5) is precisely
T(iyay, oo LBy BJs thy gy oo gy Uy, Ug,, ., Up ).
Thus it remains to prove the following combinatorial lemma.

LEMMA 1.2. For any positive integers s, t withs < t,

n  s—1 , , t—s—1 ,
2 2 2 2 2 2
I=1 p=0 (... al) 4tia*t " *U<S v=0  (IBy.....Bu)
! . ;e
. 2 I(x,a,,....a,.,l,mw--’Bwl»
Uitu, + - +u,_+u,+uﬁ'+ e tug <t
wWEs+l—u—uy— - — Uy

Upp Uy )y ooy Up s Uy Ug, .o, Ug)
t—1
’ ’ . ..
= D= > > T(is Yis e e o s YprJ5 O Oyp o -+ v,').
p=0 (i,y1,...,7p0) Vitoy+ - +0v, <t
7
This lemma is entirely different from the corresponding combinatorial lemma
used in [2].
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ProoF oF LEMMA 1.2. Each term on the left-hand side of (1.7) correspond-
ing to p > 0, » > 0 appears also on the right-hand side of (1.7) with

= (1<k<p), 1 =5 Yysme1= Bn (1 <m<v),
;= U, v, = U, (1.8)
The terms corresponding to g = —1, » > 0 arise when / = i, and then there
are no o’s and
u+ug + - +u < u > s+ 1

These terms also appear on the right-hand side of (1.7) (they are given by
(1.8) with no a’s). Similarly, the terms with » = —1, p > 0 which appear on
the left-hand side of (1.7) appear also on the right-hand side. Finally, the term
corresponding to p = —1, » = —1 occurs only if i = j and in that case it is
precisely the term on the right-hand side of (1.7) corresponding top = —1.

It remains to show that each term which appears on the right-hand side of
(1.7) with p > 0 appears also on the left-hand side and that this correspon-
dence is given by (the one-to-one mapping) (1.8).

Consider the case p > 0. Let

oo = inf{o; v, + v, + - -+ + v, > s}.
Suppose first that
v+o, +--- +°v.o=s' (19)
If 6, < p then define a’s, 8’s and u’s by (1.8) with

I'= Y 41 B = 0q, v=p—o0,— L

Since v +to, +- +vn=s and v, > 1, v,|>l,...,vy'_>l, we have
i < s — 1. Similarly, since
w, oo tu, <t—(4+u +- +u7.o)=t—s

and vy, > 1, we must have » < ¢t — s — 1. Therefore in order for the term
TG Yy oo s Y J3 O Oy e e s v,’) to appear on the left-hand side of (1.7) we
must show that the restriction

W2s+l—u—uy — -~ U,

is satisfied. But this follows immediately from (1.9) and the fact that %, > 1.

If 0, = p then the given term appears on the left-hand side of (1.7) with
l=j,v=—1

So far we have assumed that (1.9) holds. We now assume that (1.9) does
not hold, i.e.,

gyto, +-+o > s. (1.10)
If 69 > O then we take / = y,, p = 6y — 1, » = p — 0 in the definition (1.8).
Since
w+u +--+ou <s, u,.>1,uyh>l,

Yao -1



QUALITY CONTROL FOR MARKOV CHAINS 83

we have p < s — 1. Also

0, +---+v,/9<t—(v,.+vyl+-~-+vy.°)<t—s

Yoo+ 1
sothatp — 6, < t — s,i.e,,» < t — s — 1. Thus it remains to show that

st l—w—u — —u,.

But this follows immediately from (1.10).

If 6, = 0 we take / = i and proceed as in the last case. This completes the
proof of the lemma.

Having proved Theorem 1.1, we denote by P** and E** the probabilities
and expectations corresponding to the transition probabilities P, ,. Recall that
the probability space is  and that the o-fields are the ON,.

We shall now extend formula (1.2).

LEMMA 13. Let A € %,,t =0,1,2,.... Then

t—1

L 10(1)-j dPi,x = 2 * 2!. 2/

p=0 (ivYI """ thi) u,+u,"+ e +u’l;<’
u—1 -1 -1 t—u—w, — = N
Pl Pin, Py, PromiPyi, - - - Py Pij T Py ® Py,

Ot P+ ® -+ B L e PG v v )(4) (L1D)

PROOF. The proof is similar to the proof of Lemma A.3 in [2]. It suffices to
prove (1.11) for a cylindrical set

A=(x(t})EB,,...,x(t,) EB,) 4 <H,<---<1,
Let
A; = (x(1)) € By, ..., x(;) € B,), 1 <i<m,
Ci=(x(tty,—)E Biyy, ..., x(1, — ;) € B,),

so that 4 = A4,,. By the Markov property of the (x, 8) chain and by (1.2) we
obtain, after substituting u, + ¢,,_, > u,,

-1

n
f’o(:)-j dP™* = 3 P[/"""f L y=1 2" >
A I=1 Am-

v=0 (iB.... B,.1)
! .._‘ _l - J A —.
) PiY” Pip,PElB, " PaPii Pt
u,+up|+-~-+uﬂ,<l
Uty +1
0 +o+ —t
®u,—r,.._.P:‘tnz—l..-|)® s QU +:‘;:-_',_fl !

) P:I(“l“‘ v tug — ..-|)(Cm—ll)dPi‘x' (1.12)



84 R. F. ANDERSON AND AVNER FRIEDMAN

Using the Markov property we can write the right-hand side in the form

n n tn—1= tm-2—1 e
— it * ' *
> f Lot pmic 2 Pi" > 2 >
k=1 “Am-2 I=1 p=0 (kap,...,a0)  v=0
! ’ ’ _l _l
2 2 2 P Pra, Pai,
(LB .oy Byy) U+ ug + - - - Flp U1 = lm-2 Wtug+ - +ug <t
,
by} =l — U — *** — —tpy_—1 s — 4= -
.p’T 1 27 Uy “u'pui 1 pI’ . R[ —Y "ﬂ,
PX(‘M 2) ® (“k)|® ® +“:’ !

'P’\x’(uk+ oo +u.")[(’x(’m—l - tm-—2) € Bm—lv)
'P:\rl(t 1= tm—2) ® [ lpj('“l 1) ® -
®:‘ +u"’ = ": ! :)(u,+ cen +up'—l,,._|)(Cm—l)] dP™.

We now make the substitution u, + ¢,,_, — u, which transforms

> into >

Ut Uy + - +ua_<t,,,_|—t,,,_2 PR N +u,'<l,,._|
U D ly_a+1
and then make the substitution u — u, — u, — - — u, —u which
transforms

> into >

utug + - +ug <t Ut U, + - - +u,’+u,+uﬂ.+ s tug <1t
WD by L=t — U= - o — Uy,

Using the rules (A.16), (A.17) of [2] we finally obtain

n tm—1—Im-2—
ix _ . 2
fIa(g)-j dP'X = 2 pk,k’ zf 10(1,,, z)-k 2 2
A k=1 Ap—> I=1 u=0
Im— l_I
> sy s
(kg - al)  #=0  (LBi. .., Bf) MeHta+ o Flty Sty
U > ty_a+1
21
ety + - "'“q,."'“l"’“ﬁ."’ s tug <t
u,>l,,,_|+l—u,‘—ual_ P _ua,
-1 -1 1 _
'[P/Z‘,’; Pra, " ] Pig, p‘ T T ey T ug,
A
0 'a
) P}"(""'Z)® Tl PX('l‘k‘ m—2) ®:--
+ -
®uu:+ +u."' "" -2 F’(u,‘+ “n-z)®

@ttt o P 4ug =1 )(Cm2) JAPP. (L13)
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We now apply a slightly different version of Lemma 1.2 whereby instead of
l,,—, = 0wehavet,_, > 0. We conclude that

n
X = by
L Iyy-j AP kgl Prim? fA

t—tp_y—1

Io(lm_z)‘k 2 * 2’
-2

p=0 (ksyps - es Youl)

. 2' [ e ] dP*
et oo tuy, <t

U Pty o+ 1 (1.14)
where the expression in [ - - - ] is the same as on the right-hand side of (1.13).
Formula (1.14) is analogous to (1.12), except that m — 1 has been replaced by
m — 2. Proceeding in this way step by step and setting t, =0, B, = X,
Ay(x(t9) € By), Cy = A, we arrive at (1.11) with m — 1 and ¢,,_, replaced by
0 and ¢, respectively. But this relation is precisely the assertion of the lemma.

2. The p-process. In view of the assumption (1.1) we have
dPy PYLPnse " Ple-naxo

t

dPx)‘i P:\';x(l)Pf‘c'(l),x(Z) T pii(l—l).x(l) 2.1)

on all paths for which both the numerator and the denominator do not
vanish, and P} = 0, PM = 0 on all the remaining paths. Let

dP)» ®° Py

s L x(s)

PN

zi(s, 1) = |5, (s <) 2.2)
Then we have

Pi‘j(.r).x(:+l)p§‘cj(s+l),x(s+2) e pf:}(l—l).x(r)

z,(s, 1) = (s<1) (23)

p?:’(:).x(.ﬁl)pﬁ‘(s+l).X(s+2) e pii(t—l).x(l)
on the paths for which the numerator and denominator do not vanish. Clearly
z;(6,0) =1

As in [2] we define

= ix 41 dP"* o
pij(t) = P*[8(1) = j|F,] o | (24)
We then have (cf. [1], [2])
-1
pij(t) = > > > pi:’:_lpi,ylpyu:,'yl- le,,y,
p=0 (A7 vaJ) Uitu, + - +u, <t
T Py P T T T e ()2, (0w u + uy +ouy)
o gy(wtu, e L), (2.5)

We now introduce the probabilities

_ n ) n '
PP* = 2 p;P™* (p =(Pp---sPa)Pi >0, 2 pi = l) (2:6)

i=] i=1
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and the process

X (8) = (x(6): P1(Ps 1) - - - s Pa(P, 1)) (2.7
wheret =0, 1,2,...; x,(¢) is x(¢) with x(0) = x and
p(p, 1) = EP*[0(1) = jIF,]. (2.8)

Here EP* is the expectation corresponding to the probability PP*. As in [2]
we have

n n n
p(p 1) =2 P;ﬁ.‘,(’)/[ 2 pzig(0,0) X P (29)
i=1 I=1 k=1
THEOREM 2.1. The process X (1) is a Markov process, with respect to the

o-fields %, and the measures PP*.

The proof is similar to the proof of the corresponding result in the
Appendix of [2] except that now we use Lemma 1.3 instead of Lemma A.2 of

12].

3. The quality control problem. Using the notation (0.1), we introduce the
cost function (0.2) and, more generally, the cost

JE (1) = EP*

K(p) + 121 K(6(m)) Io(f,)aen]

+ EP*

n—1 & -1

[T 0@ ds+ B dopen [ ﬂumw](u)
where K(p) = K; if p=(py,...,P)s Pr=""" =p;_1 =0, p #0; if the
process 6(¢) is such that p,;(#) = 0 whenever j < i then no restrictions are
made on the K, but if the process 8(7) can go in both directions then we
require that K, = K, = - - - = K, _,. Here 7 = (1, 7, . . . ) is a sequence of
inspection times, i.e.,

1

TNI=0p Tl = T, + 2 10(1,,.)-10m.l(¢7,,) (m > l) (3‘2)
=1

where 0, 0,,, are stopping times with respect to &, with nonnegative integer
values, and ¢ is the shift operator: ¢,x(f) = x(¢ + s). It is understood that
Tmsi = 0 (i > 1) on the set 7, = oo. Also, in (3.1), K(0(7))lp(,).., and

ey ! (6(s)) ds do not appear whenever 7, = co. We shall denote by @ the
class of all sequences of inspection times. We are interested in the problem of
characterizing 7, € @ such that

J2 (7,) = inf J2 (). (33)

Denote by 4, , the generator of the Markov process occurring in Theorem
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2.1. Thus, 4, , is defined by

A, u(x, p) = EP*[u(x(1),p(p, 1)) = u(x,p)] (34)

where p(p, 1) = (p(p, 1), - - ., Pa(P; 1))
Using the Markov property one can establish, by induction on ¢ (¢ = 1,

2,...), Dynkin’s formula

B~ {u(x, (), 2(p, )] — (x,7)

= E_p’x[ 'I(;'— le,(s),p(P,:)“(xx (s),p(p>s ) ds |. 3.5)

We can now proceed as in [2] to reduce the problem of characterizing an
optimal 7, as in (3.3) to the problem of solving the following quasi variational
inequality (q.v.i.) for a function V (x, p):

n—1
V(x,p) < K(p)+ 2 pV(x ¢) (3.6)

J=1
where ¢; is the jth unit vector (0,0,...,0, 1,0,...,0),

A, V(x,p) + '21 cp; > 0, 3.7)
j=

n—1
K(p)+ 2 pV(x,e)— V(x,p)| =0 (3.8)

j=1

n
4,V () + 3 cjpj]
J-

where the p; vary in the setp; > 0, 27_,p; = | and x varies in X.
Let

n
S = [(x,p);xEX,p=(p,,...,p,,),pj>0, > pi=1,
j=1

n—1
V(x,p) = K(p) + 2. V(x e,~)}. (39)

j-
Define the ¥, stopping times:
o4 = hitting time of the set S by X (1) = (x(¢), p(p, 1)),
oL = o2 whenp = ¢,

n—1
P qP P — = !
=0k tho =750+ 3 Iyp)=104(93),
I=1

=17, ...). (3.10)
THEOREM 3.1. Let V (x, p) be a solution of the q.v.i. (3.6) — (3.8). If the ok
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are finite valued then
V(x,p) = ingjf (1) = JE (7?). (3.11)
TE

The proof is similar to the proof of the corresponding result in [2] and will
therefore be omitted.
In the special case where

pi;=0 ifl1<j<i<n (3.12)
the q.v.i. reduces to a sequence of simpler q.v.i. analogous to (4.35)+4.37) in
(2]

Another type of simplification of (3.6)-(3.8) occurs when
pﬁ'(:),x(t)= l,’i:i(O),)a:(t—s)E pt}\i—s if0<s<u (313)
In this case the numbers

PP*[p(p,t)EB; 1< j< n]
do not depend on x and, consequently, the process

pi(p. 1) (1 < j < n)with measures P?° 3.19)

is a Markov process. We shall denote its generator by A,.

Denote by R* the (countable) range of the process (pj( 1); 1< j<n)
and let R* = U2 /R

One is interested in the quality control problem mainly for the initial values
p = e. In case (3.13) holds it then suffices to solve the q.v.i. in the set R*
only. Thus we have to solve a “discrete” q.v.i.

In the next section we shall solve the discrete q.v.i. in a case when n = 2,

4. Solution of the discrete q.v.i. in case n = 2. We assume that (3.12), (3.13)
hold and that n = 2. Thus p,, = 0, p,, = 1. To rule out a trivial case, we
assume thatp,, > 0,p,, > 0.

Let

pj}\l = pi),‘il+j’ 2 = pu+/ (4°1)
where p, is the transition probability matrix of P. Denote by N the set of
J's for which p}' # 0, and let

w=p2/pN  (JEN). @4.2)
Since
2 =1 (i=12), 4.3)
JEN
we must have
2 phw =1 4.4)
JEN

Since p,, = 0, p,, = 1, we have

Pou)=pi Pia(l) =py P21(1) = 0,py,(2) = 1,
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Hence, (2.9) for ¢ = 1 simplifies to

)2V 2% P1P12 t Pa (i) - x©@

) l = ’ P; l =
Pi(p: 1) P+ Pal)-x0) P ) P1 + P2~ x(0
Defining
p|p|| plp|.2+p2p_'i
T (p,, = —7— TX(p, =—
(P P2) P ¥ Paly J (P1,P2) P+ P2ty

we can write the generator 4, (p = p,, p,) in the form

4,8(p) = E?[ g(p(p, 1)) - &(p)]
=PiE“[g(p(p. 1)) — £(P)] + P2E[ 2(p(p. 1)) — 2(p)]
= E[(p1 + 12120, D)(8(p(p, 1) - £(P))]
=Z e+ Paw)[ 8(T' (P o). T2 (P P2)) — 8(P1p2)] (45)

where we have used the facts

E“[g] = E%[ 82,50 1)] (g=2(p(p, 1)) 21200 1) = prety—x

and the notation e; = (0, 1), e, = (1, 0).
Define

y=n/p» 8()=2g(p.p)
Then, as easily verified,

A4,8(p1,P2) = Lg(y) 4.6)
where
1
Leg(y) =13 2 " +yw)[e(T,(») - e»] @D
1+y Jen
and
Py, ] .
L) ==2+—"y (JEN) (4.8)
P Py
We shall impose the monotonicity condition
T,(y)>y (JEN) 4.9)
that is
K > pyy (JEN). 4.10)

This condition implies that

p(pt) _ pi(ps5)
P2(p ) T py(ps )

ift >s.
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It is easily verified that
APy = —P12Py (4.11)
We shall need Dynkin’s formula

E[ g(p(r)] - 2(p) = Ee.[fo"' Ag(p(s)ds| (p(0)=¢) (412)

where g is any function defined on the discrete set R* and 7 is any bounded
‘%, stopping time.

Let b be any positive number and let 7, be the first time such that
(pi(2)/pa()) > b. (Notice p,(7,)/py(7,) is not necessarily equal to b.)
Applying (4.12) with g(p,, p,) = p, and 7 = 1, A\ m (m > 0O)and using (4.11),
we conclude that

E[r,Am]<C
where C is a constant independent of M. Taking m — oo we conclude that

E*[7,] < 0. (4.13)
Notice that the proof of (4.13) does not exploit the monotonicity assumption
4.9).
We now assume for simplicity that ¢, = 0 (but ¢, > 0), and set ¢ = c,,
K =K,
Recalling (4.6), (4.7), the q.v.i. (3.6)—(3.8) can be written in terms of the
function V' (y) = V(p,, p;) (¥ = p,/p,) in the form

oy s
LV(y)+ T+ >0 inR, (4.19)
VO 4.15
V(y)<K+l+y in R, (4.15)
v (0) .
oy o
LV(y)+ l+y} K+ T+ V(y)|=0 inR (4.16)

where R is the (discrete) range of Pp1(1)/po(1) when p,(0) = 0, p,(0) = 1.

THEOREM 4.1. Let (4.1), (4.9) hold. Then there exist a unique b € R, b > 0
and a unique function V (y) defined on R such that

o . .
LY+ 15, =0 fyER0<y <), (4.17)
LV(y)+ 1?_))) >0 ify € R,y > b, (4.18)
V(0 )
Viy) =K+ H(-i ify ER,y > b, (4.19)
40 )
V(y) < K+ ify € R,0< y < b. (4.20)

1+y
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Notice that V'(y) is then a solution of the q.v.i. (4.14)«(4.16). In view of
(4.13), 7, < oo and therefore Theorem 3.1 can be applied to conclude that

V(0) = inf JI(r) = J (7). 4.21)

The optimal inspection is then to inspect at time 7, (given that p(0) = (0, 1));
let p(¢) start again at p(0) = (0, 1) and again inspect at time 7, etc.

PROOF OF THEOREM 4.1. Suppose b is such that (4.17), (4.19) hold. By
Dynkin’s formula we then get (with E = E®, P = P, y(® = p,(8)/p(1)

140 [ (s
E K+%y()n) - V(0)=EL—j;T° ' %(y()s) ds],
or

v (0)E %]= K+ cE fo"’" li;;zs) dsl. 4.22)

Setting -
H (b, dz) = P[y(r,) € z], (4.23)
L(b,dz)= 3 ] P[y(s) € 2], 4.29)

s<Tmp—

we then obtain from (4.22) an expression for V' (0):
K+ cf35L(b, d2)
J iz H (b, dz)

Notation. For any b € R we denote by b the number in R immediately to
the right of 5.

V(0) =

= Q(b). (4.25)

LEMMA 4.2. For any b € R,
L(b, db) = P(y(r,) = b). (4.26)
PRrooF. The left-hand side is equal to

2 POG)=b)= T P(rs)=0b)

s<Tp—1 s<7—1

+ > P(y(s) =b). @427
Tp—l<s<7y—1
The first sum on the right-hand side is equal to zero (by the definition of Tp)-
Since 7; — 7, < 1 by the monotonicity assumption, and 7; — 7, = 1 if and
only if y(7,) = b, the second sum on the right-hand side of (4.27) is equal to
2 P(y(s) =b) = P(y(r,) = b),

s=

and (4.26) follows.
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We also have the relation
L(b, db) = H (b, db); (4.28)
however this relation will not be needed.

LEMMA 4.3. The following formula holds.

z —
T+ =P2) T4+, + L(b, dz). “4.29)
Prook. Since L (1) = 0,
y _ 1 _ P
ly(l+y)_ L’(l+y)_l+y

by (4.11). Hence, by Dynkin’s formula,

V() w1 P12
E ——— ds|.
1 +y(1,,) ] [.f; 1+ y(s)
Recalling (4.23) and (4.24), (4.29) follows.

Using Lemma 4.3, we can rewrite the expression Q (b) introduced in (4.25)
in the form

K+ cf 55 L(b, dz)
Q(b) = ; . (4.30)
pl,2f 1+:z L(b’ dZ)

Our plan now is to show that there is a unique b which minimizes Q (b) and
then show that the function V defined by (4.17), (4.19) also satisfies (4.18),
(4.20). The uniqueness of the minimal b implies the uniqueness assertion of
Theorem 4.1.

For any b € R, we compute from (4.30)

Q(I;)"Q(b)=[c l+ L(b, dz)—cf

l+

/[Pl.zf T‘_}_—; L(E’ dz)]
+[K+cf ]izL(b,dz)]*‘z[ T L(b,d2)

N—

/[(f — LG, dz))- (f —— L(b, dz))]. (4.31)

By the strict monotonicity of the y-process
[ hIL(G, ) =f h(z)L(y.dz) ify <5<y (432
z<y z<ly

L(b, dz)]
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Hence
1 A - 1 -
f 5 LG @) f s L(b,d2) = 55 L(6.ab).

Since b € R and the y-process is monotone, P ( y(7,) = b) > 0 so that, by
Lemma 4.2, also L(b, db) > 0. It follows that

sgn[ Q(b) — Q(b)]

= gn[cbf 5 L(b,d2) cf i L(b d2)

- sgn[c bz 1 ar)- K] (4.33)
Let
S(b) _—.f ll’_: ; (4.39)
Then, using (4.32),
s61-s01-1 5t s 422
= f L(b dz) + —1 5 L6 ). @39)

The right-hand side ig larger than (b - b)L(b, dO) = b — b. Hence S(b) is
strictly increasing on R and S (b) » o if b — co. X
From (4.33), (4.34) we then conclude that there is a unique b in R such that

Q(¥)-Q(») <0 ify<byeR,

Q(P)-Q(»)>0 ify > by €R. (4.36)
The point b is then the unique minimum of Q(y),y € R.

We next define V' (y) fory » b,y € Rby (4.19)and for0 < y < b,y € R
by (4.17) (using iteration and the strict monotonicity of the y-process). It
remains to show that (4.18) and (4.20) hold.

To prove (4.18) we compute

V(0) oy V(0)p,,
1+y l+y 1+y

LK+

Thus, (4.18) would follow from
Cb - V(O)pl,2 > 0. (4.37)
If we prove that

Ly(V(y) K—#)<O ifye Ry<b (4.38)
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then by the maximum principle (which holds, since the y-process is mono-
tone) and the fact that

V) (=0 ify =b,
Vi) - K- {<o ify =0,

1+y
it follows that (4.20) holds. Since the left-hand side of (4.38) is equal to
¢y — V(0)p,, (4.20) is thus a consequence of

v =PV (0)<0 ify €Ry<b. (4.39)

Thus, to complete the proof of the theorem it remains to prove (4.37), (4.39).

Inserting V' (0) from (4.25) (or rather (4.30)) into (4.37), (4.39) we find that
these two inequalities reduce to

1 z
cbf l+zL(b,dz)—(K+ cf —— L(b,dz))>0,

cyf ﬁ L(b, dz) — (K+ cf o L(b,dz)) <0  (y<b)
but these inequalities clearly follow from (4.33) and (4.36).
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