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ABSTRACT. The spaces 32 of parabolic Bessel potentials were introduced by
B. F. Jones and R. J. Bagby. We prove a Sobolev-type imbedding theorem
for J(22 (multinormed versions of }Z) when a is a positive integer k,
1 <py, p2 < 0. In particular this theorem holds for W3, since 303, =
W4,,. We use the concepts of parabolic Riesz transforms and half-time
derivatives introduced by us elsewhere.

Introduction. Sobolev spaces W[ (R") are usually defined as
k
WE(R™) = [f:f € L?(R"), |BI2 . DA, < oo},

where 1 <p < 00, D# = (3/3x))" ... (3/8x,)%, |B| = = B; and 9f/dx; de-
notes the distribution derivative of f for all j = 1, ..., n. Alternatively they
may be defined as follows. For a > 0, let G, be defined on R” by

G, (x) = (4m) "L (a/2)™" [T = /tem /g (o n 2 gy /5,
0

Let C2(R™) = {g: g = G, * f,f € LP(R™)}. It is known that (see for example
[12]) €2(R") is a Banach space with norm ||G, * f|,, = || fll,- The functions
G, *» f are called Bessel potentials and are related to the negative fractional
powers of a certain elliptic operator. It is also well known that for integer
values k of a and 1 <p < o0 ££(R") = Wf(R"™) both algebraically and
topologically. Therefore we may take this as an alternate definition of the
Sobolev spaces.

This also raises a question. Starting from the heat operator /9 — A (and
9/0t + I — A) is it possible to define spaces of parabolic Bessel potentials? If
the answer to this question is affirmative than is it possible to identify these
new spaces with “Sobolev spaces™ for integer values of a? As it turns out the
answer to the first question is affirmative as was shown in [1], [6], and [10].
However, the answer to the second question is inconclusive. This was shown
in [10]). This inconclusive answer is due to the fact that spaces JZ of
parabolic Bessel potentials are indeed different from the usual Sobolev spaces
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WY for integer values k of a. This difference is made clear in [10]. For integer
values k of a we denote the spaces of parabolic Bessel potentials by
Tf(R"*"). These are analogues to Sobolev spaces and the aim of this article is
to characterize these spaces and obtain an imbedding theorem. In view of the
fact that functions with different orders of integrability in different variables
play an important role in partial differential equations [8], we prove our results
Jor the more general spaces Tf"*(R" X R), that is, spaces with mixed norm.

The spaces TE(R"*") are closely related to the spaces W§ (R"*") used in
studying parabolic partial differential equations. W%, (R"*") is defined to be the
Banach space consisting of those elements of LP(R"*") which have generalized
derivatives of the form D/D.f with 2r + s < 2l (cf. [8, p. 5]). The norm is
described there in detail and it is easy to show that T{(R"*") = W§ (R"*")
both algebraically and topologically. Our norm employs half-derivatives and is
different from the norm on W%, but equivalent to it. This may be shown by
employing the closed graph theorem.

All the function spaces mentioned above, the parabolic Riesz and Bessel
potentials, parabolic Riesz transforms and the half-derivative are defined in
§2. Also included in §2 are known and needed results. §3 deals with parabolic
Riesz potentials in multinormed spaces while §4 deals with boundedness of
parabolic Bessel potentials in multinormed spaces. §5 is reserved for the
imbedding theorem.

2. Preliminaries. For (x, 1) € R" X R and a > 0 the functions 4, and H,
are defined by

b, 1) = { C (@ n=D/2g=5/4 ¢ (, @.1)
0, t <0,
H, (x,t) = e 'h(x, 1), 22)

where x? = =x? and C, = ((47)"/*T'(a/2))"". The functions h, and H, are
fundamental solutions of the equations (3/3t — A)u =0 and (3/0¢t + I —
A)u = 0 respectively, where A denotes the n-dimensional Laplacian. Corre-
sponding to H, there is a linear operator J, on LP(R"*') defined by
J,(f) = H, == f where ** denotes convolution in x and ¢ respectively. J,(f)
is called the parabolic Bessel potential and the space of all such functions, i.e.,
{J.(f), f € LP(R"* ")} is denoted by JZ(R"*"). Since ||H,||, = 1, H, »* f €
LP(R"*"). 3E(R"*") is a Banach space with norm ||J,(Nl,.. = IIf]l,-

For0<a<n+2andf € LP(R""), h, *x f is called the parabolic Riesz
potential. Let S denote the space of rapidly decreasing functions defined on
R"*! and 9, the space of Cg°-functions. If ¢ € § the Fourier transform of ¢
is defined by

(‘i)(x, 1) = (2w)—(n+l)/2ff e~ xS itr o($, 7) dt dr.
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It is known that, [6], [11], if 8 = 27)~®*V/2, then

Hx, =0+ x2+i)"*? a>0, (2.3)
h(x,t)=B(x*+i)"% 0<a<n+2. (24)

Because of the equations (2.3) and (2.4) it is possible to define negative
fractional powers of (9/0¢ + I — A) and (3/3¢t — A) by employing H, and h,.

The following result exposes the relationship between H, and h, through
their Fourier transforms.

LEMMA 2.1 (SAMPSON). If a > O, there exist bounded measures ., j,, j, such
that

Q) (x* + i) = (1 + x*> + it)*/%i, and

(i) (1 + x? + it)*/2 = f; + (x* + i)/,

REMARK 2.2. The expression for g, ie., p = § + 22,4, Hy;, Z|4;,| <
was obtained by Sampson in [11). The expression for g, (and p,) is § +
®(x, 1) where ® € L'(R"*") and & denotes the Dirac distribution. This fact
may be proved exactly as in [12, p. 134].

The following theorem, which is a special case of a more general result [12],
concerning Riesz potentials will be useful in later sections.

THEOREM 23. Let 0< y< 1, 1<p< g< oo and g~ ' =p~! — vy. Then,
forall f € LP(RY)

|7 e - 9y @ <y,

C being independent of f.

DEFINITION 2.4. Let 1 <p < o0 and f € LP(R"*"). Thenforj=1,...,n
define the n parabolic Riesz transforms P,, ..., P, associated with the n
coordinates of the space variable by

) oh
P(f)(x, t) = lim 0 )f(x =y, t = 5)d(y,5).  (25)

e—0 1(y55)| >e ayj

These are generalizations of Riesz transforms to the parabolic case [10]. By
using the Fourier Multiplier theorem it can be shown that these are bounded
operators on LP(R"*!), 1 <p < . The motivation for this definition is
explained in [10]. There, it is also proved that f € JEZ(R"*") if and only if f,
d(h, *= f)/dt and 9f/0x; forj =1, ..., n belong to I _,(R™*"). This result
suggests the following definition.

DEFINITION 2.5. Let f € J®(R"*"), 1 <p < o0, and a > 1. The operator
Dy: 2 — I(E_, associated with the multiplier it /(x? + if)!/? is said to define
a “half-derivative”.

It must be noted that D, f is not a half-derivative in the strictest sense of



454 V. R. G. RAO

the word. For, if f € S, then (DZf)* = (3f/3)* + (3(h, *+ Af)/dt)*. The
same result which motivated the definition of D, also motivates the definition
of certain function spaces resembling the Sobolev spaces WZ(R").
DEFINITION 2.6. Let 8 = (B, . - -, B,), Where 3; are nonnegative integers
and k be a nonnegative integer. If 1 < p < oo, then the class of functions
k

TP(R™') = {f:f € LR, Wl = 3 1D, < oo} (26)

Bl=
is a Banach space, where D? = Dfo- - - DF and for i=1,...,n, DF =
9/9x,.

From the main result of [10], it is now easy to conclude that for a = k,
J% = Tf both algebraically and topologically. From the alternate definition
of Sobolev spaces discussed in the introduction and the similar definition of
Tf introduced above we are forced to conclude that these spaces must be
useful in dealing with parabolic differential equations. A simple application is
included at the end of this article.

In this article we concentrate on the multinormed versions of these spaces.
In other words we deal with the spaces T} as subspaces of L?¥2. The
precise definition is as follows.

DEFINITION 2.7. Let 8 and k be as in Definition 2.6. If 1 < p,, p, < oo, the
class of functions

k
TPos(R™*1) = {f:f € LR, fllpis = 2 10y, < o0 }

2.7)
is a Banach space. By L?**(R"*!") we mean those functions f for which
1/p,

11,0, = ( J(S 150 dx)”’/”' dt) <,

A theory of real variables for functions of this type may be found in [3].

3. Parabolic Riesz potentials in multinormed spaces. We present two results
in this section. First, if ¢, > p, and g, > p, we will exhibit a necessary and
sufficient condition for A, * f to be in L% when f is in L?**2 Second, if
1<p; <o and 1<p, < o then the operators P;: LP¥P2— LPP2 are
bounded. Recall that

(oo )= [7 [ h(Enfx = 8= dsdr, 3D

where h, is as given by equation (2.1).

THEOREM 3.1. Let f € L?*(R"*") and h, ** f be as above. Let 0 < a <n
+2, 1<p <g <o, i=1 2 and a/2=n/2)p;'—q;") +(p;' -
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45 "). Then
Ay ** fll g, < CllSfllp, (3.2)

where the constant C is independent of f.

Professor Richard Bagby has informed us that this result has been estab-
lished in [2] and hence no proof will be presented here.

LEMMA 32. Let 1 <p, < o0, 1 <p, < o0 and f € LPP»(R"*"). Then, for
J =1,...,n, the parabolic Riesz transforms P; defined by equation (2.5) satisfy

1PSlpp, < CllSllppp (3-3)

for some constant C independent of f.

To prove this lemma one has only to consider the multipliers associated
with the operators P; and apply Corollary 1, p. 234 of Lizorkin [9]. I thank
Professor Richard Bagby for pointing out this work by Lizorkin.

4. Parabolic Bessel potentials. In this section we characterize the space
&2 for a > 1 and establish the boundedness of the operators f — p ** f,
By ** f, u, #= f and D, f. With the exception of D, all these operators are
defined on L?'?: whereas D, is defined on 322 for any a > 1.

THEOREM 4.1. Let a>1, 1<p, < o and 1<p, < . Then f€E
3 2:(R"*") if and only if f, Dof and, for j =1,...,n, 3f/dx; are all in
2P (R™*Y). Moreover, the two norms

[ [P

S 4.1
1 fllp, ppa—1 + ; 4.1)

+ ”DOf”phpz;a—l

pip2a—1

Y
ox;

are equivalent.

A detailed proof of this theorem when p, = p, = p is given in [10]. Below
we shall prove Theorem 4.1 in a very brief manner. The following lemma is
needed.

LEMMA 4.2. Let f € LP"*R"*"), 1 < p,, p, < 0. Then the operators f —
[t ** f, u, *+ f and p, ** f are bounded on L?*#¥R"*"),

ProoF. Recall that du = 8 + 24, H,/(x, t) dx dt from Remark 2.2. Hence

(m o N)(x 1) = fx, ) + ((Z AiuHy) #+f)(x, 0)
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and

1% Fllppy < WSllpy + (2 AiaHy) #+ A0,
< fllproy + |2 AHa|, 1 £11p,0,
< flpug(1 + Z 4l 1H11,)
= 11 + Z |4l)-

This completes the proof of one part of the lemma. As for p, and p, we recall
once again from Remark 2.2 that dp, = du, = § + ®(x, ?) dx dt where ® €
L'(R" X R). Thus fori = 1,2

" I *‘f”p,,pz < "f"l’hl’z + "(I) *‘f”p,.pz

< fllpie, + 11201 A5, 0,
= (L+ @ISl 0,

PrOOF OF THEOREM 4.1. Let f € 322, Then f = J,(g) for some g €

LP#y(R™*"). Let { g,,} be a sequence in & converging to g in L?**-norm and
Jm = Ju(8n)- Then as in [10], [12]

a, \* A :
(Bo) - (e ()" = B0 e 50
J

By Lemmas 3.2 and 4.2 it now follows that

3,
e < Cll fullp,psse0
ax/ prPya—1 e
and since S is dense in L2 we immediately have

of

0x;

< Clifllppssar

pi.pya—1
Because 322 C 3(%'#;, we also have

4.2)

”f"p,,pz;a—l < C"f”p,,pz;u' (4°3)
With regard to Dy, as in[10], we have

(200 +e )" = G ()" "

where g0 = p*sg, — p o EPI-Zg,,,. Once again because of Lemmas 3.2 and
4.2, we conclude from (4.4) that

(]
|5t f)], oy = 188, < Clsallg, = Clllypa 45)

and extend it by continuity to f € J(2:. By combining inequalities (4.2),
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(4.3) and (4.5) we obtain

9
1l pgat + S . x

J

F 1Dofllp,ppa-1 < Cllfllpp5a (4.6)

pyp2a—1

thus completing one half of our theorem.

To prove the converse, as in [10], we first note that if f, 9f/dx; for
J=1,...,n and Dyf are in JZ; then for some g € LP¥: and 9g/dx; €
Lr#: f=J,_(8), of/dx; =J,_(3g/0x) for j=1,...,n and D,f =
Jao1(Do8)-

Since g and 9g/dx; € LP(R"*"), there exists a sequence {g,,} C D so
that g,, — g and 3g,,/dx; — dg/dx; in L”**2-norm. Since J, is an isomorphism
from $ - §, g, = J,(U,,) for some U,, € S, Vm. Therefore g,, = (1 + x* +
if)~'/20,, and, as in [10], with the aid of Lemma 2.1 we establish that

0m = (p'l ** gm)A +

& 0w 0 *
Ho ** {2 P, —a-g+§(hl "gm)” . (4

From Lemmas 3.2 and 4.2 it now follows that
A
dx

1Unllp,p, < C{ Il 8mllp, 0, + 2‘ + "Dogm”pl,pz}° (4.8)

J P1P2

Since fm = Ja—l(gm) = Ja—l(‘,I(Um)) = Ja( Um)’ we have ”fm”p,.pz;a
| Unll,,»,- Combining this fact with the inequality (4.8) and extending it to the
full space HZ'¥: we obtain

9
11l < C{ufn,,,,,;a-. +3 | X
J

+ ”DOf”pl,pz;a—l }'

 lp1prsa—1

This completes the proof of our theorem.

We now single out a part of the above proof and state it as a lemma for
future purposes.

LEMMA 4.3. The operator Dy: IE#:(R"*") — IE¥(R"*") is bounded, pro-
videda > land 1 <p,, p, < .

5. An imbedding theorem. The imbedding theorem we have in mind is
similar to Sobolev’s theorem [12]. Specifically it is an imbedding theorem for
the parabolic analogues T***(R"*') (in particular for W%, (R"*")) of the
Sobolev spaces W[. Our approach depends on the representation of f € T{*P in
terms of h,, P, and D,. This approach is different from that which was
employed in the proof of Sobolev’s theorem [12]. There the function f was
given a representation which is a generalization of the one dimensional case
where one represents a function as the integral of its derivative.
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THEI())REM 5.1. For any integer k > 0 let k/2 = (n/2)(p;' — qi' V) + (p;!
— 4 )

@) If q;, ¢, < o0, then TP?(R"*") C L49(R"*") and the inclusion map is
continuous.

(i) If g, = g, = 0, then the restriction of an f € Tf*">**(R"*") to any set
R" X Fis continuous, F C R being compact.

(iii) If q, = g, = oo, then the restriction of an f € T{#:*%(R"*") to any
compact set E C R"*'isin L™ for all r,, r, such that 1 < ry,r, < co.

(v) If (n/2p,) + (1/p,) < k/2 then the restriction of an f € Tf**A(R"*") to
any compact set E C R"*! is continuous.

PrOOF. Assume that k = 1. Our proof depends on the identity
f=H, * EP.-‘?-f— + Dof (5.1)
1 Jj axj 0. .

which is easily verified by applying Fourier transform if f € §. Since & is
dense in both T{+*2 and T{*%, equation (5.1) extends to T{»% by continuity.
From this identity it now follows that

3 ()

<C(2 a_){

< C”f“p,,p,;l'

1l gq, <

P1P2

+ 1 Dof Ilp.p,)

P1sP2

This proves part (i)
Part (ii) also follows from the same identity. In fact, if f € J{¥2 and
g = ZP(3f/0x) + D,f, then

o0
Iy % gl < [ Iy % llo(, £ = 7) d
0
0
<[ 7 Ml gl (¢ = 7

<cfT e gl (0 = v d,

where || 4|, is computed as in the proof of Theorem 3.1. Since f has compact
support (as a function of f) in a symmetric interval [—a, a], g also has
compact support in the same interval as a function of 7. This may be verified
by computing the Fourier transforms of f and g and applying the Paley-
Wiener theorem [5). Thus, the supremum of f over R” X [—a, a] is given by
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® _(1/p)-1
hy #% 8llee 0 < C|| fo 1/ gl (1 — 1) df||
o0

2a \1/(P2—B)
<2 ) Vsl e
—za

< C" g"p,,p2+e < C" g"p,,pz’

where € > 0 and p; — B is the conjugate of p, + &. The last inequality is a
consequence of the fact that g has compact support with respect to the
variable 7.

For part (iii) once again we consider the representation 4, *#* g. Let s, and
s, be such that (1/p) + (1/s) —1=(/r) fori =1, 2, where r,, r, < o
and meet all the requirements of Young’s inequality. It is easy to see that the
lower bounds p, and p, are imposed on r, and r, respectively by Young’s
inequality. Now

"hl * g”r,(T’ t— T) < ”hl”ﬁ(f)”g”pl(t - T)
= C.,-(l/pz)+(n/2r.)—l“g||p (t = 7).
1
Hence

=<}
s % gl <| LWL (o 81 (2 = 7) ],

< Aylls s, |l 8ll o

where
- 28 ((1/p)-(n/2r)—1 (1/2)
Iyl 0y = c( J /)= a/20)= b dt) .

However, since

1 n 1 1 n\)_Sn 5

sz(p2+2r| l)_sz(rz s_2+3'7)—2r,+r2 !

is greater than —1, ||A||, ,, < . On the other hand if 1 <7, < p; then
f € L"™"(R"*") since L*"*¥E) Cc L""«E).

Finally, for part (iv) under the assumption (n/2p,) + (1/p,) < 1/2, we
have

|yl (1) = CeA/D= /201,
But p3((1/2) — (n/2p)) — 1) > p3(1/p, — 1) = — 1 and hence on any com-
pact set [k, k,]

( fk " (||h.n,,,,(t))"3)“/’” < oo. (52)

If { f,} is a sequence in & converging to fin T7'¥2, then in view of (5.2)
”hl s (gn - gm)”oo,oo < C"f;: - fm”p.,pz;l'
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Thus on compact sets { f,,} converges uniformly. Since each f, is a continu-
ous function the limit function f may be taken to be continuous.

To conclude the proof of the theorem we argue by induction and show that
the case of kK > 2 may be reduced to the case k > 1. In part (i) f €
Tp*y(R™*') implies that, for j=1,...,n, 3f/dx; and Dyf belong to
Tf#(R"™*"). Hence the induction hypothesis implies that df/dx; for j =
1,...,nand Dyf € LM where

u=ﬁ(i_i)+(i_L)
2 2\p N 2 AN

that is f € TM*2. The case k = 1 now implies that f € L%, where

l=_'£(_1__i)+(i_i)
2 2\\ g A g

=£(L_L)+(L_L)_u
2\, a P2 9 2

which is a simple restatement of the condition imposed in the hypothesis. The
other parts can be proved in a similar manner.

REMARK 5.1 (APPLICATION). Suppose u € TZ(R"*"). Consider the operator
A — 3/3t =327 ayx, 1)3%/dx9x; — /9t with bounded measurable
coefficients defined in R”*'. Then it is easy to show that in L(R"*")

u-—-[2< sa)ﬂ%-’](%”)“

by utilizing the theory of Fourier transforms, with §; denoting the Kronecker
delta. Since P; are bounded on L%(R"*"), it follows immediately that ||(4 —
9/9)ul|, < C||(3/3t — A)u|l,, where the constant C depends on the
coefficients a;;. Let T=4-3/3tand T = A — 3/0t. Then,

~ “ ]
Tu—Tu= ? (a; - sﬁ)Pin(—a_{ — A)u
= —STu, say.
If la; — ;| is sufficiently small, then
IT-T|<CIT| <a/IIT7'|, O0<a<l

This is possible since the assumption on the size of ||a; — §;||,, allows us the
use of the inequality C||T|| |7~ '|| < a. By a Neumann series type argument
it is now easy to deduce that T, i.e. 4 — 8/dr: T? — L? has an inverse. This

argument can easily be extended to operators 4 — 9/9r: T2 — TPy,
k> 2.
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