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HARDY SPACES AND REARRANGEMENTS
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BURGESS DAVIS'

ABSTRACT. Let f be an integrable valued function on the unit circle in the complex
plane, and let g be the rearrangement of f satisfying g(e”) > g(e®)if 0 < 0 < @ <
2.
Define
G(0) = [° s(e*) do.
-0

It is shown that some rearrangement of f is in Re H ', that is, the distribution of f is
the distribution of a function in Re H', if and only if {§|G(9)/8|dd < oo, and
that, if any rearrangement of f is in Re H, then g is. The existence and form of
rearrangements minimizing the H' norm are investigated. It is proved that f is in
Re H'! if and only if some rotation of f is in the space dyadic H' of martingales.
These results are extended to other H? spaces.

1. Introduction. Let T be the unit circle in the complex plane C, let the measure
m on T be given by dm = df/2n, and if h is a function on T let |A|, =
(f7|h|P dm)'/?. Functions on T which are equal a.e. (m) are identified. Let f be an
integrable real valued function on 7, denote the conjugate function of f by f, and if
p > 0 define || fll» = |If + ifll p- The first part of this paper is concerned pri-
marily with the space Re H ', which consists of those f such that || f|| ;,» < o0. For a
discussion of conjugate functions and Hardy spaces see[12],and for a survey of
recent developments in this area and the spaces Re H?, see [6).

A real valued function g on T is said to have the same distribution as f, or to be
a rearrangement of f, if m{ f < A} = m{ g < A} for each real number A, and in this
case we write f ~ g. Let f, be the rearrangement of f satisfying f(e”) > f,(e*) if
0 < 0 <o < 2m, and let M) = M(9) = [°, f,(e”*) do. The following theorem
characterizes the distributions of functions in Re H'.

THEOREM 1.1. There is a rearrangement of f in Re H' if and only if (5| M(8)/6| d8
< o0, and in this case f;, € Re H'. There are absolute positive constants C and ¢ such
that

Cllflar > "|M(8)/6] d8 > cllfyll w — 1 fll- (1.1)

The quantity [3|M(8)/60| d6 depends only on the distribution of f, and is O if
—f=~ f. A theorem of Zygmund [12, Vol. 1, p. 254] states that if f > O, then
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212 BURGESS DAVIS

f €Re H' if and only if f € L Log L, i.e. [7|f|log[max(l, | f])] dm < co. It is not
hard to show directly that if f > 0, then f € L log L if and only if [ |M(6)/8| 48
< oo, which is also implied by the truth of Theorem 1.1 and Zygmund’s result. Of
course L log L is rearrangement invariant, while it is well known that Re H! is not.

Similar results hold on the real line R. Denote the Hilbert transform of an
integrable real valued function 4 on R by h, let hg be the rearrangement of A which
is not positive and not increasing on (— oo, 0), and not negative and not increasing
on (0, ). Let M(x) = [* , hg(t) dt. Then there are absolute positive constants A4
and a such that

y f:olh(x) + ih(x)| dx > fo " IM(x)/x]| dx

>a f_°:0|h8(x) + ify(x)| dx — f:o]h(x)| dx. (1.2)

The condition [§°|M(x)/x| dx < oo, interpreted as a condition on the distribution
of a function, also characterizes the distributions of functions in H'(R"), n > 2.
Versions of inequalities (1.1) and (1.2) are also proved for H? spaces for some other
exponents p.

This paper is closely related to recent work of Albert Baernstein II in [2]. Let f,
be the rearrangement of f satisfying f,(e”) = f,(e ") and f,(e”®) < f(e®)if 0 < 8
< ¢ < 7. Baernstein proves that f, is an extremal rearrangement of f with regard to
a number of H? and conjugate L? norms for the exponents 0 < p < 2, and Essen
and Shea noticed that his arguments extend to the exponents p > 2 as well. The
full result is given by the series of equations

W4, > 1A, 1<p<2

WA, <Ufl,, 2<p <o,
Ifillge > W fllger 0 <p <2,
NSl e < NS gres 2<p< oo

The first or third of these inequalities for p = 1 implies that all rearrangements of f
are in Re H'if and only if f, € Re H'. Essen and Shea have recently shown, in [8],
thatf, € Re H'if and only if f € L log L.

In §5 examples are given to show that, if 0 <p < 1, there are functions f, = f
such that || £]|, is smaller than || f|| ,, answering a question raised in [3].

We investigate rearrangements of f which are extremal in a manner opposite to
the way f, is extremal. Let & be the collection of all rearrangements of f. A
rearrangement A of f will be called reverse extremal if

IAll, = inf 118N,  1<p<2 (1.3)
lAll, = sup || &ll,, 2<p < oo, (1.4)
gER
r = inf P N .
Mkl = inf gm0 <p <2 (1.5)

Al e = sup || gllps, 2 <p < co. (1.6)
gER
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The following theorem is proved.

THEOREM 1.2. Suppose there are n > 2 distinct real numbers a,, a,, . . . , a, such
that 2%, m{f=a} =1and m{f= a} > 0 foreachi. Let a =3} , am{f= a;}.
If none of the a; equals a, there is a reverse extremal rearrangement of f. If a; = a for
some i, there is no rearrangement h of f such that any of (1.3), (1.4), (1.5), or (1.6)
hold for any p in the specified intervals.

Even when they exist, the reverse extremal rearrangements of Theorem 1.2 are
chaotic if n > 2, being the real part of the boundary values of a universal covering
map of a multiply connected region. For other, less discrete, distributions of f,
reverse extremal distributions exist which are quite regular. The arrangement f} is
never, except in trivial cases, reverse extremal.

If n is a nonnegative integer, and k is an integer satisfying 1 < k < 2", let
A(k, n) = {e“’: 27(k — 1)27" < 0 < 27k2™"} so that the arcs A(k, n) partition T
into 2" arcs of equal length. Let 9, be the nth dyadic o-field, the one generated by
{A(k,n), 1 <k < 2"}, and, if f is a real valued integrable function on 7, let
f, = E(f|%,) be the function which is constant on each A(k, n) and which satisfies

f fdm = f,dm, 1<k<2"
A(k, m) A(k, n)
The sequence f, f;, . . . is a martingale, and f is said to be in the space H' (dyadic)

if [7 sup,|f,| dm < oo. These spaces have been extensively studied (see [9]). It is
known that H' (dyadic) is contained in Re H' but that there are functions in
Re H' which are not in H! (dyadic). In §3 is shown that if fis in Re H' then
f(e"®*P) = g(@) is in H' (dyadic) for almost every ¢ € [0, 27).

The proofs of the results described use probability theory. A probabilistic
characterization of H? due to Burkholder, Gundy, and Silverstein is used in the
proof of Theorem 1.1, and optimal stopping, together with ideas developed by
Baernstein in [2], is used to prove Theorem 1.2.

The author benefited from discussions with John L. Lewis. While this paper was
being refereed Lewis, Baernstein, and P. Jones found a nonprobabilistic proof of
Theorem 1.1. Their proof of the left-hand inequality in (1.1) is based on duality and
the new result of Coifman and Rochberg that if f > 0 is integrable then the
logarithm of the Hardy-Littlewood maximal function is BMO.

2. Distributions of H” functions. If f is an integrable function on T we define the
analytic function F in the unit disc D by

F(2) =fT[(ei0 + 2)f(e?)/ (e® — z)] dm, z € D,

and extend F to T by defining F(e®®) = fe®) + if(e®). We write F(z) = u/(z) +
iv’(z) = u(z) + iv(z), |z| < 1, the superscript being omitted when the reference
function is clear from context. Note that f(e?) = u(e®) and fle®) = v(e®). The
function u(z) is defined to be 0 if |z| > 1. In this section the inequalities (1.1) and
(1.2) will be proved together with versions for some other H” norms. The symbols
¢, k,, etc. are absolute positive constants depending only on p and may stand for
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different numbers from line to line. Versions of the inequalities to be proved hold
for exponents p > 1, but are either trivial or easy consequences of the M. Riesz
inequalities || fup < Glifll,, p > 1, [12, Vol. 1, p. 253}, so usually only the expo-
nents 0 < p < 1 are considered.

Let f, and M be as in the introduction, let b, = #27", and if p > 0 define

A,(f) = §02"<P-'>|M(b,)|".

LEMMA 2.1. If f is an integrable function on T and 0 <p < 1 then
¢,A4,(f) = GlIfllf < j(;w|M(0)/0|p df < K,(4,(f) + If1})-

PROOF. Let h(0) = |f,(e”)| + | f,(e)|. Now

) “ 9P| M) db > fb b:lb,,"’lM(B)IP d9

bn#l
> [* brr\M(b,)P db

n+1

b,

- b7 max ||M(b)IF — |M(e)IF| 48
bn+l bn+l<¢<bu
> 274 -PM(b,Y - [ “ 5P max  |M(b,) — M(@)lf db
b1 bpy1<@<b,

> 270~ M(b,Y - 2 [ " h(b,, ) 8.

n+1

Summing these inequalities forn =0, 1,2, ... we get

[T o 1M@)P a8 > @n~0) 4, () -2 s [* hbyary a0
0

n=0 n+ 1

> e ) AN~ 43 [ hb,. Y

n=0 “byy2

> @) 4,0 - 4 [ i)l B

= 27" 7'4,(f) - 4 fII2,

proving the left-hand inequality of Lemma 2.1. The proof of the right-hand side is
similar.

Now the left-hand side of (1.1) will be proved. An expository treatment of the
probability theory used may be found in [7]. The proof is based on a probabilistic
characterization of H? given by Burkholder, Gundy, and Silverstein in [4]). The
process Z, = X, + i¥,, t > 0, will denote standard two dimensional Brownian
motion, and P, and E, will stand for probability and expectation associated with Z,
started at z, with P, and E, shortened to P and E. If R is a region in C, the
stopping time 7, is defined by 7, = inf{z > 0: Z, & R). If g is a function on D,
the closure of D, and Z, € D, we define g* = SUPo< <+, 8(Z)|- It is proved in [4]
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that

GEW*Y < ||fllgr < GE(u*Y, 0<p<oo. 2.1
If r is a real number let r, = max(r, 0) and r_ = max(— r, 0). Then (2.1) implies f
is in H? if and only if both E(u%)? and E(u* )’ are finite.

Since f is integrable, lim, ,, u(Z,) = u(Z,)), by a theorem of Doob (see [7]).
Until further mention it will be assumed that [, f dm = 0. Define, for each positive
real number A, the stopping time ¢, by ¢, = inf{z > 0: ¥(Z,) = A}, and let p, be the
density with respect to m of Z, I(f, < 7p), meaning that if 4 is an arc of T,

f p(e®)dm = P(Z, € A and 1, < 7p).
4

Note {t, < 7p} = {u% > A}. Clearly,

=1 on{f>A}, 22)
while, since z, is uniformly distributed under P on T,
0<p <L (2.3)

Now E,f(Z,)) = u(z), z € D, so that, using the strong Markov property, and the
fact that u(Z, 5, ), t > 0, is a martingale, we have
J_ A pa(e®) dm = Ef(Z,)1(s, < 7)
= EEZIA _,(ZTD)I(’)‘ < TD) = Eu(Z‘A)I(tA < TD)
= EN(t, < 71p) =AP(t), < 1p).
Since P(t, < 1p) = P(u% > A) = [ p\(e®®) dm, this implies
A [ pa(e®) dm = [ fe®)py(e®) dm. (24)
T T

It is not hard to show that among all functions » which satisfy (2.2), (2.3), and
(2.4) with h in place of p,, [ h dm is minimized when h = I(H), where H is of the
form H = {f > A} U {f <a} U G, where G C {f = a}, and a and G are chosen
so that I(H) satisfies (2.4) with I(H) in place of p,.

Let 6, = sup{@ > 0: f,(e®) > A}). Note 8, < 2« since we are assuming [ f dm
= 0. Let ¢, be the unique number in (—27, 0] such that

L ™ fe®) dm = N8, — 9,)/2m.

For positive A define ¢, = (6, — ¢,)/27, and take y, = 1. Then if A > 0, ¢, =
m(H), where H is the set described in the previous paragraph, which can be seen
by observing that, if f = f,, one choice for H is {e”: ¢, < 8 < 6,}. Thus,

¥y = m(H) < prA(ew) dm = P(u%, > X),
so that, if p > 0,
E(uty =pf°° AP7IP(ut > A) dm >pfm APl dA.
() (i
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Now let
b, )
o, = (2" [ e m) .
—b, +
If @, > 0,4y, >27"*Y This is clear if §, > b,, while when 0 < 8, < b,, f(e”) <
a,if 8 € (0,, b,) so that

S5 ske®y dm = [ fi(e®) dm — [* fi(e®) dm
—b, ~b, 6.,

> 27", — a,(b, — 6, )2m)""
= a,(0, — (—b,))/2m,

implying ¢, < -b,.

Now let j, = 1, let j, be the first i > 1, if it exists, such that a; > 2a,, and in
general, if a; exists let j;, , be the first k > j, if it exists, such that oy > 2a;. If {jj;:
i € A} denotes the collection of integers obtained in this manner, for each integer
P > 0 we have

o0
2 270D < (14+27) 3 270G+ Dap, (2.5)
n=0 i€EA

This, and the fact that ¢, is nonincreasing, give
o0
E(utY >pf YA?~1dA
0

>p3 f" AP > ¢ S aP2 G+ D

i€A "%/ i€EA

< —(n+1) S Anp—nf [ 9 d
>¢, 3 ar2 =¢> 2 (f_bfd(e)dm)

n=0 n=0 +
Replacing f by — f in this inequality gives
00 . P
E@u*y >¢, 2 2"“’"’([1’" fi(e®) dm) .
n=0 -b, -
The two inequalities above, together with (2.1), give
|5 > ¢, E(u*Y > ¢, max(E(ut)’, E(urY) > c,4,(f), 0<p<oo. (26)
This inequality was proved under the assumption that [, fdm = 0. Now we

drop this assumption and extend (2.6) to arbitrary integrable f. Let e = [, f dm,
and let g = f — e. Then since #%(0) = 0, 2(u/)* > (u%)*. Also

A,(f) < G(4,(8) + |e") < GA4,(8) + CE((w)*).
Since, by (2.6)
A4,(8) < GE((u¥)*Y,

we have

4,(f) < G4,(8) + GE((W)*Y < GE((W)*Y < GlIf
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Together with Lemma 2.1 and the fact that || f]| y» > || ||, this gives

THEOREM 2.1. If f is an integrable function on T then
fo"w(o)/ev @ <Clflss O0<p<l

Now the right side of (1.1) will be proved and generalized. Let n be a positive
integer, and, if k is an integer satisfying 1 < k < 2", let A(k, n) be the arc {e®:
2@(k — 1)/2" < 0 < 27k /2"}. Define B(n) = A(l, n) U AQ2", n). Let %, be the
trivial o-field {¢, T}, and if n > 1, let %, be the o-field generated by the collection
of 2" — 1 intervals consisting of B(n) together with A(k, n), 2 < k < 2" — 1. None
of the intervals generating %,,, is less than one quarter of the length of the
smallest interval in %, containing it. This property makes %,, n > 1, a so-called
regular family of o-fields, and it makes the martingales introduced regular
martingales.

If g is an integrable function on T define

g = E(g|%,), gr = max |g|, and g% = sup|g,
1<k<n n>1

It is easily shown that g = lim,_, _ g,. The function g is said to be in the space
H?(%,,n > 1) if g* € L?. It is well known that a theory exists for these spaces
which has many parallels to classical H? theory. An account of this may be found
in [9].

Let A be an arc of T, and let A be a function on T satisfying {h # 0} C 4,
frhdm =0, and |h| < m(4)~'. Then h is an atom, using the terminology of
Coifman (see [6]), and

1Al13 < GlIAlI5, 1/2 <p < oo. 2.7)

The following lemma is essentially known. For p =1 it could be proved with
duality arguments. Its proof is similar to arguments employed by C. Herz in [10].

LEMMA 2.2. Let g be an integrable function on T. Then

I8l < G, [ (LY dm,  1/2<p<1.

PROOF. Let x, = (E(g%)")'/?, and assume x, < oo. Let 7, = 1, and if k > 1 let
T = inf{i: m(g%, > 2*x,|9,) > 0}, 7, = oo if no such i exists. Let g,, = g. Then
|g,| < 2%x,, while m(r, < ) < 4m(g% > 2,), due to the regularity of &,
n > 1.Let G, = (g, — &, )I(7,_, < ), whereg, = gon {7, = c0}. Then

oo
g=> G +f g dm.
i=1 T
We can write G, = 3, 5 G;1(4;), where the 4; are disjoint arcs in &,  such that
3;ep m(4) = m{r,_, < o). Since E(G|F, ) =0, J4 Gi dm = 0 for any j € B.

Since |G| < 2*'x,, (2.7) gives

1G5 < G274+ Vxbm{,_, < o0},
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SO

P ©
+C, Y 270+ DxPm(r,_, < o)

P < dm
gt < |/ 8

o0
<lal + G2 ¢ Oxam(sl > 27'x)
2

<lgl + G [(g8) dm < (G, + 1) [(gL) dm,

proving the lemma.
Now on each of the arcs A(k, n),2 < k < 2"},

E(f,|%,) < max{|f,(e”)|: e* € A(k, n)}
< max{|f(e®/?)\, | f(e7*/?)|} = B(e*).
Since

(1% < Be®) + sup  E(LIS)I(B,)
< B(e®) + i \ECI5,)I(B,)

— B + 3 2"| [, Juaml1(8,),

n=1

we have, since 1/2 <p < 1,

* 17 dm ANV 4
J1Ga2)? dm < [ | B dm + 4,(/)

< 4[| fLe?)P dm + 4,(5).
T
Together with Lemma 2.2 this gives

Ifall%r < GUIAIL + 4,(f),  1/2<p <1,
and this with Lemma 2.1 proves the following theorem.

THEOREM 2.2. Let f be an integrable function on T. Then
1t < G(1005 + [T1M@)/81 dB),  1/2<p <1 (28)

The analog of (2.8) does not hold if 0 < p < 1/2, since, if the distribution of f is
given by m{f=1} = m{f= -1} = a, m{f = 0} = 1 — 2a, then [5|M(0)/0|° db
= 0, and it can be shown that || f;||%. /|| f||5 approaches infinity as a decreases to 0,
for any p € (0, 1/2). Even so, we conjecture that, for these exponents, inf|| g||%, <
G, (1 fI5 + A,(f)), where the infimum is taken over all rearrangements of f. In any
event, the inequalities we have proved do not apply immediately to all the
functions in H?, 0 <p < 1. The spaces Re H? are not even function spaces if
0 <p < 1. See [6]. It follows from the proofs of Theorems 2.1 and 2.2 that the
necessary and sufficient condition given for a distribution to be the distribution of
a function in Re H' is also a necessary and sufficient condition for a distribution
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to be the distribution of lim, , m, for some continuous time, continuous path
martingale m,, 0 < ¢ < oo, satisfying E sup,|m,| < oo.

Now versions of the results just given will be proved for functions defined on
Euclidean n space R”. Since the proofs are usually just variations of preceding
arguments, we will be brief. Denote Lebesgue measure on R" by /”. Let R%*! =

{(xp X35 - - .5 X,, ¥): ¥ > 0}, and write (x;, x,, . . ., X,, ¥) = (x,y). The Poisson
kernel for R%*! will be written P, = P. The formula for this kernel is given by
a
P(x,y) = 4 (x,y) ERY,

O + 1P+

where a, = 7~ @*V/2{(n + 1)/2]. The function f(x,, x,, . . . , x,) will always be an
integrable real valued function on R”, and the harmonic function u; = u is defined
on R**! by

u(x,) = [ fix = DP(,) dI*(0).

The cone in R%*! with vertex at (x, 0) and with unit thickness is denoted by
T'(x), so that

I'(x) = {(s5,5):0<y < o0 and |x — 5| <y}.

The nontangential maximal function of f is defined by
N{(x) = N(x) = sup |u(s,y)|.
(s»)EX(x)
Burkholder, Gundy, and Silverstein have shown in [4] that, if f is an integrable
function on the real line,

I < [ NP dx < Glfllen,  0<p < oo, (29)
— o0

where || f|18, = [, |f(x) + if(x)|” dx, f being the Hilbert transform of f. It is
generally accepted to say that if fis defined on R”, n > 1, then f € H?(R") if and
only if fg. N(x)? dI"(x) is finite and this is the definition of H?(R") used here.

Let f;(x), —o0 < x < oo, be the function defined on the real line which is
nonnegative and not increasing on (0, o0), not positive and not increasing on
(— o0, 0), and which has the same distribution as f, that is

I"{x €ER" f(x) € A} = I'{x €R": fy(x) € 4} for all Borel sets 4.

If n = 1, we call f; a rearrangement of f, but if n > 1 we do not, reserving this term
for functions defined on the same space, R”, that f is defined on. Define M(x) =
* Js(?) dt, and

A,(f) = § 2"-PM(2"), 0<p< oo.

n=—0o

The following theorem will be proved.
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THEOREM 2.3. Let f be an integrable real valued function on the real line. Then
o0
[ 1M/ 5P dx < GlIfIm O <p <L, (2.10)
0
and
oo
1llr < G(IA105 + [TIMG)/xp dx). 1/2<p <1 @11
The following theorem extends this to higher dimensions.

THEOREM 2.4. Let f be an integrable real valued function on R, n > 1. Then

fo "|M(x)/xlP ax < C,,, L NAxydn(x), 0<p<l (212

Ifn/(n + 1) <p < 1, there is some rearrangement g of f satisfying

[ NeeY drx) < G (191 + [[71M(x)/ b dx).

Note that (2.12) in case n = 1, together with (2.9), implies (2.10).
The proof of the following lemma is similar to the proof of Lemma 2.1 and is
omitted.

LEMMA 2.3. If f is an integrable function on R" then
GA4,() = G < [ IMOx)/ x| dx < K (4,() + IF1)-

Now (2.12) will be proved. Let X(¢) = (X,(?), . . ., X, (), X, (7)) be standard
n + 1 dimensional Brownian motion. Let 7, = inf{z > 0: X, (¢) = y}. and short-
en T, to T. If (x,y) € R"*! let the subscripts on P , and E, , denote starting
position for X(¢), as before. Extend u’ to (x, 0) € R" by defining u/(x, 0) = f(x),
and define u* = supy, r ¥(X(#)). Burkholder and Gundy show in [5] that

G [ NY di"(x) < sup [ Eqop(u*Y di™(x)
R" y>0“R"

<c,, fk N(xY din(x). (2.13)
Now
(s"/a,)P(x,s) 71 ass—>o0if x €ER". (2.149)
Since X(r) eventually hits each set of the form {(x, y): x € R"}, the strong Markov
property can be used to show [g. E(, ,(4*)? dl"(x) is not decreasing as y increases,
proving the first inequality in the expression

sup fn Ep(uY di*(x) = lim fk Eqy(u*Y di"(x)

»>0
= ,ll,né (s"/a,)E@q(u*Y . (2.15)

To prove the second equality, note that, since f is integrable, sup, cgs|t(x, y)| =0
as y — oo. Thus E,(u*) is just about equal to E supr <r<r| WX if s is
large, and since X(Tv;) has density P(x,s — Vs ) at the point (x, Vs ) under
P, (2.14) and the strong Markov property give the result.
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Let ) = {sup,;o: f5(r) > A}, and let B, be the unique negative number such

that [ f(x) dx = Moy, — By)-
Then, using (2.14), the argument of the first section can be adapted to these
circumstances to yield

Jim (s"/a,)Pos(us > A) > o — By,
so that
. o _l
lim (s"/a,) En(@sY >p [ (ay = BN dA

6 3 ([Tama) .

n=—-00
for 0 < p < oo. The analogous inequality for u*, together with (2.13), (2.15), and
Lemma 2.3, gives (2.10).
Now (2.11) will be proved. Let

8= [ f0) ax,
.y
and let
hy(x) = (f(x) — 84)I(—4 <x < A).
Let m be the smallest integer such that 2™ > A. For n > 0, let B, be the o-algebra
of sets in [—2™, 2™) generated by the interval [—2"7", 2™~"), together with the
intervals [k2" ", (k + 1)2""), —2" < k € 2" — 1, k # -1 or 0. Then, with respect

to the probability measure dx/2™*! on [-2™,2™), E(h|DB,), n> 1, is a
martingale. A proof very similar to the proof of Theorem 2.2 yields

Nhall%r < C(Ilhall2 + 4,(R,)), 1/2<p <1 (2.16)
We remark that
f’" h(x)dx=0 ifn>m.
_2"

Next, (2.11) will be derived from (2.16) via a limiting argument. Since
lim,_, hy(x) = f5(x),
Lm (A5 > [ fsl5m  0<p < . @.17)

A—o0
Since clearly 4,(f) = o0 if 1/2 <p < 1 and [Z f(x) dx # 0, to prove (2.11) it is
sufficient to show

Jim Qg = 11l i€ 1Sll, < oo and

f°° f(x)dx=0, 1/2<p<]1, (2.18)

and
Ali—lgo Ap(hA) = Ap(f)’ if "f"p <o and

f°° f(x)dx=0, 1/2<p<Ll (2.19)
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Now || f]l, < oo implies |f3(x)| = o(|x|~'/?) as |x| - o0. If in addition we have
[P0 f(x)dx = 2 fs(x) dx = 0, then

, f_AAfs(x) dxl < f_‘:| 70| dx + L“, 50| dx

= 0(AP"V/P) as4 > 00,0<p <1,
and, using this estimate, (2.18) and (2.19) can be proved for the exponents
1/2 < p < 1. For p = 1, the estimate [* , f;(x) dx — O suffices.

Finally, we verify the last sentence in the statement of Theorem 2.4. For n = 1 it
is implied by (2.11) and (2.9). Let n be a fixed integer exceeding 1, and if « > 0 let
Q, be the cube in R” with center 0, edges parallel and perpendicular to the
coordinate axes, and edge length a, and let S, be the surface of Q,. If fis an
integrable function on R”, let f, be the rearrangement of f which is constant and
not negative on each set of the form R’ N §,, constant and not positive on
(R" — R, ) n §,, and such that the values of f, on R”, N S, are not increasing as a
increases from 0 to oo, and the values of f, on (R, — R}) N S, are not decreasing
as a increases from O to oo. Let, for each 4 > 0, ¢, = 47", f,(x) dl"(x), and let
Y4(x) = (f,(x) — ¢,)I(x € Q,). Let m be the smallest integer such that 2™ > 4.
Let B, Cc B, C B, C be a sequence of o-fields of sets contained in Q,. with the
properties

(i) B, is generated by a finite disjoint collection C; of “rectangles”, that is, sets of
the form I; X I, X - - - X I,, where each of the /; are intervals,

(ll) Qz(m—k)/n e @k,

(iii) the maximum diameter of all the rectangles in C; goes to 0 as i goes to
infinity,

(iv) each of the rectangles in C,,, is contained in a rectangle in C; of no more
than 7 times its measure, where 1) is a positive number depending on »n but not on i
or m, and

(v) the ratio of the length of the maximum side to the length of the minimum
side of the rectangles in C; is bounded by a constant depending on n but not on i
or m.

Then, with this setup, a proof that

L My dr(x) < G, (11 + 4,(H) (2.20)

for the exponents n/(n + 1) < p < 1 can be made in a manner very similar to the
proof of (2.11) for 1/2 < p < 1. The reason that p may only go down to n/(n + 1)
is that atoms, if we define them like we did before (2.7), may not be in H? for
p <n/(n+ 1),butmustbeif p >n/(n + 1). See [6]. Note that

s § 2o

k=—o0

[ hmdn)] .
sk +1/n

3. Rotations of functions. Let &, C @, C &, C be a sequence of o-fields of the
Borel sets of T such that @, = {¢, T}, each @, is generated by a collection C; of
disjoint arcs, and each set in @, , is contained in a set in @ of no more than § its
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measure, where 8 is a fixed positive number not depending on i. Such a sequence of
o-fields will be called §-regular arc generated. The dyadic o-fields are 2-regular arc
generated, and the o-fields %, of the last section are 4-regular arc generated. An
integrable function f on T is said to be in H?(&,, n » 0) if and only if
E sup,|E(f|@,)I < oo.Itis known thatif @,, n > 0, is §-regular arc generated and
that if o(@,, n > 0) contains all the Borel subsets of T, then if a function is in
H'(@,,n > 0) it is in Re H!, as was shown for a special case in the last section.
The converse is not true, but a weaker related result is. Let f(e?) = f(e’®~") be
the rotation of f through the angle r. The following theorem is proved

THEOREM 3.1. Let @,, n > 1, be a 8-regular arc generated sequence of o-fields of
Borel sets of T. Let f be an integrable function on T. Then

L7([, supleCuie)r am) a8 < Glfit  1/2<p <1 @)
[ T n

Thus if f € H! almost every rotation of fis in H(@,, n > 0).

PrROOF OF THEOREM 3.1. If f € Re H! a theorem of C. Fefferman (for p = 1) and
of Coifman (see [6]) permits us to write f = Z\,q;, where the A, are real numbers,
the a; are functions supported on an arc of length ¢ satisfying |g;| < ¢! and
fra =0, and

S & <Gl 1/2<p <1
This decomposition is perhaps different if the p are different. Thus, to prove (3.1)
when 1/2 < p < 1, it suffices to prove it only for functions having the form of the
a;. This will now be done.
Let e > 0, and let T be an arc such that m(I') = e. Let g be a function supported
on I which satisfies [, g dm = 0 and |g| < ¢~'. To complete the proof of Theorem
3.1 it will be shown that

f 2”( [ suplE(al@,)P dm) B<Cue'?,  1/2<p<l  (32)
0 T n

For the rest of this section p will be a number in (1/2, 1]. If J is one of the arcs
generating @,

|E( 2@ I(J) =

m(J)~! f: % dmlI(J) = h(J, 9).

Let M = U 2, C be the collection of all the arcs generating all the &;. Then
sup |E(g|@,)| = sup h(J,9). (33)
n JER
Divide M =S U £, where £ is all those arcs J in 9N such that m(J) > ¢ and &
is all those such that m(J) < e. Let T, be the arc T rotated through the angle 4.

Then g, is supported by T,. Let T, be the arc with the same center as 'y and length
6me. Then

sup h(J, 8) < e~ 'I(T),
JES
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since conditional expectation decreases the L™ norm, and any arc in & which
intersects I’y is contained in I'y. Thus

f 2"( f sup |h(J, 9)P dm) d9 < f M(e™? - 3¢) dB = 6me' P, (3.4)
0 T JES 0

Now, for any arc J, [, g, dm = 0 unless 8 is within ¢ of one of the endpoints of
J, a set of @ of length 47e¢, and in any event |f, gy dm| < 1, implying
[7|h(J, )P dm < m(J)'~? so that

i 2”( [ oy dm) & < dmem(J)'". G.5)

Now each point of T is contained in at most one arc J of 9N satisfying
x(1 — 8) <m(J) < x, for any positive number x, so that there are at most
[x(1 — &)]7! arcs in IM with measure falling in this range. Let N be the integer
satisfying (1 — 8)V*! <& < (1 — 8)", and let O, be those arcs J in M such that
1 -8)*"'<m@l) < (1 —8).Then £ C U X, M, and if |9, is the number of
arcs in I,

[ sopinc oo am)do < 3 [7( f 110,00 am)

<( 3 ["(fpc.oram)as)

i=0 \ JEM,

N .
< S |9, |ame(l — §) P
i=0

N . s N .
< 20(1 — 8) " Daze(1 — 8) P = C, 5 20(1 -8) %
|- -

= C,5e(1 — 8)™™ < C,5e' 7,

using inequality (3.5) to derive the third inequality above. This, together with (3.3)
and (3.4), establishes (3.2).

4. The extremal rearrangements. This section is primarily devoted to the proof of
Theorem 1.2. First a related question concerning stopping times for Brownian
motion is answered. The way Green functions are used was suggested by Baern-
stein’s nonprobabilistic treatment of the symmetric decreasing rearrangement, in
[2]. Notation remains as before. The area of a set A C C is written o(A4), and if R is
a connected region in C let G(R, z, w) stand for the Green function of R and
define 7, = inf{¢ > 0: Z, € R}. G. Hunt shows in [11] that if 4 is a measurable
subset of R and w € R then

E, fo "z, €A)d = [ G(R, 2, w) do(2). (4.1)

A nonnegative random variable T will be called a Markov time for Z, if
Zyyy — Zp, t > 0, is a standard Brownian motion independent of Z,, 0 < ¢ < T.
This is a generalization of stopping times to a class of random variables for which
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the strong Markov property still holds. Let a < 0 < b be fixed real numbers and let
S be the strip {x + iy: a < x < b}. Let 7 < 75 be a Markov time for Z,. Then, by
(4.1) and the strong Markov property, if 4 is a measurable set contained in S,

Ej:I(Z, € A)di = Efo'sl(z, € A)di — Efst(Z, € A) dt
- L G(S, z,0) do(z) — EEy, fo "z, €4)dt
- [ 6(5.2,0) do(2) - [ [ 6(s.%.2) do(z)] aP(Z,)

= f [G(S, 2,0) — f G(S, 2, Z,) dp(z,)] do(z).
4 s
The quantity in brackets in the last expression will be denoted G,(z), so that

E fo "Iz, € A)dt = L G,(2) do(2). (42)

Considered as a function of z, G(S, z, w) is harmonic in S except for a pole at w, so
G is subharmonic in S — {0} and is harmonic in any region R C S satisfying
P(Z, € R) = 0. We extend G, continuously to C — S by defining it to be zero
there, and remark that if a region R is formed by removing line segments from S,
then (4.1), and elementary properties of Green functions, imply that G, (z) = 0 on
S —R.

Now let s > 0, and define

h(z) = h(x + ip) = h(x,y) = (x — s)*/2s if|x| <s,
h(x,y) = |x| = (s/2) if|x| >s.

Let f be any of the functions |z|?, p >0, |y|’,p > 1, 0r h(x — vy + iy), —00 <y
< 00, s > 0. Let V2 be the Laplacian and define

M,=f(Z,)—%j:V2f(Z,)ds, 0<1t< oo.

Then Ito’s lemma implies that M,, 0 < ¢ < oo, is a martingale. It is not difficult to
show that, under P, sup,o EM2; ., < o, so that if 7 is a Markov time not

min(¢,,

exceeding 75, EM, = M, = f(0), implying
1 T
EAZ,) = [ VHZ)ds + f(0).

(i

This and the extension of (4.2) from indicator functions to V?f gives
1
EA(Z)) = 5 [ VH(2)G,(2) do(2) + JO). (43)

For f = h(x — v + iy), (4.3) becomes

. 1 00 Y+s .
En(X,—y+i¥) =2 [ & Glx+i)dc+h(-7),
— o0 y—s
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and letting s decrease to 0 in this expression yields

EIX, == [ Glr+ ) ds+ll (“4)

The Green functions G(S, z, w) are readily calculated. Considered as a function
of z, with w fixed, they have a logarithmic pole at w, and G(S, x + iy, w) =
o(e” ") as | y| - oo, for a constant a dependingona and b. Let S* = S N {y >
0}, and define, for each point z = x + iy € ST,

4G =[Gt imydn+ [ 7Gx+ i)

Now G,(z) < G(S, z, 0), implying 4,(z) is bounded in S *, and it is not difficult to
show that if 4 (z), w, z € S, is defined by

hw(z)=hw(x+iy)=fy°°0(s,x+is,w)dg

then the family of functions A (z), w € S, is equicontinuous in S, and this, together
with the definition of G,, shows that A, is continuous in S *.

Since G, is subharmonic in S, G, is no larger at a point of S than its average over
a disc contained in S which is centered at that point. Thus if B(z) is defined for
z=x+iy € Sby

oo
B(z) = [ G(x+ in)an,
y

and if x + iy is a point in S at least a distance r > 0 from the boundary,

B() = [ G(x+ i(y + m) dn
> [ow[(ﬂ#)"‘f_" as [VP2 Gx =) +ily +m= D) dt] dn
- (W,Z)—lf_’rdgf_\’\;’g;(fo” G(x —5) + i(y — t + ) d.,) dt
= (ﬂfz)_lf_rrdf f_\;z\/:';; B(x — s+ i(y — 1)) at.

Thus, B itself is subaveraging and so is subharmonic. If G is harmonicon U, ,{z:
|z — (x + in)| < r} then the inequality in the above expression is an equality, and
B is harmonic at x + iy. Thus 4, is subharmonic in S *, and perhaps harmonic at
some points of § *.
Now let a=35,<s,<-:- <s,=b be n nonzero real numbers and let p,,
1 < i < n, be n positive numbers such that 7_,p, = Zp, = 1 and Zp;s; = 0. Let
R(s, p) be the region
n—1
S-U {x+v:x=s,]y<v}
i=2
where v,, 2 < i < n — 1, are the unique positive numbers such that
P(Y,

R(s.p)

=s5)=p, 1<i<n
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To prove that there is a unique set of numbers v, satisfying these requirements, we
first note that it is not hard to show that there is a set of numbers ¢;,,2 <i <n — 1,
such that if r = inf{s: ¥, @ S — {x + iy: x = 5;, |y| < ¢;}}, then 272} P(X, = s,)
— p;| is as small as possible for stopping times of this form, and then it can be
argued that, if this sum is not zero, one of the c; could be increased or decreased a
very small amount to make the sum smaller. Thus P(X, = s)=p,2<i<n—1,
and, since EX, = 0, we must also have P(X, = s;) = p,, i =1, n. We take the
numbers ¢; for our y;. To show they are unique, note that if

T = min(7g, inf{7: X, = s;, |y;| < 8, forsome i,2 <i<n—1}),
and if 4 = {i: §; > v;} and B = {i: §; < ,}, then clearly

2 PXr=s5)> 2 P(X,=s5) and

i€A =y
2 P(Xr=35)< X p(X, =s).
i€B i€B

Now let the numbers s; be as above and let g;, 1 <i < n, be n positive numbers
such that 0 < 3¢; < 1 and 3g;s; = 0. Let T(s, q) be the randomized Markov time
constructed in the following way. Flip a coin with probability 3¢; of heads. If the
coin is tails, T(s, q¢) = 0, and if the coin is heads, T(s, q) = 7g(, ,, Where p, =
q:/Zq;- Let 9(s, g) = 9 be the collection of all Markov times 7 < 7, satisfying

PX,=0=1-Y¢gandP(X,=5)=¢q, 1<i<n
Then T(s, q) € 9, and is in some ways extremal, as the following theorem shows.

THEOREM 4.1. Let 1 € 9 (s, q). Then

E|Yrof <EIYP, 1<p<2 45)
E|Yp, ol > EIY,)P, 2<p<oo, (4.6)
E|Zpo ol <E|ZJ), 0<p<2, 4.7)
E|Zy ol > EIZP, 2<p<oo. (4.8)

ProoF. We shorten T(s, g) to T. The function A, is continuous in R(s, p)”,
harmonic in R(s, p)*, and vanishes at infinity. Also,

Ar(a +iy) = A (b+ i) =0
for each y > 0, and, by (4.4),
Ar() =E|Xr— vl - Ivl=2pls—vl-lvh, -0 <y<oo
Since Gy vanishes on {s; + iy: 0 < |y| < y;}, this equality implies

n
A(s; + iy) = 21 pjlsj - sl = |Isils 0<y<y,
I-

completing the description of the boundary values of 4,. Now 4, is subharmonic
in R(s, p)*, and has the same boundary values, with the possible exception of the
boundary points 5; + iy, 0 <y <1y;, 2 < j <n — 1. Since G, does not necessarily
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vanish on {s; + it, 0 < ¢ < v;}, 4,(s; + iy) may be smaller than A(s; + iy). Thus
A, — A, is bounded and subharmonic in R(s, p)*, and has nonpositive boundary
values, implying it is nonpositive everywhere, so that

A(z) <A (z), z€ R(s,p)". 4.9)
By (4.3), for g(z) = |y|P,p > 1, or g(z) = |z|’, p > 0, we have

£8(z) = [ e[ Vsx + )G (x + ) &
= '%fab dx fowvzg(" + i)’)% A(x + i) dy, (4.10)

with the corresponding formula when T replaces 7. Note that V?|y|? is decreasing
as y increases for 1 <p < 2 and increasing if p > 2, and V?|x + iy|? is, if x is
fixed, decreasing as | y| increases for 0 < p < 2, and increasing if p > 2. This, (4.9),
(4.10), and the facts that 4, (x) = A;(x), a < x < b, and that both 4, and 4, go to
zero as y — oo, can be used together with integration by parts to prove all of
Theorem 4.1 except (4.5) for the exponent p = 1. This case follows from the truth
of (4.5) when p > 1, via a limiting argument.

It can be shown that the times T(s, q) are the unique times in (s, g) which are
extremal in the sense of Theorem 4.1, although of course the randomization
procedure is arbitrary. For our purposes the following weaker substitute is suffi-
cient.

THEOREM 4.2. Let 0 < =g, < 1. Let v be a time in J (s, q) such that P(v > 0) =
1. Then strict inequality holds in (4.5), (4.6), (4.7), and (4.8) for T = ».

ProOOF. The first part of the proof involves carefully going through the proof of
Theorem 4.1, showing strict inequality holds at each step for » = 7. Since P(Z, = 0
for some ¢t > 0) = 0,

P(X,=0,]Y,|>0=1-4g.

From this, the definition of G,(z), and the fact that G(S, z, w) is superharmonic but
not harmonic at w, it can be shown that G,(z) is strictly subharmonic in the region
{x + iy: —e <x <e} — {0}, and it follows that 4,(z) is strictly subharmonic in
R(s, p)*, for it can be shown that if P(X, =0, |Y,| > €) > O then A,(ie) is strictly
smaller than its average in any disc around ie. Thus g(z) = A4,(z) — Ay ,(2) is
strictly subharmonic and bounded in R(s, p)*, and it has already been shown that
the boundary values of this function are not positive. Therefore the g(z) < 0 at
some point z € R(s,p)*, and g(z) < 0 at all points of R(s,p)*. This implies
g(z) < 0 at all points of R(s, p)*, since g is subharmonic and R(s, p)* is con-
nected, for if g(z) = 0 at some z € R(s, p)* then, by the subaveraging property, g
would have to be 0 at almost all points in any disc around z contained in R(s, p)*,
from which it follows that g would have to be 0 at almost all points of R(s, p)*, so
that, using the semicontinuity of g, g would be identically zero. Thus

A,(Z) < Aﬂs,q)(z)’ z € R(s,p)+ ’
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and now the integration by parts argument that concluded the proof of Theorem
4.1 gives strict inequality in (4.5)-(4.8) with » in place of 7, with the exception of
(4.5) in the case p = 1 which, the reader will recall, was derived by a limiting
argument. This case is treated next.
To complete the proof of Theorem 4.2 we show
E| Yn,,q)l < E|Y, 4.11)
First we note that if a random variable V satisfies P(V > A) = P(V < -A) for
each A > 0 and is unbounded and integrable then
E|V + x| — |x| < E|V| ifx>0. (4.12)
Define the time n by n = » on {X, # 0} and
n=inf{t >»: Z, - Z, & R(s,p)} on {X, =0}.
Let p, = ¢;/Zq;. Then both 7 and g, , are in T (s, p), and T\(s, p) = g, , since
2 p; = 1. Thus, by Theorem 4.1, we have

E|Y, | < E|Y,. (4.13)

Under P, Y. is unbounded and symmetrically distributed, so that (4.12) gives
the strict inequality in the expression

E|Y,| - E|Y,| = E(|Y,| = |Y,)I(n >»)
= E(Ez|Y,| = |Y,)I(n >v) = E(E|Y,  + Y| —|V))(n>v)

TR(sP)
< E(E|Y,, D(n>») = E|Y,, |(1- 3 q)

Since E|Yr, | = Cg)E| Y, ..b we have
E|Y,

.(,,,)l — E|Yrql > EIY,,] - E|Y,|,

and this, together with (4.13), establishes (4.11). A similar approach could have
been used to show strict inequality holds in (4.5) and (4.6) for » = =, but not, or at
least not as easily, in (4.7) and (4.8).

Let f, f, and F be as in §2. A theorem of P. Lévy says that if Z, starts at O then
F(Z,), 0 <t < 7p, is itself Brownian motion, perhaps moving with variable speed,
up to some Markov time. More precisely, there is a standard Brownian motion
W/ =W,=8,+ iV, 0<t< oo, such that W, = F(0), and a strictly increasing
continuous random function A(#) = A(?), 0 <t <7y, such that F(Z) = W),
0 <t < 7p. The time A(1p) is a Markov time for W,, and will be shortened to
¥, = v- See [7] for more detail about Lévy’s theorem. Since Z, is uniformly
distributed under P, for any real number a we have

m{f>a} = P(f(Z,)>a) = P(S, > a).

The corresponding result holds for f, and, more generally, if 4 is any Borel subset
of C,

m{e®: F(e®) € A} = P(W, € A).

These equations imply || f||2 = E|V,|? and | f||%, = E|W,|P. Now lets,, 1 <i <n,
and p;, 1 <i < n, be as before. If g is a real valued function on T such that
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m{g = s;} = p,;, then G(0) = 0, and
m(S§ = 3) = p,
so that, by Theorem 4.1, with W in place of Z,, if
= inf{1: W& & R(s, p)},
we have
E|V,i|" < E|V;i|" = | glI5, 1<p<2 (4.5)

Now E|VZ|® does not depend on g. Since W is standard Brownian motion started
at 0,

E|\Vil = E|Y, .
Thus, if a rearrangement s of g could be found such that 7, = y,, we would have
IAl, < l&l, 1<p<2

so h would be extremal in the sense of (1.4).

There is such a rearrangement. If H(z) is a universal covering map of D onto
R(s, p) (see [1] for a discussion of such maps), then f(D) C R(s,p) and it is
impossible that lim H(z) = z, € R(s, p) if z € D moves continuously to 7. This,
and the fact that limit, ,, H(Z) exists (see [7]) implies that 7, = inf{z > O:
H(Z) & R(s, p)}, so that y, = 7,. This completes the proof of the existence part of
Theorem 1.2 for the conjugate L? norms, 1 < p < 2, in the case [ fdm =0, a
restriction easily removed.

Next the nonexistence part of Theorem 1.1 for the conjugate L? norms for these
same exponents will be proved. Let g, 1 <i < n, and s;, 1 <i < n, be as before
and assume 0 < 2g; < 1. Let the function k on T satisfy m{k = s5;} = ¢q;, 1 <i <
n,and m{k = 0} = 1 — 3gq;. Just as in the proof of (4.5)’, Theorem 4.1 implies

E|Ypoof < IKIZ, 1<p<2
It cannot happen that P(y, = 0) > 0, for this would imply
P(K(Z) = K(0) =0,0<t<7p) >0,
so that K would vanish on a continuous (Brownian) path from 0 to T and thus
vanish everywhere. Thus Theorem 4.2 implies
E|Yroolff < IKIZ, 1<p<2 (4.19)

and of course (4.14) holds if k is replaced by any rearrangement of k, so that the
argument showing nonexistence of a rearrangement of k minimizing the conjugate
L? norm can be completed by showing there are rearrangements j of k with || j~||;
arbitrarily close to E| Y, o

Let ¢ > 0 and let R(s, p, €) be the region R(s, p) — {iy: 6 < y < &}, where § > 0
is chosen so that P(X, . 0) = 1 — 3g;. Such a choice of 8 is always possible
since P(Z, € {iy: 0 <y <s} for some ¢ <s) = 1 for each s > 0. Now

IP = E(EL ‘rk(u’)lp - ' TR(s.p, ,)l )I(X'R(ilﬁ) = 0)

R(3.P:2)

—E|Y, f(1-3q) ase—0,

' TR(s, )IP—.EI TR(s,p,2)
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due to the continuity of the harmonic function E,|Y, |°. Thus,if 1 < p <2,
ElY,

R(:.p.t)lp > E|Yrqlf ase—0. (4.15)

Similarly
P(X,pr0 = 5) = P(Xpeq = 5) = ¢q ase—0. (4.16)
Let N,(z) be the universal covering map of D onto R(s, p, €) which takes O to 0.
Then y, = inf{#: Wi & R(s, p, €)}, so that (4.15) and (4.16) imply
m{n,=s}—>m{k=ys} ase—0, and
17112 > E|Yrqlf ase—0.

Even though n, does not have exactly the distribution of k, it is not hard to use
these to establish the existence of functions m,, slight alterations of n,, such that m,
and k have the same distribution and ||#,||5 — E| Yy ,)|°-

There is no question that, in the cases where Theorem 1.1 guarantees an extremal
rearrangement exists, these rearrangements do not have a regular form, whenever
n > 2. They probably become very chaotic when m{ f = a,} is large for some g;
close to [rfdm. Some less discrete functions have an extremal rearrangement
which is very regular, and which will now be described. If g is a function on T such
that m{g = 0} = 0, let g, be the rearrangement of g which satisfies ge(e”) =
g.(e %), is positive on {e?: —a < 8 < a}, negative on {e?: a <0 < 27 — a}, is
not decreasing as @ increases from 0 to a and not decreasing as # increases from a
to . Here a is m{ g > O}w. Now if F is a univalent map from D to a simply
connected region R which has a complement that can be written as a union of
vertical line segments centered on the real axis (as R(s, p) has), which is contained
in some strip {x + iy: —m < x < m} for a finite number m (as R(s, p) is), and
which maps 0 onto 0, then it can be shown by a slight alteration of the proof of the
existence part of Theorem 1.1 that f is an extremal rearrangement of itself in all the
senses of (1.4), (1.5), (1.6), and (1.7). Furthermore if F has a continuous extension
from D to R, except for two boundary points where Re F(e®) changes from
positive to negative, and if F(1) is real and positive, it is not hard to show that
f = f.. There are many examples of such functions. We cannot characterize those
distributions for f for which f, is extremal, without recourse to analytic functions.
Note that it is quite easy to show that f, is in Re H' if and only if f, in Re H',
since the two jumps of f, resemble the one jump of f;. This fact could be used to
prove much of what was proved in §2, in the special case that f, is extremal.

5. An example. In this section it will be shown that if p is a real number in (0, 1)
there is a bounded real valued function f, = fon T such that

171l > £l
The exponent p € (0, 1) is to be considered as fixed, and let I" be the strip {x + iy:

~—1<x<1}.Forx=*1and —o0 <y < oo, let y(x + iy) = ¢(y) be harmonic
density with respect to the region I" and the point 0, meaning

WO = [ H1+ o) & + [T K1+ p)e() &,

— 00
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whenever A is harmonic and bounded on T and continuous on T. It is not hard to
calculate @, but for our purposes it is enough to know that ¢ is symmetric about 0,
and that (y) < Ke~*”! for all y and some positive constants K and a. Define

80) =1 — 2" Isltg(e — s)ds,  —o0 <t < oo.
— o0

The term subtracted in this expression is the canonical harmonic function with
boundary values | y|?, evaluated at the point iz. Since [*_@(y) dy = 1, and since ¢
is symmetric about 0, we have

8 =2 (i ~ skt ~ 9) ds

= 2]0 [20¢)7 = |t = P = |t + s?]@(s) ds
2f U = ls)ele =) ds
-2f [ J '_:‘p(p — 1jxfr? dx]«»(s) ds

+2f (6P~ |sP)e(e - s) ds
{lt—s|>¢)

= A(t) + B(?).
Since ¢(¥) < Ke ™!, it is easy to show that B(#) = O(e ~#!), as |¢| — oo, for some
positive constant 8, and, since p(p — 1) is negative, there exist positive numbers 7
and » such that
A(D) < —q|efP~2 if |¢] > .
Thus 8(¢) is negative for all large enough ¢, and since both 4(7) and B(¢) approach
0 as |f| - o0, we have 8(f) > 0 as |f| > 0. Let
m = min{§(¢): —o0 <t < 0},
and let n satisfy 8(n) = m.
Let Z, be as in the last section. If 7 is any stopping time for Z, such that 7 < 7
and P(X, =0) + P(X, = 1) + P(X, = -1) = 1, we have
E|Y, P = E|Y, P — E(|Y]] - |Y,[P)I(r <r)
= E|Y, )P - EE;(|Y, )P — |Y,P)I(X, = 0)
= E|Y, |” + E§Y,)I(X, = 0). (5.1)
NowforO0<e< l,letR(e)=T — {iy:m—a <y <71+ a}and
S(e) =T — {iv: |y > b},
where a = a(e) and b = b(e) are the unique positive numbers such that
P(X, o = 0)=¢ and P(X, o = 0)=e
Since b(e) — 0 as e — 0, (5.1) implies
lim e[ E|Y,
e—0

ol — EIY,P]=-m>0,
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and, since 4 vanishes at infinity, and a(e) - oo as ¢ —» 0,
lim &~ ', — ElY, [P] =0.

Thus there is a positive number which will be denoted A, such that
| fm)lp > E' ‘l’s(”l M (5’2)
Now Baernstein has shown in [2] that, if A = h, and m{h =1} = m{h = -1} =
(1 = A)/2 and m{h = 0} = A, then H, maps D univalently onto S(8) and maps 0
onto 0, and arguments like those of the last section give
E|Y, [P = Al (53)

If G is a universal covering map of D onto R(A\) which takes 0 onto 0, then again
arguing as in the last section, we have

m{g =1} =m{g=-1}=(1-A)/2 m{g=0}=A

and
E|Y, FP =128l} (54
Since g and 4 have the same distribution, g, = h,. Thus (5.2), (5.3), and (5.4) imply
I &lp > Wl &llp-
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