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THE FUGLEDE COMMUTATIVITY THEOREM
MODULO THE HILBERT-SCHMIDT CLASS AND
GENERATING FUNCTIONS FOR MATRIX OPERATORS. I
BY
GARY WEISS'

ABSTRACT. We prove the following statements about bounded linear opera-
tors on a separable, complex Hilbert space: (1) Every normal operator N
that is similar to a Hilbert-Schmidt perturbation of a diagonal operator D is
unitarily equivalent to a Hilbert-Schmidt perturbation of D; (2) For every
normal operator N, diagonal operator D and bounded operator X, the
Hilbert-Schmidt norms (finite or infinite) of NX — XD and N*X — XD*
are equal; (3) If NX — XN and N*X — XN* are Hilbert-Schmidt operators,
then their Hilbert-Schmidt norms are equal; (4) If X is a Hilbert-Schmidt
operator and N is a normal operator so that NX — XN is a trace class
operator, then Trace(NX — XN) = 0; (5) For every normal operator N that
is a Hilbert-Schmidt perturbation of a diagonal operator, and every boun-
ded operator X, the Hilbert-Schmidt norms (finite or infinite) of NX — XN
and N*X — XN* are equal. The main technique employs the use of a new
concept which we call ‘generating functions for matrices’.

Let H denote a separable, complex Hilbert space and let L(H) denote the
class of all bounded linear operators acting on H. Let K(H) denote the class
of compact operators in L(H) and let C, denote the Schatten p-class
0 <p<oo)with |- [, (1 < p < o0) denoting the associated p-norm. Hence
C, is the Hilbert-Schmidt class and C, is the trace class.

Consider the following statements:

(1) For every normal operator N and & > 0, there exist a diagonal operator
D and a Hilbert-Schmidt operator K, with ||K,||, < & for which N = D + K,
(= denotes unitary equivalence).

(2) For every normal operator N, there exist a diagonal operator D and a
K € C, for which N = D + K.

(3) For every normal operator N and bounded operator X, |[NX — XN},
= [N*X — XN*|,.
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(4) For every normal operator N and bounded operator X, NX — XN €
C, implies N*X — XN* € C,.

(5) For every normal operator N and bounded operator X, if NX — XN €
C,and N*X — XN* € C,, then |[NX — XN|, = ||[N*X — XN*||,.

(6) If N is normal, X € C,, and NX — XN € C,, then Trace(NX — XN)
= 0.

In [11] Weyl proved that every selfadjoint operator is a compact
perturbation of a diagonalizable operator, and that the perturbation may be
chosen with an arbitrarily small operator norm. In [8], von Neumann proved
that the perturbation could be chosen to be in the Hilbert-Schmidt class and
with arbitrarily small Hilbert-Schmidt norm. In [1], I. D. Berg generalized
Weyl’s result to normal operators, and proved that if the spectrum of the
normal operator is ‘thin enough’, then the compact perturbation can also be
chosen to be a Hilbert-Schmidt operator with an arbitrarily small Hilbert-
Schmidt norm. He asked whether or not the von Neumann result generalizes
to all normal operators (that is, statements (1) and (2)). These questions
remain open. He conjectured that the full generalization fails and that he
believes a barrier preventing a normal operator from having the repre-
sentation (1) or (2) is that its absolutely continuous part have a spectrum of
positive 2-dimensional Lebesgue measure. At present, not a single such
normal operator is known which can be represented as in (1) or (2).

The 1970s has seen a flurry of deep results on the perturbation theory of
operators and the theory of commutators. Besides Berg’s paper [1], some of
the well-known papers relating perturbation theory to commutators are
Berger and Shaw [2], Brown, Douglas and Fillmore [3], Carey and Pincus [4],
and Helton and Howe [7].

The connection between (3)(6) and the Berg problem (2) is clear from the
next remarks.

The following implications hold true.

5
- A5
Vi)
@
(6)
Their proofs are elementary and fairly well known so we omit them (see [10]
or [9, pp. 154-162)).

We shall prove that (5) and (6) are true ((6) settles a question in the
negative in [9, p. 162]), and we shall obtain as corollaries that (3) «>(4) and
(2) - (3). We shall also obtain related results. The above diagram is made
current in the summary at the end of this paper.

DEFINITION. A Laurent operator is an operator of the form M, acting on
L*(T), where ¢(z) € L*(T) and T denotes the unit circle.
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DEerINITION. If N is a normal operator and ¢(z) € L*(T), then M, is
called a Laurent part of N provided M, has no eigenvectors and there exists a
diagonal operator D such that N = M, & D.

LeMMA 1. Every normal operator is the direct sum of a diagonalizable
operator and a Laurent part.

PROOF. Let N be any normal operator and let 9L denote the closed linear
span of the set of its eigenvectors. Then 9 reduces N and N|o = D is a
diagonal operator with the same set of eigenvectors as N. Let N, = Ngg..
Then N = D @ N, and N, has no eigenvectors. Using the spectral theorem,
we obtain N, = M|, acting on L*(p), with ¢ € L*(p), where p acts on a
finite measure space (this may be accomplished since H is separable).
Because N, has no eigenvectors, it is clear that the underlying measure space
can have no atoms. However, it is well known [6] that every finite nonatomic
probability measure space can be realized as 1-dimensional Lebesgue measure
on [0, 1] or equivalently, on the unit circle T. In other words, without loss of
generality, we can insure that N, = M, acting on L*(T), with ¢ € L=(T).
Let D, denote D under this unitary transformation. Then N = D, & M,.
Q.E.D.

This lemma provides us with a crucial canonical form for the commutator
NX — XN. Letting X be any operator in L(H), relative to H = O @ 9L,

we obtain
_(D O _[X X
N—(O M¢) and X—(X3 X4)'

A computation then shows that

NX — XN = ( DX, - X,D DX, - X,M, ) 0
M,X;— XsD M,X,— XM,
and
N*X — XN* = (D*X‘ C XD DTG = oM ) 1))
M:X, — X;D* MiX,— XM}

Clearly then
INX = XN|i; = IDX, — X, D|3 + |IDX; — X,M, |3
+[[MyXs — X3D |5 + | M, Xy — XM, ()
and
IN*X — XN*|3 = | D*X, — X,D*||; + | D*X, — X,M}|;3
+ IM3X5 — X;D*|I5 + ||M3X, — X M35 (1)
The following theorem relates (I'), (II’) and (I) to statements (3)<(6).
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THEOREM 2. (a) For every diagonalizable operator D, and X € L(H),
IDX = XD||, = | D*X — XD*||.

(b) For every normal operator N, diagonalizable operator D, and X € L(H),
IDX — XN||, = |D*X — XN*||, and || XD — NX|, = |[XD* — N*X||,.

(c) To prove any of the statements (1)~(6), it is necessary and sufficient to
prove the corresponding statement for the special case when N = M, where
¢(z) € L*(T) and H = LXT).

PROOF. A simple computation proves part (a). It may also be found in [9, p
147] or [10]. To prove part (c), consider separately each of the statements
(1)~(6). To obtain (1)~2), use the Laurent decomposition for a normal
operator. To obtain (3)(5) consider (I’) and (II') and to obtain (6) consider
(I). The proof of part (b) is not so easy. We give the proof next. First of all, it
clearly suffices to prove the first equality, since the second equality follows
from the first one by using adjoints.

In the basis which diagonalizes D, let {d,>>_, denote the diagonal entries
of D, and let N = (n;) be the matrix for N and X = (x;) be the matrix for X.
Then

o0

IDX = XN|3= 2 |dx;— 3 xumls

ij=1 k

and

00 2
2

1D°X = XN*[3= 3 |, — 3 xuny

ij=1

where ny; =nj_.k are the matrix entries of N*. To show that these quantities are
equal, it suffices to show that for every fixed i, we can obtain

2

o0 2 [ o]
2 2 Xic Myl = 2 dxy - 2 xian;' .
j=1 Jj=1 k

To prove this, let x = (x;;, X;, X;3, . . .) denote the ith row vector of
(x,)% . Let

Xi1%Xiz **° a0
o (oo -
X(i) = |  \e e e o oo andN(i) =

0 0 o n~/

Then straightforward computations show that 2%2,|dix; — =, x,n* equals
the square of the /2-norm of the row vector d, MO x®N, and this equals the
square of the Hilbert-Schmidt norm of N@X® — XON®. Similarly,

2 dix; — Zpxgnt? = INO*X @ — X ONO*|2 In this case, however, X ©
is a rank 1 matrix with its only nonzero row equal to x® & /2 (since
X € L(H)). Therefore X € C,. Also N© is clearly normal. In [9, p. 147,
Theorem 8e] and in [10] we showed that under these circumstances, we have
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”N(i)X(i) _ X(i)N(i)llz = “N(i)*X(i) — X(i)N(i)*”z'

Briefly, this is true since N ¢ is a normal operator and therefore it must be the
uniform limit of diagonalizable operators. The latter equality is true replacing
N @ by a diagonalizable operator, by part (a) of this theorem. Then we can
take the /2-norm limit of these replacement commutators due to the fact that
if A, > A uniformly and Y € C, then 4,Y - AY and YA, —» YA in the
Hilbert-Schmidt norm. This proves that the necessary sums are equal, and
thus proves the theorem. Q.E.D.

Before developing the main technique, we are able to obtain a corollary to
Theorem 2 that bears directly on the problem of I. D. Berg (statement (2)).
Recall that = denotes unitary equivalance and ~ denotes similarity. Berg’s
problem asks if for every normal operator N, there exists a diagonalizable
operator D, and K € C, such that N = D + K. The next corollary shows

that Berg’s problem is equivalent to the corresponding problem relative to
similarity.

COROLLARY 3. If N is a normal operator and D is a diagonalizable operator,
then N = D + K for some K € C, if and only if N~ D + K, for some
K, € C,.

PROOF. One implication is trivial. For the other implication, assume N ~ D
+ K,, with K, € C,. Then there exists an invertible operator S so that
N = §*~ (D + K,)S*, equivalently

DS* — S*N € C,. &)
Applying Theorem 2(b), we obtain D*S* — S*N* € C,, or equivalently
NS — SD € G,. 1)

By (), we obtain
DS*S — S*NS = D|S|> — S*NS € C,. Cand)
Applying (11) to this, we get D|S|* — S*SD = D|S|* — |S|’D € C,.

We claim D|S|* — |S|?D € C, implies D|S| — |S|D € C,, assuming S is
invertible. (The proof of this fact works even if D is an arbitrary operator in
L(H).) Apply the Weyl-von Neumann Theorem [8] to the positive operator
|S| to obtain |S| = D(A,) + K,, where 0 < A, < ||S]| and D(]A,) denotes the
diagonal matrix with the nonnegative diagonal sequence <A, )%, and K, €
C, with ||K ||, < & (¢ remains to be chosen). Hence |S|> = D(\}) + K/,
where K’ € C,. Because S is invertible, |S| is invertible, and so, bounded
below. Choose ¢ > 0 so that |S| is bounded below by 2¢. Then since
|S| = D(,) + K,, we obtain D(A,) = [S| — K, with || K/||¢, < ¢ and

A =1l1Sle, = Kle,lly > | ISleall — 1K el n
> 2e — | Koy > 2 — |K]; > &

Let D = (D;) denote the matrix for D with respect to that basis which
diagonalizes D(A,). Then D|S? — |S’D = DD(A?) — DA)D + DK’ —
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K'D, and so D|S|* — |S]’D € C, and K’ € C, imply DD(\)) — DA})D €
C,. Therefore,

o0
w > [DD(\) - DN)PIE= 3 (N~ N)D,P
=
= 3 AHATIN - WDE> S @RI - WD
iie1 1 J J Yy i1 J y
=4¢’|DD(A,) — D(A)D |3
Therefore D|S| — |S|D — (DK, — K;D) = DD(\,) — D@\,)D € C,. Since
K, € C,, we get D|S| — |S|D € C,, which proves the claim.

Let S = U|S| be the polar decomposition for S. The invertibility of S
guarantees that |.S| is invertible and U is unitary. Substituting this in (1) we
obtain D|S|U* — |S|U*N € C,. But we now also have that D|S| — |S|D €
C,. Therefore |S|DU* — |S|U*N € C,. Multiplying by |S|~!, we obtain
DU* — U*N € C, or equivalently, N — UDU* € C,, with U a unitary
operator. Q.E.D.

The main construction. In this construction, we use the notation that was
introduced earlier.

By virtue of Theorem 2(c) we devote our attention to M, X — XM, where
¢ € L*°(T) and X € L(LXT)). In addition, if NX — XN is a trace class
operator and X € C,, then from the matrix computation I, it is easy to see
that (for N =D & M,) M, X, — X,M, must be a trace class operator with
X4 = PoyoXPoyp. € C), and Trace(NX — XN) = Trace(M X, — X,M,)
(since Trace(DX, — X,D) = 0).

What is the matrix for M,? Let ¢(z) = 2. _ ¢$,z" denote the Fourier
series for ¢. Then (M,),, = (M,z’,z') = [; §(2)z’~' = ¢;_,. The kth
diagonal (k =0, = 1, = 2, ...) in this 2-way infinite matrix is described by
the set of all entries (i, j) for which j — i = k. In other words, the matrix for
M, is a Laurent matrix. Its entries are constant on the diagonals, and those
constants are the Fourier coefficients of ¢.

Let us now introduce generating functions for matrix operators. They are
related to Schwartz kernels in distribution theory.

DEFINITION. Let X = (x;) € L(L*(T)). The generating function for X is
defined as the formal Fourier series given by F(z, w) = 235 _  x,z'Ww’.

It is well known in the theory of distribution that since |x,| < || X||, the
uniform boundedness of x; allows us to view F as a distribution on C*(T),
where T2 denotes the torus. In particular, (F, zw/) = x;. It is also well-
known that if ¢(z) € C®(T), then ¢(z)F(z, w) (the formal power series
product) is also a distribution on C*(T?). We need to extend this definition
to include all functions ¢(z) or ¢(w) in the larger class L*(T). By way of
motivation, suppose F could be thought of as a function. For example,
suppose F € L¥(T?) (equivalently X € C,). Then formal computations hold
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true and yield

s = (2 0e)( S 5ew)
n 's/
=2 ( 2 ¢nxkanzk)wi =2 (2 ¢nxi—n,j)ziwj
ij \n+k=i ij \'on

and, similarly, ¢(W)F(z, w) = Z,,(Z,¢,%,;-,)zW. Since {(¢,> and the
columns of (x;) are sequences in / % (whether or not X € C,), the expression
2 ,0,%;j—, is a well-defined absolutely convergent series. In other words, the
following operation is well defined.

DEFINITION. Let ¢, ¢ € L®(T) where ¢(z) = 3 ,¢,2" and §(z) = Z ,y,2",
and let X € L(L*(T)) so that F(z, w) = 2, x,z'/ is the generating function
for X. Define the binary operation * as follows

[6) + 400)] * F29) = 2 (S @rxiny + bumyo) s
J
It is helpful to recognize that * simply denotes the formal product of these
power series and that this same symbol is used to denote formal products in
some computer languages.

Also the reader should take care not to confuse this symbol with the
symbol for operator adjoints.

Note. It is clear that (¢(z) + Y(w)) * F = ¢(z) * F + y(w) * F, where the
sums in this equation are well-defined formal sums.

Let us now compute the generating function for M, X — XM,,.

(M¢X)i,i = ((‘Pj—i)(xij))i‘i = % D — i Xy = ; PnXi4n; and

(XM¢ ),;,- = % X i = g DpX;j_pe

Also, M} = M., where ¢*(z) = 2,,$_,,z", and (M3),; = ai—j' This gives us
the following information about M3 X — XMj.

(M:X)i,j = ((‘;i—j)(‘xij))i‘i = % J’i—kxkj = ; ‘;nxi—n,i and
(XM; );,; = % xik(;k—j = ; ‘—ani,/ﬂ-
So

(M¢X - XM¢)i,j = g ¢n(xi+n,j - xi.i—n) and

(M3X — XM3), = g E’n(xi—n‘i = Xij+n)-

Now regard F(z, w) = Zx,;z'w’ as a distribution on C*(T?). Then a
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computation shows
Xivnj = <z-nF’ Ziwj>, Xij—n = <W"F, ZW>,
xi——n,j = <ZnF, Ziwj>’ X, = <W”F, ZW>

ij+n

An additional computation shows

(MX = XM}, = 2 6,((E" = wh)F, 2wl = (9(2) — ¢(w) * F, 257,
and

(M3X — XM}), = ; $a{(z" — W")F, 25wy = (($(Z) — #(w)) * F, 2.

This says that the generating function for M, X — XM, is (¥(2) —
¢(w)) * F(z, w) and the generating function for M3X — XMZ is
(#(2) — &(w)) * F(z, w). (Note, the equalities above are best proven by
computing the last expressions first, in terms of ¢, and x;;.)

This completes the construction of the generating function for the
commutators. We now apply them in two settings, namely with regard to
statements (5) and (6). First we prove statement (5).

Fuglede’s theorem modulo C,.

THEOREM 4. If N is normal, X € L(H), and NX — XN € C, and N*X —
XN* € C,, then |NX — XN||, = |[N*X — XN*|,

PrROOF. By Theorem 2(c) it suffices to prove Theorem 4 when N = M,
acting on L*(T), with ¢ € L*(T), and such that M, has no eigenvalues. By
the main construction, the assumption on M, and X is equivalent to the
assumptions that (¢(2) — ¢(w)) *» F(z, w) € L*T? and
(#(2) — ¢(w)) * F(z, w) € L¥(T?. Of course, here we are treating those
formal Fourier series in z, w which have square summable coefficients as
functions in L*T?). Therefore the entries of M,X — XM, are the
coefficients of (¢(2) — ¢(w)) * F(z, w), and by Bessel’s equality, satisfy

IMX — XM, |5 =2 (M, X — XM,), [
i
= f fT 1(9(2) = o(w)) * F(z, w)l*.
Similarly,

IM3x = XMz = [ [ 1T6G) = o(w) * F(z, W)l

Now the assumption that M, has no eigenvectors is needed. It guarantees
that ¢(2) # ¢(w) almost everywhere with respect to 2-dimensional Lebesgue
measure on T2, To see this, let E = {(z, w) € T* ¢(z) = ¢(w)}. If, on the



THE FUGLEDE COMMUTATIVITY THEOREM 201

contrary, m X m(E) # 0, then [ xz(z, w) # 0. Fubini’s Theorem
guarantees that there exists wy € T such that 0 # [xz(z, wy) = mE, = m{z
€ T: (z, wy) € E}. But then X, (2) is an eigenvector for M, since M,x; =

H2)xe, (z) ¢(w0)xE which is a contradiction. Therefore we know that
$(2) — ¢(w) # 0 almost everywhere in T2, and thus

(#(2) — ¢(w))/(#(2) — ¢(w)) is a measurable function in T2 with modulus 1
almost everywhere in T2

Using this function we obtain

()= [[, 162 = 6()) = F(z, )]

-1

= — 1 z) — ¢(w z) — o(w)) * F(z, w 2.
L. s @O 50 ()~ 6) + e w)

In addition, for every normal operator N, the derivations 8y and 8y.
commute (the proof is simple algebra). Hence, MM X — XM,) — (M X
— XMOM; = M (M3X — XM3) — (M}X — XM$M,. The generating
function for the left-hand side of this equality is given by
(¢(2) = ¢(w)) * (¥(2) — d(w)) * F(z, w)), which is the same formal Fourier
series as (¢(Z) — &(w))((¢(2) — ¢(w)) * F(z, w)) because of the assumption
that (¢(2) — ¢(w)) * F(z, w) is a function in L%(T?). Similarly, the generating
function for the right-hand side of the equality is given by

(9(2) = ¢(w)) * ((#(2) — 9(w)) = F(z, w))

= (#(2) — s(W))(($(2) — ¢(w)) * F(z, w)).
This last equality follows from the assumption that (¢(z) ¢(w)) * F(z,w)

is also a function in L%(T?). Hence (¢(z) o(W))(¢(2) — $(W)) * F(z, w)) is
a power series identical to (¢(2) — H(W))(#(2) — ¢(w)) * F(z, w)). Thus

2

#(2) = #(w)

#(Z) — MW(@Q‘MW%F@M)

2

(#(2) — #(W)(((2) — (W) * F(z, w))

#(2) — ¢( w)

- f |(6@) = 6(»)) * F(zw)|-
Whence || M,X — XM, | = ||[M*X — XM%|3. QE.D.

COROLLARY 5. Statement (2) — statement (3). Also statement (3) «> statement

@®.
PROOF. (2) — (3): Since (2) - (4), then NX — XN € C, implies N*X —
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XN* € C,. Therefore, in the case NX — XN € C,, we have N*X — XN* €
C, and Theorem 4 applies to give ||[NX — XN||, = ||N*X — XN*||,. In the
case NX — XN & C,, assuming statement (2) gives N*X — XN* & C,,
hence [NX — XN||, = oo = ||[N*X — XN¥*||,.

(3) & (4): It clearly suffices to prove (4) — (3). If N is normal and X €
L(H) so that NX — XN € C,, then assuming statement (4) gives N*X —
XN* € C, and Theorem 4 gives equality of their Hilbert-Schmidt norms.
Q.E.D.

REMARK. It is hoped that distribution theory techniques might be used to
show that if (¢(2) — ¢(w)) * F(z, w) € L¥(T?), then (¢(2) — ¢(w)) * F(z, w)
may be viewed in some way as a function. This could lead to proofs of
statements (3) and (4).

We next prove statement (6).

The trace of NX — XN. Here we assume N is a normal operator and X is a
Hilbert-Schmidt operator for which NX — XN is a trace class operator. We
shall prove that trace(NX — XN) = 0. Applying Theorem 2(c) we see that to
prove statement (6), it suffices to prove it for the special case when N =
M, (¢ € L=(T)) acting on H = L*(T). To reiterate, this is because NX —
XN € C, implies M X, — X,;M, € C, and trace(NX — XN) = trace(M X,
— X M,), where M, is a Laurent part of N from Lemma 1 and X, is as
described earlier in equation (I), with X, € C, when X € C,.

If X € C,, the generating function for X, namely F(z, w), is contained in
L*(T?). Therefore the generating function for M X — XM, is (#(2) —
¢(w)) * F(z, w) = (¢(2) — ¢(w))F(z, w) (the ordinary product of functions in
L*(T?) and L*(T?), respectively).

We have M, X — XM, = K = (K;) € C,. This implies (¢(z) —
&(w))F(z, w) = K(z, w) almost everywhere in T2, where K (z, w) denotes the
generating function for K (since K € C, C C,, we see that K(z, w) € LX(T?)
and so it is indeed a function having the same Fourier coefficients as
(¢(2) — ¢(W))F(z, w)). Then, as before, ¢(2) — ¢(w) # 0 almost everywhere
in T2, and for almost all (z, w) € T?,

K(z,w)
F(z,w) = ———— €L*(T?).
$(2) — ¢(w)

Our program is as follows. We shall assume trace K 7 0. This will imply
certain facts about K (z, w), whose form we shall have to choose carefully to
be able to relate it to the trace condition on K. We shall then apply a function
theoretic result (which we shall give next) to conclude that K (z, w)/(¢(2) —
&(w)) & L*(T?) in order to obtain a contradiction.

THEOREM 6. If ¢(x) € L*=[0, 1] then

1
— dxdy = oo.
ff[o,llxlo,l] lo(x) — o(»))? =
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Note. The author first found a proof in the real case (by applying the
Weyl-von Neumann Theorem to generating functions). Then Hugh Mont-
gomery gave a somewhat involved proof of the theorem for ¢ complex-
valued. Then Larry Brown suggested an easy and direct proof when ¢ is
real-valued. Finally, the author found a relatively easy proof for the general
complex case.

PrOOF. By way of motivation, and to illustrate a connection between the
real phenomenon and the planar phenomenon, we present Larry Brown’s
proof for the case when ¢ is real-valued. By replacing ¢ by a¢ + b (for some
real numbers a, b), we may assume range ¢ C [0, 1). Fix a positive integer n.
Let E, = {x €[0,1]: (k — 1)/n < ¢(x) < k/n}, for 1 < k < n. Then W E,
= [0, 1) (the symbol ) denotes a disjoint union) and so X}_.,mE, = 1.
Holder’s inequality yields 1 = (Z%_,mE)* < 2%_,(mE)*- 2%_,1, that is
Siai(mE)* > 1/n. Also if (x,y) € E, X E,, then |¢(x) — ¢(»)| < 1/n.
Hence

_ 1 i
fjl.o,l]x[O,I] l6(x) — o(»¥)I? dx dy >ffL-J ExE |op(x) — ()] y

“E e worwor =97 E s w4

_nzz (mE, )’ > n?

=n.

:I-—-

Since n is arbltrary, we have that

_ v _
fj['O,l]x[O,l] b(x) — ()P dx dy = oo.

The case when ¢ is complex-valued is somewhat involved. By replacing ¢
by a¢ + b (for some complex numbers a, b), we may assume range C [0, 1)
X [0, 1) (where Q denotes [0, 1) X [0, 1) viewed as imbedded in C). Let

W= [(i ~ 1)/27,i/2") X [(j — 1)/2", j/2") for 1 < i, j < 2". Define E"™
= ¢"(Q,(")) Hence, for each n, @ = U,;0” and [0, 1) = U ,,E". There-
fore 2, ;mE™ = 1 for each n. In addition, for each n, {Q"} is 4 partition of
0, and the collection of these partitions is a nested sequence. Therefore for
each n, { E{”} is a partition of [0, 1) and also the collection of these partitions
is a nested sequence.

The following identities are easily verified: N, W (@ X @) =
{(z, w) € C X C: z = w}. Also, and following from this, N, U ,;(E/” X

E™) = {(x,y) €0, 1] X [0, 1]: ¢(x) = ¢(»)} (call this set F).

If F has positive measure, then clearly

-1 1 =
ff[o,llx[o,ll |$(x) — o(»)] dx dy >ffl-‘ lo(x) = ()] wd = oo

Hence, we may assume m X m(F) = 0,
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As before, Holder’s inequality yields a useful fact, namely that

2
(=,mE
mipyts B 1
12.1' (mEs Zicijerl ¥

Note also that (x, y) € E/” x ES” implies ¢(x), §(») € Q" and s0 |$(x) —

¢(y)| < diameter QO =V?2 /2".If we now assume to the contrary that

1
— ! dxdy < o,
f f[o, 1xlo, 1] |¢(x) — ¢(»)P <o

and if for convenience we set E™ = J ;E{” X E[", then we have
1
> ———— dx dy
f flo,l]x{o’ll [o(x) — (»)P

1
oo w0 =¥

1
= -_— d
1<§< Py f‘l;?n?"xfé"’ lo(x) — o(») i

2"
1
> — L k&
i,j2=l fL&”)XElsn) (\/7 2/2n)
= % 2 (mE"("'))2>£. L = l.
iy
That is

Xew (%, Y) _ 1 1
o veton o —s0F “4 =Moo o —v0rra 2

for every n. On the other hand,
Xew (X, ¥) 1
[6(x) — P le(x) — #(»)

eL'([0,1] x[0,1])

and
Xew(®y)  xe(xy)
lo(x) — ¢(VF  lo(x) — d(»)P

almost everywhere in [0, 1] X [0, 1] (since m X m(F) = 0). Therefore, by the
Lebesgue dominating convergence theorem,

f XE™ (-x, ,V)
[0, xI0, 1) |¢(x) — $(»)P

and this is a contradiction, as we showed that these integrals are all bounded
below by 1/2. Q.E.D.

dx dy -0, asn— oo,
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REMARK. If we view ¢ as ¢: [0, 1] > R” (n = 1 in the real case, and n = 2
in the complex case), then Hugh Montgomery has shown that if ¢ €
Lg (0, 1), then it is possible to have, for n > 3,

1
f f le(x) = &)z by <o

Also, it is interesting to note that if we replace the power 2 by the power p
in the integral of the theorem, then Larry Brown’s proof for the real case
works for all p > 1, but the proof for the complex case works only for p > 2.
In addition, by modifying slightly the proof of the complex case, we obtain
the real case forp = 1.

COROLLARY 7. If E is any measurable subset of [0, 1] of positive measure and
|¢| is essentially bounded on E, then

1
————— dx dy = .
) fE £ |¢(x) — ¢(»)I?
ProoFr. Use the proof of Theorem 6 and in it, replace the domain [0, 1] of ¢
by E.

THEOREM 8. If N is a normal operator, X € C, and NX — XN € C,, then
trace(NX — XN) = 0.

PROOF. Set NX — XN = K € C,. Then K has a Schmidt expansion [5].
That is, there exist orthonormal sequences { f,}, { g,} in H and a nonnegative,
real-valued sequence {a,) € /! such that K = 3q,(f, ® g,), where the series
converges in the trace norm and f, ® g, denotes the rank one operator
h - (h, g,) f,- Note that the matrix of f, ® g, is (f,() g,())) if <f,()>2, and
{ g,(i))2, denote the sequences for f, and g, respectively.

The Schmidt expansion provides us with a useful form for the generating
function for K. Since the Schmidt expansion converges in the trace norm to
K, it must also converge in the Hilbert-Schmidt norm. Therefore the generat-
ing function for 37_,a,(f, ® g,) converges to K(z, w) in LY(T?), as m — 0.

The generating function for f, ® g,, the matrix with entries ( £.()g, (), is
S0, 8Dz = (Ef,()2')E,8,(j) w). Define f,(z) = Sf,()z’ and
8.(w) = Z,g,(/)w’. Hence the generating function for f, ® g, is f,(2) g,(w)
and {f,(z)} and { g,(z)} are orthonormal sequences in L%(T). Clearly then
the generating function for X_,a.f, ® g, is 27.,a,f,(2) g,(w). Also it is
clear that 37_,a,f,(z) g,(w) converges to = ,a,f,(z) g,(w), in L*(T?). There-
fore, the generating function for K can be written as K(z, w) =
3a,f,(z) g,(w). That is, the Fourier coefficients of Za,f,(z)g,(w) in L¥(T?)
are the matrix entries of K.

To see the connection between trace K and K (z, w), recall that 37_,a,(f,
® g,) — K in the trace norm as m — oo, and hence
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m
trace K = "}imoo trace >, a,(f, ® g,)
- n=1

= lim 'El a, trace(f, ® g,).
Using the fact that the matrix for f, ® g, is (f,(/) g,(/)), a simple calculation
using Lebesgue integration on T shows that

trace(f, ® g,) = fT £.(2) 8.(2) dm.

Therefore

m-—>o0
n=

trace K = lim T[ § a.f, (Z)g,,(z)} dm.
1

Also

o0

2 an”f;u(z—)gn(z)”L'(T) <2 an”f;l”Lz(T)“gn"Lz(T)
1

n=

=2a,,<oo

by Holder’s inequality, and so X ,4,f,(Z2) g,(z) converges in L'(T). Therefore
trace K = [,[X,a,f,(2) g,(2)] dm. In other words,

trace K =f K(z, z) dm.
T

If we now assume trace K = [, K(Z, z) dm # 0, we can conclude that
[71K(Z, z)| dm > |[; K(Z, z) dm| > 0. From elementary measure theory, it
follows that there exist ¢ > 0 and a measurable set A C T of strictly positive
Lebesgue measure such that |K(Z, z)| > € on A.

Our next objective is show that there exists a measurable set E C T of
strictly positive Lebesgue measure such that |[K(Z, w)| > e/4 on E X E. The
proof of this requires several steps, including the use of Egoroff’s theorem,
Lusin’s theorem and convergence in measure.

Define K, (z, W) = S7_18,/,(2) ,(W), F(2) = £2para |y, and
G, (2) = 23 1418, 8,(2)? (recall that {a,> € I1). Clearly then

00

KG w) = K,(Zw)| =| 2 af,(2)8.(w)

n=m+1

< S alh@)gm)

n=m+1

< 2 g[GP +]|gMF]

n=m+1

= F,,(2) + G,(w).



THE FUGLEDE COMMUTATIVITY THEOREM 207

Now F,, G, >0 and (F,(z2)dm=Z%,,a, = [G,(W)dm -0 as m — oo,
since f,(2), g,(w) € (LX(T)), and {a,) € I}. Therefore F,(z), G,(w)— 0 in
measure. Therefore there exists some subsequence my such that F,, (2) -0
almost everywhere in 7. Clearly F,,(2) > F,,,,(z) > 0 for all m and all
z € T. The two facts imply that F,,(Z) — 0 almost everywhere in T. Likewise
G,.(w) > 0 almost everywhere in T. If we now apply Egoroff’s theorem, we
obtain a measurable set E, and a positive integer m, where m(T \ E)) <
mA /4 and F, (z) < /16 for every m > m, and z € E,. Similarly we obtain
a measurable set E, and a positive integer m, where m(T \ E,) < mA /4 and
G, (w) < &/16 for every m > m, and w € E,. Let my = max(m,, m,) and
Ey=E, N E,. Then m(T\E) < m(T\E)+ m(T\E) < mAd/2 and
F.(2) + G,(w) <¢/8 on Ey X E, for every m > m, Hence |K(z,w)—
K,(z, w)| < F,(2) + G,(w) < ¢/8 on E, X E, for every m > my. In
particular, |K(z, w) — K, (z, w)| < ¢/8 on E, X E,.

We next apply Lusin’s theorem to obtain information about K, (z, w). The
functions f(2), . .., £, (2), 81(W), - . . , 8 (W) E LXT). If we apply Lusin’s
theorem to each one of these functions we see that for each such function,
there is a set in T on which the function is continuous and whose complement
has arbitrarily small measure. Hence we can insure the existence of a
measurable set B C T on which f,(2), . . ., Jm(2) are continuous for all z € B
and g,(w), . . ., g, (w) are continuous for all w € B and furthermore m(T \
B) < mA /2. Therefore 272 a,.f,(2) 8,(w) = K, (Z, w) is continuous on B X
B.

Now we have m(T \(Ey N B)) < m(T\Ey)) + m(T\B) < mAd/2 +
mA/2 = mA. From this it follows that m(4 N E, N B) > 0. From
elementary measure theory we can obtain a closed set F ¢ 4 N Ey N B of
strictly positive measure. Hence [K(z,w) — K, (z,w)| < ¢/8 on F X F,
K., (2, w) is continuous on F X F, and |K(Z, z)| > € on F, with F closed and
mF > 0. Therefore for every z € F, |K,, (z, 2)| > |K(z,2)| —¢/8 > ¢ — ¢/8
= Te/8. That is, |K,, (2, z)| > ¢/2 on F.

We now employ the continuity of K., (z,w) on F X F. For every z, € F,
| Kono(Zo 20)| > €/2 and the continuity of K,,(Z, w) on F X F implies that
there exists an open interval N(zy) containing z, such that | K, (2, W) —
K, (20 20)] < €/8 on [N(zp) N F] X [N(z0) N F]. The collection {N(z): z
€ F} forms an open cover of F. Since F is closed and contained in 7, it is
compact. Therefore, we can extract a finite subcover N(z)), ..., N(z). But
mF = m(U%.\(N(z,) N F)) < Zk_m(N(z,) N F). Since mF > 0, there is
some n, such that m(N(z,) N F) > 0.Set E = N(z,) N F.

We claim that E accomplishes our objective, namely that |K (Z, w)| > ¢/4
on E X E and mE > 0. To see this we apply the last remarks. Since E C F,
we have that |K(z, w) — K, (7, w)| < ¢/8 on E X E. Also, |K,, (Z, w) —
K, (2, 2,)| <€/8 on E X E, by the construction of N(z,) and E.
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Furthermore, since z, € E C F, we have that |K,, (Z,, z,)| > &/2. The last
three inequalities imply that for every (z, w) € E X E, |K(z, w)| >
|Kn(Z, W) — €/8 > |K, (2, 2,)| — €/8 —¢/8 > e/2—¢/8—e/8=c¢/d
That is, we have |K(z, w)| > ¢/4on E X E and mE > 0.

The rest of the proof is straightforward. By Theorem 2c, it suffices to prove
Theorem 8 for the case N = M, (¢ € L*(T)) where M, has no eigenvectors,
and X is any Hllbert-Schmndt operator contained in L(L*(T)). Suppose
M,X — XM, = K € C,. Let F(z, w) denote the generating function for X
and let K(z, w) denote the special generating function of K, namely
2a,f,(z)g,(w) considered earlier in this proof. Then by earlier remarks, the
generating function for M, X — XM,, which is (¢(z) — ¢(W))F(z, w), is the
same as the generating function for K, which is K(z, w). That is, (¢(z) —
&(w))F(z, w) = K(z, w) almost everywhere in T2 Also we have seen that
since M, has no eigenvectors, ¢(z) — ¢(w) # 0 almost everywhere in T2
Hence F(z, w) = K(z, w)/($(2) — ¢(w)) € L} T?). Substituting 7 for z, we
obtain K (z, w)/(¢(z) — ¢(w)) € LY(T?).

We now prove Theorem 8 by contradiction. If we assume to the contrary
that trace K # 0, we can apply the previous result that there exists a
measurable set E with mE > 0 and € > 0 such that |K(z, w)] > eon E X E.
Finally, if we identify T with [0, 1] in the usual way, then we can apply

Corollary 7 to obtain
’ K (2, w)P
) _—
f fE <E |¢(z) — d(w)?

oo>ffT2

1 _
s 6(z) — sOWF

which is a contradiction. Q.E.D.

ADDENDUM. The author has recently proved that statement (3) (equiva-
lently (4)) is true. That is, the Fuglede Commutativity Theorem Modulo the
Hilbert-Schmidt class holds true. In fact, for every normal operator N and
X € L(H), |[NX — XN||, = ||[N*X — XN*|,.

In summary, statements (3)+(6) are true. In this paper, the following
implications were proven to hold true.

K(z w)
#(2) = o(w)

(1) / f > @
o

(6)
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