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CONTINUITY OF THE DENSITY OF A GAS
FLOW IN A POROUS MEDIUM!
BY
LUIS A. CAFFARELLI AND AVNER FRIEDMAN

ABSTRACT. The equation of gas in a porous medium is a degenerate
nonlinear parabolic equation. It is known that a unique generalized solution
exists. In this paper it is proved that the generalized solution is continuous.

0. Introduction. The density u(x, ¢) of gas in a porous medium satisfies the
equation

ou/ot = Au™ (m>1) (0.1)
for x € R", t > 0, and an initial condition
u(x, 0) = uy(x). (0.2)

Here uy(x) > 0 and u(x, ¢) > 0. The equation (0.1) is a nonlinear parabolic
equation, degenerating at the points where u = 0. The concept of a solution
of (0.1), (0.2) is taken in some weak sense (to be defined precisely in §1). The
purpose of this paper is to prove that

u(x, t) is continuous. (0.3)

This result is known for n = 1; see [9], [10], [1] and [5].

In §1 we state this result more precisely, giving also a uniform modulus of
continuity. In §§2 and 3 we establish preliminary estimates. The proof of (0.3)
for t > 0 is given in §4 and, for 1 = 0, in §5.

1. The main results. Let uy(x) be a function defined in R"” and satisfying:

0<uy(x) <N (N< ), (1.1)
fR (ug(x))’ dx < o, (1.2)

uy(x) is continuous in R", and uniformly Holder
continuous in every compact set where u, > 0.

(13)
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100 L. A. CAFFARELLI AND AVNER FRIEDMAN

We consider the Cauchy problem
ou/ot = Au™ in R" X (0, o), (14)
u(x,0) = uy(x) inR", (1.5)
where m is a fixed number, m > 1.

By a solution of (1.4), (1.5) we mean a function u(x, ¢) such that, for any
T < oo,

[ r [ L, 0 +19,um(x, 0] dx di < o0 (16)
0 R"
and
T
f f(u% —Vum fo) didi+ [ w(@fx) dr=0  (17)

for any continuously differentiable function f with compact support in
R" X [0, T).

We recall [11] that under the conditions (1.1), (1.2), there exists a unique
solution.

Other concepts of a solution can be given which allow for a different decay
condition at x = oo than in (1.2). The results of this paper are not affected by
working with these other concepts of a solution.

The solution u(x, ¢) can be obtained as a limit of solutions %, (x, t) (n}0) of
the equation (1.4) with the initial condition

u(x,0) = uy(x) +n  in R (1.8)
see [11]. Notice that the solution w, of (1.4), (1.8) is taken in the classical
sense, 4, < 4, if n <7, and

n<u(x,t) KN+7n inR" X (0, ). (1.9)
We define the parabolic distance between two points (x', ¢'), (x, %) by
d((x', "), (x% ?) =|x' = x| +|¢' = 12|l/2.
When we shall speak of a modulus of continuity of a function v(x, t), we shall

always mean the distance between two points to be the parabolic distance.
We now introduce two moduli of continuity:

w(r) =Cllogr|™® (0<e<2/n), (1.10)
a(r) = C2~clogr (1.11)
where C > 0,¢ > 0.
The main result of the paper is stated in the following theorem.
THEOREM 1.1 (i) The solution u of (1.4), (1.5) is continuous in R" X [0, c0);
- (ii) For any 8y, > 0, u™ has a modulus of continuity w,(r) in R" X [8,, o) for

any 0 <e<2/nm,if n > 3, and a modulus of continuity &r) in R" X [8,, ) if
n=2,
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The proof of continuity for # > 0 and the proof of (ii) are given in §4. It
will become obvious from the proof that the condition (1.3) is not required
for this part of the theorem.

The proof of continuity for ¢ = 0 is given in §5.

§§2 and 3 develop some estimates needed in §4.

2. Preliminary lemmas. In this section and in §3 we obtain various auxiliary
results for the solution u (x, #) of (1.4), (1.8). For simplicity we shall denote
this solution by u(x, ¢); we also take 0 <79 < 1.

All the estimates which we shall obtain, and all the constants will be
independent of . We set M = N + 1, so that, by (1.9),

0<u(x,t) <M. 2.1)
LeEMMA 2.1. The following inequalities hold:

du u

t-s;)—m_l, 22)
du™ m m
tat>—m_lu. (2.3)

This result is due to Aronson and Benilan [4]. Since the proof is short, we

briefly give it here. The function w = #(du/9¢) satisfies
ow/at = mA(u™ 'w) + Au™.

The function z = — u/(m — 1) satisfies the same equation, and z(x,0) < 0
= w(x, 0) (w is continuous at ¢ = 0 if uy(x) is smooth). By comparison, then,
(2.2) follows if uy(x) is smooth; for general u,, one uses approximation.

The inequality (2.3) follows immediately from (2.2).

Let 8, be a fixed positive number. For any x° € R", ¢* > 2§, we introduce
the sets

Cou(x% 1% = {(x,£); |x — x| <r,®* — h<t <1},
B,(x%) = {x; |x — x% <r},
where 4 < §,. Denote the volume of B,(x°) by |B,(x%). Set

Co=m/(m — 1), (24)
and let hy, = hy(d,) be any positive number satisfying:
et <2 hy <8, (2.5)

Lemma 2.2. For any x° € R", {* > 280, A>0,r>0,0 <h <hyb,y), the
following is true: if
1

|B,(x%)]

f u™(x, ° — h)dx > A (2.6)
B,(x%

and if
h > My, r*/A, 2.7
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then
um™(x% %) > 1 A (2.8)
here v, is a positive number depending only on the dimension n.

PROOF. By (2.3), (2.4), du™/3t > — (m/(m — )yu™ > — Cou™ if £° — hy
<t < % (since t > 28, — hy > &). Hence

u™(x%, %) > e~ Colt=+Mym(x0 1) > ¢~ Cohaym(x, f), (2.9)
Again, by (2.3), (2.4), the function
1 m
w0 = J, oy L0 )
satisfies
(1) > — (m/ (m — D)e(t) > — Cop(?)
so that

@(t) > e CU—C+Wo (10 — h) > e~ Chap(ty — h) > e P, (2.10)
where (2.6) was used in the last inequality.
Suppose n > 3 and let
Gl)=p*"=r "= ((n=2)/r "(r*=p%), p=|x-x% (211

Notice that G(r) = 0, G'(r) = 0 Since G'(p) < 0 if p < r, G(p) is positive in
B,(x°). By Green’s formula,
1
u™(x% ) =1 GAu™ dx +
G0 =m0 13,
where v, is a positive constant depending only on n.
Suppose now that the assertion (2.8) is not true. Then (2.9) gives

um(x, 1) <1 KeCoho,

Substituting this and (2.10) into (2.12) and using the first inequality of (2.5),
we obtain

f u™(x, ) dx (2.12)
B,(x%

IN<ivf | Ghumax.

B,(x%
Integrating this inequality with respect to ¢, £® — h < t < £°, we get

’0
M <7, f, . fB o G(p)Au™(x, t) dx dt
© ou(x, t)
= G(p)———= dx dt
oy Sy oo SO

<y, G(p)u(x, °) dx < y,M G(p) dx.
fw) Yu(x, 1°) fw()
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Since the right-hand side is bounded by y, Mr?, with another constant v,, we
obtain a contradiction to (2.7). This completes the proof in case n > 3. For
n = 2 the proof is the same provided we replace G(p), defined in (2.11), by
G(p) = log(r/p) — 3 r%(r* — p?.

In the next lemma we take h, = hy(8,) to satisfy, in addition to (2.5), the
inequality

hy < 2n(m — 1)8c/M, ¢ >0, (2.13)
and let C, be any constant satisfying:
C,— 132" C, — 1>y,M2"*2 (2.149)

LEMMA 2.3. Let £° > 8,, 0 < h < ho(8g), A = ca(h) where o(k) > 0, a(k) —> 0
if h > 0. Let x° be any point in R" such that

|x%| < hV*(a(h))/* =r. (2.15)
If
u™(x% ) > C, (2.16)
then
u™(0, ° + h) > A. (2.17)

PROOF. Let o(x) = u™(x, t° + ¢,|x — x%% ¢, > 0. Then by Lemma 2.1
and (2.1),
Av = 9u /3t + 2nc, > —M/ (m — 1)8, + 2nc, =0
provided
¢, = M/2n(m — 1)§, (2.18)
Thus, v is subharmonic. This implies that, for any r > 0,

1
|B,(x9)| L(xo) v > 0(x%) = u™(x% %) > CA,

where (2.16) was used. Since the left-hand side is bounded above by
cr? +

m
5,000 Jnn ™
we obtain, if 7 is taken as in (2.15),
1
|B,(x)|
Recalling the definition of A, ¢, and the restriction (2.13), we find that

I > (C, — DA. If we now assume that |x° < r then B,,(0) D B,(x°), and we
conclude that

f u™ > CA — ¢;r2 = C\ — c,ha(h).
B,(x%)

1 1
— u™ > (C; — DAss.
| B,,(0)] faz,(O) (€= DAy
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We now wish to apply Lemma 2.2 with A, r replaced by A’ = (C, — 1)A277%,
¥ = 2r, and with 1° — h replaced by ¢°. The condition (2.7) is satisfied by
virtue of the second inequality in (2.14). We conclude that u™(0, {° + h)
>1 XN’ > A, where the last inequality is a consequence of the first inequality in
2.14).

We conclude this section with the following lemma.

LemMMA 2.4. Let 6, > 0 and let

¢y =1/mM™ 1, (2.19)
Then, for all t > &,
Au™ > =M/ (m — 1), (2.20)
Au™ — c du™/3t > —M/(m — 1), (2.21)
PrOOF. By Lemma 2.1,
Au™ Ju > u M

T _(m—l)t> (m-1)8,°

and (2.20) follows. To prove (2.21), we can write

m Ju™ du m—1 OU _q\ Ou
Au —C*T=E—C‘Mu ! E=(l —c,mu"' I)E
—(1 - m—1 u

> (l c,mu m—1)’

since 1 — c,mu™""' > 0 by (2.19). Since the right-hand side is > — u/(m —
Dt > — M/(m — 1), (2.21) follows.

3. A priori estimates. The main result of this section is stated in Lemma 3.3.

Let ¢ be any positive number such thate < 2/n.

Fix a point (x° % in R" X (28, o0) and define

R, ={(x,0):|x — x| <2750 - 272 <t < (%,

where k is a positive integer. In Lemma 3.1 we shall be interested only in
k > k*. Here k* is a positive number sufficiently large, to be determined in
the proof of Lemma 3.1. It depends only on ¢, §,, N and it also satisfies the
inequality 272¥" < h, where hy = h(8,) is the number satisfying all the
restrictions imposed in Lemmas 2.2, 2.3.

Define

W = sup u™, M, = max{p, 4Ck"°},
Ry

where C, is the constant appearing in Lemma 2.3.
LEMMA 3.1. Suppose
u™(x% %) < ky* @3.1)
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Jor some ky > k*. Then, for any k* < k < kg,
Pear < M (1 — Ck™*/?) (3-2)
where C is a constant depending only on ¢, 8, N.

PROOF. We wish to apply Lemma 2.3 with o(h) = |log h|~%, h =27,
¢ = (2log 2y (so that A = k~*°). The lemma asserts that if u™(x, © — 27%) >
C,A for some x such that |[x — x% < 2% ~*/2 then u(x% %) > A. Since the
last inequality contradicts (3.1) (since k < k), it follows that

u™(x, 1 — 27*) < Gk if |x — x < 27Kk e/? (33)
for all k* < k < k.
Let
o(x) = u™(x, 1° = h) + ¢;|x — x*> where |x* — x% <3 27%; (3.4)
¢, is chosen as in (2.18), so that Av > 0.

Denote by B the ball with center x* and radius 2 27, and denote by B’
the ball with center x° and radius 2~*k ~*/2. Then B’ is contained in B (if
k > k*).

Since v is subharmonic,

m 0 __ — 0 __ L
un(x, 10 = ) = o(x%, 1 = ) < g fBu(x)dx

< c,(% 2-k)2 + ﬁ fB u™(x, 1° — h) dx. (35)

Using the inequality (3.3) in B’, and the inequality u™(x, t° — h) < M, in
B — B, we can estimate the last term in (3.5) by M,(1 — k~*/%) +
C,k ~*"/?%~*, Substituting this estimate in (3.5) we get

u™(x*, 1° — h) < M(1 — k=*/%) + 2C k=% .
Recalling the M, > 4C,k~*, we conclude (if k > k*) that
u™(x* ©° — h) < M (1 -3 k=/%) if |x* — X% <3275 (3.6)
Letx’' = (x — x%/2%,t = (t — 19/2%, w(x’, t') = u™(x, ).
By Lemma 2.4,
(A= c,d3/3)w=2"%(8— c,d/dt)um > —C2%* 3.7)
where C = M/(8,(m — 1)).
Consider the function
z=1—-w/M, (3.8)
in the cylinder |x’| < 1, —1 < ¢’ < 0. Clearly z > 0 in this cylinder. Also, by
(3.6),

2(x, —1) > k72 if x| <3. (3.9)
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By (3.7) we further have
(A - c,d3/3t)z < E27%/ M,. (3.10)
Denote by G(x', ¢, ') the Green function of A — ¢,(3/9¢") in the cylinder
|x’| <1, =1 < ¢ < 0. Representing z in terms of Green’s function, and using
(3.9), (3.10), we get

2 2k
2%, ¢) > f f|e|<1 CMk X, €.t — 5) dE ds

+iETR[ G, g, ¢+ 1) dE. (3.11)
l€1<1/3

We restrict (x’, #) to the set |x’| <31, —3 < ¢ < 0. Then the last integral is
larger than a positive constant 4¢, and

[ [ eesaga<c
-1 JJ¢I<1

where ¢ and C depend only on c,, n. It follows that
2(x’, ) » 2ck—/? — CC2%* /M, > ck~*/?, (3.12)
where the inequality M, > 4C,k~° was used; here again we take k > k* with
k* sufficiently large.
Recalling now (3.8), the assertion (3.2) follows from (3.12).
LEMMA 3.2. Under the assumptions of Lemma 3.1,
e < Ck™® forall k < k, (3.13)
where C is a constant depending only on €, 8y, N
ProoF. We choose C so large that (3.13) holds forall 1 < k£ < k* + 1 and
C > 1. Next we proceed by induction on k. Suppose (3.13) holds for some k,
k* < k < ky; we shall prove it for k + 1. In view of the definition of M,,
M, < Ck™°. Substituting this into (3.2) we get
tear < Ck2(1 — Ck™/) < C(k +1)°
provided

C k+1\"¢
_km/2<( k ) ’

which is certainly the case if k* is sufficiently large (depending on ¢, C) since
en/2 < 1.

LEMMA 3.3. For any 0 <& < 2/n, 8, > O there exists a constant C* > 1 +
N, depending only on ¢, 8y, N, such that for any (x, £), (x° £ in R" X (8, ),

u™(x, t) < C*max{|log(|x — x% + |t = 9'/?)|7, u™(x°, 9)}. (3.14)
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PrOOF. We may assume that #™(x% %) < 1.
Let k, be a positive integer such that

(ko + 1)7° < u™(x° %) < (ko) ™" (3.15)

Consider the first case where k, > k*. By Lemma 3.2,
um(x, 1) < Ck™® if|x — xY <2750 -2"* <1<  (3.16)
provided k < k. This gives
u™(x, t) < Cllog(|x — x% + |t — £9'/?)|~*

as long as (x, 7) does not satisfy: |x — x% < 27%, (0 — 2720 <t < 0. If, on
the other hand |x — x% < 27%0, (% — 2720 < ¢ < {9, then (3.16), with k = K°,
gives

um(x, 1) < C(kg)™® < Cu™(x°, 1°),
where (3.15) has been used. Thus we have proved (3.14) if ¢ < {° and k, > k*.
If ky < k* then u™(x% %) > (k* + 1)"° and (3.14) follows by choosing
C* > M(k* + 1)*. We have thus completed the proof of (3.14) in case ¢ < ¢°.
In particular it follows that

u™(x, °) < C*|loglx — x| |~* + C*u™(x° 1°). 3.17)
Let v be the solution of
3‘0 M . n 0
Av — in R" X (1°, o),

‘3t T T 2(m - 1)5,
o(x, °) = u™(x,t°)  inR"
Since u™ satisfies (2.21), we can compare v with ¥™ and conclude that
u™(x, 1) < o(x, 1). (3.18)
Representing v in terms of the fundamental solution of A — ¢,(3/37) and
then using (3.17), we find that

v(x, t) < C*log(|x — x% + |t — t9'/3)|~* + C*u™(x° %) ift >,
with another constant C*. Using (3.18), the inequality (3.14) then follows
(with yet another constant C*) for ¢ > °.

4. Proof of Theorem 1.1 for 1 > 0. We begin by deriving another version of
Lemma 3.3.

LeMMA 4.1. For any 0 <e <2/n, 8, > 0, if (x',t") € R" X (28y, o) for
i=0,1andif
flog(|x' — x° + |¢! — £9'/?)|7¢ < (1/C*u™(x', t') 4.1)
fori=0o0ri=1,then
1/C* <u™(x', t)/um(x% 1) < C*. 4.2)
Here C* is the same constant as in Lemma 3.3.
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ProOF. It suffices to prove (4.2) when (4.1) holds for i = 0, that is,
flog(lx! = x| + | = 19'/2)| ™" < (1/ C*)u(x°, 1°). 4.3)
The inequality u™(x', t') < C*u™(x° t°) is of course a consequence of (3.14)
and (4.1) (for i = 0). To prove that u™(x!, t') > u™(x°, t°)/ C*, we proceed
by assuming that
u™(x', t") < (1/C*)u(x° % 4.49)
and deriving a contradiction.

We write (3.14) with (x, ) and (x% ¢°) replaced, respectively, by (x°, %)
and (x', t') and then use the relations (4.3), (4.4). We obtain u™(x°, %) <
u™(x° %), which is impossible.

Take now any point (x°, %) with ¢, > 28,, and let k, be a positive integer
such that

M™(ky + 1)7° < u™(x° 1°) < M™kq " 4.5)
Define
2= {(x, 0):x — x% + |t = 9} /2 < 27k ¢ > 80} (4.6)
where ¢ and p are positive numbers to be determined below (independently of
ko, and p > 2.

If (x, £) & S, t > 8, then [log(jx — x%| + |t — £%/2)|=¢ > (ko pc log 2)~.
Recalling (4.5) and using Lemma 3.3, we then obtain u#™(x, r) < C|log(|x —
x% + |t — £°'/?)|™¢ where C is a positive constant depending on
80 & N, u, c. Since the same inequality holds also for u™(x° ¢°), we obtain

[um(x, 1) — u™(x%, 1%)| < 2Cllog(|x — x°| + |t — t°|'/2)|_¢. 4.7)

We shall now evaluate the left-hand side for (x, f) € =, By (4.5) and

Lemma 4.1,
1/C* < u™(%,t)/u™(x" () < C* (4.8)
provided
llog(|x —x° + |t —£°'/3)|7 < (N™/C*)(ko + 1)75,
that is, provided |¥ — x% + |¢ — 1°)!/2 < 2~ %o where ¢ is a positive constant
depending on ¢, §,, N. We now choose, in (4.6), ¢ = ¢. It follows that if
| —x% < 27%,  |f—1% < 272k 4.9)
then (4.8) holds.
Introduce variables

x = (x = x%/27%\, ¢ =(t— 19)/27 %k
where A = kg ™~ De/2m and let v(x’, t') = u(x, t). Then
dv/at’ =V(a(x’, t')Vv’) (4.10)

where a = mu™~kgm-V/m,
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If
|| < k§™V/m 0 |r)< 1, (4.11)
then
Ix . xOI < 2_Ck°A2k6(m_l)/m = 2—cko, |t — tOI < 2—20k°’
so that (4.9) holds with (X, £) = (x, ¢); consequently also (4.8) is thus satisfied.
Then, C; < a(x’, t') < C, where C,, C, are positive constants depending only
on ¢, 6, N. We can now apply the Nash estimate [8] to v and conclude that
forsome a,0 < a < 1,

lu(x, ) — u(x®, )] =|o(x, ¥') — (0, 0)| < C(|x'|* + |¢|*/?)

Ix _ xOIa It - tOla/2
@ N @)

where C is a generic constant depending only on €, 8,, N

Now, if we take p > 4/a then, for (x, 1) € Z,,
|x = x%2 < 2Hko)/2 < (27kaN)°,
|t — 0% < (2 meko)a/t < (2 2eko)e,
Substituting this into (4.12), we get
|u(x, £) — u(x% )| < C(|1x — x%*/? + |t — £9*/4).

Combining this with (4.7) we find that (4.7) (with a different C) is valid for
all (x, #), (x% % in R" X (28, o).

We now recall that the function ¥ which we have been considering so far is
actually the solution u, of (1.4), (1.8), and u,(x, )} u(x, t) as n|0. Hence, by
taking 7]0 in (4.7) (for ) we obtain the same inequality for u. This
completes the proof of Theorem 1.1(ii) in case n > 3.

If n = 2 we can improve the modulus of continuity. We take in the proof of
Lemma 3.1 o(h) = 27 "84 p =2-% X\ =2"%" and apply Lemma 2.3
(with r = 27%27%"%). The function z defined in (3.8) then satisfies (3.10) and

2(xy, —1) > 1= c27%"/p > 1 if |x| < 277,

where M, = max{ p,, 2~ %"} and ¢, C’ are positive constants. Let {(x) =
z(x’, —1) — (C27%*/M,)|x'|>. Then (A — ¢,93/3t")¢ < 0. Also

(4.12)

kl/2

¢ > x| <2”
$ > —-C27% /M, if|x|=1
We compare { with the function

n(x )_1 log|x| C27%*

og2 ¥ M
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By the maximum principle, { > nif 27" < |x’| < 1. Hence, if |x'| <1,
-2k -2k
1 log(1/2) C2 + Cc2 N

z(x', 1) > - P
( ) 2 Jog 27+ M, M ol
c . C
> €

where C is a generic constant depending on 8y, N.
We can now proceed as in (3.11) and obtain

Z(x, ) >C/Kk'?  if|x| <3, —3<t <0
Therefore , ,, < M, (1 — C/k'/? for any k > k*.

Proceeding analogously to the proof of Lemma 3.2, we establish by
induction on k that

me < C27CK (k* <k < k). (4.13)

provided C’ is chosen sufficiently small.
With (4.13) at hand, we can now proceed as in the case n > 3, replacing
everywhere the modulus of continuity C|log r|~¢ by C2~Cloe1"?,

5. Continuity at + = 0. We first prove continuity at a point (y, 0) where
ug(y) > 0. Consider the function

kP
At + 1 (4t + 1)*
By direct calculation we find that in the region where |x|? < 4t + 1,0 <t <
8: Aw™ — w, > 0 provided B =A4™**"! and a satisfy B > 2mn/(m — 1),
aB < 4m/(m — 1), and provided & is sufficiently small. Define
wor(x, t) = ew(Lx,c™ 'L%), ¢>0,L>0. (5.2)
Then (cf. [6])
Aw, )" — 3w, /9t >0 if |x? <Ac™ %+ L7241t < 8§, (5.3)
where 8, = §/(c™"'L?).
Consider the function

1/(m-1)
w(x, t) = ) (a>0,4>0). (5.1)

wer(x, t) if |x]> <Ac™ 't + L2

(54)
0 if |x* > Ac™" Yt + L2

o(x, t) = [

Since v™ vanishes on |x|* = Ac™ 't + L~2 to an order larger than 1, it is
clear that v is a subsolution of (1.4). Further,

o(x,0) =0 if x| >1/L,

o(x,0)<c if|x|]<1/L. (5.5)
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Now, since uy(y) > 0, we have uy(x) > ¢ if |x — y| < 1/L for some ¢ > 0,
L > 0. We can therefore compare the solution u,(x, #) with &(x, ) = o(x —
», t), and conclude that
u,(x,t) > o(x, 1) if0<t<84,
Consequently u,(x, #) >c/2 if |x —y| <1/2L, 0 <t <§" (§ small

enough).
We can now apply the Nash estimate [8] and deduce a uniform Hoélder

continuity on the u,(x, #) for

|x —y| < 1/3L, 0<t<3¥, (5.6)
with exponent and coefficient which are independent of 7. Taking n — 0, we
conclude that u(x, ¢) is also Holder continuous in the set (5.6).

It remains to prove continuity at a point (y, 0) for which uy(y) = 0. For
any ¢ > 0 there is a & > 0 such that

uy(x) <e if |x —y| <é. (5.7)

Consider the parabolic problem

ow/ot = Aw™ if|x —y| <8,¢>0,
w(x,0)=2¢ if|x —y| <§,
wix,t)=N+e if|x—y|=61>0.
This problem has a classical solution. We shall compare this solution with the
function w,(x, ¢) for n < e. In view of (5.7),
u,(x, 0) <w(x,0) if|x—y| <o
Since also u(x, f) <w(x, ) when |x —y| =28, t >0, we conclude that
,(x, £) < w(x, t). Taking 7 —0 and noting that w(x, ) is continuous at
(7, 0), we get
Iim  u(x,t) < lLim  w(x,1)=2e.
(x, )—=(»,0) (x, 6)—>(»,0)
Since ¢ is arbitrary, u(x, ) - 0 = uy(y) if (x, ) > (», 0). This completes the
proof.

ReMARK 1. Consider the case n = 1. Then u; > — ¢ and, since u™ is
bounded, " must then be bounded. Using the relation ¥, > — cu™ we then
deduce that if ¢, > ¢ then

um(xy, ) > u"(xy, 1) — C(|x, — x| + [ — 1]). (5-8)
If o,, —co0,= — C (¢, >0, C >0) and v(x, t;) = u™(x, t,), then we get,
upon using (5.8) with ¢, = ¢,, that
lo(x, 1) = 0(x, )| < Clx = xP + 10 = 172 (1> 1)
for any 8 <3. Since u — c,u™ > — C for some ¢, >0, C > 0, we con-
clude that u™ < v, so that
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u™(xy t;) < u™(xy, 1) + C(Ix, — x,|° + |8, — tllo/z).

Together with (5.8) we thus obtain a modulus of continuity Ar° for u™, for
any § < 1. Actually, in this case of n = 1, a better modulus of continuity is
known (Aronson [1), Gilding [S]): |(#™~"),| < C, and

|u(x,, 1) — u(x,, ;)] < C(|x2 —x )+ |y - tlly/z)

where » = min(l, 1/(m — 1)).
REMARK 2. Theorem 1.1 implies that the sets

Q= {(x,7) € R" X (0, ©); u(x, t) > 0},
Q(t) = {x € R"; u(x, t) > 0}

are open subsets of R” X (0, o0) and R", respectively. The relation (2.9) (for
u,, 1 — 0) implies

u™(x, 1) > C(t, ty)u™(x, t;)
where C(¢, t5) > 0. It easily follows that
Q(¢) is increasing with 7; (5.9)

it is not necessarily strictly increasing (see [2], [3], [7]).
REMARK 3. The results of this paper extend to the more general equation

u, = Ap(u)

where ¢(0) = 0, ¢’(0) = 0, ¢’(«) > 0. The analog of Lemma 1.1, for this case,
is proved in [4].
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