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PERSISTENT MANIFOLDS ARE NORMALLY HYPERBOLIC

BY

RICARDO MANÉ

Abstract. Let M be a smooth manifold, /: M *^ a C ' diffeomorphism and

V c M a C1 compact submanifold without boundary invariant under/(i.e.

/( V) = V). We say that V is a persistent manifold for / if there exists a

compact neighborhood U of V such that n„ez/"(íO = ^ and for all

diffeomorphisms g: M «-* near to / in the C1 topology the set V. =

C\ nez.g"(U) is a. Cl submanifold without boundary C1 near to K Several

authors studied sufficient conditions for persistence of invariant manifolds.

Hirsch, Pugh and Shub proved that normally hyperbolic manifolds are

persistent, where normally hyperbolic means that there exist a 77-invariant

splitting TM/ V = N'V © NUV © TV and constants K > 0, 0 < X < 1
such that:

HTfy/N*V\\ < KX",       \\(Tf)-n/N;V\\ < KX",

\\(Tf)"/N'xV\\ • \\{Tfy"/Tnx)v\\ < KX"

for all n > 0, x 6 V. In this paper we prove the converse result, namely that

persistent manifolds are normally hyperbolic.

Let M be a manifold, V cz M a. submanifold and /: M <^> a

diffeomorphism satisfying /( V) c K. Several authors [l]-[9] have considered

under which conditions for every diffeomorphism g nearby / there exists a

submanifold V C M nearby V satisfying g(Vg) c Vg. This kind of question

arises frequently in ordinary, functional [18] and partial [16] differential

equations as well as in the stability theory of group actions [19], bifurcations

[3] and the construction of diffeomorphisms exhibiting certain persistent

properties [9].

Answers to this problem are usually given in terms of exponential rates of

the iterates of the derivative of / at V. In this paper we shall consider the

converse problem, proving that the persistence of V (see definition below) is

equivalent to these conditions.

To give the precise statement of the results let us denote by Diff'(M) the

space of C1 diffeomorphisms of M endowed with the topology of C1

convergence on compact subsets.

Definition. V is a compact invariant manifold of / E Diff'(M) if it is a

compact boundaryless C ' submanifold of M satisfying /( V) = V. We say

that  V is persistent if there exist a neighborhood U of V in M and a
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neighborhood % oî fin Diff'(M) such that:

(a) For all g £ % the set Vg = D n6Zg"(t/) is a Cl submanifold of M

and Vg = V.

(b) Vg is C ' near to V if g is C ' near to/.

Finally let us say that V is normally hyperbolic if there exist constants

C > 0, 0 < X < 1 and a continuous (7T)-invariant splitting TM/V = NSV

® NUV ® TV satisfying

\\(Tfy/N*xV\\ < CX",    \\{TfYn/N^V\\ < CX",

||(F/)77ViK|| • ||(F/)-7FrwF|| < CX",

\\(Tfy/Nx"V\\ ■ \\(TJf/TrHx)V\\ < CX"

for all x E Z+.

In [9] it is proved that normal hyperbolicity implies persistence. Here we

shall prove the converse, thus obtaining

Theorem A. A compact invariant manifold of a diffeomorphism is persistent if

and only if it is normally hyperbolic.

This theorem follows from a stronger version given in §2 that states that a

Lipschitz persistent compact invariant manifold (same definition as above

requiring Vg Lipschitz near to V instead of C ' near) is normally hyperbolic.

Recalling that a compact subset A of a diffeomorphism / £ DiffX(M) is

said to be isolated if it has a neighborhood U such that nneZ/"(i/) = A, the

Lipschitz version of Theorem A suggests the following conjecture:

Conjecture. There exists a residual subset % c Diff'(A/) such that every

isolated compact invariant manifold of a diffeomorphism in ® is normally

hyperbolic.

Hyperbolicity hypotheses (i.e. hypotheses involving exponential rates like

normal hyperbolicity) are widely used in perturbation theory. However, the

generalized feeling that they are good hypotheses in the sense that they are

equivalent to the stability property they seek to grant, has, in terms of

theorems, an incomplete justification. These problems when settled in

Diff (M) with r > 1 are even harder for several reasons, among them the

lack of a C closing lemma [14]. This is, for instance, the main stumbling

block to prove a C version of Theorem A. Such a version would state a Cr

persistent invariant compact manifold (obvious definition) is r-normally

hyperbolic in the sense defined in [9].

Finally I wish to thank Jacob Palis for his advice during the preparation of

my thesis [10] (of which Theorem A is part) and to C. Pugh for several useful

talks on Theorem A.

1. Domination and invariant subbundles. Let AT be a compact metric space.

Denote by £(AT) the set of continuous finite-dimensional vector bundles Fon
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K endowed with a Riemann structure, i.e. a continuous map B: F X F^R

such that B/(FX X Fx) is an inner product on Fx for all x G K.lf F e £{K)

let £(F) be the set of continuous vector bundle isomorphisms of F If

3» £ £(F) we say that a subbundle E c F is ^-invariant if $(F) = F. In the

next proposition we give a sufficient condition for the existence of an

invariant complement of F, i.e. a subbundle G c F such that G is ^-invariant

and <P(G) = G. For the statement of the result we need the following

definitions:

Definition 1.1. F„ F2 E £(AT) and $, E £(F,), i = 1, 2. We say that $,

dominates d>2, denoted $, > $2, if there exist constants C > 0, 0 < X < 1

such that

ll*ï/^ull • ll*î~7^W)ll < CX" (1)
for all x E K, n > 0. Moreover, if Í», > <ï>2 and (1) is satisfied we say that $l

(C, X)-dominates $2.

Definition 1.2. Let F be a finite-dimensional Hubert space, F, c E a

subspace and F,x its orthogonal complement. If S c F is a subspace such

that dim S = dim F, and S n F,1 = (0}, we define the angle a.(Ex, S) by

a(E\, S) = \\L\\, where L: F, -> F,x is a linear map satisfying S = graph(L).

Proposition 1.1. Let F E £(Ä"), <î> E £(F), E <z F a continuous ^-in-

variant subbundle, F = F/E the quotient bundle and $ E £(F) èe /Ae vector

bundle isomorphism induced by 4>.

// F a/irf F have ^-invariant splittings F = F, © • • • © Fk, E = F,

© • • • © E, such that for all I < i < k, I < j < I either e/F¡ ( , X)-

dominates <&/E¡ or $>/F (C, X)-dominates 3>/F, í/ien í/iere ex/stó a <I>-ín-

variant continuous subbundle F c F satisfying F ffi F = F a«í/ st/c/z í/iaí /o/- a//

a: £ #,

«(F/, F,) < Cd2/(I - X),

wAere

^ = suP{||^/f;ii, ||4»->/f;ii |x e /«:}

and C depends only on C and

S = sup{«((F, © • • • © Fj)Lx, (FJ+l © • • ■ © Fk)),

a((F,©--- ©F,)^, (F/+1©--- ®E,)X)\

1 < j < k, 1 < / < /, x E K}.

Remark. It follows from this proposition that if tr: F-* F is the canonical

projection and F, = ■n~xFj,j = 1, . . . , k, we have a O-invariant continuous

splitting F = F ffi F, ffi ■ • • ffi F], and if Ó//) > $/Fy. (O/F,. > $//)) then

*/F, > */F7. (*/£, > $/F).
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Proof. Let G be the continuous vector bundle on K whose fiber oníEÍ

is the space of linear transformations L: Ex -» Ex. Let r°(G) be the space of

continuous sections of G endowed with the norm ||tj|| = {||tj(x)|| I x £ K).

Define 4>: r°(G) ** by

Ô(t,)(x) = 4» o r,(<b-x(x)) ° (#$/F^,U))-'

where w: F—> Ex is the orthogonal projection. Let m: F -* F be the canonical

projection. Define

Fj = E± nñ-x(Fj),       Kj<k.

Let r* (resp. T") be the space of sections t\ £ T0(G) such that ■t](x)FJX c

©{F,J<ï>/£,- > $/Fy) (r,(x)^ c ©{F,J<Ï>/F,. > */£,}) for all * S JT. It
is easy to see that

ll*-/r*H < ex", (l)

l|á>-"/run < ex" (2)

for all n E Z+. If we find tj0 E r°(G) satisfying

Vo(x) = $(t,o)(x) + 77$ » (,r$/F¿-,(,))-*,       x S tf,

where w: F—> F is the orthogonal projection, then the subbundle F c F with

fibers Fx = graph(T/0(x)) is continuous and <ï>-invariant. To solve (3) observe

that (1) and (2) imply (see [9] for details) that I - é has an inverse that

satisfies

(/ - *)- <
1 -X '

Let £ £ T°(G) be defined by

¿(x) = 77$°(tt$/F¿-,w)-1,        XGK.

Then t/0 = (/ - 4>)_l| satisfies (3) and

Iholl <(C/(1 - X))||||| <(C/(1 - X))d2

where d= sup{||$/FJ, \\$-1/Fx\\\x £ AT}.

Proposition 1.2. Let F E £(ÄT), O E £(F) an¿ to K0 c K be a ^-in-

variant compact subset. Suppose that F/K0 has a continuous ^-invariant

splitting F/K0 = E0(B F0 such that 3>/F0 > 3>/F0. Then there exist a com-

pact neighborhood U of K0 and a continuous subbundle E c F/As, where

A* = H n><p-"(U), satisfying $(F) c F, E/K0 = F0.

Proof. Take a compact neighborhood U0 of AT0 and let A¿ =

n„ez+í>~"(í/0). If U0 is small enough there exists a continuous splitting

F/As0 = Ê ® F such that F/AT0 = F0, F/AT0 = F0. Let tt,: F/As0-*Ê, tr2:

F/A¿ —» F be the projections associated with this splitting. Let G be the

continuous vector bundle on A¿ whose fiber on x is the space of linear maps
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L: Fx -» Fx. If {/ c U0 is a compact neighborhood of Aq, let T°(U) be the

space of continuous sections tj of G/AS(U), such that tj(x) = 0 if x £ ÄT0,

where   A^f/) =   fl„ez+í>_"(í/),   endowed   with   the   norm   ||tj|| =

sup{||Tj(j:)||| je ëA'({/)}. Define 0,: F^ by O, = 77,0/F, $2: FV by

$2 = w24>/F and $: r°(t/) <^ as <&(^)(x) = $2_1 » tj($(x)) ° <!>,.

If £/ is small enough $ is well defined.

Lemma 1.1. There exist constants C > 0, 0<X<1 and a neighborhood

Í/] C U0 of K0 such that for all compact neighborhoods U C Uxof K0 the linear

map Ô: T°(U) +* satisfies ||Ô"|| < CX" for all n E Z+.

Proof. There exists n0 £ Z+ such that

||$"»/F0jX|| • ||O-"»/F0iO„0(;c)|| <!

for all x E K. Then, there exists a neighborhood [/, of AT0 such that

W?/Êx\\ • ||*2""°/^)ll <5

for all x £ Í/,. Let í/ c Í/, be a compact neighborhood of K0. If x £ AS(U),

$"(*) £ t/for all x E Z+. Therefore

ll**"°/4ll • ll*2~*"0/¿W)ll < (1/2)*
for all k E Z+. Then, for some constant C>0, 0<X<lwe have

11*7/411 • ll*2""/^*.wll < cx"
for all x £ AS(U), n £ Z+, and this implies

||Ô>"|| < CX"
for all« £ Z+.

If we find r/0 E r°(i/) such that $(graph(T/0(x))) = graph(Tj0(O(x))) for all

x £ A^t/), the lemma is proved, defining a subbundle E of F/AS(U) by

Fx = graph(r/0(x)). Let I^(Í7) = (tj £ r°| ||tj|| < <■}. It is easy to see that

there exist e2 > e, > 0 such that for all 5 > 0 we can find a compact

neighborhood Us c U of K0 and a map F: r°([/8) -* r£(i/s) satisfying:

(a) i-'feraphOKx))) = graph(P(T|X*-'(*))) for all x G *(A*(I/a)).
(b) ||F(0)|| < 8.

(c) ||(F - *Xli) -<P- fyMW < «Hi», - TÍ2II for all t,,, t,2 E I°e¡(Us).
Take 5 < (1 - X)/2C(1 + e,). From Lemma 1.1 it follows [4] that 7 - Ô

has an inverse satisfying ||(7 - 4»)_1|| < C/(l - X). Moreover, if tj E Te and

ß = F - 4»,

IK/ -ar'eooil

< ne - *r'ß(i») - (/ - *)_1ß(o)ii + IK7 - *)-'ß(0)n

< C&,/ (1 - X) + C«/ (1 - X) < i 62;

hence, (/-*)" 'ß (Tf,(Í/,)) C I?2( t/,), and if t,,, t,2 E I? (í/5) we have
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||(7 - Or'ßOl,)  -  (7 - $)-'ß(T,2)||   < y^ HT,,  - T,2||   < jjlll,  - T,2||.

By the fixed point theorem for contractions there exists tj0 E 1^ ( Us) such that

(7 - Ô>)~lQ(r)o) = Vo- Therefore P(r/0) = tj0 and, by (a), the proposition is

proved.

Proposition 1.3. Let F E £(AT), <E> £ £(F) and K c Kx be a ^-invariant

dense subset. Suppose that for all x E Kx there exists a splitting Fx = Ex ffi Gx

satisfying:

(a) $(FX) = E^x), $(GX) = G^.

(b) F/iere «eis/ C > 0, 0 < X < 1 such that \\W/EX\\ • ||*~7G«.(Jt)|| <

CX"forallx EZ+,x E Kx.

(c) dim Fx is constant.

Then the families of subspaces (Fx I x E K), {Gx I x £ K) extend to <&-in-

variant continuous subbundles E and G of F such that F = E ffi G and

O/F > $/G.

Proof. Let 2 c K - Kx be a subset such that each O-orbit contained in

K — Kx intersects 2 at exactly one point. For each x £ 2 chose a sequence

{x„ I /i EZ+} c Ky such that xn -» x when w -^> + oo and the sequences

{GXJ n E Z+}, {Ex| n E Z+} are convergent. For x £ 2 define

G, =   lim    Gr,       Er =   lim    F,,

and for each x G K - Ku choose xk = $*(x) E 2 and define

GX = <J>-*(GXJ,       FX = $-*(FXJ.

Let F be the projective bundle associated to F and d(-, • ) a metric on F

inducing its topology. If /I, B are subsets of F define

d(A,B) = sup{J(a, 6) I a GA,b E F}.

Suppose that dim Fx = m, dim Gx = n for all x £ K. Let S £ £(Ä") be the

vector bundle whose fiber on x is the set of subspaces (L„ Lj) of Fx such that

dim L, = w, dim L¿ = n. For x £ 7f let Hx be the set of (L„ L2) E S^ such

that there exists a sequence (xj n E Z+) c K satisfying xn -» x, GXn —> L2,

EXn -» L, when n -» + oo. Proving that for all x E K, Hx = {(Fx, Gx)} we are

done. Observe that U ïSÂ where

Hx={e EPx\0 CLXU L2, (L„ L2) E #x}

is a closed subset of P. Moreover, if x E K, and (L,, L2) E Hx we have

H^/LJI • ||<ï>-"/<ï»"(L2)|| = CX" (1)

for all n £ Z+. In particular, F, n L2 = {0}; hence Fx = L, ffi L2. Let

x £ AT, (L„ L2) E Hx with (L„ L^ ^ (Fx, Gx); let us say L, =£ Fx. Then

there exists 9 £ Fx n L, such that 0 n Fx = (0). Since (Fx, Gx) E Hx, (1)

implies that c7($"(ö), G<¡,»(x)) -> 0 when n -^ + oo. Let v be an «-limit point of
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x. Take a sequence {nk\k&Z+} such that limk_>+xnk = +00 and the

sequences <b"k(L2), $"*(GX), ̂ "k(Ex) converge to subspaces L'„ L'2, S[, S2 of

Fx. Then (L'„ L2) E Hy, (S[, S2) £ #, and L\ nS^ {0}. Since L\ ffi F2 =

F, we must have L2 £ S[. Take 0 E F^, such that 9 c L2 and 9 n 5,' ^ {0}.

By (1) ¿(4>""(0), <£>""(£,')) -* 0 if n -> + 00. Take an a-limit point z of y and

a sequence {nJiEZ+} cZ+ such that Hmk_>+00nk = + 00 and <Ï>~"*(LÎ),

$-"*(L2)> *~*(S,'), ^~"k(S¡) converge to subspaces L'[, L'{, S'{, S¡'. Then

(L'{, LI) E #„ (5,", S2") E 77z, L" n Sx" * {0}; take 0 * e, E LJ n S2, 0
^ ü2 £ L2 n S". Since u, E F", v2 E L2, (1) implies

WM\/W{v2)\\ < ^»(1115,11/11^11) (2)
for all n £ Z+. But vx £ S2, u2 E Sx. Hence (1) implies

H*"(o2)ll/ll*"(o,)ll < KX"{\\v2\\/\\vx\\),

clearly contradicting (2).

2. Proof of Theorem A. Let M be a C °° boundaryless manifold and V C M

a C ' compact boundaryless submanifold. Assume that M is a submanifold of

R". Let NVbeaC1 subbundle of TM/ V satisfying TV © NV = TM/ V. If

rj is a section of NV define the Lipschitz constant of tj by

Lip(î,) = sup{||T,(x)-T,(^)||/||x-v|| \x,ye V,x^y).

We say that -rj is a Lipschitz section if Lip(îj) < + 00. Let T^NV) be the

space of Lipschitz sections of NV endowed with the norm

||T,||e = sup{||T,(x)|||xE F}+Lip(T,).

Let Diff'(M) be the space of C1 diffeomorphisms with the topology of the Cx

convergence on compact subsets.

Definition 2.1. Let/ E Diff'(M). We say that F is a Lipschitz persistent

invariant manifold of /if there exists a neighborhood U of V such that for all

8 > 0 there exists a neighborhood %g of / such that if g E %s there exists

t/ E re(7VF) with ||T/||e < 5 satisfying Vg = graph(îj), where graph(T)) =

{expx(r,(x))|x E V), Vg = n„6Z+gn(£/).

Observe that this definition implies V¡ = V, hence /( V) = V. Moreover,

the Lipschitz persistence is independent of the bundle NV.

In this section we shall prove the following proposition, which clearly

implies Theorem A.

Proposition 2.1. If V is a Lipschitz persistent invariant manifold off then V

is normally hyperbolic.

To prove this proposition we shall start showing some properties of the

action of Tf on the Grassmannian bundle of dim F-dimensional subspaces of

the tangent space of M at points of V. More precisely, let SX(M) be the set of

dim F-dimensional subspaces of TXM. For x E V, S E SX(M) define a(S)
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= oo if S n NXV¥= {0} anda(5)= ||L|| if S n NXV = {0} and L: FxF->

Nx V is the linear map satisfying graph(L) = S. Let 0 be the set of diffeomor-

phisms of M that leave V invariant.

Lemma 2.1. For all 8 > 0 there exist e = e(8) and a neighborhood % =

%(5) off such that if g £ %, x £ V, S E 5X(F), m <E Z+ and a(S) < e,

a((Tg)mS) < e, /«e« a((FgyS) < 8 for all 0 < / < m.

Proof. Suppose the lemma false. Then there exists 5 > 0 such that for all

neighborhoods % of/and e > 0 we can find^ £ V, S E Sy¡(V), g £ % n

0 and 0 < n< m such that a(S) < e, a((Fg)m5) < e and'«((Fg)"5) > 8.

We can assume without loss of generality that there exists a neighborhood Wx

of v, such that Wx n gJ(Wx) =0 for all 0 < j < m. Let W2 = gm(Wx). We

can suppose that there exist C°° diffeomorphisms <p¡: 1^ —> (x E R'1 X

Rl> | ||x|| < 1), i = 1, 2, satisfying <p¡(y,) = 0 and 9,(», n V) = (x E

R'1 | ||x|| < 1}. Take L: R'1 -+R'2, F: R'1 ->R'2 linear maps satisfying (Tyx)S

= graph(L), (F<jp2)m5 = graph(F). We can assume that T<p¡/TyM is an isom-

etry for i = 1, 2. Hence ||F|| < e, ||L|| < e. Let F, be the kernel of L and

F2 = F,-1 its orthogonal complement. Take a C°° function uV: R-»R satisfy-

ing ̂ (0) = 1, xp(t) = 0 for |/| > 1, |^'(0l < 2, and |^(/)| < 1 for all t.

Define: F, = {x £ F,| ||x|| < \), i - 1, 2, F3 - (x E F'2 \ \\x\\ < \); B

= Bxx B2X By Let F: F -» R'2 defined by

F(x„x2,x3) = ^(||x1||7X)^(||x2||7X)^(||x3||7X2)Lx2

where X is a positive number. Denoting by F[ the partial derivative of F with

respect to the /th variable, it is easy to see that

sup||F/||^0,       i =1,3, (1)
B

sup 11/311 < 2e, (2)
ä

sup||F||^0 (3)
B

when X-1 -+0. Now define <p = <p2 ° gm ° <PÏ~l, E[ = (T<p)Ex, E2 = (T<p)E2,

B; = {x £ F,| ||x|| < 1}, / = 1, 2, F' = B'x X P2. Take #: B' -^R'2 such that

<p(graph(F/F, X F2)) = graph(i/). For small values, by (l)-(3), # is well
defined and satisfies

sup ||¿ill->0, (4)
B'

sup \\Hi\\ < e, (5)
B'

sup \\H||-»0 (6)

when X -► 0. Take Tí": F' X F3 -> R'2 defined as 7/(x„ x2, x3) =

\p(4x3)H(xx, x2). If F', H' denote the derivatives of F and H we can rewrite
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(4H6)as

sup IIF'II < 2e, (7)
B

sup    ||77'|| < 2e, (8)
B' Xi¡

F'(0)/F, x B2= L,       H'(0)/B' = P.

Take k E Diff'(M) defined by k(x) = x if x & Wx u W2, k(x) = (tpf ' ° (F
+ 7) ° <p,)(x) if x E W„ it(x) = (<p2-' » (7 - 77) ° <r¿(x) for x £ W2.

Follows from (7) and (8) that k is C ' near to the identity if e and X are small.

Hence, taking g near enough to/ and e and X sufficiently small, it follows that

g = k ° g belongs to the neighborhood %s given by the definition of

persistence. But observe that

v-g -If- U gj{wx n v)\ u( U gJ(D)\

where D = <px~ '(graph(F)). Then

»(Tg*(yl)Vg) = «((Tgys)>8,

thus contradicting the definition of %s.

Now let ÑV be the quotient bundle (TM/V)/TV and L(V) the vector

bundle on V whose fibers LX(V) are the spaces of linear transformations L:

TXV'-* ÑXV. For g E 0 define the vector bundle isomorphism <5g: L(V)<^>

by í»g(L) = Ñg ° L ° (Tg)~x where Ñg: ÑV<^ is the vector bundle

isomorphism induced by Tg. Let $ = <&f.

Lemma 2.2. 0 « a quasi-Anosov vector bundle isomorphism (i.e. [13] for all

O^LëL(K) the set {||*"(L)|| |«£Z} ¿y unbounded).

Proof. Suppose that $ is not quasi-Anosov. Then there exist x £ V and

0 ^= L E L-(F) such that (||4>"(L)|| | n £ Z) is bounded, let us say by

K > 0. Take a linear map L0: TXV —> NXV such that t7L0 «■ L, where 77:

TM/V —> A/K is the canonical projection. Let 5 = graph(L0) and 8 = ||L0||

= a(S). Let %(5/2) and e(S/2) be given by Lemma 2.1. As in [20, Lemma 1.1]

we can find 1 > e0 > 0 such that given any finite subset IcK and a family

of linear maps Lx: TXM-> Tf(x)M, x E 2, such that LX(TXV) = Tf(x)V and

||Lx - Tf/TXM\\ < e0 for all x E 2, then there exists g E ^(8/2) satisfying

g(V) = V, g(x) = f(x) and Tg/TXM = Lx for all x £ 2. Choose n E Z+

satisfying

<     12 dim F (9)

and (x, L') nearby (x, L) and g E 0 n %(S/3), such that gJ(x) # g'(x) for

all -»</< 1 < «, ||$¿(L')|| < F for all |/| < n and ||L¿|| > 8/2 where

("?)'
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L'q. Tx F-» Nx V is a linear map satisfying L' = itL'0. Let S' = graph(L^) and

2 = {gJ(x)\ \j\ < n). By the definition of e0 there exists a map g: [0, £0/3] -*

0 n %(5/2) satisfying:
(l)«o-í-
(2)gA(g^(x)) = g^+1(x)forall|/|< ».

(3)

ÑgJÑgJ{x) V = (l - y j/Vg for all 0 < / < n,

{Ngxyl/NgJ(x) V = (l - | )(iVg)"2    for all - « < / < 0.

(4)

(Tgx)"/TxV - (1 + X)(rg)",    (Tgx)"/TxV = (1 + \)(Tg)",

(Fgx)-7FxF=(l+X)(Fg)-n.

We claim that for some Xq £ [0, e0/3] we have a((TgxynS') < e(8/2) and

«((TSa/S') < e(8/2). Since a(S') > 8/2 this contradicts gA(j £ %(S/2) n

0 and the lemma is proved. To find X0 we shall use the following property:

Let Lx+: Tgyx)V^ Ng„(x)V, Lx~: Tg«(x)V^ Ng-„(x)V be linear maps such that

graphe) = (Tgx)"S', graph^) = (Tgx) ~"S' and let [vx+, . . . , vf),

{vx , . . ., vx } be orthonormal bases of Tg„(x)V and Tg--(x)V. Then if X E

[0,e0/3], Kj<l and UL^c/ll > <8/2) (resP- Il WJ > e(*/2)), it
follows that ||FA+ü/|| < £(5/2) (\\L¿Vj \\ < £(5/2)) for all X + e0/6 dim V
< X < £0/3. With this property it is easy to find the desired X0 as follows:

Suppose that for some/ we have ||L0+«/ll < e($/2). Then ||Lx+c/|| < £(5/2)

where X, = e0/6 dim V. Now suppose that ||Lx+u,+ || > e(5/2). Then ||L2tu,+ ||

< e(5/2) and HL^u/H < e(5/2). At the end of this method we find X0 =

mXx, with 0 < m < 2 dim V (so Xq £ [0, £0/3]). It remains to prove the

property above. For this define the linear maps Ax: NXV^> N^^V, Px:

NXV^ Tr(x)V, Qx: TXV^ F/n(x)Fsuch that

Then, if vv, = ß0~V'

WAMwjW _      11(1 - £0/3)%L0>v,||

"   * Vj "      llßoO + X)"> + PxL'oWj\\       ||ß0(l + X)wj + P0L'0Wj\\ ■

Suppose ||Fjf u/1| > £(5/2). Then, if X > X + e0/6 dim V,

||ßo(l + X)wj + P0L'0Wj\\ >(X~ X)\\Q0Wj\\ - ||ß0(l + X)wj + /»„/>, ||;

hence,
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IWI
1

X-X Hßo^l

(l-Eo/3)"    \\A0L'oWj\\       \\Lfvj\

_1_

--(£(5/2))-'

(10)

(1 - eo/3)"

By (9),

£0*~' ..*,-,.,^-l
K     > TT—777,-7Z¡ > 2(£(5/2))"

(1 - co/3)" 6 dim V(l - £0/3)"

hence (10) implies

||LXVII < e(5/2).

In the next lemma we show that TM/Ü(f/ V) (where Q(f/ V) denotes the

set of nonwandering points of // V) has a splitting satisfying the domination

conditions required by the definition of normal hyperbolicity.

Lemma 2.3. There exists a continuous Tf-invariant splitting TM/Q(f/ V) =

TV/ti(f/ V)®N5® Nu such that Tf/Ns > Tf/TV > Tf/N".

Proof. If g £ 0 define E^(g) (resp. E^(g)) as the set of L E LX(V) such

that {||<BJ(L)|| \n > 0} ({||*-"(L)|| \n > 0}) is bounded,

Ñ¿(g)= U{L(FxF)|LEFx(g)},

Nx»(g)= U{L(FxK)|FEFx"(g)}

and Per(g) as the set of periodic points of g/ V. In the proof of this lemma we

shall use the following property whose proof will be given later:

Lemma 2.4. There exist a neighborhood % of f and a dense subset S of

% n 0 such that for all g £ S and x £ Per(g) we have Ñ¿(g) n N?(g) =

{0}.

Suppose we show that

Ñ;(f)(BÑx»(f) = ÑxV (11)
for all x E S2(// V) and that there exist C > 0, 0 < X < 1 satisfying

\\(Ñf)"/Ñ^(f)\\ ■ ||(F/)-77>(x)Kl| < CX", (12)

||(^/)-7a7x"(/)|| • ||(F/)7Fr„(x)F|| < CX" (13)

for all x E Ü(f/V), n > 0. Then by Proposition 1.1 the maps x-*Ñsx(f),

x -» Ñ"(f) define continuous iV/-invariant subbundles Ñs, Ñ" of

ÑV/Qtf/V) such that Ñf/Ns > Tf/(TV/Q(f/V)) > Ñf/Nu. Hence, by
Lemma 1.1, there exists a continuous 7/-invariant splitting satisfying our

statement. So if we prove (Ily-(13) we are done. By [13, Proposition 1.1 and
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Lemma 1.2] there exist a neighborhood % of/, C > 0 and 0 < X < 1 such

that 3>f is quasi-Anosov and

W,/E'x{g)\\ < KX", (14)

\\%"/E»x(g)\\ < FX" (15)

for all g E % n 0, x E V and n > 0. Moreover, since <I>g is quasi-Anosov, it

is easy to see that Esx(g) © E^(g) = LX(V), hence Ñsx(g) + 7Vxu(g) = ÑXV

for all g £ % n 0, x E Per(g). Let Gx(g), G"(g) be the spaces of linear

maps from Fx V into Ñx (g) and N"(g), respectively. We claim that g E % n

S and x E Per( g) imply

Gx'(g) - ££(*), (16)

<?(*)-*;(*). (n)
Suppose, for instance, that (16) is false. Then dim Gx(g) > dim Ex(g).

Therefore,

dim TXV- dim ÑXV = dim LX(K) = dimF^g) + dim E^(g)

< dim Gx*(g) + dim Gx"(g)

= dim FxK(dim Ñ¿(g)) + dim 7Vx"(g)

= dimFxF-dim^xK

Now consider x E Ü(f/V). There exist sequences (g„|n £ Z+} c S, {xjn

E Z+} c V such that x„ E F(g„), g„^> g and x„ -» x when n -* + oo [14].

We can assume that there exist subspaces E+, E~ of LX(V) such that

lim EXn(gn) = E+, (18)

lim Fx^(g„) = F-. (19)

Since F;n(g„) © El(gn) = LX(K) we obtain

dim F + + dim F - = dim Lx( V) (20)

and (14), (15) imply ||0"/F + || < FX", ||í>-"/F-|| < FX" for all n > 0.
Since 4> is quasi-Anosov this implies F+ n F~ = {0}, which together with

(20) gives LX(V) = F + © E~, hence F + = Esx(f), E~ = Fx"(/); then

F;(/)©Fx"(/) = Lx(F). (21)

Moreover, ( 16)—( 19) and the elementary properties

g; (/) = lim g; ( g„),  g; (/) = ihn G« ( g„)

prove that

G;(/) = FX(/), (22)

W) = E"x(f). (23)

By (21) Ñ'x(f) + Ñx"(f) = ÑXV and by (21H23), Ñ'x(f) n ^"(/) - {0}.
This proves (11). (12) and (13) follow from (14), (15), (22) and (23).
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Proof of Lemma 2.4. Let % be a neighborhood of / such that $g is

quasi-Anosov for all g E 0 n %. Let S be the set of diffeomorphisms

g E % n 0 satisfying the following properties:

(I) Ng is a C ' vector bundle isomorphism.

(II) Per(g) is dense in fl(g/ V).

(III) Every periodic point of g/ V is hyperbolic.

(IV) If x E Per(g) and m is its period, all the eigenvalues of (Tf)m/TXM

are simple and two of them have equal modulus if and only if they are

conjugates.

Now observe that for all g £ S, the set of points x E Per(g) such that

Ñx(g) n Ñ"(g) = {0} is closed in Per(g). To see this suppose that {xn\n E

Z+} is a sequence contained in Per(g), g E S, and x„ -* x E Per(g) when

n -> + oo. If Ñx (gn) n Ñ"(gn) = {0}, we deduce, as in the proof of Lemma

2.3, that G^(g) = El(g), G"Xit(g) = E^(g) and

lim El ( gn) = E> ( g),   lim ££ ( g„) = Ex" ( g).

Since, clearly, lim Gsx (g) = Gsx(g) and lim G^(g) = Gx"(g), it follows that

E*(g) = Gx*(g), Fx"(g) = Gx"(g). If NÏ(g)nNÏ(g) * {0}, these relations

imply Fx(g) n E"(g) =£ {0}, contradicting the fact that $g is quasi-Anosov.

Suppose then that for some g0 £ S there exists a E Per(g0) satisfying Ñ¿(g)

H Ñ"(g) =£ {0}. By the previous remark this implies that there exists an open

subset W of Per(g0) such that Ñ^(g0) n Ñ?(g0) ^ {0} for every x E W. To

exhibit a contradiction between this fact and our definition of S we need the

following definitions and Lemmas 2.5-2.7.

Definition 2.2. Let g £ S, x £ Per(g). We say that

ÑXV= Ñx® ■ • ■ ®Ñ¡, (24)

Tx V = F, © • • • © F* (25)

are the canonical splittings at x if they satisfy the following conditions:

(I) (TgfTi = F„ (ÑgfÑj = Ñj for all 1 < / < k, 1 < j < /, where m is
the period of x.

(II) (Fgr/7;. > (Tgy/Tti, (Ñg)m/Ñh > (Ñg)m/Ñh for all 1< /, < i2 <
k, 1 < /, </2 < /.

(III) For all 1 < / < k, 1 < j < /, (Ñg)m/Ñj > (Tg)m/T¡ or (Tg)"1/^ >

(Ñgy/Ñr
(IV) For all 1< i, < /2 < A: there exists 1 < j < I such that (Tg)m/Tit >

(Ngy/Nj>(Tgy/Ti2. '

Lemma 2.5. There exists y > 0 such that if g £ S, x E Per(g) a/u/ (24), (25)

are the canonical splittings at x, then

a((Tx © • • • © F,.)\ (F/+1 © • • • © Tk)) < y,

a((/V, © • • • ffi JV})X, (iV}+, ffi • • • ffi Ñ,)) < y

/or all 1 < / < /, 1 < / < /.
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Proof. We shall prove only the first inequality. The second one is proved

applying the same method. From (14) and (15) it follows that there exists

k > 0 such that

||F, - F2|| > k (26)

for all g E %, x E V, Lx E Esx(g), L2 £ E^(g), \\LX\\ = ||L2|| = 1. Suppose

that, contradicting the lemma, we can find for £ = k/3 a diffeomorphism

g £ 5 and x E Per(g) with canonical splittings (24), (25) such that a(T±,

T+) < £, where F+ = Ti+X © • • • © Tk, T_ = F, © • • • © T¡. Suppose,

for instance, that dim Ti < dim F+. Let 7" C F+, F" c T+ be subspaces

such that dimF' = dimF_, T" = (T © T_y. Take an isometry G:

TXV^> such that ||G - 7|| < 2e, G(T") = F", G(T') = F_. Let 1 < j < /

satisfy (Tg)m/T_ > (Ñg)mÑj > (Tg)m/T+ and L: TXV^ Ñj be a linear

map with ||L|| = 1, L/T+ = 0, LG/T *= 0. Then F £ E^(g), LG E E¿(g)

and ||F - G|| < ||F|| • ||7 - G|| <2e = 3k, contradicting (26).

Lemma 2.6. There exist C > 0, 0 < X < 1 such that if g E S, x £ Per(g)

and (24), (25) are the canonical splittings at x, then for all 1 < / < /, 1 < i < /

we have

11(^)7^11 • Il(7gr7(7g)7ll < ex"

for all n E Z+ or

\\(Ñg)-"/(ÑgyÑJ\\ ■ ||(Fg)7F,.|| < CX"

for all n £ Z + .

Proof. Suppose that (Ñg)m/Ñj < (Tg)m/T¡ for all i < i0 and (Tg)m/T¡ <

(Ñg)mNj if /' > z0. We claim that

11(^)7^11 • ll(7g)"7(7g)^-ll < CX", (27)

||(Ârg)-7(Afc)"Ar,|| • ||(Fg)"/F+|| < CX" (27")

for all n E Z+, where F+ = F, © • • ■ © F,o, F" = F,o+1 © • • • © Tk,

where C > 0 is a constant independent of g E S, x £ Per(g) and n E Z+

and X satisfies (14) and (15). If we prove this claim we are done. Let us prove

(27') ((27") follows in a similar way). Take v E ÑJt w £ T with ||w>|| = 1. Let

9> be an orthonormal basis of F_ containing w. Define a linear map L:

T~ -» Ñj: by Lu = v if m E *3à and F« = 0 if u E F+. There exists a constant

y' > 0 depending only on y such that ||F|| < y'||F/F~||. Hence ||F|| <

y'||u||. Clearly F E F^g). Therefore, by (14),

\\(Ñg)"v\\/\\(Ñg)nw\\ < \\9¡(L)\\ < CX"\\L\\ < Cy'X"\\v\\.        (28)

Since
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||(^)7^|H|(rg)-7(rg)"F-||

Í      \\(Ñg)"v\\ . 1
= sup   - -   v E N, w £ T-, \\w\\ = 11,

{ M ■ \\(Tg)"w\\ J J

putting C = Cy', (27) follows from (28).

Finally we want to prove that if g E S and x is a periodic point of g/ V

with period m there exists a subspace Nx c FXM that is a (Fg)m-invariant

complement of TXV, and we shall give an upper bound for a((TxV)±, Nx).

For this let us say that if g £ S and x E Per(g), the multindex a =

(«,, . . . , nk, mx, . . . , m,) is the signature of x if the canonical splittings at x

are (24) and (25) and satisfy dim Ñ¡ = n¡, dim 7} = m, for all 1 < / < k,

1 < j <_/. Let A„(g) be the set of periodic points of g/V with signature a

and let A„(g) be its closure. By Proposition 1.2 and Lemma 2.6 there exist

splittings ÑV/A„(g) = Ñx® ■ ■ ■ ®Ñ„ TV/Aa(g) = F, ffi • • • © Tk
satisfying

Ñg/Ñv > Ñg/Ñr,       Tg/ Tj, > Tg/ Tr

for all I < Ï < i" < /, 1 < /' </" < k and Ñg/Ñ¡ > Tg/Tj or Fg/7} >
Ñg/Nj for all 1 < i < /, 1 < j < k. By Proposition 1.1 there exist continu-

ous 7/-invariant subbundles Nx, . . . , N, of TM/Aa(g) such that

F, ffi • • • ffi Tk ffi TV, ffi • • • ffi N, = TM/A„(g).

By Lemma 2.6 and Proposition 1.1 there exists yx > 0 depending on y (given

by Lemma 2.5), C and X (given by 2.6) such that

«((7^)7(^,0... ®N,)x)<yx

for all x £ A0(g). Resuming we have proved the following property:

Lemma 2.7. There exists yx > 0 such that for all g E S and every signature

a, there exists a continuous Tf-invariant subbundle N of TM/Aa(g) such that

TV/Aa(g) (BN= TM/A„(g),   a((TxV)^, Nx) < y,

for all x &Aa(g).

Let us return now to the situation we were considering before Lemma 2.5:

we have g0 E S near to / such that Per( g0) contains a subset W, open in the

relative topology in Per(g0) such that Ñx(g0) n Ñ"(g0) =£ {0} for all x £ W.

Since the set of possible signatures is finite, for some o the set W n Aa(g)

contains an open subset W0 of Per(g0). Let y, be the constant given in

Lemma 2.7. Take ß > 0 and p > 0 satisfying the following property: If

x E V, S c TXM is a suspace satisfying 5 © TXV = TXM, a((TxV)x, S) <

2y,, v E S,y E V, w G NyV and ||t>|| < p, ||w|| < p and exp(t>) = exp(w):

\\x - y\\ < ß\\v\\,       H| < j8|M|.
Let 5 = min(p, f/?). Since g0 is near to / we can suppose that g0 E %6/2
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(see Definition 2.1). Using g0 we shall construct g £ %2«/3 sucn tnat Vg =

{exp h(p)/p £ V) where h is a section of NV with Lip(/i) > 5, contradicting

g E %2«/3- F°r this take the subbundle_TV of TM/Aa(gQ) given by Lemma

2.7. There exist a neighborhood B of A0(g) in M, ^C00 subbundle TV' of

TM/B satisfying N'/Aa(gQ) © FF/Äo(g0) = TM/A„(g0), a((TxV)\ Nx)
< 2y2 for all x £ A„(g0) and a diffeomorphism g E ^¿/s such that g £ S,

g/y = So- W/Ao(g0) is Fg-invariant, Ñg - Ñg0 and g(exp v) = exp((Fg)u)

for all v £ N'/Aa(g0) small enough, say with ||u|| < r. Denote A = Ao(g0).

We start the construction of g proving the following property:

Lemma 2.8. For all 0 =¿ v £ TV'/A tfi<? sei {||(Fg)"u|| \n £ Z} Ö unbounded.

Proof. Suppose that 0 ^ u E N'/A and {||(Fg)"t>|| |n E Z} is bounded,

say by K. Take w = Xv such that FX < r/2. Then rf(g"(exp w), V) =

d(exp(Tg)"w, V) < FX for all n E Z+, hence g"(exp w) E D neZg"(t/) if X

is small enough (where U is given by Definition 2.1). Therefore Vg d [w] u

K, contradicting Definition 2.1.

By the results in [13] or [21] this lemma implies that there exists a

continuous F/-invariant splitting N'/A = Ns © N" and constants C > 0,

0 < a < 1 such that

\\(Tg)"/Nx\\ < Co",       \\(Tgy/N"x\\ < Co"

for all n £ Z+. Take x0 £ W0. The condition JV^g) n TVx"o(g) # {0} implies

that there exists an eigenvalue X of (Ng)m/Ñx V (m being the period of x0)

and eigenvalues X„ X2 of (Tg)m/TxV such that |X,| < |X| < |X2|. Otherwise

Ex(g) (resp. E"(g)) would be the space of linear maps from TXV in the

subspace Ñ + (Ñ ~) of Ñx V spanned by the invariant subspaces associated to

eigenvalues with modulus smaller (greater) than the modulus of every eigen-

value of (FgY"/FxF; hence ÑsXo(g) = Ñ+, Ñ^g) = Ñ~. Since every period

of g is hyperbolic (because g £ § ) there exist two possible cases: |X,| < |X| <

|X2| and 1 < |X| < |X2|. Consider the case |X,| < |X| < 1. The other case is

handled with the same method. Let JV0 c Nx be the subspace associated to

the eigenvalue X, and T0 c TXV be the subspace associated with X,. There

exists an embedded disc D c V containing x0 and satisfying TXD = F0,

g(7>) c D. We have two possible situations: either every neighborhood of x0

in D contains a wandering point of g0/ V or it does not. Suppose that we have

the second situation. Then A n D is a neighborhood of x0 in D. Take

y E A n D. By [9] there exists a continuous subbundle N¿ of N'/D such that

(Tg)mN¿ c N¿ and /V^ = 7V0. The properties of D imply lim||(Fg)"//V0xo||

= 0 for all x E D. Hence N¿ c Ns/D. Take a C°° section £ of TM such that

i/B is a section of TV', the support of £ is contained in a neighborhood

U0 c A of a point v £ D satisfying x0 £ U0, £(y) * 0, U,gy(t/0) n U0 =0,

where k satisfies ok + xr < 2|||( v)||. Define a section tj of TV' V by
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V(x) = ï (Tg)%g-(x)).
o

For all x E A we have
OO 00

IhWII <2ll(7g)flê(g-"(x))||< C2 a"||((Fg)-"(x))||.
0 0

Suppose that 111(^)11 < r(l - o)/2C for allp E V. Then

lh(x)|| < r/2 (29)

for all x £ V. The condition gJ(U0) n U0 =0 for all 1 < / < k implies
00

IhGOll > U(y)\\ - 2 \\(Tg)%g-"(y))\\
k+\

> U(y)\\ - Cok+x/(l - o) ■ r(l - o)/2C > 0 (30)

and it follows from the definition of tj that

(Fg)r/(x) + |(g(x)) = T,(g(x)) (31)

for all x E A. Given /x E F take g such that

?e\ (32)

g (exp v) = exp( M(g(x)) +(Tg)v) (33)

for all x £ A, v E TVX with \\v\\ < [ir/2. If |/i| is small there exists g

satisfying (32) and (33). By (33) and (31) we have

g(exp/xT/(x)) = exp(/i£(g(x)) +(Tg)j}(x)) = exp/X7j(g(x)).

Hence,

g"(exp pj(x)) = exp iiT)(g"(x)) (34)

for all n E Z, x £ A. This and (29) imply that the distance between

g"(exp /nj(x)) and K is < /xr/2 for all n E Z. Therefore, by Definition 2.1,

this proves that exp /xr;(x) E Vg for all x £ A. Now take |X,| < c, < c < \X\

and K > 0 satisfying ||(Fg)"u|| > Fc"||u|| for all n E Z+, u E TV^ and

II f"^) - g"(*o)ll < Kcx" for all n £ Z+. By the condition g"(v) E i/0 for
all n > 1 and (30),

V(g"(y)) =(7g)"r,(v).

Hence

N(«"(>))ll IKWiOOH
■{fj\h(y)\\.

\\g"(y)-g"(x0)\\     ||g"(7)-g"(x0)||    V c,

Now let h E re(TVK) such that Vg = (exp h(p)/p £ F) and ||/i||£ < 5. We

claim that exp iitj( v) £ Fg. This follows from (34), which gives g"(exp ¡i-q(y))

= exp /¿Tj(g"(v)) for all n £ Z. Hence if it is small enough, g"(exp ju,tj(v)) E

Í/ (t/ given by Definition 2.1); thus exp ju,t/( v) E K-. Take z„ E K such that
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exp h(z„) = g"(exp tit](y)) = exp iir¡(g"(y)). Observing that the g-orbit and

g-orbit of x0 are the same we obtain h(g"(x0)) = 0 for all n E Z. Therefore,

\\h(zn) - h(g"(x0))\\ \\h(z„)\\

1P[V)     '     \\zn - g"(x0)|| " ||z„ - g„(x0)||

>_!_

IK - *"O0ll/HAU,)ll + \\g"(y) - gn(x0)\\/\\h(z„)\\

' ß(i + \\g"(y) - g"(xo)\\/\\h(zn)\\) :   ß(i + (c,/c)7/i|h(>-)ll) '

Since by (30) ||t/(/)|| > 0, taking n —> + oo we obtain Lip(îj) > 1/2/3 = 5,

contradicting (32). This completes the proof when x0 is in the closure of

Per(g0) - {x0}.

It remains to consider the case when Ü(g/V) n D is not a neighborhood

of x0 in D. This case is considered in the next lemma.

Lemma 2.8. There exists a neighborhood *Y of f such that if g E °V n S,

x £ Per( g) and m is the period of x, then for every eigenvalue Xxof( Tg)m/ Tx V

and every eigenvalue X of (Ñg)m/NxV if we have |X,| < |X| < 1 (|X,| > |X| >

1), then every embedded disc D c V such that gm(D) c D (g~m(D) c D)

and TXD is the subspace of Tx V associated toXx, is contained in S(g/ V).

Proof. If the lemma is false we can find g E %8, where 5 = 1 /2ß ( ß and

p satisfying the same properties as in the previous proof), and x E Per(g)

with an eigenvalue X, of (Tg)m/Tx V (m the period of x) and an eigenvalue X

of (Ñg)m/ÑxV such that, for instance, |X,| < |X| < 1 and there exists an

embedded disc D c V satisfying gm(D), TXD is the subspace associated to

the eigenvalue X, and D - Q.(g/V) =^0. Take v £ D - Q.(g/V), a neigh-

borhood U0 of y satisfying g"(U0 n V) n U0 ¥=0 for all n £ Z and a disc

D0 c M containing v such that lim„_>+00\\g"(z) - g"(y)\\ = 0 for all z E D0

and there exist k > 0, |X,| < c < |X| satisfying

\\g"(z)-g"(y)\\> Kc"\\z-y\\ (35)

for all n £ Z, z E D0. Moreover, if |X,| < c, < c there exist Kx > 0, such that

||g"(z)-g"(x)|| < F.cfHz-xH (36)

for all z £ D, n E Z+. Choose g £ % withg(g~'(.y)) =.yEZ>o~ v>y^y

and g(p) = g(p) for all/> £ g~x(U0).

The condition g"(U0) n U0 =0 for all « E Z implies that [g"(y)\ n E

z+} U {g~"(g~x(y))\ n E Z+} is ag-orbit. Hence/ E Vg. Let h E T¿NV)

satisfy Vg = {exp h(p)\p E F}. Let z„ £ F be such that A(zn) = g"(>0-

Using (35), (36) as in the previous proof, we conclude \\h\\z > 1/2/?, contra-

dicting g E %s.

Proof of Proposition 2.1. Define NXV (N"V) as the set of v E FxAf such
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that lim\\(Tf)"V\\ ■ \\(Tf)-"/Tr(x)V\\ = 0 (lim\\(Tf)-"v\\ ■ \\(Tf)"/Tf-„(x)V\\
= 0). Observe that when x £ ñ(//V), NXV, TVX"K are the fibers at x of the

subbundles TV1, TV" of TM/Ü(f/ V) given by Lemma 2.3. We want to prove

that the maps x -» TVXK, x —» TVXF define continuous subbundles of TM/V

satisfying all the conditions required by the definition of normal hyperbolic-

ity. Clearly (Tf)NsxV = TV/(x)F, (F/)TVX"F = Nf\x)V for all x £ V. Let us

prove that for all x £ V, NXV n TVX"F = {0}. Let 77: TM/V-* ÑV be the

canonical projection. Let v E TVX V n N"V and v = 77u. If 0 ¥= v we can take

a linear map 0 ^ F: FxK-> (Xul X E R}. Then L E Esx(f) n Fx"(/), con-

tradicting Lemma 2.3. Now let us show that TXM = Fx F ffi TV* F ffi TVX"Ffor

all x G V. We start with the following proposition:

Lemma 2.9. Let t70: TM/V-^ TV, it: TM/V->NV be the projections

associated to the splitting TM/ V = TV ffi TV V. There exists 5 > 0 such that if

x E V, v E FXT17 and ||77(F/)nt>|| < 5 |K(F/)"u|| for all n £ Z+ then v G NxV

ffi TXV.

Proof. By Proposition 1.3 there exist a neighborhood U of ü(f/ V) and a

continuous subbundle Ñs of TV/As, where As = C\ n>of~"(U), satisfying

(F/)TV* c TV* (37)

Ns/ti(f/ V) = Ns. (38)

From these relations it follows that TVX c NXV for all x E V (in fact it is

possible to prove TVX = TVX V, but we shall not need this property). Moreover,

we can assume that there exists a continuous subbundle TV" of TM/AS such

that TV"/ß(// V) = TV" and TV" ffi TV* ffi TV/As = FM/AJ. Let irs: TM/AS

-* Ñs, Tfu: TM/AS -* TV", 77e: FT17/A* -* TV/AS be the projections

associated to this splitting. Define 77" = 77e + 77* and for x E As, e > 0

define the cones

5£(x)={ü£FxM/||77"t;|| < e\\w*c\\}.

There exist m E Z+, £ > 0 satisfying

(F/)S£(x)c5e/2(/(x)),

||(F/rt;||/||(F/rw|| > 2\\v\\/\\w\\

for all x E ß(// V), v E Se(x), 0 ^ w E TV; ffi TV. Let t/0ci/bea neigh-

borhood of fi(//K) such that if A¿ = D n>of"(Uo) men these relations

remain true for all x E A¿, v E Se(x), 0 ^ w E TVX* ffi Tx V. From (37) and

(38) it follows that there exist C > 0, 0 < o < 1 satisfying

||(F/)"t;||/||(F/)"w|| > C(l/a)"||c||/|M| (39)

for all x E A¿, u E S„(x), 0 ^= w £ TVJ ffi FXK Take 5 > 0 such that v £

Se(x) for all x E V and t) £ FXM such that ||77t>|| < 5||t70ü||. Now suppose

that y E V, v E F,A/ satisfy \\v(Tffv\\ < 5||770(F/)"t;|| for all n E Z+. We
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want to prove v £ NysV ffi Ty V. Suppose v £ TV/K ffi Ty V. Hence if /"'( v) =

x E A¿ we have (Tf)"'v g NSXV ffi FXF. Write (Tf)"<v = v' + v" where v' £

TVX", t/' E TV,* ffi Tx V, v' =¿ 0. By (39) we have

||(F/)V||/||(F/)V'|| > C(l/o)"||,/||/||t/'|| (40)

for all« £ Z+.Then

||77"(F/)" + "'ü|| = ||77"(F/)>' + v")\\ < |K"(F/)V|| + ||(F/)V'||.

Since v' E Ñ" c Se, we obtain

|K"(F/)V|| < £||77"(F/)V|| = £||77"(F/)"(ü' + t/')|| = £||77"(F/)',+','t;||;

hence,

|77CJ(F/)n+,"ü||   < £ +
IK 7;) vil

K(F/)" + "'ü|
|77"(F/)"

This inequality, together with (40), gives

|77"(F/)" + %||<(e  +  ^jl)||77"(F/r

Hence (7T)"+nt; £ S2e(x) for large values of n, thus contradicting the defini-

tion of 5.

Using this lemma we shall prove

NSXV + NUXV + TXV= TXM

for all x El V. Together with the property NXV n N"V = {0}, this relation

proves

TV;V ffi TVX"K ®TXV=TXM

for all x £ V. Suppose that for some x we have NSXV + TVX"K + TXV ¥= TXM.

By Lemma 2.4, x £ ñ(// V). Let 5 > 0 be the number given by Lemma 2.9

and %s the neighborhood of/given by Definition 2.1. Let Wbe a neighbor-

hood of x such that f"(W) n W=0 for all n E Z and let g £ % be a

diffeomorphism satisfying g( v) = /(/) for all v in a neighborhood of V — W,

g(x)=f(x),g(f-x(x)) = x<md

dim((Fg)(TV;-,(x)F ffi TrHx)V) n(NxV ffi TXV)) < dim V;      (41)

let A E T¿NV) such that Fg = (exp A(/>)|/> E F). Since h E r& given any

basis {u,, . . . , v¡) of Fx V, there exist {w,, . . . , w,} C NXV such that

A (exp Xv¡) — h(x)
lim inf W, = 0

for !<i</, where exp: TV -» F is the exponential mapping of the Rie-

mann manifold V. The condition ||/i||e < 5 implies ||>v,||/||t),|| < 5 for all

!</</. For all n E Z+, by the invariance of Vg, we have
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hm inf    -r-w(F/) (v¡ + w¡)
A-»o A

Since Pile < 5 we obtain

||77(Fg)"(t),. + w,)\\ < a||»o(7fc)"(f>, + w,.)||.

But g satisfies (Tg)"/(TfMM) = (F/)" and (Tg)~"/TXM = (Tf)-"/TxM for
all n £ Z+. Therefore, by Lemma 2.9,

{(Tg)(Vj + w,)| /= 1, ...,/} c TV/(X)F ffi F/(x)F,

{v, + »v1.|/=l,...,/}cTVx"FffiFxF.

Let 5 be the space spanned by [v¡ + w¡\ i = 1, . . ., /}. Then

dim((Fg)(/Vx"F ffi TXV) Ç\(N*XV ffi TXV)) > dim S = dim F,

contradicting (41).

Now we know that TV^F ffi TVX"F ffi TXV = TXM for all x E V. Our next

step is to show that the maps x -» TV^ F, x -» TVX F define continuous subbun-

dles of FAf/ F. For this define,as before, Gx (Gx) as the set of linear maps L:

TXV-+ ttíTV; V)(L:TXV^> tr(N^V)). It is clear that

Gx ffi Gx" = LX(V)

for all x £ F and

G'x = £(/), (42')

Gx" = Ex"(f). (42")

Then $: LX(V)<^> (defined as in the proof of Lemma 2.3) is a hyperbolic

vector bundle isomorphism and the maps x -» Ex(f), x-»Fx(/) define

continuous subbundles of LX(V) [13, Proposition 1.1]. From this and (42'),

(42") it follows that the maps x -» ir(NxV), x -» tr(N"V) define a continuous

TV/-invariant splitting ÑV = ÑSV ffi ÑUV satisfying

Ñf/ÑsV > Tf/TV > Ñf/NuV.
From Proposition 1.2 it follows that there exist continuous subbundles N'V,

N"V invariant under Tf and satisfying tr(NsV) = ÑSV, ir(NuV) = TV"F and

Tf/NsV > Tf/TV > Tf/NsV. (43)

From this it follows easily that the fibers at x £ F of N'V and TVUF are the

spaces TV^F, TVX"F defined before.

It remains to prove that there exist constants C > 0, 0 < X < 1 satisfying

\\(Tf)"/N'xV\\ < CX", (44)

||(F/)-"/TVx"F|| < CX" (45)

for all n E Z+, x E V. Let us prove (45). If we show that {||(7T)nu|| | n E

Z+} is unbounded for all 0 ^= t; £ TVX"F, x £ Ü(f/V) it follows [13, Propo-
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sition 1.1] that there exist C, > 0, 0 < X, < 1 satisfying ||(7T)_"/7VX"F|| <

C,X," for all x E ñ(//F), n £ Z+. Then it is easy to see that {||(F/)"ü|| \n £

Z+} is unbounded for all 0 ^ v E TV"F. Applying again [13, Proposition 1.1],

there exist C > 0, 0 < X < 1 satisfying (45). Hence let us suppose that for

some x E fi(// V) there exists O^ce TVX"F such that for some K > 0,

||(F/)"u|| < F||ü|| for all n E Z+. It is not difficult to show that there exist

C, > 0, 0 < X, < 1, and r > 0 satisfying

||/"(x,) -/"(x2)||/||(F/)"w|| < CXfHx, - x2||/|M|

for all x, E V, i■« 1, 2, 0*H> £ TV^F and n £ Z+ such that ||x, - x2|| <

8(n), where 8(n) is so small that ||/(x) - fJ(x2)\\ < r for all 0 < j < n, if

x, x2 satisfy ||x, - x2|| < 8(n). Then if v E V and || v - x|| < 8(n), we

conclude that

\\f"(y) -f"(x)\\ < C,X,"lb|~||X|l-||(F/rt;|| < FC.X.lv - x||.

Take 5(1) > rx > 0 satisfying KCxXx"rx < 5(1) for all « E Z+. Defining F =

FC,, we obtain

||/"(v)-/"(x)|| < FXfll v - x||

for all n E Z+ and v E F such that || v - x|| < rx. Since x is nonwandering

this implies that x is periodic and there exists an eigenvalue X of (Tf)m/N"V

(m the period of x) with |X| < 1. Since Tf/NuV > Tf/TV it follows that

(7/)m/TVx"F > (7/77 Tx v and this proves that | /x| < |X| for every eigenvalue

\¡i\ of (Tf)m/TXV, and now it is easy to approximate/ by g £ S such that

g(y) — f(y) for every v in the orbit of x and such that (Ñg)m/Ñx V has an

eigenvalue X' with |X'| < 1 such that |/x| < |X'| for all eigenvalues of

(Tg)m/TXV, thus contradicting Lemma 2.9.
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