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ON THE FREE BOUNDARY OF
A QUASI VARIATIONAL INEQUALITY ARISING
IN A PROBLEM OF QUALITY CONTROL!
BY
AVNER FRIEDMAN

ABSTRACT. In some recent work in stochastic optimization with partial
observation occurring in quality control problems, Anderson and Friedman
[1]; [2] have shown that the optimal cost can be determined as a solution of
the quasi variational inequality

Mw(p) + f(p) >0, w(p) < y(p;w),

(Mw(p) + f(p))(w(p) — ¢(p; w)) =0
in the simplex p; > 0, 27, p; = 1. Here f, { are given functions of p, ¢ is a
functional of w, and M is a given elliptic operator degenerating on the
boundary. This system has a unique solution when M does not degenerate
in the interior of the simplex. The aim of this paper is to study the free
boundary, that is, the boundary of the set where w(p) < ¥(p; w).

1. Introduction. In the model considered by Anderson and Friedman [1], [2]
one is interested in finding an optimal sequence of increasing inspection times
7, which minimize the cost function

JP(1) = Ef[Ke""' + fo "0(s))e~ ds

+ 1?[ Ia(f,);en[Ke“a'r,“ + £171+'f(0(s))e_” dg] ]; (1-1)

here 6(s) is a Markov process with n states 1,2, ..., n and Q-matrix (g, ;);
J(@)=¢ >0,K >0,a>0,and the r, depend only on the information given
by 0(r,), ..., 0(r_,) and the o-fields ¥, of the process x(#) which is defined
as follows: Let w(?) + A;z be a »-dimensional Brownian motion with drift A,
(1 < i < n); then x(¢) is the random evolution of these n diffusion processes
in accordance with 6 (¢). Finally, p = (p,, . . ., p,) is the initial distribution of
0 (1), and x = x(0).
The problem of finding

w(x, p) = inf J? (1) (1.2)
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96 AVNER FRIEDMAN

and characterizing an optimal sequence of inspections 7 = 7* = (7§, 73, ...)
is called a quality control problem. The motivation for this problem is
explained in detail in [1], [2].

It is shown in [2] that w(x, p) is independent of x. Further, the problem of
finding w = w(p) and 7* is reduced to the problem of solving a quasi
variational inequality (q.v.i.) of the form

n—1

Mw+ D cp; > 0, w(p) < K+ w(e)p)s
1 Jj=1

j-
n n—1
(Mw + > cjpj)(w(p) -K-3 w(ej)pj) =0 (1.3)
Jj=1 Jj=1
in the set 4 = {p, > 0, 27_,p, = 1}. Here ¢, = (§;,...,9; ,) and M is an

elliptic operator degenerating on 94. The q.v.i. is solved in [2] under the
assumption that M is nondegenerate in (the interior of) A. In §2 we recall this
fact and also state some other results from [2] in a form which will be useful
for the subsequent sections.

The aim of the present paper is to study the set

n—1
c4 = [p; w(p) < K+ X w(e)p (14)
Jj=1

and the free boundary I'* =39C“ N 4. For this purpose it is convenient to
make a change of coordinates y; = p;/p, and to transform the q.v.i. into a
q.v.1. in the space

R ={(yp-- sy ¥ >0for2<i<n}

Then C4 and I'* are transformed into sets which we designate by C and T
respectively.

In §3 we find a sharp condition for the set C to be bounded. In §4 we prove
that, when C is bounded, T is a graph, monotone in each variable, i.e., a point
(¥ .. .,y,) belongs to C if and only if.

yj < \I'I(yZ’ o e ’yj_],yj+l, P ,yn)
where ¥; is a finite valued function. In §5 we prove that T' is given by
Yi=Y(yp - s Yim1sYjwrs - - - Ya), the ¥, are analytic, and B‘I'j/ay,. < 0.

Some concluding remarks are given in §6.

For a variational inequality (v.i.) for a function # and an obstacle , the
support of the solution is, by definition, the closure of the set {# < ¢}. The
question of compact support of solutions of v.i. was first studied by Brezis [6].
Recent results on the support of solutions of some q.v.i. have been obtained
in [3] and [4].



QUASI VARIATIONAL INEQUALITY AND QUALITY CONTROL 97

2. The q.v.i. Let

n
= {(ply" -,p,,);P,' >0’ 2 pi= 1]

im=1
and letA,, . .., A, be distinct »-dimensional vectors such that
Az_hl,x3_kl,..-,k"_xl (2.1)

are linearly independent; this condition implies, of course, that » > n — 1.
Let g; ; (1 < i,j < n) be real numbers satisfying:

n
g, >0 ifi+}j, Zq,-,j=0. (2.2)
J=1
Finally, let X and a be positive numbers and let ¢}, . . ., ¢, be nonnegative
numbers. Introduce the elliptic operator in 4:

wute) =3 3 pafn— 3 ha)- (5 - 3 ne) 22

ap; an

+ 3 a2 —an(p). (23)
i j=1 j
Note that any n — 1 of the p’s can be taken as independent variables; the
remaining p;, say p, , is then given by 1 — 2, p;.

We shall be interested in the q.v.i. (1.3) in the set A, where ¢ =
©,0,...,0,1,0,...,0) with 1 in the jth component. As easily seen (see [2])
M is nondegenerate in (the interior of) A if and only if condition (2.1) holds.
M is degenerate on all of 94.

THEOREM 1.1 [2]. There exists a unique solution w of (1.3) such that

wEC(A)N W2/ (4) forall1 < r< . (24)

We recall that w(p) > 0ifp € A,p # €,.

From (2.4) it follows that w(p) is continuously differentiable in 4. The set
C4, defined by (1.4), is an open subset of A; it is called the domain of
continuation. The set Y =39C4 N 4 (0C# = boundary of C4) is called the
free boundary, and the set

n—1
S$4 = [p eEAd;w(p)=K+ zlw(ej)pj]
j=

is called the stopping set. As shown in [2], the optimal inspections are
performed when a certain process p(?), given explicitly in terms of the process
x (1), exits the set C4; this explains the terminology of C4, S4.

It will be convenient to use Cartesian coordinates y; = p;/p, 2 € i < n);
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here the role of p, is incidental; p, may be replaced by any other fixed
variable p,. Since Y=1+y,+ - - +y,=1+(p,+ - +p)/p=
1/p,,wehavep, = y,/Y (2 < i< n).

Define R, | by (1.5) and set u(y) = w(p), y; = 1. Then (see [2]) Mw(p) =
Lu(y) where

_1 3 u(y) 2 du(y)
Lu(y) = 5 LEZ Y Ezbj(y) 3, w0 @9
where
By = = A)- (N — Ay, (2.6)
2 Ay

i=]

n
+ 2 (qi,j - g 1)V 2.7
Y i=1

bi(y)=—(A—A) Ay + A=Ay

The q.v.i. (1.3) transforms into

1 n 1 n—1
Lu(y)+7 zlcjyj> 0, u(y) < K+—); Zlu}-yj,
Jj= Jj=

n n—1
(Lu(y) + -31; 2 cjyj)(u(y) - K- iY 21 ujyj) =0 (2.8)

j=1
in R,* |, where
u = w(e) aA<,j<n-—-1). 2.9)
Letfls be any family of bounded domains with smooth boundary 9 Q, such
that (25 U 09;) C 4, 2514 as 8]0. Set

n—1

¥(p) =K+ 3 w(e)p; (2.10)

Jj=1

For any € > 0 consider the elliptic problem

1 T o
Mw, 5 - " (Wes — %) + zlc‘jpj= 0 in &,
J-

w,5 =0 ondf,. (2.11)

Since M is nondegenerate in the closure of $,, this problem has a unique
solution. As shown in [2} (see also [5])

W, 5> W, asd— oo, w,—>w ase—0 (2.12)

uniformly in compact subsets of 4. The proof exploits the probabilistic
interpretation of w, 5 as given in [5]. One can also prove that

w,s—>ws ase—0, wf—>w asdé—-0 (2.13)
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uniformly in compact subsets of 4. In fact, the proof (which is similar to the
proof of (2.12) in [2]) exploits the standard representation of w§ (as a solution
of a v.i. in &5 with zero Dirichlet data) and the fact that

if ¥ = exit time of the process p(?) from 3, then 75 — 00 as § — 0.

The above result (2.13) is valid (with obvious changes in the proof) if we
replace the boundary conditions w, ; = wg = 0 on 38, by the boundary
conditions w, s = w§ = g where g is any bounded continuous function such
that g(p) < K + 272 l'ujpj. Taking, in particular, g(p) = K + 272 ,‘ujpj and
going into the y-coordinates, we conclude:

THEOREM 2.2. Let Q, be a family of bounded domains with smooth boundary
0K such that

(@ UIR,) C Ry IRE,  as 810,
Let ug be the solution of the v.i. (2.8) in Q5 with
1 n—1
u8=K+—)7 2 wy; ondS,

j=1

(where the u; are given by (2.9)). Then uz(y)— u(y) as § -0, uniformly in
compact subsets of R, ,.

Notice that u; € Wz”(ﬂsl for any 1 < r < . Consequently, u; is
continuously differentiable in Q.
Later on we shall use the notation

n—1

V) =K+y S =l 214)
=

Cs = {y € us () < ¥(»)}. (2.15)

3. Boundedness of the domain of continuation. In the y-space, the domain of
continuation C is given by

C={yeRI;u(y)<¥()} G.1)

In this section we shall prove, under some sharp conditions, that C is a
bounded set. That means that

C# does not intersect the set p, =0 (32)

Notice that since u(0) < K + u(0) = K + u, = ¢(0), C contains an R, ;-
neighborhood of the origin.
We introduce the numbers
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-1
B—c+2q,l ay; — ak A<i<n-1),
J=1

n—1
B,=c¢,+ 3 q,u— oK. (3.3)

J=1

THEOREM 3.1. The set C is bounded if
B,>0 for2<i<n. (B4

Proor. From (2.3) we get Mp, = Z7_,q; p; — ap,. In terms of the y-coor-
dinates we then have

YY1 (s _
L(T)—Y(iglqn',l)’i a)’l)

with the usual convention that y, = 1.
It follows that '

1 n—1 n 1 n
Ly aK + Y j;lu](iglqu, ayl) Y ? (3.5)
where
n—1
=.2|qi’j1‘j— au,—aK (1<i<n-1),
n—1
Bn = 2 qn,juj_ ak. (3.6)
j=1
Hence
1 < 1 <
¥ St Lb=3 2+ B+ S By, G.7)
i=1 i=1 i=1
by Definition (3.3).
Set
0= u; — . (3.8)

Then v is a solution, in €, of the v.i.

—Lv<—ZBy,, v <0,

i=]

(—Lv - LY > By,-)u =0, 0v=00ndQ, 39

i=1
The assumption (3.4) implies that there exist positive constants R*, y such
that
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n .
—1}; S By,> v if |y|> R*. (3.10)

i=]

We shall compare v with the function

log |y " _  log ||
N .
z(y)=11-18 ( log R o log R N iRy <|y|< R,
0 if|y|> R G.11)

in the open set Q5 z = §5 N {|y| > Ro}; here 4 is any number in the interval
(0, 1), and the positive constants N, R,, R are to be determined below, and
Ry > R*.

We shall show that z satisfies in £, _the v.i.

-Lz< g z <0, (-Lz—-g8)z=0 (3.12)
and that
g<y, vy as in (3.10), (3.13)
z< —E= inf v on|y|=R, (3.14)
[yl=Ro
z2<0=0v ondQ, N {|y|> Ry} (3.15)
We begin by noting that
|(L — a)log|y|| < const., |(L - a)(log|y|)0| < -——Cﬂl% .

(log|y])

Consequently, if wesetg = — Lz in 2; N {R, < |y| < R} then
g < lo;";o +az QN {Re<|y|< R} (3.16)

where ¢ is a constant independent of Ry, §, N.

Next, the function u; is bounded in £; by a constant independent of &.
Hence E < N, where N, is a positive constant independent of §, R,. We now
take N = Ny + 1, so that (3.14) is reduced to

log R, o log R,
logR | ~logR

N
1-46

<1 (3.17)

Since

8z _ __ NO ( 1 1 )
oyl (1 - 0)¥ (logR)o(log|y|)'_9 log R

we have 3z/9|y| > 0 if |y| < R, 3z/3|y| =0 if |y| = R. Also z(y) =0 if
|| = R. It follows that z < 0 if Ry < |y| < R, and z (extended by zero to
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|¥| > R) is continuously differentiable in {|y| > R,}. Thus z is a W2
solution of (3.12) in §; , provided we define

z=0 if |y|> R (3.18)
From (3.16), (3.18) we see that (3.13) is satisfied if
cN
. 3.19
og Rq +oaz <y (3.19)

The assertion (3.15) is obvious, and thus it remains to verify (3.17), (3.19).
Since z < 0, (3.19) would follow from

cN
< v. 3.20
fog R; <7 (3.20)

We now choose first R, sufficiently large so that R, > R* and (3.20) holds.
Then we choose R sufficiently large so that (3.17) is satisfied.

Having completed the construction of z satisfying (3.12)~(3.15), and recall-
ing (3.9), (3.10), we can now employ the standard comparison theorem for
v.i. and conclude that z < v in @ . Hence u; — ¢ = v = 0 in @5 ;. Noting
that R was independent of &, and taking § — 0, we obtain, after using
Theorem 2.1, u — ¢ = 0 if |y| > R, i.e., the set C is contained in the set
where |y| < R.

We shall next show that condition (3.4) is sharp.

THEOREM 3.2. If B; < O for some j, 2 < j < n, then C is unbounded; in fact,
there exists a cone
K={yeERLyy<wfor2<i<ni#j}, >0, (321)
and R > 0 such that C contains the region
K, n (|y|> R). (3.22)
PRrOOF. Since B; < 0, we have
n
LY Zx By;< 0 insomeset K, N (|y|> R). (323)
From the v.i. for v = u —  we have
— Lv < —])7 2 By,<0 ae.ink,n(]y|> R).
i=1
Since also v < 0 in this domain, the strong maximum principle gives v < 0 in
this domain.
4. The shape of the free boundary. We shall need the assumptions:
B;>0 for2<i<n, (4.1)
g,1=0 for2<j<n 4.2)
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THEOREM 4.1. If (4.1), (4.2) hold then

(v —¥)/Y)/dy; >0 for2<j<n. 4.3)

COROLLARY 4.2. If (4.1), (4.2) hold then, for any j, 2 < j < n, there exists a

Junction ¥;(yy, . . ., ¥j_ 1 Vjs15 - - - » Vy) Such that the following is true: A point
y=(yy ...,y, belongs to C if and only if

Yiye - s Vimp Vst s V) (44)

Indeed, this assertion means that, for any y = (y,, ..., »,) € C, the point

=(¥2 -+ s Vi1 Y Vs> - - - » V) belongs to Cif y/ < y;. Now, at the point

y we have u — ¢ < 0 and therefore also (¥ — y)/ Y < 0. Because of (4.3) we
then also have (v — )/ Y < 0 aty’, i.e.,, u — ¢ < 0 at y’, which implies that
y €C.

REMARK. The functions \I'j need not be finite valued. If, however, (3.9) is
satisfied then C is a bounded set and, consequently, the ¥; are finite valued
functions.

PROOF OF THEOREM 4.1. Set v = u; — ¢ and introduce the function z by
v = ez where h = —log Y. The function z is continuously differentiable in
C_‘s and twice continuously differentiable in C5. We have

ﬂ_—_eh(ﬁ_z) 3% =eh( 3% 1 9z 1 az+_2_z)
dy; 707 Wy, Yy, Y o y2)

Iy, Y

Hence, in Cj,

=2 / a)’j j=2 i=1 i=1
Applying 9/ dy, and setting w, = _g)_z)_ , we get
i
1 92w, 20w, 2 2 4
EEW(W “Yu ettt ve

1 1 2
+2 (7—? —?W,'FFZ)—(IWI
bj

+2baw’ +3 2 2———21; +—2b—B, (4.5)

Here and in the following calculations the summation index always varies
from 2 to n, unless otherwise specified.
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We can rewrite the system (4.5) for 2 < / < n in the more compact form
1 3w,
72 gy ta T om + 20w = —B — 0z (46)
L)

with suitable g, Q, ;, @, We shall now compute the @, ;, O, without impos-
ing, as yet, the restrictions (4.1), (4.2). We shall prove that

o= —4q,1 (4°7)
Ql,j =4,; — 49,1 (4.8)
We begin with
ob,
2 2 1 1 j
QI=_?2”yyiyj+?2’Jﬂyi+}_2 1’;‘7271- 4.9)

Noticing that since

n n n n n
> ( D G~ qk,lyjyk) =-2 qk,lyk(l + > )’j) ==Y @ Ve
1 k=1

Jj=2\k= J=2 k=1
we have

A+ 27\:)’: d

Ebj = _2(}‘,‘ - >‘1)'}‘1yj + 2(}‘, - }‘1))’1' - v —Yzl%,1Yj
j=
(4.10)
and

db

A+ DA Z(Aj_)\l))’j'}‘l
Y B Y

> a_yj, =-N-A) AN+ N A

1 n
3 2N Ay (’\1 + EM.-) - -21 g1y — Yq,. (4.11)
j=
Substituting from (4.10), (4.11) into (4.9), we obtain

2 2 1
Q = ) 2 by + Y2 2()‘,'-}‘1)'(>\1_>\1)_ Y2 2(",“"1)"‘1)’;
1 1 < 1
+? 20\;_)‘1)'0‘1*‘2}‘%)“ Y Zlqj,l)’j"'?(}\l"‘}‘l)’)‘l
j=
1 1
- F(AI_}‘I)'(AI'*'EALV:')—? 2()‘,'—>‘1)J’j'}‘|

1 1 3
+ ? 2(}‘/ —>‘1)Yj' ()\l +2>‘iyi) + % 2‘1;,1)’,’ — 4, = 2 Ji

i=1]

Clearly J5 + J,, = 0,J, = J,. Substituting
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M+H2A =N Ay +NY (4.12)
into J, + J4 we obtain
2
Jl +J4+J9=Jl+2-’4= ‘i’—z E(Aj—ll)yj'}\
Adding this to J, + J; + Jg we end up with

Lo -a)y- =)

Adding this to J¢ + J, and substituting (4.12) into J,, we obtain the sum zero.
Next, if I # j,

ob;

J

1 1
Q=3 2wy~ g Myt
L
1 1 A
-7 2 ;= g m + Oy =Ny | 5 - F(}" + 2\
3)’1 2 (9,; — i, 1Y) Vi
1 1
= ; 2wy~ 57 O =) (M + EW) - 5 wy
1 5
+ Y A =A) v+ (a,;—a,.7) = _21-’:-

Substituting (4.12) into J, we get

1
Nh+th=—-N-N)y- }\1

Y
N =)y A= A) = 5 O = M)y A= —(a+ ).

~<I—

Hence 0, ; = Js=¢q,;, — q,,);-
Finally,

1 1 1 ¢ 1 1 ab,
QI,I=F2“':jyiyj+?2“‘ilyl_72"llyi~7“ltyl_?2bi+'5y—l'

Using (4.10) we find that
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1 1 1
Qs _?Zﬂijyiyj +?2”‘iﬂ’l ‘72#«%

1 1

~y M + 70\, —A)- Ay
1 n

- FEO‘, =)y (}‘1 + 2’\%) + zlqj,lyj — A

;=

1 1

+ 3N =A) M2+ 5 N =M N

- # A=Ay (}\I + 2}‘%)

12
9, lylyk) = 2 Ji.
1 k=1

a n
+ — —_—
ay, (ql'tyl kg
Using (4.12) in J we get
1
Ji+Jg=— ] 2 =Ny A= —Js

Using (4.12) in J,; we obtain J, + J,, = — iY A, — ADy, - A, which together

with J, + J,, add up to zero. Substituting (4.12) in Jy we also find that
J;+Jg+Jy=0.Hence O, =J5+J,=¢,,— g,
We now make use of the conditions (4.1), (4.2) and deduce that

Q,=49,20 ifl#j

Q.1=4q,,<0, (4.13)
20,=24¢,=24q,=0 (4.14)
Jj=2 j=2 j=1
and the right-hand side of (4.6) is
- B, — Q[Z = — B, < 0. (415)

Since conditions (4.13) — (4.15) hold, a fairly standard maximum principle

for coupled elliptic systems can be applied [4, Theorem 2.1} to conclude that
w,; > 0 in Cy; (4.16)

we use here the fact that the w, are continuous in C; and vanish on 9C;, and
this is true because u — ¢ and its first derivatives are continuous in C; and
vanish on dC;. (We should point out that Theorem 2.1 in [4] deals with the
case: where the leading part in (4.6) is Aw,, but the proof of the theorem
extends to any nondegenerate principal elliptic operator.)

Taking 6 — 0 in (4.16), assertion (4.3) follows.

REMARK 1. If C is bounded then, by Theorem 3.2, condition (4.1) must
hold. Hence, if g,y =0for2 < j < nandif Cis bounded then the assertion
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of Corollary 4.2 regarding the shape of C is valid.

REMARK 2. If for some j, 2 < j < n, B; <0 then assertion (4.4) of
Corollary 4.2 is false for this j. Indeed, this follows immediately from
Theorem 3.2.

REMARK 3. Corollary 4.2 can also be stated in terms of the shape of C4. We
again stipulate that the role of p, can be given to any other variable p;; if
g;,; = Ofor all j # i then an assertion similar to Corollary 4.2 is valid.

5. Regularity of the free boundary.
THEOREM 5.1. If (4.1), (4.2) hold then the free boundary T is analytic.

That means that one can represent I' locally by analytic functions Y=

D (1), -5 Tho2)
PROOF. We write the v.i. for v = u —  in the form

- Lv < f, v <0, (—Lv-f)o<0 (5.1)

where f(y) = Z}.,B,y;. Without loss of generality we may assume that
f(») = 0 implies V f(y) # 0. We shall now use an argument of Caffarelli and
Riviére [8] to show that

if y° € T then f(»°) > 0. (52)

Suppose (5.2) is false for some y°. Denote by 7 the hyperplane passing
through y° and perpendicular to V f(»°), and denote by H the half space
bounded by 7 such that f < 0 in H. Then H n R,*, is contained in C and
therefore Lv = f < 0, v <0 on H N R;*,. Since, however, v(»% = 0, the
strong maximum principle gives V v(y° # 0, which is impossible, because
yoer.

The assertion (5.2) shows that f(y) > 0 on TI. Therefore the regularity
theorem of Caffarelli [7] for the free boundary of a v.i. can be applied to (5.1).
Since the set C has the shape given by Corollary 4.2, we deduce that each
point of T' is a point of positive density with respect to the stopping set

S = R,* |\ C. Appealing to [7] we then conclude that T is analytic.

LemMMA 5.2. If (4.1), (4.2) hold then T does not contain any line segment
parallel to one of the y; axes.

PRrRoOOF. By Theorem 5.1, u is a C* function in C U I. Suppose I" contains
a line segment / parallel to the y, coordinate axis. Then the functions
w; = (0/dy; v/ Y) (j #* 2) vanish along /. Hence

(il

d .
—w,=—w. =0 alongl,j#2, (5.3)
ayj 2 ay, 7 ghJ

so that also
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%wz =0 onl/,» =normaltoT at/. (5.4)

Now, w, satisfies in C equation (4.6) for / = 2, and each w; is > 0. By the
strong maximum principle, w, > 0 in C and, since w, =0on T, 9w,/d» # 0
on I'. This contradicts (5.4).

If we use the fact that the free boundary is analytlc, then we can extend the
proof of Lemma 5.2 to the case where / does not actually lie on T but is just
tangent to I' at some point y°. (The relations (5.3), (5.4) are then valid at y°.)

We can therefore assert:

THEOREM 5.3. Let (4.1), (4.2) hold. Then, for any j, 2 < j < n, T can be
represented in the form

=Y (p e Yyev Vs -2 n) (5:5)
Jor (g - - s Yi— 1 Vjsrs - -+ 5 Vy) in SOMe bounded domain A;, and
oY,
a—y.-<0 for each i; i=2...,j—-Lj+1,...,n (5.6)

6. Concluding remarks.
REMARK 1. In the special case where

g,; =0 wheneverj < i, (6.1)
a more general quality control problem was studied in [2] in which K was
replaced by K|, . . ., K,. The corresponding q.v.i. is then replaced by n — 1
q.v.i. for functions w,_ (p,_ps Pp—is1> - - -5 Pn) (B, > 0, ZFe_ip; = 1)

3 oadh- 3 am) (- 3 ap) e
M _w_ .= . .- . - pot
j,k=n—ip}pk( / l=n—i lpl) ( * l=n—i lpl) apjap"

n—i1 "'n—i

N —

S gupts - 3
+ g, kPj z — C;Djs
Jokmnei 7 0Py j=n—i Wi

n-1
Wn—i < Kn—i + 2 pjwj(e!)’

Jj=n—i

(Mn—iwn—i + i chj)(Wn—i - K, - "il ijj(ej)) =0 (62)

J=n—i J=n—i
where ¢ = (p;, ..., p,) =(1,0,...,0).Itis natural to assume in this quality
control problem that
Kl>K2>"° )Kn. (6.3)
We now define the B; as in (3.3), but with K = K, u; = w(e), so that, in
view of (6.1),
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n—1
B,.=c,-+2q,.,juj—au,.—aK, 1<i<n-1),
J=i
B, = ¢, — ak|. (6.4)

n n
The results of §§3-5 extend immediately to the q.v.i. (6.2). Taking note of
condition (6.3) we conclude that under exactly the same conditions on the B,
as in §§3-5 we have precisely the same assertions for the continuation regions
C = C,_; and for the free boundaries I' = T, _, of the q.vi. (6.2), 1 < i < n
-1

REMARK 2. In case n = 2 the system (4.6) consists of just one equation. If
9,1 70 then ¢,, >0 s0 that Q) , = ¢,, — ¢, 7, <0 and —B, — Qz =
- B, + ¢,,z <0 since B, >0, z < 0. Thus the maximum principle gives
w, = w, » 0. We conclude that, if n = 2, the results of §§4, 5 remain valid
without imposing the restriction g, ; = 0.

REMARK 3. Denote by w,(p), J2(7; a) and u; , the functions w(p), JZ(7),
u; as functions of the parameter a, « > 0, and set

Bf=c + 2: Gt o (6.5)
j=
It is clear that JZ (1, a)}JZ (7, 0) as a0 and that
wa(P)Wo(P)s 4,140 asal0. (6.6)
Suppose
o< o forl<;j<n-1 6.7)
Then clearly,
Bt > Oimplies B; > 0 if a is sufficiently small, (6.8)
so that the results of §§3—5 can be applied by imposing the simpler conditions
B*>0 2<i<n (69)

provided a is sufficiently small.
We claim that (6.7) is true if either (6.1) holds or

Gon =0, G,,>0 forl<i<n-—-1 (6.10)

Indeed, as shown in [2], any one of these conditions implies P[8(¢) = n] -0
as t — 0o. Hence, by the Markov property,

P[O(t) # n] < e ™ for somey > 0.

This implies that J? (7, 0) < B < oo where 7 = (7, 75, . . . ), 7, =j,and Bisa
constant independent of p, x, and (6.7) follows.

REMARK 4. In case (6.1) holds, the system (4.6) for the unknown functions,
say w,, is not coupled and we can get additional results by applying the
maximum principle first to w,, then to w, _,, etc. For instance, if B, > 0 then
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w, > 0; if also B,_, > O then also w,_, > 0.
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