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ORTHOGONAL POLYNOMIALS DEFINED BY A
RECURRENCE RELATION
BY
PAUL G. NEVAI'

ABSTRACT. R. Askey has conjectured that if a system of orthogonal
polynomials is defined by the three term recurrence relation

Yn- Yn—-
B (X) = ==L (X) + 1Pyt (X)) + 2 (%)
Yn Yn-1
and
-1 1
a, = " const + 0( ;i ),

Yn 1 (_l)’l 1
g et + 0 )

then the logarithm of the absolutely continuous portion of the correspond-
ing weight function is integrable. The purpose of this paper is to prove R.
Askey’s conjecture and solve related problems.

Let a be a nondecreasing function defined on the real line. Such a function
a is called weight function if it takes infinitely many values and all its
moments are finite.2 For a given weight a there exists a unique system of
polynomials {p,(da)}?., such that p,(da, x) = y,(da)x" + ... (y,>0)
and

fw Ppnda =8,
— 00

These orthogonal polynomials satisfy the recurrence formula

Yn—l(da) ’
Xpp_1(da, x) = d) Pn(da, x) + a,_,(da) p,_,(da, x)
Yn—Z(da)
* ) P ) @

forn=1,2,... wherep, = yo,p_, = 0and
o0
a,(da) = [~ xp}(da, x) da(x).
— o0
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It is well known that if supp(da) is compact then

sup |a,(da)| < o0 sup n—_-'-gﬂ
n>0 " ’ n>1 Yn(da)

On the other hand, if we take two sequences of real numbers {a,};-o and
{v. > 0};-( such that

< . )

sup |a,| < oo, sup LLEIRP
n>0 n>1 Yo
and we build up a system of polynomials { p,} ., defined by
Yn—1 Tn-2
Xp,,_|(x) = Y pn(x) + an—lpn—l(x) + Yoo1 pn—Z(x)’ (3)

n=12...,p0= 7 and p_, = 0 then these polynomials are orthogonal
with respect to some uniquely determined weight a having compact support
[2). Therefore every information concerning a and p, is contained in the
recurrence relation (1) whenever (2) is satisfied. It is very likely that one of
the main tasks of the theory of orthogonal polynomials in the near future will
be to squeeze out that information from the recurrence formula. At the
present time very little is known about solutions of second order linear
difference equations. There is a special case, however, when something can be
said about polynomials satisfying (3). In [3], [4] and [5] a number of results
were proved concerning the class M which is defined by

. . Yn—l(da) 1
M= a: nlg{olo a,,(da) —0, nlill;lo W = 5 .
Let us mention that M contains many weight functions. In particular, the
Szego class S is contained in M. Here

S = {a: supp(da) =[ -1, 1], log a’(cos §) € L'}.

Another example is the Pollaczek weight which belongs to M \ S. (See e.g.
[3], [6].) Also, from a € M does not follow that the support of da is contained
in [—1, 1]. If, for instance, a jump is added to the Chebyshev weight then the
new weight still belongs to M. Actually, M \ S must be large since from
a € S the convergence of series

D a,3+[2 Y —1]
k=0

Ye+1

2

and

k=01 Yrk+1
follows. (See [3].) This suggests that investigation of the class M, containing
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those weights a for which

00

d [lak(da)l 4o @)

Ves1(da)

is a good starting point. It was shown in [3] that if « € M, then one can get
asymptotic formulas for the corresponding orthogonal polynomials. It turns
out, however, that M, is relatively small. If « € M, then a must be absolutely
continuous on (—1, 1) and «’ is positive and continuous on (—1, 1). Despite
of this it is not clear whether « € M, implies log a’(cos 8) € L,. K. M. Case
[1] suggested that

1 wn(de) 1
@ =oL) 2@ _1 (1) .

i (dor) k? Yi+1(da) 2 k? @
(k=1,2,...) should imply the integrability of log a’(cos #). In [4] we
proved that a’ is greater than a Jacobi weight whenever (4) is satisfied.
Therefore K. M. Case was right. In this work we will show that log a’(cos 8)
is integrable provided that series

2 1]| < oo

o0
2 log k[lak(da)l +(2
k=3

Yerr(da)

converges. However, the true purpose of this paper is to solve some problems
posed by R. Askey.
Let 8 be defined by supp(df) = [—1, 1] and

dB(x) = |x]°(1 — x*)°dx  (—1< x < 1) ©)

where a > —1and b > —1. It is clear that a,(dB) = O for every n. R. Askey
noticed that vy, (dB) satisfy the condition

v(d8) COB (1) o
Vo (@B) ro() =z

n
where B is some fixed real number. This led R. Askey to the conjecture that
log a’(cos @) should be integrable whenever

Ye(de) IH

=1
_2+

-1)"D
i (de) = n) +o($) ©6)
and
wd) | (CWE_ ()
et =1 05 ”

(n=1,2,...) is satisfied with some fixed numbers D and E. Let us note
that (6) and (7) are stronger than the condition
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" AGL))
,gl J{I"‘j(da) + aj+l(da)| +|1-4 Yj+2(d“)
(da) T
+aj2(da)+ 1_2ﬁ}} < const - log n ®)

forn = 3,4,.... We will show that from (8) follows that da is greater than a
dp defined by (5). Hence log a’(cos #) is far from being nonintegrable if (6)
and (7) hold. R. Askey had felt in the same way since he also conjectured the
following. Let

-1)"D
oy (da) = n) +o(%)
and
Ya(de) 1 (-D)'E 1
Yn+1(dat) —5+ n +0(ﬁ)

for some p > 1. Then log a’(cos ) is integrable. We will prove that R. Askey
was again right. Actually, log a’(cos ) is integrable whenever

- v,(da)
23 1081{]“;(‘1“) + % (do)] +]1 -4 Yj+2(dot)
y(da) T
+aj2(da)+[1_27j+l(da) }<°°' ©)

We will also investigate orthogonal polynomials corresponding to weights a
satisfying

X v;(da)
jgo{laj(da) + a;, (da)| +(1 -4 3 +2(da)
) v(da) T
+aj(da)+ I—ZW }(OO. (10)

Let us note that if « € M, then (10) holds.
Before going into more details let us mention a third conjecture of R.
Askey which we cannot solve at the present time: if
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D 1
a,(da) = . +0( " )
and

ey = E+o( )

with D2 + E? > 0 then log «’(cos ) is not integrable.

In the following by constants we mean positive numbers which are inde-
pendent of x and n. The symbol A will always denote a closed interval. The
measure of A is |A|. If x € [—1, 1] then x = cos § with some 8 € [0, #]. This
correspondence between x and 8 is taken for granted. Therefore a statement
like f(@) is continuous on A C [—1, 1] means that f(@) is continuous for
cos § = x € A. We will always assume that all weights considered belong to
M. The only exception is Lemma 1.

LeEMMA 1. Let supp(da) be compact. Then
|pn(da’ X) — 2cos 20]’n—2(da’ X) + pn—4(da’ X)I
< 6n[lpn—-fi(da’ x)l + |Pn—4(da’ X)I]
and
|Pa(das, x) = 2 c05 26p, _y(da, %) + p,._q(da, )
< 8n[|pn—2(da’ X)l + Ipn—3(da’ x)l]

forn=4,5, ... and|x| < 1 where x = cos 0 and

n—2 (dt
b, < Kj-§_4{|«xj(d«) gt +[1 -4 L0
N [ v(da) :
+aj(da)+ 1 2—'Yj+1(da)

with K depending only on the smallest interval containing supp(da) and
SUPy 5 of i+ 1(d0) / v, (dar) }.

ProOF. Using repeatedly the recurrence relation we can expand x%,_, into
Fourier series in { p;}. We have
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Yn—2 Yn—2
XPp-2 = - Pn + - [an—l + “n-z]Pn-n
Yn Yn—-1

2 2
Yn-2 + Yn-3

+a? D,
2 n—2 |¥n-2
Y1 73—2

+

Yn- Yn-
+ ns[n2+an 3)Paos t Pn-4

Yn-2 Yn-2

Therefore

Pn— 22X = 1D)p,_ 2+ p,_4

Yn-2 Yn
=[l—4_]1’n 2["‘" |+“-2]Pn 1

Yn
Yoz Yae3 ¥ 1 [, Ya-3
-4 = - ”‘)+—(4 - -1)+a3_ -
[( Yn—l Yn—2 2 Yn-1 2 p" 2
Yn— Yn—4
-4 Z [ey-2+ @y 3]Pn-3 "‘[l -4 5 ]Pn—4'
n— n—

The first part of the lemma will be proved if we show that

|Pe(x)] < const[|p,_5(x)| + |p,—a(x)I] (1)
fork=n-2,n—1,nwhenn=4,5... and —1 < x < 1. Rewriting the
recurrence formulas as

—a\X
Yn—3 Yo-3 pn 4( )]

we see that for k = n — 2 (11) holds with a constant depending on A D
supp(da) and sup, . o{vi+1/ 7} Using induction we obtain (11) also for

k = n — 1 and k = n. The second part of the lemma follows from

ka(x)l < conSt[lpn—Z(x)l + lpn—3(x)|]
(k=n—-4,n-1,nn=4,5... and —1 < x < 1) which can be proved
in the same way as (11).

Paoa(®) = 222 (x = ay_3)pu_5(x) — 2

LEMMA 2. If T, is a trigonometric polynomial of degree at most n then from

1
o max | T, (2) sin 2¢] <
the inequality

omax |T, ()] < 72(n + 1)

follows.
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PRrOOF. Let D,(f) = 2% _ _,e’* be the nth Dirichlet kernel. Then |D, ()| <
D,(0) =2n + 1 and

27
L [ D2 ()de =21+ 1. (12)
(}

Since T, convolved with D, equals 7, the inequality
2n+ 1 (27
T, < 5= [Tl (13)
holds for every . Therefore ’
2n+1 (27
J1T.@)a < |E| 2= [T, 0)la8
for every measurable set E, that is

2m 2n+1 (27
T, (0)|d0 < T,(0)|d0 + |E T,(0)|db.
[im@le <[ T,@)d + B2 [T, 0)

Thus we obtain that

27
[TIT.@\# <2f  |T,(8)d
0 [027\E
whenever the measure of E is less than 7 /(2n + 1). Using (13) we get
2n + 1
T,(t)| < —— T,(0)|d0
LACRE ey NN AO!
if 0<¢<27 and |E| < 7/(2n + 1). Now let us replace here T,(6) by
T,(0)D2(t — ). Since the latter is a trigonometric polynomial of degree at
most 3n we have
2 6” +1 2 0
1D (O)T, ()] < —— |T,(0)ID; (¢ — 8)dd
[022NE
for0 <t < 27 and |E| < m/(6n + 1). Consequently by (12)
max |T,()| <6 sup |T, (1)
0<i< t€l0271\E
provided that |E| < #/(6n + 1). Let us choose E to be

[k k
ulx-—+= | kw7 |
coo| 2 86n+1)’ 2 8(6n + 1)
Then |E| = #/(6n + 1) and

. 2 2w - 1
Isin 2 > - gen + 1) = 26n + 1)

fort € [0, 27]\ E. Thus

max |T ()| <12(6n +1) sup |T,(?)sin 2¢|
0<i< tel02aN\E

which proves the lemma.
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LEMMA 3. Let y,,(da) be defined by

Yu(dat, ) = p,(dat, x) — €¥p,_y(dat, x), (14)
x = cos 0 and let §; be the numbers introduced in Lemma 1. Then for —1 < x
< 1 the inequalities

¥, (da, 0)] + |¢,_1(dax, 8)|
8, +8,_,
<[|¥n-2(dat, 0)| + |4, _3(de, 0)|][1 * “sn20] ] (15)
[¥n—2(dat, 0)| + |¥_3(dex, 8)|

8,4
<[ I¥a(da, 8] + ¥, .(da,0)|][1+ 2"0,] (16)

a(det, 0] < €, exp{ T 2 ] )
and
¥a(des, )] < G, exp[c3 é/'s,} (18)

hold for n = 10, 11, . . . where the constants C,, C, and C; do not depend on n
and x.

Proor. Since

Y — e_w'l’n—z =Pp— 2 cos Z@n—Z + Pp-a
we have by Lemma 1

N’n - e—m‘Pn—Zl < sn[lpu—?o' + |pn—4|]’

that is
[Im(e~%%y,_5)| + |Im ¢, _,|
_ -2
N’n e ‘Pn—?.l < 8n ISm 20' . (19)
Similarly
2 [Im y, _,| + [Im y,_,|
et = €7 al < by o (20)
Therefore
I¢n—3| + N’n—ZI
[¥nl < [¥n-al + 3nw—
and

H’n—zl + I‘pn-:il
w’n—ll < |‘Pa—3l + 8"'1 lSln 20'
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Adding the last two inequalities together we obtain (15). Inequality (16) can
be proved in the same way. Repeated application of (15) yields

o+ o < € o iz 5,
which implies (17). To prove (18) we use Lemma 2. We have by (19) and (20)
(¥, — e—zio%_z) sin 20| < 8,[ max|y,_;| + max|y,_,|]
and
I(¥n-1 — e_zw‘l’n-a) sin 26| < §,_,[ max|y,_,| + max|y,_,|].
Consequently by Lemma 2
max|y, — e” 2%, _,| < 72(n + 1)8,[ max|y, ;| + max|y,_,|]
and
max|y,_; — e ?%y,_,| < 72n8,_,[max|y,_;| + max|y,_,].
From the last two inequalities we obtain
max|y,| + max|y,_,|
<[max|y,_,| + max|y,_;|][1 + 72(n + 1), + 72n5,_,].
Applying repeatedly this inequality we get (18).
LeEMMA 4. Let (10) be satisfied and let ,(da) be defined by (14). Then
Y(da, 0) = nli)ngo ey, (da, 9)

exists for x € A = (—1, 1)\ 0 and the convergence is uniform inside A. The
limit function y is continuous on A and its absolute value satisfies the inequality

|¢(da, 8)|*' < exp{const/|sin 28]} (21)
Jor x € A. Furthermore

Ix|(1 = x3)'*

(o, ) = 2y/Z HC ) @)
’ T a/( x)
Jor x € A. In particular, o is continuous and positive for x € A.

PRrOOF. It follows from (10) that
o0
§=2 8§ < oo.
j=4
Therefore by (17)

[¥2(8)] < C, exp{8/sin 261} (23)
for n=10,11,... and —-1< x <1 (x =cos#). Consequently the
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inequality
C )
|Pn(¥)] < [sin 20] exP{ [sin 20] } (24)

(n=10,11,... and —1< x < 1) also holds since sin 26p,(x) =
Im{e~2%,(0)}. We have

ey (0) = 2 eﬁko[‘xbzk(a) - e—m‘l’zk-z(o)] +e'%y,0(8).  (25)
k=6
By Lemma 1 and (24) the series
w py
k26 ez’w[ Y (0) — e-m‘l’zk-—z(o)]
converges uniformly inside 4 = (—1, 1) \ 0. Thus
¥(8) = lim ey, (0) (26)
exists and it is continuous for x € 4. By (23)
[¢(0)| < C, exp{8/|sin 26}.
The next step is to show that e®**D#y, . (9) converges to the same function

Y(0) when n — oo and again the convergence is uniform inside 4. By the
recurrence formula

2x‘P2n+1(0) - lxl’zn(o) - ‘P2n+2(9)
= 2XP2, 4 1(X) = P24(X) = P2as2(X)

- em[2xp2,,_|(x) - p2n—2(x) - pz"(x)]

Y Y
= [2 el 1]P2n+2(x) + 20,41 P2ns1(X) + [2 — - l]pz,,(X)
Y2n+1

Y2n+2

. Y2n-
— o2 “2 _i"_' - I]Pz,.(x) + 205, 1P20-1(%)

+[z :’"" - I]Pza-z(x)}-

Thus by (24)
Jim 12242,41(0) = ¥24(8) — ¥2042(8)] = 0
uniformly inside 4. Therefore (26) implies that
¥(0) = lim @Dy, (9)
is also true and the convergence is uniform inside 4. Applying (16) repeatedly
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we obtain

n+1
[We(8)] + |¥10(8)] <[I¥,(8)] + |‘Pn+|(0)l] CXP{ Tsin 20] kE 8/:}

=11

where n > 11 is any odd integer. Therefore

[46(8)] + 10(8)]] < 2 kim suply, (8)] exp{ 2 & } @)

We have
Isin 28|[| po(x)| + |P1o(X)I] < [¥5(8)] + [¥10(8)l-

Since two consecutive orthogonal polynomials have no common zero we get
const - [sin 20| < [5(0)| + [¥10(8)I-
Thus by (26) and (27)
|¢(8)|~! < exp{const/|sin 20}
forx e[—1, 1].
Now we will show (22). From
¥, (8)P = p2(x) — 2 cos 20p,(x) P,_2(x) + P2—2(X)
we obtain

l$(8)P = lim — 2 [P (%) — 2 cos 26p,(x) p—2(x) +pi_ z(x)]

n—oo N

It was shown in [3, Theorem 4.1.19] that if / is a fixed nonnegative integer
then

2k moPi(%) Pre+1(X)
m n 2
e Zh=oPi (%)
provided that « € M, x € [—1, 1] and « is continuous at x. Thus

lim 27‘-1[&3(") — 2 cos 29Pk(2x)Pk—2(x) +p,f_2(x)] = 2(1 - cos? 20)
e Zhem1Pi (%)

for almost every x € [—1, 1]. Therefore

= cos l§

W(O)F = 25in20 lim 1 3 p2(x),
k=1
in particular,
[¢(8)] = 2 sin’28 hmmf 2 PA(x)

for almost every x € [—1, 1]. By Theorem 6.2.54 of [3]
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N < 1
iminf — ¥ pi(x) =
n—oo n k=1 k ,”ar(x)\/l - x2

for almost every x € [—1, 1] whenever a € M. Consequently

(o)p = BV L=x" “(")"’

for almost every x € [—1, 1]. Changing a’ on a set of measure zero we get
(22) for every x € A.
THEOREM 5. Let (10) be satisfied. Then da can be written in the form
da(x) = w(x)dx + Z{ jumps outside (-1, 0) U (0, 1)}
where w is a continuous function on (— 1, 0) U (0, 1) and satisfies the inequality

w(x)*'< exp{ —comst }

x| V1 — x?
for —1 < x < 1. For the corresponding orthogonal polynomials the asymptotic
Jormula

VW(x)V1 — x? p,(da, x) =\/—727 cos[nf + T(8)] + o(1)
(x =cos8) (28)

as n— oo holds uniformly inside (—1,0) U (0, 1) where T is a continuous
Junction on (—1,0) U (0, 1).

ProOF. The asymptotic formula (28) follows immediately from Lemma 4
since sin 26p, = —Im y,, ,. Because ¢ is continuous and different from 0 for
x € (—1,0) U (0, 1) the argument of ¢ is also continuous for x € (—1,0) U
(0, 1). Thus T is a continuous function on (—1, 0) U (0, 1). Now assume that
a has a jump at some x* € (—1, 0) U (0, 1). Then

0
2 P(x*) <o
n=1
has to be true. (See e.g. [3].) Thus
Jim p,(x*) =0

must hold. Consequently ¢(6*) = 0 (x* = cos 0*) should be satisfied. But
this contradicts (22). Therefore a has no jump in (—1,0) U (0, 1). By
Theorem 3.3.7 of [3] the absolutely continuous and the singular components
of da are supported in [—1, 1] whenever a € M. Therefore the theorem will
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be proved if we show that

[ da,=0 (29)
A
for every interval A C (—1, 1). We can assume without loss of generality that
0 & A. By Theorem 4.2.14 of [3] if « € M then
. 1 dx
lim lda = = | ——. 30
iy [ plda= g f —E (30)

We obtain from the asymptotic formula (28) that

Jim 13 520 = (31)
k=1

1
aa’(x) V1 — x?

uniformly for x € A. Therefore

-1
fA a(x)V1 - £* )

W= ki e @
Using (30) and (32) we get

— L ax)=0
f v

which implies (29) since a’(x)V'1 — x? is uniformly bounded for x € A.
THEOREM 6. If (9) holds then log a’(cos @) is integrable on [0, 27].

PROOF. Since sin fa’(cos ) is integrable the function log* a’(cos ) is
certainly integrable. Therefore we have to show that

27 + __l_ 33
fo log* sy # < (33)
From (9) follows that
o0
2 log8; < (34)
j=4

where the numbers §; were defined in Lemma 1. Let n =5, 6, ... the sets e,
be defined by

_’[kﬂ 1 kr . 1
k=0

e_ — — —

n 2 10m’ 2 10m2
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Thene, C e,_, and |e,_,\ ¢, < 32(n — 2)~3. We have by (15)

8, +4,_
log* [[¥,(8)] + Wa_1(8)1] < log* [¥a—o(8)] + I4a-3(0)1] + “—_Ts; 7

forn =10, 11, . . .. Therefore

£0,2w]\e,log+ [19,(0)] + |¥,-,(8)]]d0
<‘l['0,21r]\e,,_2log+ [ I‘Pn-—2(0)l + N’n-s(o )l]d0

+ Ien-—Z\ enlmax l°g+[|4’n—2| + l""u—i’ol]

db
+ (8" * 8"-1 )’1[‘0,217]\:,. |Sin 20' '

By (18) and (34)
max log* [|¢,_,| + |¢,_5|] < const(n — 2).

By the construction of e,

do
——=a7 < const ] -1
flo,zwlxe,, |sin 20 og(n — 1)

Hence we obtain

Jopens, 108" WA (O] + o (8]0

< j[ 1og* [[¥n-2(0)| + I¢,—5(8)|]a0

0,27)\e,_»

— L 45, log(n — 1) + 8, log n].

+ const[
(n-2)

Repeated application of this inequality gives us
log* )| + lv._(0)|1d0 < log* o\l + 0140
Jopepe, 1o IO+ Waca O] < [ tog* [[410(8)] + Ws(®)]]

n—2 1 n
+constf > — + X logks,|.
k=10 K* k=10
Recall that |e,| — 0 when n — co. Thus by (34)
27
S tim inf tog® [[4,(0)] + ¥a-1(8)1]8 < oo.

Consequently (33) follows from Lemma 4.
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THEOREM 7. If (8) is satisfied then there exist three positive numbers a, b and
¢ such that
—a -b
Pi(da, x) < c|x|7(1 — x?)
forn=1,2,... and
o(x) > e x7(1 - x3)° (1< x<]1). (36)
PRrOOF. It follows from (8) that

(-1<x<1) (35)

n
> J8; < const log n 37
j=4

where §; were defined in Lemma 1. Therefore by (18)
[¥.(0)] < nc,
n=10,11,... and —1< x <1 with some fixed constant c, Since

sin 28p,| = |Im e ~2*y,| inequality (35) will hold if we can show that from the
estimate

sin 20|°|y,, ()| < const n° (38)
(n=10,11,... and —1 < x < 1) the inequality

. const fO0<cs <1,
|sin 20[* "y, (8)] <

39
const n°~ /2 ifcg > 1 (39)

(n=10,11,... and —1 < x < 1), follows whenever (37) is satisfied. We
have

Mo (@) < S 9e(0) — e~ 44_3(0)] + s8] + I¥(0)]

k=10
Thus by Lemma 1
[¥.(0)I <k210 8[1Pk-2(X)| + | Pe—3(x)I] + const.

Therefore we obtain

Isin 264,(0) <k_im 8[[Ve—2(0)] + We_s(8)]] + const.

Using (38) we get
Isin 20[++1|y, (8)] < const kiw koo, + 1.
If 0 < ¢g < 1 then by (37)
i k9, < 0

k=10
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and (39) follows. Otherwise
n n
> kG, < ns V2 Vk§,.

k=10 k=10
Since by (37)

o0
> Vk§, <o
k=10
inequality (39) follows again. Thus we have proved (35). The estimate (36) for
a’ follows immediately from (35) and (31).
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