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ABSTRACT. On certain codimension one and codimension two submanifolds in C”,
we can solve the tangential Cauchy-Riemann equations 9,u = f with an explicit
integral formula for the solution.

Let M = 9D, where D is a strictly pseudoconvex domain in C". Let w C C M be
defined by w = {z € M; Re h(z) < 0}, where h is holomorphic near D. Points on
the boundary of w, dw, where the tangent space of dw becomes complex linear, are
called characteristic points.

THEOREM 1. Suppose dw is admissible (in particular if dw has two characteristic
points). Suppose f € E8A(@), | < ¢ < n — 3, is smooth on w and satisfies 3,f = 0 on
w; then there exists u € 687 1(w) which is smooth on & except possibly at the
characteristic points on 9w and which solves the equation §Mu = fon w.

THEOREM 2. Suppose f € &47(w), 2 < ¢ < n — 3, is smooth on w; vanishes near
each characteristic point; and 5M f =0 on w. Then there exists u € &8 (w)
satisfying 3p,u = fon .

THEOREM 3. Suppose f € DEF(w), 2 < g < n — 3, is smooth with compact support
in w, and 3,,f = 0. Then there exists u € DEF~(w) with compact support in « and
which solves dpu = f.

In all three theorems we have an explicit integral formula for the solution.

Now suppose S = dw. Let Cg be the set of characteristic points on S. We
construct an explicit operator E: D59(S — Cg) - 6%771(S — Cg) with the follow-
ing properties.

THEOREM 4. The operator E maps LJom (S — Cs) = L1 (S — Cs) and if fe
DEIUS — Cs), 1 < ¢ < n— 3, then f = 35{ E(f)} + E(Bsf).

CHAPTER 1. INTRODUCTION

There has been a substantial amount of recent literature on the kernel approach
to solve the Cauchy-Riemann equations on C" and the tangential Cauchy-Riemann
equations on a hypersurface in C". For example, Romanov [16] discovered a kernel
(which we call R) that globally solves the tangential Cauchy-Riemann equations on
a strictly pseudoconvex hypersurface. The purpose of this work is to use kernels to
solve three local theorems concerning the tangential Cauchy-Riemann equations on
a strictly pseudoconvex hypersurface and to solve a global theorem concerning the
tangential Cauchy-Riemann equations on certain codimension two submanifolds in
C".

Specifically, let M = 9D, where D is a strictly pseudoconvex domain in C". Let
@ C C M be an open subset defined by w = {z € M; Re h(z) < 0} where A is
holomorphic near D. The points in the boundary of w (dw) where the tangent space
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of dw becomes complex linear are called characteristic points. If f is a smooth form
on w with 5Mf = (, then we wish to solve the equation §Mu = f on w. We prove
three theorems about this equation. The first theorem assumes that f is smooth on
w except possibly at the characteristic points, and gets a solution which is smooth
on w except possibly at the characteristic points. The second theorem assumes that
f is smooth on w and vanishes near each characteristic point on dw, and gets a
solution which is smooth on w. The interesting thing here is that nothing is assumed
about the growth of f near dw away from the characteristic points. The third
theorem assumes that f has compact support in w and gets a solution with compact
support in w. In all three theorems, certain endpoint bidegrees must be avoided.
The characteristic points on dw must be avoided because dw becomes characteristic
to 9,, at these points. The solution in each of our three theorems can be
represented by a kernel. These kernels were introduced by Henkin and Romanov
(although they were described much differently by them). Our point of view here is
to take principal value limits across the singular sets of these kernels. This point of
view is used by Harvey and Polking [6] to solve the 3 equation on open subsets in
C". In fact, much of our work is motivated by their work on C".

Next, we study the tangential Cauchy-Riemann equations on a class of codimen-
sion two submanifolds. Let S = dw. We construct an explicit map E: g7 —
&241 which is also continuous in the £7 norm and such that if f € D%9, then
f= E_)S[E( N+ E(E_)Sf). Again, we must avoid the characteristic points in S. The
operator E is selfadjoint up to sign, and is the boundary value jump across S of one
of the kernels used to solve the local 3,, theorems mentioned above. To construct
the operator E, we make use of the boundary value jump across S of

[ RGN ). (L1)
{ES

We prove that f = R*f — R ~f away from characteristic points, where R *f de-
notes the boundary values of (1.1) on S from either side. A consequence which is of
independent interest is the result that any 95 closed form is the boundary value
jump of a 3,, closed form on M — S. Both local and global results are obtained.

We have organized our work as follows. In Chapter 2, we discuss the kernels we
use and some formal identities which relate them to the 5»4 operator. In Chapter 3,
we review the basic facts we need concerning the global solution to 5M (the R
kernel). Chapter 4 contains our result on principal value limits and the three
theorems on the local solution to 9,,. In Chapter 5, we construct the global solution
to 53. The technical details in Chapters 4 and 5 are given at the end of each chapter
so as not to interrupt the flow of the basic argument.

CHAPTER 2. PRELIMINARIES
2.1. Notation. Throughout this work A”9(C") will denote the bundle of forms in
C" of bidegree p, g. We denote the projection maps by
7P AP*I(C") > API(CH).
&P9(C™) will be the space of all smooth sections of A”9(C") and PP4(C") will be
the space of those sections of &?9(C") with compact support. In the dual setting,
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we have currents of bidegree p, ¢ denoted by ) '”9(C") and currents of type p, ¢
with compact support, denoted by & ’»?(C"). The current pairing in C* will be
denoted by (7, u)c» where T € &'P4(C") and u € &" 7"~ 9(C"). All spaces defined
above will have their usual topologies.

Suppose N is an oriented smooth submanifold of C” of real dimension 2n — k
defined locally by N = {x € C"; p(x) = - - - = p(x) = 0} where p,, . . ., p, are
smooth real valued functions with d,(x) A - - - Ad,(x) #0 for x € N. The
current ‘integration over N,” denoted by [N], is defined by [N}(¢) = fy¢ where
¢ € D?~*(C"). [N]is a current of degree k and can be written locally as

[N] = gond, N~ Nd,

where oy, is surface measure on N, and g is a nonzero smooth function. The current
[N] splits into various bidegrees, i.e. [N] = 2, ,_,[N"? where [N}? is the piece
of [N] of bidegree p, q. The most important piece of this splitting is [N]**, which
can be written locally as

[N]o’k = g"NéPI A /\59k~

We denote the restriction of the bundle A??(C") to N by A?(C")| . A section of
AP9(C")| v is obtained by restricting the coefficients of an ambient p, ¢ form to N.
We let Cy be the closed set in N such that N — Cy is the open set where the
tangent bundle of N is minimally complex. Locally, we have

Cy = {x € N; dp (X)) A -+ Adp(x) = 0}.

We call Cy, the set of characteristic points of N. Over the open set N — Cy, we let
A% denote the bundle of p, ¢ forms which are complex tangential to N. Locally,
A%? consists of those sections in A”4(C")|, which are orthogonal (Euclidean
metric) to the ideal in A*(C")|y generated by dp,, ..., dp,. We let ty:
APU(C™)| y— ¢, — A%? be the orthogonal projection onto AR?. If f € AP4(C"), then
we often write f, for #y(f) and we call’f, the complex tangential piece of f along N.

If V. N — Cy is an open set, then &£%(V) will denote the space of smooth
sections of A% over V, and D%4(¥V) will be those sections of &4¢(V) with compact
support in V. In the dual setting, ) '44(V) will be the space of currents on V of
bidegree p, ¢ which are complex tangential to N, and &'%7 (V) will be those
currents in 9 '29(V) with compact support in V. The current pairing on N will be
denoted by (T, u)y and is defined as follows: If T € &%94(V) and u €
Pr-P"=2-kK(V') are smooth forms, then

(T = ([N A T d)e = [ A

where T and @ are ambient extensions of T and u, respectively. This definition
naturally extends to T € 9 '29(¥) provided we have a good definition of [N]* A
T (cf. Harvey and Polking, Remark 7.6). The map ty: D" P"~9%¥(C") >
r~Pn=9-%(¥) has (current) adjoint #y,: D EI(V) — D'E4*K(C") where D, *(C") is
the space of currents on C" with support in N. If T € DZ4(V) is a smooth form,
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then
, 0,k
th(T) = [N ] N T.

This is because

(B(T), 9 = (T.8,)y = [ TA®, = ([N]* AT, 6)c.

for ¢ € D"P"I7K(C).

Therefore if T € D4 V), then it is natural to define [N]** A T = t3(T).

Suppose S C N is a hypersurface in N. The current ‘integration over S’ can be
regarded either as a current on C” of degree k + 1, or as a current on N of degree
one. If we wish to think of S as a current on N, we shall denote it by [S]>!. If fis a
smooth form on S, then we have

(1 = (1 e = [

where f is any ambient extension of f.

The induced Cauchy-Riemann operator dy: 627 — &2+ can now be defined
as follows: Suppose ¥ ¢ N — C, is an open set and suppose f € &44(V). Choose
f € &4(C") with f;, = f. Then

S = (3f),, € &I+ \(V).
It is easy to show the definition of 9 NS is independent of the extension f Note that
BNf(x) is not defined for x € C, because f, (x) is not defined for x € Cy. By
taking an extension f which is mdependent of the normal directions of N, one can
see that the vector fields occurring in 9, must be tangential to N.

_ 2.1. PROPOSITION. Suppose V' is an open subset of N — Cy and f € &{3(V)). Then
dnf = hif and only if 3{ f N\ [N1%*} = h N\ [N** where f and h are smooth forms on
C" with f, = fand h, = h.

PrOOF. By Stokes’ theorem, we have d[N] = 0. Therefore, by type considera-
tions, it is clear that [ N]** = 0. So, we have 3{ f A [N]**} = 8f A [N]**. Since
[N]* = 6ygdp, A\ - - - Adp;, We see that

TN = E AN
if and only if (E_)f),N = I;,N. This occurs if and only if 5Nf = h by definition. Q.E.D.

Now we specialize to the case where N = M is an oriented smooth hypersurface
in C" defined by M = {z € C"; p(z) = 0}. We let X be the vector field of type
(0, 1) defined near M which is dual to dp. This means that

22) X, J9p(z) = 1 for z near M, and

(2.3) X,1yY(z) = O if and only if Y(z) € A>9(C") is orthogonal to the ideal in
A*(C") generated by dp(z). In particular X 1y|,, = 0 if and only if ¢|,, € AZ7.

Suppose f € AP9(C"); we define

fr, = X1(3p A f) € APA(CY), 24)
= (XJf) € APA7Y(C™). (2:5)
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Since | is an antiderivation, we have:

(2) = fr(2) + 3p(2) A\ S, (2) forz near M. (2.6)

It is easy to show that fr,.,l m = J,, is the complex tangential piece of f along M (see
Harvey and Polking [6]). We also define

an = fN,,| M (27

and we call f, the complex normal piece of f along M. Restricting equation (2.6) to
M, we obtain

f(z) = £,(2) + 3p(2) A £, (2) forz € M. (2.8)

Equation (2.8) provides an orthogonal decomposition of f into its complex tangen-
tial and complex normal pieces. Keep in mind that f;, and fy _are defined near M,
but f, and f, are defined only on M.

Now suppose that S C M is an oriented, smooth hypersurface in M defined by
S = {z € M; r(z) = 0} where we assume d,(z) A dr(z) # 0 for z € S. The set Cg
has the following characterization, which explains why we call Cg the set of
characteristic points.

2.9. PROPOSITION. Let z, € S. The following are equivalent:
(@) zy € Cs.
(b) The tangent space of S at zy, T, (S), is complex _linear.

(c) The symbol of By at z, applied to (dr),, , o,(dy, (dr),) vanishes (i.e. S is
characteristic at z,, for 9,,).

PrROOF. We note that oz°(5M, v) = (7%'),, for v € A} (M). Therefore,
0, (3, (dr), ) = 0if and only if (3r), (zo) = O, i.e. if and only if dr(z) is a complex
multiple of dp(z,). Q.E.D.

2.10. ExaMPLE. Let M be the unit sphere in C" with defining function p(z) = |z|
— 1. Let S = {z € M; Re z; = 0} be the equator of the unit sphere. Then it is
easy to see that Cg = {(*,0,...,0)}.

REMARK. A result of Wells [19] implies that if S is a compact submanifold in C"
with no characteristic points, then the Euler characteristic of S is zero. Thus, if S is
homeomorphic to a 2n — 2 real dimensional sphere, then the Euler characteristic
of S is two and so Cg will be nonempty.

Away from Cg, we want to describe an explicit way of calculating the orthogonal
projection:

ts: APY(C")|s_ ¢, —> A%7.

It is clear from Proposition 2.9 that there is an open set U in C” containing S — Cg,
such that 9p(x) A dr(x) # 0 for x € U. Hence we can use Gram-Schmidt ortho-
gonalization to choose a smooth form ¢ € &%!(U) with the following properties:

(2.11) <¢(x), 9p(x)> = 0 for x € U; or equivalently X_i¢ = 0 on U. Here, < , )
denotes the Euclidean inner product on forms in C".

(2.12) |¢(x)| = 1 for x € U.

(2.13) There are smooth functions y(x) # 0 and 8(x) on U such that ¢(x) =
¥(x)dp(x) + 8(x)or(x) for x € U.
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Condition (2.13) implies that the ideal spanned by 9p and dr is equal to the ideal
spanned by 9p and . Hence, the definition of A%? can be restated as those forms
in A?4(C")| s-c, Which are orthogonal to the ideal generated by 9p and ¢.

Let Y be the vector field which is dual to ¢. This means that Ylp = 1 and
YIf = 0 for each f € A?9(C") which is orthogonal to the ideal in A*(C") generated
by ¢. From the properties of contraction, we see that if f € AP "(C")l s—c, then
f € A%?if and only if X If|g = O and YIf|s = 0.

Suppose f € AL7| a5 We define

Jr,= Yo A f) € Mfluam (2.19)
and
Sng =YY €A Nyam (2.15)
Each section f € A§/| , -, has the orthogonal decomposition
f=fr+ oA S, (2.16)

2.17. PROPOSITION. Suppose f € ARF; then fr Isau f, is the complex tangential
piece of f along S and fy | sy defines an element of AR~ 1,

ProOF. It is easy to see that fr|s,y € AG? because XIfy = Yify =0 on
S N U. For example, we have

Xy, = -YHXo A )} =-YH(XIp) A\ f— ¢ A(XIf)}.

Since ¢|,, € & and f € A%, we have X ¢ = 0 and XIf = 0. Therefore Xify, =
0, as desired.

It is also clear that fr |5y = flsn v if and only if f|s ., € A% This is because
Jro=F— & A (YIf)and Yif|lsnu = Oif and only if f € A7,

In a similar manner, one can show that fy |5, € A%? ~!and Sulsav = 0if and
only if f € AZ?. Q.E.D.

Terminology. We let f, = fy|s and we call f, the complex normal piece of f
along S. Keep in mind that f;, and fy_ are defined near S — Cs but that f_and f,_
are defined only on § — Cs.

Restricting equation (2.15) to S — Cg we obtain that each section f € Ajf|s_,
has an orthogonal decomposition:

f=tg+ N Joy (2.18)
into its complex tangential and complex normal pieces along S.

2.19. PROPOSITION. The following diagram commutes:

&P9(C™) s _CSL»z;P"” '€ |s-cg
tMl - ltM
O
ts | ERI0D|s_cg — D s |ts
Is l _ lts
52:9(S - Cg) s, 68:4+1(S - Cg)
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ProoF. The only nontrivial part of the diagram is to show (aMf), = as( f,) for
fe &R If f is any ambient extension of f, then as( fi) = (af), We note that

if g € &6%(C")|s- Cy then (g)ts = (gtu)ts Therefore, as(f;) = ((abru)ts (aMf)ts
desired. Q.E.D.

2.2. Action of kernels. In this section, we briefly discuss kernels on an oriented
smooth hypersurface M in C". We follow the ideas put down in Harvey-Polking [6]
and refer the reader to [6] for details not discussed here.

Suppose U, V are open sets in M. We say that E is a kernelon U X Vif Eis a
current on U X V, i.e. E(§, z) € D (U X V). We view E as representing an
operator E: D (U) — D;,*(V) as follows: If f € D% (U) and g € D (V), then

(E(f), 80w = (E, f ® &) pgms = fz N L _ EG DA O A 8(2).

Symbolically, we write E(f)(z) = {Jsem E(S, 2) N\ f(§)},, where we only integrate
the piece of type (n, n — 1) in {. This makes rigorous sense, for example, if E({, z)
has integrable coefficients on M in {. E(¢)(z) becomes a smooth form for z € V if
{supp ¢ X ¥V} N {singsupp E} = &

If E€ D% (U X V), then it is not hard to see that E: DRA(U)—
(,D;{;,q—r+l(V)'

We define the switching map, s: M X M - M X M by s(§, z) = (2, {). The
transpose of E(¢, z), denoted by ‘E(S, z), is then defined by ‘E = s*E. The
transpose of E is obtained by switching { with z in the coefficients of £ and by
switching d¢ and dz and d¢ with dz. Up to a sign, ‘E is the current adjoint of E on
M. More precisely, suppose E € D25/ (U X V), f € DA(U), and g €
Dy 2" "2+ (V); then

(E(S): &) = (=171 "7(f, E(8))mr
For our purpose, the sign appearing here is rarely important.

2.20. DEFINITION. Suppose U, V are open sets in M and suppose E is a kernel on
U X V. We say E is a regular kernel if E(f) is smooth on V whenever f € D% (U)
and if E represents a continuous operator E: DE(U) > &%(V). We say E is
biregular if both E and ‘E are regular kernels.

If E is a biregular kernel on M X M, then E naturally extends to operate on
currents on M. Suppose S C M is an oriented hypersurface in M and FE is a
biregular kernel on M X M.If f € DE(S — Cy), then E([ST™' A f) is defined as a
current on M. Formally, we write

E([S]* A f)@) = { [ E& DA f(:)} (221)

7%
where we only integrate the piece of type (n, n — 2) in {. Regardless of whether or
not E is a biregular kernel, (2.21) makes sense and defines a smooth form for
z € U, provided that {S X U} N {singsupp E} = &
It is clear from the above conventions that if
E € 9% and f € DS — Cy),
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then E(SI*' A f) € Dj29~"*2 In particular, if r =2, then the operation of
sending f to E((S]*! A f) preserves the bidegree of f.

2.3. Formal identities. In this section, we describe the kernels we shall use and
establish some formal identities that relate these kernels to the 3,, operator. We
closely follow the development given in [6).

Let M be a hypersurface in C* and let V be an open set in M X M with
coordinates (¢, z). Suppose w/(¢, z) = (4{(§, 2), . . . , wi($, 2)) is a smooth mapping
w:V—>C"forl < j < N.We adopt the following notation from [6]:

n

wW(§,z)-(§—2)= 2 wl($, 2)( — 20),

k=1

W, 2)- d(E — 2) = él W%, 2)d(S, — 22,

(Bu)(8.2)- (¢ = 2) = 3 (B8 2) A (s = )

where 9,, is taken in both variables, { and z. We define the following one forms on
V:

W(¢,z2)-d(§ - 2)
W(§,2)-(§ - 2)
Each «; is smooth on V' — 4, where 4, = {(§,2) € V; W, 2)-(§ —2)=0}). Itis

clear that ; is homogeneous of degree zero; that is if A;: V' — C is a smooth

function then

W = w(W) = 1<j<N.

w(hw') = w(w’) for each. (222)

2.23. PROPOSITION. For each integer k > 1 we have

i d(t — 2 Jouw-dt—2) 1
«‘y(uf)/\[s,,,wf)]u[u__d(f_)],\[auuf (s )}.

w-(§ - 2) w-(§—2)

Proor. The proof is clear after noting that

i) = Byt d(§ = 2) ] (3-8 'z)) AW dE-2) e
W ($ - 2) (- (¢ - 2))
To state our formal identities, we shall use the following multi-index notation
adopted from [6].
If @ = (ay,...,ay)is an N-tuple of nonnegative integers, then we let |a| = a,
4+ +ay and By = @)™ A - A@puey)™. If I'={i,...,i}isa
p-tuple of positive integers then we let w, = «; A - - - Ny and E;(u”, ..., u%) =

Qmi) "wy; /\Zlal_,,_p(ﬁMw)“. If the u’ are understood then we just write E,; for
E,(u", ..., u%). The form E, is a smooth form on ¥ — { U/ 4;} and it is clear
from (2.22) that E, is homogeneous of degree zero, i.e. we have the following

proposition:
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2.24. PROPOSITION. Suppose h;: V — C, 1 < j < N, are smooth functions. Then
E,(h,.lu"', e, h;ui'v) = E,(u", ..., ub).
For1 <j<p,wesetl = {i,..., I;, .+, i,} where we mean that the element

i; is omitted.
The identity we need is the following:

2.25. THEOREM. On the set V — {U ™., A.}, we have

j=14%

P
nE; = { 2 (_l)iEg}

j=1
where, as before, 5M is taken in both ¢ and :z.

ProoF. In Harvey-Polking [6] the following formula is proved:

P
3E, = 3 (- 1YE,.
J=1
Therefore, Theorem 2.25 follows after applying the map #,,,,,. Q.E.D.

In the applications that follow, we will let p = N =3, I = (1, 2,3), u'(, 2) =
u($, 2), u*(§,z)="u, z)=u(z¢), and ¢, z) = v(¢, z) where u and v are
smooth functions to be constructed later. We get the corresponding kernels
E\y Eip Ey3, Egs, Ey, Ey, and E,. We shall let R = E,, and L = E,. Since u*({, z)
='($, z), it is easy to see that E, ='E,; ='L. Using Proposition 2.23, we can write
out these kernels explicitly. For example, we have

u-d(c—z))/\('u-d(s*—z))

R(5,2) = ‘2”")_"{( -2 ) Mug -

/\j+k-n—2( u-(§-2) w- (¢ - z)

Theorem 2.25 implies the following identities

Bu-d(§ — 2) )( du-d(§ — 2) )k} . (226)

9y E = E;3 — Eyy + R, (2.27)

oyR=L-"L, (2.28)
oyEs=E - L, (2.29)
umEy; = E, —'L. (2.30)

These identities hold off the singular set A = 4, U 4, U A4,. In our applications
we will take v({, z) to be holomorphic in { and z. Hence, dv = 0 and so E, will
vanish.

In Chapter 4, we will take principal value limits of these kernels across the
singular set A and we will be particularly interested in what happens to equations
(2.27) and (2.28), after we take principal value limits.
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CHAPTER 3. THE GLOBAL SOLUTION TO 3,, ON
A STRICTLY PSEUDOCONVEX HYPERSURFACE

On a strictly convex, or more generally a strictly pseudoconvex hypersurface M,
there exists a support function (¢, z) such that the R kernel, defined in (2.26), is a
fundamental solution to 3,,. This kernel was discovered by Romanov and, indepen-
dently, Skoda. In this chapter we outline the construction of the support function
u($, z) and review the facts we need about the R kernel.

For simplicity in stating estimates, we shall adopt the following notation:

Suppose C* X C" is given coordinates (w, z) and f: C" X C* - C is a smooth
function. We say that:

f(w, z) = 0(|wl*) (€R))
if there exist smooth functions a,z(w, z) such that

fw,2)= 3> a.p(w, z)wwh,
la]+] 8=k

Note that if X, is a vector field in z, then

X, fw,2)= ¥  X,a(w, 2)wwf = 0(|wlf).
|l +|Bl=k

We say that
| f(w, z)| = |w]¥ forzinasetK (32)

if there exists a constant C independent of z € K such that |f(w, z)| > C|w|* for
|w]| suitably small.
We say that

f(w,z) ~|w|f forz € K 3.3)

if both f(w, z) = O (|w|¥) and | f(w, z)| = |w|* for z € K are satisfied.

Now suppose D c C" is an open set. We denote the complement of D by D°.

3.4. DEFINITION. Suppose u({, z): N — C” is a smooth function, where N is some
neighborhood of 3D X 9D in C* X C". We say that u is a strong support function
for D if '

@u@¢,z) (¢ —2)#0for(¢,z2) €EN N {D°X D} — A.

(b) u(¢, z) is holomorphic in z € D for each fixed §.

(c) Given any compact set K 3D X 3D, then Re{u({, z) - (§ — 2)} =~ |¢ — z[?
for (§, z) € K and |{ — z| suitably small.

Note that if u is a strong support function for 9D, then ‘u({, z) = u(z, {)
satisfies

(3.5) (@) ‘u(t,z)- (¢ — z)#0for(§,z) EN N {D X D} — A.

) ‘u($, z) - (§ — z) is holomorphic in { € D for each fixed z.

(c) Given any compact set K C 9D X 9D, then Re{'u($, z) - (§ — 2)} =~ |¢ — z?
for (¢, z) € K with | — z| suitably small.

We now want to show that if D is strictly convex or strictly pseudoconvex, then
there exists a support function for M = 3D.
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3.6. DEFINITION. (a) M = 9D is strictly convex if the defining function for M, p, is
a strictly convex function, i.e. the real hessian of p is positive definite on the
tangent space of M.

(b) M = 3D is strictly pseudoconvex if the complex hessian 32p($)/ agjag',c of the
defining function is positive definite on the holomorphic tangent space of M at §.

3.7. LEMMA. (a) Suppose M = 3D is strictly pseudoconvex; then u($, z) = 3p($)/ 3¢
= (3p($)/9¢y, - - - » 9p(8)/08,) is a strong support function for M.

(b) Suppose M = dD is strictly pseudoconvex; then there is a strong support
Junction u(§, z) for M defined in a neighborhood of 3D X dD. In addition

u(§,2)- (§ — 2) = h(¢, 2)a(§, 2) - (§ — 2)
Jor ($,z) near AN {0D X dD} where h(¢, z) is a smooth nonvanishing function
which is holomorphic in z for each fixed { and

360 = 55 0) ~5 3 spp @G-, 1<i<n

PRrOOF. (a) Since u({, z) is independent of z, it is clear that part (b) of Definition
3.4 holds for u(¢, z). Part (a) of Definition 3.4 follows from the convexity of M, but
we do not need the full strength of strict convexity (see Harvey-Polking [6,
Proposition 6.2] for more details).

To prove that u(¢, z) satisfies part (c) of 3.4, we look at a Taylor series expansion
of p about the point §.

p(2) = p($) — 2Re{u($, 2)- (§ — 2)} + P($, 2)
where P({, z) is the Taylor remainder of second order. Since p is strictly convex,
the remainder satisfies P(¢, z) ~ |{ — z|* for (§, z) € K and |¢ — z| suitably small.
Therefore, if (§, z) € M X M, then:

2Re{u($,2)- (§ — 2)} = P($, 2) = |§ — 2P
and property (c) is satisfied.
(b) Part (b) is due to Henkin [7]; see also Ramirez de Arellano [15] and Qverlid
[14). Q.E.D.
Suppose M = 0D is strictly pseudoconvex and u is a strong support function for
M. For fixed z € C", let:

A, ={ €Clu,2)-(§—2) =0},
‘A, ={§ €C 'u($,2)- (§ — z) = 0}.

Part (a) of 3.4 and (3.5) imply that if z € M, then 4, N M ='d, N M = {z}.
Therefore, the singular sets in M X M of R(, z), L(§, z), ‘L(§, z) are just the
diagonal of M X M, cf. formula (2.26), etc.

Since Re u($,z) - (§ — 2) =~ |§ — z|* for (§,z) € M X M and |{ — z| suitably
small, it can be shown that the R(S, z) kernel is integrable on M in each variable
separately (see §4, also [6, Theorem 9.13]). Therefore, if f € &£+ is a current on M
with L*® coefficients, then R(f)(z) = [;ep R(S, 2) A f(§) is a form on M with
continuous coefficients. In addition we have
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3.8. THEOREM. If f € D27 is a smooth form on M, then R(f) € &47~" is smooth.
Furthermore R represents a continuous operator R: D5f — &ha™ !,

We defer the proof until §4.3. Since ‘R = R, the R kernel is selfadjoint up to
sign and hence the R kernel is a biregular kernel on M X M.

Unfortunately, the kernels L and ‘L, given in Chapter 2, are not integrable on
M. However, in view of 3.4(a), it is clear that if f € %7, then L(f)(z) =
Jeem L&, 2) A\ f(§) defines a smooth form for z € D. From (3.5)(b), it is also
clear that if f € %7 then ‘L(f)(z) defines a smooth form for z € D°. Harvey and
Polking have shown (see [6, Theorem 8.1]) that the smooth boundary values of
L(f) (resp. ‘L(f)) from D (resp. D) exist on M and define a smooth form on M
which we denote by L,,(f) (resp. ‘L,,(f)). In view of type considerations, it is clear
that L,,(f) = 0 unless f € &5° and ‘L,,(f) = 0 unless f € &4~ ". Since u($, z) is
holomorphic in z, it is also clear that 3,,{ Ly, (f)} = 0if f € &5P.

3.9. THEOREM (HENKIN). Suppose g € D4F,0 < g < n — 1; then
5M{R(8)} + R(5Mg) =g+ (LM - 'LM)(g)' (3.10

PrOOF. See Henkin [10], also [6].

Formula (3.10) breaks down into two cases of interest to us:

B.11)Ifg € D27, 1 < g < n — 2, then 3,,{ R(2)} + R(,8) = g.

(.12) If g € D3~ then 3y, {R(8)} = g — ‘Lye(8).

Since the R kernel is biregular on M, it is clear that (3.11) holds if g is a current
on M.

Now, suppose S is an oriented smooth hypersurface in M.

3.13. DEFINITION. Suppose f € D&"~%(S — Cg). We say f satisfies condition O
for Sif [ epn fE) N\ g(§) =0forallg € &%P0 with 5Sg = O near {supp f}.

3.14. THEOREM. (a) Suppose f € D57 |s, 0 < g < n — 2; then R(ST' N\ f)(2) =
{J:es R, 2) \ f(§)},,, defines a current on M with smooth coefficients on M — S.
(b) Suppose f € DEI(S — Cs),0 < g < n — 3; then

W {R([SI*' A S)) = R([SI N3sf) =[S]™' A f. (3.15)
(c) Suppose f € De"~%(S — Cg) and satisfies condition O for S; then
W (R[S AN} =[S A S (3.16)

PROOF. (a) Since the singular set in M X M of the R kernel is the diagonal, it is
clear that R([S]*' A f)(z) is smooth forz € M — S.

(b) To prove part (b), we apply (3.11) with g =[S]*' A f and note that
38 = ~[STP' A dgf. _

(c) Let m, be a sequence of smooth functions such that 9,m, —>[S I*'ast—0,in
the sense of currents. We apply (3.12) tog = 5Mn, /\ fand obtain

A { R@pm A )} = 3pm, A f = Lag(Bpam A f)- (3.17)
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We claim that ‘L,,(3,,m, A f) >0 as t > 0 in the sense of currents. To see this,
let h € &%;77°. Then

(Lae(Baame A ) By = (SO Gurm A S, Lag(B)) o

which converges, as t — 0, to
(=)™ P[] A S Ly(h)),, = (=D)"72*! f{ _JON LB (318)

Since ,,{ L,,(h)} = 0, (3.18) vanishes because f satisfies condition O for S.
Now we may let ¢ — 0 in equation (3.17) to establish part (c). Q.E.D.

CHAPTER 4. THE LOCAL SOLUTION TO 5M

In Chapter 3, we stated that the R-kernel globally solves 5M, where M = 3D is
the boundary of a strictly pseudoconvex domain, D C C". In this chapter, we solve
three theorems concerning the local solution to 3,,. These theorems will be proven
after taking principal value limits across the singular sets of the kernels defined at
the end of Chapter 2.

4.1. Regular generating functions and principal value limits. Let M = 3D where D
is a strictly pseudoconvex domain in C". Suppose V is an open subset of M X M
with coordinates (§, z) and let v: ¥ — C" be a smooth mapping.
4.1. DErFINITION. The function v is said to be a regular generating function for V
if:
(a) For each (z, zo) € V, the matrix
(Vo)(z0)
J { Vp(zo)}
Vg{Re o($, z9)- (§ — zo)}|;-z°
Vg{Im o(§, zo)’ € - Zo)}|g-zo
has maximal rank, where J: R>" — R?" is the linear map induced by multiplication
by i.
(Vo)($0)
Ve{Re o($, 2p) - (§ — zo)}lg_z‘)
V;{Im o($, z) - (§ — zo)}lg-z.,
has maximal rank.
Note that the conditions in Definition 4.1 are open conditions, i.e. if v satisfies
these conditions on a set S C M X M, then they will be satisfied near S in
M X M.

Let u be a strong support function for M, and let v be a regular generating
function for ¥V ¢ M X M. We define the following one forms

o M) dE—2) @ 2)-dE—2) _ o§,2)-d( - 2)
w2 -2 P w(t)- (-2 0 o6 (-2
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and we get the kernels E,,;, E,3, E,3, R, L and ‘L as defined in Chapter 2. These
kernels are smooth on ¥V — B, where B = {({,z) € V; v({,2) - (§ — z) = 0}.
Theorem 2.25 yields

3yE;;=-Ey;+ E;— R onV — B, (4.2)

where on the left, d,, is taken in both variables.
For ¢ > 0, we define
_{1 if [o($, 2)- € — 2)| > ¢,
Xe = 0 otherwise.

For each ¢ > 0, the currents x,E,,3, X, E,3, and x, E,; define kernels on V. The
following theorem is our main result concerning the principal value limits of our
kernels.

4.3. THEOREM. Suppose v is a regular generating function for V.C M X M.
(a) The currents E,,s, E,5, and E,, define principal value currents on V by the
formulas
P.V.Ey = !1_% XeE123

P.V.El3 = !i—% szl3’
P.V.Ey, = lim x,Exs

Furthermore, the limit S = lim, (9,,x,) /\ E\5; exists and defines a current S €
P mn-2 with supp S C B.

(b) Suppose U,, U, are open sets in M with U; X U, C V. Suppose g € D% (U,);
then for each € > 0, the forms (x,E;»;)(8), (X.E;3)8) (x.Ex)g) and
(i_)Mx, N E\,3)(8) are smooth on U, and they converge (in the topology of & (U,)) as
e—>0% to (P.V.E,;;)(g), (P.V.E|;)g), (P.V.Ey;)(g), and S(g), respectively. In
particular, the kernels P.V.E,,5, PV.E,;, PV.E,;, and S are regular kernels on

(c) The following current equations hold on V'
3 {P.V.Ej3} =PV.E;; —PV.E,, — R + S, (4.4
3u{P.V.E;; — PNV.E;; + S} = —[A] + L, — Ly, (4.5)

where [A] is the current ‘integration over the diagonal of V.

REMARK. Equation (4.5) implies that the current P.V.E\;; — PV.E;; + S is a
fundamental solution for d,, on ¥ in _the following sense. Suppose U X U C V
and g € D4A(U), 1 < g < n — 2, with 3,,g =0. Then

9 {(P.V.E;; — P.V.E,, + S)(g)} =g onU.

PrOOF. We shall prove the easy parts here and prove the more technical parts in
§4.3. Suppose we knew the principal value limits of E,,;, E|5, and E,; exist and
define regular kernels on U, X U,. Then, the rest of the theorem follows easily. For
example, by (4.2), we have

5M{X¢E123} = x(E;3 — Ej3— R) + 5MX¢ N Epy
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which holds on V. Since R(¢, z) is integrable on M X M (Theorem 3.8), we have
lim,_, x,R = R. Therefore, we may let ¢ — 0 in the above equation to obtain

3y {P.V.E;;;) =PV.E,; —PV.E,; — R+ lim {3px N\ Epns}-

Since we are assuming that P.V.E,,;, P.V.E,; and P.V.E,; are well-defined cur-
rents, we conclude that S = lim,_(3,,x.) /A E,,; defines a current on ¥ and that
(4.4) is valid on V. Equation (4.5) now follows by taking d,, of both sides of
equation (4.4) and by using Theorem 3.9 for the R kernel.

Since the R kernel is regular on M X M and since we are assuming the kernels
P.V.E,;;, PV.E,; and P.V.E,; are regular kernels on U, X U,, equation (4.4)
implies the kernel S is also regular on U; X U,.

It is clear that supp S C B because for each ¢ > 0,

supp dyx. = {($,2) € Vs |o($, 2)- (§ — 2)| = ¢}

So, it suffices to prove that P.V.E,,;, P.V.E,; and P.V.E,; define regular kernels
on U, X U,. This is done in §4.3. Q.E.D.

REMARK. It is clear that on V' — B (i.e. away from the singular sets of these
kernels) we have: PV.E,,; = E|;;, PV.E;; = E,;, and P.V.E,; = E,;. So for
simplicity, we shall denote the kernels P.V.E,,;, P.V.E,;, and P.V.E,; by E,,;, E,;,
and E,;, respectively.

4.2. Three theorems on the local solution to 3,,. In this section we use Theorem
4.3 to solve three theorems concerning the local solution to 3,,. In this section,
M = 3D is the boundary of a strictly pseudoconvex domain D C C" with defining
function p. We let w C C M be an open subset of M defined by w = {z € M;
r(z) = Re h(z) < 0} where h is a holomorphic function on a neighborhood of D.
We also assume that w, = {z € M; r(z) < t} has compact closure for each ¢ near
Zero.

We let C = C, be the set of characteristic points on dw.

4.6. DEFINITION. dw is said to be an admissible boundary if whenever z € 3w — C,
then B, N C = & where B, = {{ € M; h({) = h(2)}.

EXAMPLES. Let M be the unit sphere in C* and let w = {z € M; Re z; > 0} be
the upper hemisphere. Then dw = {z € M; Re z, = 0} is the equator and C = C,,,
= {(%i,0,...,0)). We see that h(z) = -z, and so B, = {{ € M; {, = z;}. In
fact, for z € 9w, B, is a sphere of real dimension 2n — 3 with radius
‘/l — (Im z,)2 and with center at (i Im z,, 0, . . ., 0). Therefore, it is clear that dw
is admissible.

The previous example can be generalized to any strictly convex boundary M
oriented so that the plane {z; Re z; = 0} intersects M transversally. Let w = {z €
M; Re z, > 0}. It is clear that dw is admissible and has two characteristic points.

4.7. PROPOSITION. If M = 0D is strictly pseudoconvex, then M has a local
neighborhood basis of open sets w of the type described above, such that ow is
admissible and has precisely two characteristic points.
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PrOOF. In view of the above example, the proof is clear if M is strictly convex. If
M is strictly pseudoconvex, then, locally, there is an ambient biholomorphism
which takes M to a strictly convex hypersurface. Since a biholomorphism takes
characteristic points to characteristic points, the proof is now complete. Q.E.D.

4.8. PROPOSITION. Suppose w C M is defined as above and suppose 3w has only two
characteristic points. Then dw is admissible.

ProoF. The proof will be clear once we establish that z, € dw is a characteristic
point if and only if z, is a critical point for Im(h)|,,. Suppose p is the defining
function for M. Recall that r = Re(h) is the defining function for dw. Now z, is a
characteristic point if and only if Vr(zy) = CJVp(z,), where C is a nonzero real
number. Since & is holomorphic, the Cauchy-Riemann equations imply that
V(Im h) = -J(Vr). Therefore, z, is a characteristic point if and only if V(Im A)(z,)
= C(Vp)(zp)- Now if X, is a tangent vector to dw at zo, then X, is also a tangent
vector to M at zy, and so {Vp(z,), X, > = 0. Therefore, z, is a characteristic point if
and only if (V(Im h)(z), X, ) = O for each tangent vector X, to dwatz,. Q.E.D.

We now construct a regular generating function, v({, z), near dw X {dw — C}.
Using Lemma 2.5 from Henkin [7], there exists a holomorphic mapping: v(§, z):
D X D — C" which is defined near D X D such that v(¢, z) - (¢ — z) = h({) —
h(z). If D is actually convex, then this construction is easy, for we have

h(E) — h(z) =f01;1d?{h(t§ +(1- D)}

n

=3 (L'%(t{ + (1 - 10)2) dt)(g} - z),

Jj=1

and we may let
1 0h
0(% 2) =f0 (& + (1= n2)de
J

The singular set for the kernels constructed in §4.1 becomes B = {({,z) € M X
M; h($) = h(2)}. If z is fixed on M, then the {-singular set for the kernels is the set
B, = {{ € M; h(§) = h(2)}.

4.9. LEMMA. (a) If dw is admissible, then there is a neighborhood V = U, X U, in
M X M which contains {dw} X {0w — C} such that v($, z) is a regular generating
Sfunction for V. Furthermore, if z € w then B, C C w and if z € w° (but near dw) then
B, c C v

(b) There exists a neighborhood V' = U| X Uj in M X M which contains {dw —
C} X {0w}, such that v|,. is a regular generating function for V.

REMARK. Note that we are not assuming that dw is admissible in part (b).

PRrOOF. It suffices to check Definition 4.1 holds for (§, z) € {dw} X {dw — C} if
dw is admissible and for (§,z) € {dw — C} X {dw}. Now, it is clear that
V(Re oS, zg) - (§ — 2zo)}¢mz, = (VI)(20)- The Cauchy-Riemann equations imply
that V. {Im o(¢, zp) - (§ — 29)}|g=z, = (VX 2g)- I (20, 20) € {0} X {9 — C},
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then z, is noncharacteristic and the matrix in part (a) of Definition 4.1 has maximal
rank.

Now suppose ($o, o) € V with §, € B, . Since dw is admissible, {, is nor a
characteristic point. Therefore, the matrix in part (b) of Definition 4.1 has maximal
rank.

Note that B, C {{ € M; r({) = r(z)} which is a compact set if z € w or if
Z € w° near Jw.

The proof of part (b) is identical to the proof of part (a). Since {, & C by
hypothesis, it is unnecessary to assume dw is admissible. Q.E.D.

{-space z-space

p,,p, are characteristic points
e, —
st g ==
Py N
L-space z-space

From Theorem 4.3 the principal value limits of E,y,, E,3, E,; existon V = U; X
U, and V' = U] X U; and define regular kernels. Now, v({, z) is holomorphic in
both ¢ and z; u({, z) is holomorphic in z; and ‘u({, z) is holomorphic in §.
Therefore, using Proposition 2.23 the E,; and E,, kernels become:

5 -d , n—2
E (8, 2) = (2m) "w, /\"’3[’;_“—({(_5’:7)] ,

3, 'u-d¢ — z) }"'2

u-(§-2)

In particular, E,4(¢, z) has degree n — 2 in d¢ and E, (¢, z) has degree zero in df.
Therefore, in view of the current pairing on M, we have the following proposition.

Ey($, 2) = (ZWi)_"‘*’z A\ ‘*’3[

4.10. PROPOSITION. Suppose g € DoA(U,) or g € DEA(U,); then E;(g) =0
unless g = 1 and E,;(g) = O unless q = n — 1.

We also need to extend these kernels to operate on currents in &} (U;) which
are smooth outside C. Let E be any one of the kernels E,,;, E};, E,; or R.

4.11. LEMMA. Let 3w be admissible. Suppose g € &if(U,) is smooth on U, — C;
then E(g) is smooth on U,.
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Proor. Fix z, € U,. B, N C = J because dw is admissible. Therefore there
exists 7 € D (U,) with n = 1 near C, such that supp n N B, = & for each z near
z,. Therefore, E(ng)(z) is smooth for z near z,. Since (1 — n)g € D4A(U,), Theo-
rem 4.3 implies that E((1 — 71)g) is smooth on U, and the lemma follows. Q.E.D.

The next theorem is the first of three main theorems in this section. It enables us
to solve the 5M equation smoothly up to the boundary except at characteristic
points.

4.12. THEOREM. Suppose M = 0D is the boundary of a strictly pseudoconvex
domain. Suppose w C C M is defined by w = {z € M; Re h(z) < 0} where h is
holomorphic near D and suppose 3w is admissible. Suppose f € &(w), 1 <qg<n-
3, has a distribution extension f to a neighborhood of @ in M, which is smooth on
©@—C. If 3,,f =0 on w, then u = E,5(3,,f) + R(f) is smooth on & — C and
satisfies dpu = f on w.

REMARK. By Proposition 4.8, Theorem 4.12 holds if dw has two characteristic
points. Note also that the hypothesis on f is satisfied if f is smooth on w.

PROOF. Let f € & B4(U,) be an extension of f which is smooth on U, — C. We
claim

u(z) = E(3f)(2) + R(f)(2)

is smooth on w U U, (so in particular u is smooth on w — C). From Lemma 4.11,
u is smooth on U,. Now, supp{OMf} C w° because 3,,f = 0 on w. By Lemma 4.9
part (a), we have that B, N supp aMf I for each z € w. Therefore Em(aMf) is
also smooth on w.

Next, we check that 3,,u = f on w. Since B N {supp 3,,f} X {w} = J, equation
(4.2) is valid on {supp i_)Mf } X {w}. Thus, we have

3ptt = 3p{ Eps(3nf)} + 3u{R(S)}
=- (5ME123)(5M.f) +f- R(5Mf~)
=(Ey—E;+ R)(suf.) +f_R(5Mf)

on w. We have used Theorem 3.9 for the R kernel and we have used the operator
equation [§ME,23] =35 © Ejp3 — Epy3 © 9, (see Theorem 2.8 in [6]). Note that
(L — LM)( H=0 by type considerations. By Proposition 4.10, E ,3(8Mf) =
E23(6Mf) 0 because BMf € &24*1(U)) and 2 < ¢ + 1 < n — 2. So, we are left
with aMu =f=fonw. QE.D.

REMARKS. 1. The only place Theorem 4.3 is used in the proof of Theorem 4.12 is
to prove that u is smooth on @ — C. The next main theorem will use Theorem 4.3
in a much stronger way.

2. If f € &53(w), then the solution given in Theorem 4.12 is u = E,»;(3,f) +
R( f) which is valid for any smooth extension fe Drd(w U U)). It is suggestive to
try a particular nonsmooth extension f= x.f- Then 5Mf = [dw]*' A f and the
solution becomes

u(z) = L . Eals ) A FO) + f{ R ASB).
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It is easy to see that u(z) is smooth on w (interior regularity) without the use of
Theorem 4.3. The same calculation in the proof of Theorem 4.12 shows that
3,4 = fon w. In the case where M is strictly convex and the defining function A is
complex linear, this solution was discovered by Henkin [10]. In Chapter 5, we shall
prove that the Henkin solution is tangentially smooth up to dw — C. However, we
know nothing about the continuity of normal derivatives of the Henkin solution at
the boundary of w.

Since v is also a regular generating function for V' = U] X Uj, the kernels E|,,,
E,;, E,; and S are defined and regular on V’. We may assume that U, = {z € M;
|r(z)| < 8} for some & > 0 and that U] C Uj.

4.13. LEMMA. Suppose g € &5f(w) with g =0 near w — U|, and near each
characteristic point on dw. Then the S kernel extends to operate on g and S(g) is
smooth on .

PrOOF. For ¢t > 0, let n, € D(w) with 5, =1 on {z € w; r(z) < — t}. Since
g = 0 near w — Uj, 7,8 € DEA(U)) for each ¢ > 0. Hence S(7,g) is smooth on U,
by Theorem 4.3. If ¢ <, then S((n, — n,)g)X2) =0 for z € U; with r(z2) < — s
because supp S C B C {(§,z) € M X M; r($) = r(z)}. Therefore, we may define
S(g) = lim,_,+ S(n,g) on Uj;. Since g vanishes on {z € w; r(z) < — 8}, it is clear
that we may define S(g) = 0onw — U;. QE.D.

The next theorem is the second main theorem in this section. It enables us to
solve the equation 9,,u = f with certain no growth restrictions at the boundary.

4.14. THEOREM. Suppose f € 6’&;"(«)), 2 < g < n — 3, and suppose f vanishes near
each characteristic point on 3w. If 3p,f = 0 on w, then there exists u € &57~ " (w) with
A u = fonw.

PrOOF. Since w° N U; and w — Uj are disjoint sets which are closed relative to
w U Uj, there exists 7 € &(w U Uj) with n =0 near w — U] and n =1 near
w° N U{. We can also require n(z) = 0 for r(z) < — §/2. It is clear that 1 does not
have a continuous extension at a characteristic point. Consider

u = R((1 — n)f) + S(f) — E5(9m A f)'

We claim that u is smooth on w and solves 5Mu = f on w. Since f vanishes near
each characteristic point on dw, nf = 0 near w — U] and near each characteristic
point. Therefore S(nf) is smooth on w by Lemma 4.13. R((1 — n)f) is smooth on M
because (1 — n)f is smooth with compact support in w. Since aMn NSfE
DA+ L(UY), E1p3(pm A f) is smooth on Uj by Theorem 4.3. E 5,3, A f) is also
smooth on w — U, = {z €Ew; r(z) < — §} because 3y A f(z) =0 for r(z) <
— §8/2. Therefore u is smooth on w.

Using Theorem 3.9 for the R kernel and Theorem 4.3, and the fact that

3, {3,m A f} = 0, we have
Apeu = (1 —)f + R(Euﬂ AN f) + 5M{S(”lf)}
+ (Ey3 — Ep — R)(éuﬂ N\ f) + S@M"‘l N f)-
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Since 3, A f € DAV (U)) and 3 < q+1<n—2, (E;3 — Ey)@n NS =0
by Proposition 4.10. So, we have

e = (1 = m)f + 8y {S(f)} + S(8um A f) onwu U;.
Since 5M S = 0, equation (4.5) of Theorem 4.3 yields:

(SN} + S@un A f) = - (3uS)(@f) = f onw.
Note again that the E,;, E,;, L,, and ‘L,, terms disappear by type considerations.
Therefore, we have 9,,u = f on w as desired. Q.E.D.
REMARK. Note that we did not assume that dw is admissible in Theorem 4.14.
The next theorem is the third main theorem in this section and enables us to
solve 5Mu = f with a compactly supported solution in w, if f has compact support
in w. This theorem does not use Theorem 4.3.

4.15. THEOREM. Suppose f € %Z(w) with 2 < q < n — 2, and suppose 9,,f = 0.
Then there exists u € Dh7(w) with dpu = f.

PROOF. Assume that supp f C {z € w; r(z) < -8}, for some & > 0. Choose
1 € &(M) with n(z) = 0if r(z) < — § and n(z) = 1if r(z) > -8 /2. Consider

u(z) = R(f)(z) +[3(n(2) Epzs) |())(2) (4.16)

where 5M on the right is taken on the product space, M X M. Since 5Mf =0, we
see that u = R(f) — 35 {nE25(f)}. Note that u is smooth on M because if
z € supp 7, then B, N supp f = J. Clearly, we have 3,4 = f because 3,,{ R(f)} =
/. It remains to check that  has compact support in w. Expanding (4.16), we have

u=R(f) + (51»:"1) N Ep(f) + ﬂ(suElzs)(f)
= (1 - n)R(f) + (SMT') N Ep(f)-

We have used (4.2) and Proposition 4.10. Since 1 — n and 5Mn have compact
support in w, clearly ¥ has compact support in w. Q.E.D.

REMARK. Theorem 4.15 is definitely false for ¢ = 1. If it were true, then, together
with the uniqueness theorems for C-R functions proved in [13], one could prove an
extension theorem for C-R functions analogous to the Bochner-Hartogs extension
theorem for holomorphic functions. (See the proof of Theorem 2.3.2 in Hérmander
[12].) Such a theorem does not hold for C-R functions. For example, let M be the
unit sphere in C*, w = {z € M; Rez, > 0}, and let Q be the annular region
defined by Q = {z € M;0 < Rez, <1). Theset 0 = {z € C; 0 < Re z; <1} is
a convex set and hence a domain of holomorphy. So there exists a holomorphic
function f, which does not extend across any part of the boundary of 0. Hence, f lo
is a C-R function on C which has no C-R extension to all of w.

4.3. Technical proofs. We first prove Theorem 3.8 on the regularity for the R
kernel.

PrOOF OF THEOREM 3.8. By analyzing the pieces of the R kernel, we need to
show that if f € %"~ !(M), then
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$, 2)f(S)

(K)(2) = lt

ffe”(u' (= 2)P(u- (5 - 2)*

is smooth in z € M, where p + ¢ = n and g({, z) is smooth with g({, z) =
O (¢ — z|). The estimate on g follows because u(z, z) =u(z, z), and hence

u(§,z)-d(§ — z) N'u(§, z)-d(§ — z) = O(|§ — 2|).

To prove the R kernel is regular, we must show that for each ({,, zo) € M X M,
there exists an open set U; X U, in M X M containing (§,, z,), such that if
f € D~ Y(U,), then (Kf)(z) is smooth for z € U,. The theorem then follows from
a partition of unity argument.

Since u is a strong support function for M (Definition 3.4), u- ({ — z) and

‘u - (§ — z) are nonvanishing for ({, z) € M X M and { # z. Therefore, if {; # z,,
then we can choose U, X U, such that U, X U, N A = . So we may assume
$o= 2o

From Lemma 3.7 part (b), u - ({ — z) = hii - (§ — z) for (§, z) near A where

36,9 = 326 =3 3 e - 2

and A is a nonzero smooth function. Since we will be working near A, we may
replace u by # in the definition of the R kernel.
We must make a change of coordinates given in the next lemma.

4.17. LEMMA. There exist a neighborhood U in C" containing zgand m > 0 and a
smooth map ¥: U x U— C" with the following properties:

(a) For fixed z € U, ¥,(§) = ¥, 2): ¥ (B0, n)} > BO, n) is a diffeomor-
phism, where B(0, 1) is the ball in C" of radius n.

) If we write ¥, (§)= W/, 2),...,w,($, 2)), then Re w(§, z) = p({),
Im wi(§, z) = Im{i&($, 2) - (§ — 2)}, and ¥,(z) = O for z € M.

(c) ¥, '(w) is smooth in both z € Uandw € B(O, n).

ProoOF. We note that
V;{Im (s, z9) - (§ — zo)}|§-zo = ‘%J(VP)(ZO)

where J is the linear mapping induced by muliplication by i. Therefore, the real

Jacobian of the map
P(I ) ) R2
f”(lma(:,zo» ¢ -z)

at §{ = z, has maximal rank and we can let wi({, z) = w; - (¢ — z),j > 2, for some
suitable choice of vectors w; € C". The rest of the lemma follows from the implicit
function theorem. Q.E.D.

From Lemma 4.17, we have ¥ '{(w € C*; Rew, =0} c M, and ¥ '(0) — z =
Oforz € M N U. A Taylor series expansion in w about the origin yields

¥ '(w)— z~|w| forz€ UnMand|w| <mandRew, =0. (4.18)
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For each z € U N M, we pull back the integral in (Kf)(z) to obtain
Koy = [ B 2in2) M)
w (y(w, z))p(:ul(w’ z))
where dA(w) denotes Lebesgue measure in R*~! and
filw, 2) dN(w) = (¥7*{f})(w),

gi(w, z) = g(¥;'(w), 2),

uy(w, 2) = a(¥;'(w), 2) - (¥7'(w) - 2),

uy(w, z) =a(¥;'(w), 2) - (¥;'(w) — 2).
From the choice of ¥, we see that u,(w, z) = Re u,(w, z) + iy, where y, = Im w,.

4.19. LEMMA. There exists a neighborhood U, C M containing z, and 1 > 0 such
that the following estimates hold uniformly for z € U, and |w| < n with Re w; = 0.

(@) g1(w, z) = O(|w)).
() uy(w, 2) ~ (|Wl2 + |yil) where y, = Imw;, u(w,2) ~ (l“"2 + |71, uy(w, 2)
= uy(w, 2) = O(|w]P).
(c) If X, is a vector field in z which is tangential to M, then
X.81(w, z) = O(|w|),
Xuy(w, 2) = O(|w?),

X, 'uy(w, z) = O(|w]’).

PrOOF. From the estimate in (4.18), we have

gi(w, 2) = g(¥7'(w), z) = O(|¥7'(w) — z]) = O(|w)).

In part (b), the estimate on u,(w, z) will follow if we can show that Re u,(w, z) ~
|wf* for Re w, = 0 and |w| < and z € U,. Since u is a strong support function,
there exists an open set U in M containing z, such that

Re{a($,2)- (§ — 2)} =|¢ — z* for(§,z) € U X U.
Therefore, the estimate on Re u,; will follow if we choose n > 0 and U, such that
for each z € U,, ¥ '{B(0, n)} C U. (Here B(0, n) is the ball of radius  in R*"~1)

Since i(z, z) ="4(z, 2)

(8, 2) - (§ = 2) = ‘a($, 2)- (§ — 2) = O(§ — zP).
Therefore, the estimate on u, — ‘u, follows from (4.18).
To prove the estimate on ‘u,, we need the following estimates

Re ‘uy(w, z) = |w]* forz € U,,|w| < nand Re w, =0,
[Im ‘u,(w, 2)| = |y,| — |wf* forz € U, |w| <nandRew, =0. (4.20)

The estimate on Re ‘u, follows because u is a strong support function. For Im ‘u,,
we have

m ‘u| = |(Im ‘u — Imu) + Im |
= 10(Iwl®) + »il = |1l = Wl
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Now, from (4.20)
['u(w, z)| > max{|Re ‘|, |Im ‘u|}
z max{|wf’, |y)| — [wl’} = [wf + |»)]
where the last inequality follows from the following inequality used in Grauert-

Lieb [5, p. 36]:
If a, B, v are positive real numbers, then

max{a, B — v} > 2 + v/a) " (a + B).

To prove part (c), we first note that if X, is a vector field in 2z, and if
h(w, z) = O(|w|*), then X, h(w, z) = O(jw|¥). (See the notation at the beginning of
Chapter 3.) Therefore, if X, is tangential to M, the estimates on X,g, and X,u,
follow easily, because g,(w, z) = O(|w|), Re u,(w, z) = O(|w|*), and Im u, = y, for
z EM.

We also have

X, u, = Xz{‘ul - “1} + X {u,} = ®(|W|2)
because ‘u, — u, = O(w]>). Q.E.D.

REMARK. We emphasize that the estimates in parts (a) and (b) only hold for
z € M near z; because (4.18) only holds for z € M. Hence, we only get the
estimates in part (c) for vector fields which are tangential to M.

Choose 1 > 0 to satisfy Lemmas 4.19 and 4.17 and choose U, C M to satisfy
Lemma 4.19. By shrinking U, if necessary, there exists an open set U, C M
containing z, such that ¥{U, X U,} C B(0, n). From now on, we shall require f to
have compact support in U,. Thus, for each z € U,, the w-support of fi(w, z) is
contained in B(0, n).

Let I(w, z) be the integrand appearing in (Kf)(z). From Lemma 4.19, we have

|w] 1
[I(w, 2)| S - < — -
(WP + 12l)" (P + )™
This estimate holds uniformly for |w| < n with Re w;, = 0and z € U,
If X, is a vector field which is tangential to M, then Lemma 4.19 implies

- —(p+1
1X, (uy(w, 2)) 7| = (X, u,(w, 2)) - (u,(w, 2)) e )'
_(p+l) —
S [wP(Iwl + |») S (1wl + |nil) ™"
Similarly, we have |X,(4,)" 9| < ((w]> + |y,4]) % Thus, the estimates are no worse

for X,I(w, z) than they are for I(w, z). If X, ... Xy are vector fields in z which
are tangential to M, then it is clear that

|X., ... X, (1w, D} S (IwP + |74

These estimates are uniform for z € U, and w € B(0, ). Therefore, (Kf)(z) will be
smooth for z € U, provided that (|w]® + |»,|)!/2~" is locally integrable in R>*~!,
But this is easy to establish by first integrating out y, and then the rest of the
variables.

It is also clear that K: 9% (U,) — & %(U,) is a continuous operator.

1/2—n
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This completes the proof that R is a regular kernel.
THE REMAINDER OF THE PROOF OF THEOREM 4.3. Let

g8, DAOx(. 2)
M (u-(§ = )Y (u- (§ = 2)%o- € = 2))f

where we assume g(¢, z) = 0(J¢ — z|*), for some positive integer k. To prove the
rest of Theorem 4.3, it suffices to prove the following lemma

(K)(z) = L

4.21. LEMMA. Suppose v is a regular generating function for V.C M X M. Suppose
U, X U, C Vandf € Dy~ '(U,). Then for each ¢ > 0, K_f is smooth on U, and the
sequence converges as € — 0% in &(U,) (i.e. all derivatives converge uniformly on
compact subsets of U,) to a smooth form Kf, provided the following conditions on
D, q, k, I, and n are satisfied:

(DIfn>3andp,q > 1,then2p +2q+ 1 — k <2n-— 1.

(2) If ¢ = O then p, I, k can be arbitrary nonnegative integers.

(3) If p = O then q, I, k can be arbitrary nonnegative integers.

To see that Lemma 4.21 implies the theorem, we check each kernel:

E,,;. This kernel only makes sense when n > 3 and we note that p, g > 1 and
p+qg=n—1and !/ =k = 1. The integer k equals one because u(z, z) ='u(z, z)
and so

u(§,z)-d(§ — z2) N 'u(§, z)-d(§ — z) = O(|§ — 2|).

Therefore, we have 2p + 2g + [ — k =2n — 2 < 2n — 1, and so condition (1) is
satisfied.

It is easy to see that condition (2) applies to E,; and condition (3) applies to E,;.

To prove Lemma 4.21, we need to show that if ({,, z;) € V, then there exists an
open set U, X U, C V containing ({,, zo) such that if f € 0}~ '(U,) then Kf is
smooth on U, for each ¢ > 0 and that K,f — Kf in &(U,) as e >0*. Then the
lemma will follow by a partition of unity argument. We have the following cases to
consider on (§, z,). Recall that B = {({, 2) € V, v({, 2) - (§ — 2) = 0}.

Case 1. (§o, zo) € V — B and p, g, I, k can be any positive integers.

Case 2. (§y, zg) € B — A and p, g, I, k can be arbitrary nonnegative integers.

Case3.{y=zpandn > 3and2p + 29+ /- k<2n-1

Case 4. §{, = z, and either p = 0 or ¢ = 0. If g = 0, then p, /, k can be arbitrary
nonnegative integers. If p = 0, then g, /, k can be arbitrary nonnegative integers.

Case 1. Since B is closed, just choose U, X U, containing (§,, z,) such that
U, X U, N B = &. Then the integrand in (K,f)(z) is smooth.

To handle the remaining cases, we must make the following change of variables:

4.22. LEMMA. For each ({y, zo) € V with v- ({y — 2o) = O, there exist n > 0 and
an open set U, X U, in C" X C" containing ({y, z,) and a smooth map ¥: U, X U2
— C" with the following properties:

(@) ¥($p 29 = 0 .

(b) For each fixed z € U,, ¥,(§) = ¥(§, z): ¥ '{B(0, n)} — B(0, n) is a diffeo-
morphism, where B(0, 1) is the ball in C" of radius .
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(©) If we write ¥,(§)=w($,2),...,w($, 2)), then Rew,($, z) = p($) and
w2(§s z) = D({, z) - ({ - Z).

(d) ¥ '(w) is smooth in both z € U, and w € B(0, ).

(e) If in addition §{, = z,, then we can also choose ¥ so that Im w\({, z) =
Im{é- (§ — 2)} and ¥,(z) = O for each (z, z) € 0, X 172 NnNMXM.

Proo¥. The proof follows immediately because v is a regular generating function
for V (Definition 4.1). See also the proof of Lemma 4.17. Q.E.D.

Case 2. Fix (§,, zo) € B — A. We must first require that U; X U, N A = & and
that {U, X Uy} C {U, X U,} N M X M. Then both u- ({ — z) and ‘u- ({ — 2)
are nonvanishing on U, X U,, because u is a strong support function for M. We
must also require that ¥{U, X U,} c B(0, 7). If f € D3~ '(U,), then the w-sup-
port of f(¥;'(w)) will be contained in B(0, n) for each z € U,. Pulling back the
integral in (K f)(z), we obtain

‘N = [ Glw. 2)

Wzt 2

d\(w) (4.23)

where dA(w) is Lebesgue measure on R>*~! and

)
(- = 2 (u- ¢ - 2))f

Clearly, G is smooth and for each z € U,, the w-support of G(w, z) is contained in
B(0, ).

Since the domain of integration in (4.23) no longer depends on z, we can
differentiate in z under the integral sign to show (X,f) is smooth on U,, for each
e > 0.

We now have a one complex variable lemma found in Harvey-Polking [6,
Lemma (5.19)].

(w).

G(w, z) = _'*{

4.24. LEMMA. For each positive integer 1, there is a constant M, depending only on |
such that

1
wy ' ®(w,) dA\(w,) — !
‘l;‘vzec 2 ( 2) ( 2) Lzec (l —_ l)! 2
|wy| > lwa| >e

<eM)||®ff,-,

() o) arw

Jor each ® € 9 (C) and where
o,_, = DE®(w
1201 = [, 1500w
wyEC

and where d\(w,) is Lebesgue measure on C. (D, is a differential operator in w, of
order |al.)
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REMARK. If we denote the principal value limit of w;/ by P.V.(w; '), then
Lemma 4.24 says that

((;_1)1_)1 (aiwz) _ {P.V.(w; ")} =P.V.(w;).

We now use the following notation. For w € C”, we let w” = (w,, ..., w,) €
C"2and t = (y,, w”) € R?3 where y, = Im w,. If we identify R?"~! with the set
{w € C", Re w; = 0}, then R*"~! has coordinates (w,, #). To prove case (2), we
apply Lemma 4.24 to ®(w,, z) = [ G(w,, t, z) dN\(t) where dA(t) is Lebesgue mea-
sure on R>"73, Clearly, ® is smooth and for each z € U,, the w,-support of
®(w,, z) will be contained in the set {w, € C; |w,| <7q}. It is also clear that
[|®(w,, 2)||,—, < C, where C is a constant independent of z € U,. We have

KNG = [ w5 0wz 2) dNOvy)

and Lemma 4.24 implies (X, f)(z) — (Kf)(z) uniformly for z € U,, where

-1
(Kf)(2) =(1—_11—)! f w;‘({;;) {®(w,, 2)} dA(w,).

Note that (Kf)(z) is smooth for z € U, because ® is smooth and w; ! is locally
integrable on C.

If D? is a differential operator in z of order | 8, then clearly ||[(D2®)w,, 2)||,_,
< C4, where Gy is a constant independent of z € U,. Applying Lemma 4.24 to
DFd(w,, z), we conclude that DA(K,f)(z) - DE(Kf)(z) uniformly for z € U,. This
completes the proof of Case 2.

Case 3. Fix z, € M with (z¢, z,) € V. In Cases 3 and 4, we will be working near.
the diagonal. Therefore, since u = hii, we may replace ¥ by @ in the definition of

Kf.

We shall use the change of variables w = ¥,({) described in Lemma 4.22, where
we assume that ¥,({) also satisfies part (e). If we identify R>”"! with {w € C%;
Re w, = 0} then ¥ '{R*"~'} ¢ M. We also have ¥ !(0) — z =0foreachz € M
N 172, and a Taylor series expansion about w = 0 yields

|¥ '(w) — z|~|w| for|w|<n,Rew,=0and zEM N U;. (4.25)
Pulling back the integral in K f via ¥ !, we obtain
(o) = [ B2 N
lwal>e w,(w, 2)’(‘uy(w, 2))'ws
where dA(w) is Lebesgue measure on R?~! and
gi(w, z) dA(w) = ¥7'*{g}(w),
u(w, z) = u(¥;'(w), ) (¥7'(w) — z) = Rew; + iy,
uy(w, z) =u(¥;'(w), 2) - (¥ '(w) — z2),
£i(w, 2) = fETIW)).
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For each & > 0, it is clear that (K,f) is smooth on M N U,. As in the proof of the
regularity for the R kernel, we need the following lemma:

4.26. LEMMA. For each zy € M with (2, zy) € V, there exist 1 > 0 and an open
set U, C M containing z,, such that the following estimates hold uniformly for
w € R~ with |w| < n and for z € U,.

(a) gy(w, 2) = O(Iw[").

®) uy(w, 2) = [wf + | p]s ‘wy(w, 2) = [W + |yl u, — uy = O(wP).

(©) If X, are vector fields tangential to M, for 1 < i < N, then

Xy, . XN,{“I(W’ z)} = O(]wlz),

X, ... XN‘{’u,(w, z)} = O(|wpP),

Xy, .. Xy {&8(w, 2)} = O(|w|*).
(d) If D;;, is a differential operator in w, of order |a|, then

DZuy(w, z) = { O(wP™*)  iflal <2,

0(1) if la| > 2;
D fu(w, 2) = { O(IwP™*) iflal <2,
’ o(1) if la| > 2;
« _ | O(wf)y  if|el <k,
De&ilw. 2) { 0(1) if |a| > k.

ProOF. The proof of parts (a) through (c) is identical to the proofs in Lemma
4.19. The proof of part (d) is clear from part (a) and by noting that if / is any
positive integer, then

DEO(|wf) = { Ol ifla] <1
2 o) if la > 1.
(See notation at the beginning of Chapter 3.) Q.E.D.

Choose 1 > 0 to satisfy Lemmas 4.26 and 4.22 and choose U, C M to satisfy
Lemma 4.26. By shrinking U, if necessary, there exists an open set U, C M
containing z, such that ¥{ U, X U,} C B(0, ).

If we require f({) to have compact support in U,, then for each z € U, the
w-support of f,(w, z) will be contained in B(0, 7).

Let
I(w, z) = gi(w, 2)fi(w, 2) .
u,(w, z)’(‘uy(w, 2))
Since u,(w, z) # 0 and ‘u,(w, z) # O for w # 0, I(w, z) is smooth for w # 0. Let
B(w,, z) = f I(wy, t, z) dN(2) (4.27)
teR?-3

where we have used the same notation as in Case 2. It is clear that if z € U,, then
the w-support of I(w, z) and hence the w-support of ®(w,, z) is contained in
B(0, ).
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We have (K, f)(2) = [}, ;5. ®(W,, 2)w; ' dN(w,) and we define

1 a -1 -
&&= = [ (5] @0 dwrt ). @)
We wish to show that (Kf) is smooth on U, and that K,f — Kfin &(U,) ase - 0*.
Suppose X, are vector fields tangential to M for 1 <i < N. We shall estimate
1X,, - - . X, ®(w,, 2)||;—, uniformly for z € U, and then apply Lemma 4.24.
First, suppose that D, is a first order differential operator in w,. Lemma 426
implies
_ k/2-1/2
|, 81w, 2)| = O(w~") 5 (1wl + Iyi)**7"
and

| D, (u?}| = |p(D, 1 )ur ©* )|

= O(wD(IwP + |») """
< (IwP + |3,]) €2,

Similarly, we have |D,_{(4,)"?}| S (W] + |»,[)"@*"/?. Therefore, we have the
following estimate on D, {/}:

|D,, {I(wy, 1, 2)}|S (IW"P + |pyf) ETorY/2742

Repeated use of Lemma 4.24 shows that if sz is a differential operator in w, of
order |B| <1 — 1, then |DE{I(wy, t, 2)}| < (W"]> + |y,[)™* where p=p + q +
(! — 1)/2 = k/2. Moreover, if we apply the vector field X; to I, Lemma 4.26
implies the estimates not to worsen, i.e.

|DEX, ... Xy {I(wy, 1, )Y S (WP + I3i]) " (4.29)

These estimates are uniform for z € U, and for |w| = (Jw,> + [t)'/2 <.

In view of (4.27) and (4.29) we must determine which values of p make the
function (Jw”|> + |y,])~* locally integrable on R?"~2, in order to get estimates on
1X,, - - - Xy {®(wy, 2)}I|,—,- By integrating out y, first and then w”, it is easy to
show that (|w”[> + |y,|)"* is locally integrable on R*"~3 if 2p < 2n — 2. Since
p=p+ q+ (I —1)/2 — k/2, this inequality will be satisfied if 2p + 2¢ + I — k
< 2n — 1. But this is precisely the condition assumed in Case 3.

To summarize, the condition on p, q, /, k, n assumed in Case 3 implies that there
is a constant C’, which is independent of z € U, such that

| Xy, - - - Xu {®(wy, 2)}|,_, < C" (4.30)
Since w; ! is locally integrable on C and ® has compact w,-support, the estimate in
(4.30) implies that Kf is smooth on U, (see (4.28)). Now Lemma 4.24 implies that
X, ... Xy{Kf} > X, ...Xy{Kf} uniformly on U,. This completes the proof of
Case 3.
Case 4. Let us assume ¢ = 0. The case when p = 0 is similar. In this case

&)= [ i)

wil>e  u(w, z)Pw}

d\(w)
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where we have used the same notation as in Case 3. Now u,(w, z) = Re u;(w, z) +
iy;. Let

h(w, 2) =[%lu|(w, z)]— =[%l Re u, + i]— .

It is clear that h(w, z) is smooth because d Re u,/dy, + i # 0. Note that
—h 0 oy -p
p—1 {ul } s

So we may integrate by parts with 9/dy, to obtain

Gl(w’ z )
Kf)(z) = — dA\(w

&N = et )
where G, is smooth and for each z € U, the w-support of G,(w, z) is contained in
B(0, n). Iterating this procedure p-times, we obtain

(Kf)2) = f| _ log{in(w, 2)} Go(w, 2Jwi! dA(w)
wy| >e€
where G, is smooth with w-support contained in B(0, n). Strict pseudoconvexity of
M implies that Re{#($, z) - (§ — 2)} >0for (§,2) EM X Mwith0 < |§ — z| <
7. Therefore, Re{u,(w, z)} > 0 for 0 < |w| <7 and z € U,. Hence, a branch of
log{u,(w, z)} exists for 0 < |w| <nand z € U,.
We can even continue further. Note that

9
ha{ul log u; — u;} = log u,.
So, we may integrate by parts again with d/dy, and obtain
(K. f)(2) =f| - [ u,(w, 2)log u(w, z) — uy(w, z) | Gyw; ' dN(w)
wy| D€

where G; is smooth. Let Q be a large positive integer to be determined later. If we
iterate this process Q times, we obtain

(KNG = [ [Up(w, log (w, 2) = C(w, 2)]Gyws" dN(w),

|wal >e
where C and G, are smooth and the w-support of G,(w, z) is contained in B(0, 7).
U, is some smooth function satisfying U, = 0 (|1u,|9).
- Welet I(w, z) = [Up log u; — C]G, and

B(w,, z) = f‘ s 1092 ,2) ANO) (4.31)

where we have used the notation in Cases 2 and 3. We have (K f)(z) =
Swy>e ®(Wy, 2)wy ' dN(w,) and we define

&N =25 [ (o) (@ adwi a3

As in Case 3, we need to estimate ||X, ...Xy{®(w, 2)}|l,_, uniformly for
z e U,
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Let sz be a differential operator in w, of order | 8| </ — 1. In view of (4.31),
we must estimate |[DEX, ... Xy {I(w,, 1, 2)}|. But

DEX, ... Xy {Ug(w, 2)log uy(w, 2)} = O(Ju,|C~N="*+1).

So, once N and !/ are fixed, then Q can be chosen so that Q — N — / > 0. With
this choice of Q, we have |szX 1, - - - Xy {I(wy, 1, 2)}| < 1. This estimate holds
uniformly for z € U,. Therefore, there is a constant C, independent of z € U,,
such that

X1, - - - Xy {®(wy, D)},_, < Cv

For each z € U,, the w,-support of ®(w,, z) is contained in B(0, n). Thus, from
(4.32), Kf is smooth on U, and Lemma 4.24 implies that K,f — Kf in & (U,).

This completes the proof of Case 4 and of Theorem 4.3. Q.E.D.

REMARKS. 1. We note that to prove Theorem 4.3 for the kernels used in §4.2 to
solve the 3,, equation, we need only use Lemma 4.21 with / = 1. To prove Lemma
421 when /=1, it is unnecessary to use Lemma 4.24 because w, ! is locally
integrable in the complex plane.

2. Cases 1, 2, and 4 do not use the full strength of part (c) in the definition of a
strong support function u. All that is used is that u({,z)-({ — z) # 0 and

‘u(¢, z) - (§ — z) # 0 for { # 0, and in Case 4, we used that Re{i({, z) - (§ — 2)}
> 0 for { # z. These three cases did not use the following estimate:

Reu- (¢ —z)| = |¢ — z|° for|¢ — z| small. (4.33)

Since the principal value limits of the kernels E,; and E,; only depend on Cases 1,
2, and 4 of Lemma 4.21, we need not assume that (4.33) holds to prove that P.V.E,,
and P.V.E,, are regular kernels.

However, the regularity proofs for the kernels R and E,,; definitely use (4.33),
because both u- ({ — z) and ‘u- ({ — z) appear on the denominators of these
kernels.

CHAPTER 5. THE SOLUTION TO g IN CODIMENSION TWO

Suppose M = 0D is the boundary of a strictly pseudoconvex domain and
suppose S C M is an oriented hypersurface in M defined by S = {z € M;
Re h(z) = 0} where h is holomorphic near D. In this chapter, we construct an
operator E: D29(S — Cg) » &%~ (S — Cs) which is also a continuous map E:
£ omp(S — Cs) > £ (S — Cs), 1 < p < o0, and such that 3{E(N)} + E@gf)
= ffor f € DEI(S — Cg). The operator E will be a boundary value jump across S
of the kernel E,,; used in Chapter 4. The hypersurface S is the boundary of the
type of region w considered in Chapter 4. However, we need not assume S is
compact, nor must we assume that S has admissible boundary.

5.1. Boundary value theorems. Let E denote any one of the kernels E,3, E,5, E,;,
R, L or ‘L. If z € M is fixed, then recall that the {-singular support of E(S, z) is
contained in the set B, = {{ € M; h({) = h(2)}. Letr =Re hand S, = {z € M;
r(z) = t}. If r(z) = ¢, then it is clear that B, C S,. Therefore, if f € DZ(S — Cy),
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then
E([S]" AN = [ _ E& 2 ASE)

defines a smooth form for z € M — S. Our boundary value theorems (Theorems
5.2 and 5.3) examine the smoothness of E((S]*' A f)(z) as z approaches S.

In general, suppose r is an arbitrary smooth function on M. Welet M* = (z €
M; r(z) >0} and M~ = {z € M; r(z) <0} and S = {z € M; r(z) =0}. We
need the following local definition.

5.1. DEFINITION. Suppose F is a smooth form on M — S and let z, € S. Let s be
a nonnegative integer and let X,, ..., X, be arbitrary vector fields which are
tangential to S. We say that F € C‘(M_zf) (resp. F € C‘(M_,;)) if there exists an
open set U in M containing z,, such that X, ... X,{F} is s-times continuously
differentiable on M * N U (resp. on M ~ N U).

A vector field X is tangential to S if X {r} =

If Fe C‘(_M_,f) then near z, we can take continuous boundary values to S from
M ™ of any number of derivatives of F which are tangential to S, but we can only
take boundary values of s normal derivatives of F (normal to S but tangential to
M).

Notation. Suppose F € C‘(M ) for each z, € S — Cs We denote by F* the
continuous extension to S — Cg of (F )TSI um=- Note that F* € &629(S — Cy).

The next two theorems are our principal results concerning the boundary values
of our kernels.

5.2. THEOREM. Suppose S is an arbitrary oriented smooth hypersurface in M and
suppose z, € S — Cg. Suppose f € &%7; then

@ R(ST™' A Nr, € CUM,T) n COM,).

®) If f € 62°%(S) and 35f = O near z,, then

R([SI*" A f)e c(MT)n c=(M).
© LISP'A H € C*MT) n C=(M,)).
5.3. THEOREM. Suppose S C M = dD is an oriented hypersurface defined by
= {z € M; Re h(z) = 0}
where h is holomorphic near D. Suppose f € DBIS — Cs) and and zy € S — Cs. Then

@ E(SI™' A D Ex(SIM' AN € C°°(M+) n C=(M,).

() Eps((SI*' A ) € CUM,T) 0 COM,).

REMARKS. 1. Note that S can be any smooth oriented hypersurface in M for
Theorem 5.2. This is because the singular set in M X M for the R kernel is the
diagonal. The additional hypothesis on S in Theorem 5.3 is essential.

2. In Theorem 5.2, we know nothing about the boundary behavior of
RSP A Nn, However, in [2], the author has proved that if M is the unit
sphere in C", then R(SI*!' A f) € C*(M, +) NncC °°(M ). The proof uses entirely

different techniques and exploits the fact that the R kernel on the sphere satisfies
iy °R=0.
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We shall postpone the proofs of Theorems 5.2 and 5.3 until §5.4.

Let E be any one of our kernels discussed above. Theorems 5.2 and 5.3 imply
that if f € D29(S — Cs), then E(SI*' A f)r|p= has a smooth extension to
S — Cg. We denote their extension by E *(f) € 63(S — Cy).

5.2. Plemelj jump formula for the R kernel. In this section, we prove our global
and local theorems for the jump formula for the R kernel. This formula is
analogous to the classical Plemelj jump formulas for the Cauchy kernel on the
complex plane and for the Bochner-Martinelli kernel on C". In this section S will
be an arbitrary smooth oriented hypersurface in M defined by S = {z € M;
r(z) = 0}.

5.4. THEOREM. Suppose f € DZU(S — Cs) with 0 < g<n—3,0rif g=n—2,
then assume f satisfies condition O for S. Then

@R*NH-R~(NH =1

(b) If in addition 35f = 0, then 35 {R(SI"' \ )} =00on M — S.

ProoF. (a) First, we develop some preliminaries. We want to construct a
sequence of smooth forms on M which approximate the ‘boundary jump’ across S.
To do this let y,: R — [0, 1] be a sequence of smooth functions such that y,(x) =
for |x| > 2¢, and ¥,(x) =0 for |x| <t We let 5: M —[0, 1] be defined by
n,(2) = ¢,(r(2)). It is clear that 5, - 1 (weakly) as ¢t — 0 and that n, = 0 near S, for
eachr > 0.If F € CO(M,7) n C%(M,;) for each z, € § — Cg, then it is clear that

3y A F—[S]* A(F* —F")
weakly as 1 — 0.

Since R(S]*' A f) is a current with locally integrable coefficients_on M, we
have 7, R(ST*' A f) = R(S]*' A f) weakly on M, as ¢t —» 0. Taking 9,, of both
sides, and using Theorem 3.14, we conclude that

Sy A R([ST™ A S) + nR([S]* A 3sf) [ ST A £+ R([S]™ A )
as t — 0. However, since R([S]*! A Ogf) has integrable coefficients on M,

nR([S]*' A3sf) - R([S]*' A sf)
as t — 0. Therefore, we have 9,,m, A R(S1*' A\ f) = [S]*' A f. The orthogonal
decomposition in (2.16) yields
R([ST*" AS)=R([SI*' A f)r, + s AR([S]*' A f)w,

near § — Cs. However, 9 Ay, = W ° r)(9,,r) and (2.13) implies ¢ = ¢, = ) BMr

Therefore, 3,1, A ¢ =0 and so d,m, A R(SI®' A f) = 3pm, A RCSI' A D,
Thus,

3, AR([S1™ A £)r, —[S]* A S ast—o0.
Theorem 5.2 implies that R(SI*' A f)r, € C°(M,o) N C°(Mz:). Thus 3,m, A
R(ST' A Nz, > [SI* A(R*f— Rf) as t >0, and we conclude that R*f —
R ~f = f, as desired.
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(b) Theorem 3.14 implies that if 3¢f = 0, then
W R([SI" AN} =[ST¥' AL,

which has support contained in S. Q.E.D.

We remark that the proof of part (a) of Theorem 5.4 would be much simpler if
RIS A f) € C°(M,;7) 0 C*(M,]) (e.g. if M is the sphere in C").

Theorem 5.4 implies that a és-closed form on S is the continuous boundary
value jump across S — Cg of a 3,,-closed form on M — S. The next theorem is a
local version of this phenomenon. The type of phenomenon in Theorems 5.4 and
5.5 is discussed in a more general context in [1]. What is new here is that we have
an explicit kernel R representing this jump, just as the Cauchy kernel in the
complex plane represents any smooth function on a smooth curve as the boundary
value jump of a holomorphic function.

5.5. THEOREM. Suppose z, € S — Cg, and let U be an open set in S containing z,.
There exists an open set w in M containing z,, with the following property. If
f € DS — Cy), with E_)sf = 0 on U, then there exists F which is smooth on w — S,
such that

(a)5MF =0onw-—S.

(b) F € COAM,*) n CO(M,7) foreachz €E w N S.

QF*—-—F =fonwn S.

PROOF. Suppose f € D9(S — Cg) with dof =0 on U. Theorem 5.4 implies
f=R*f— R fon S — Cs. The trouble is that R(S]*' A f) is not 9,, closed on
M — S near z,. In fact, by Theorem 3.14, we have

A R([SI™ A F)} = R([S]* N3sf) onM— 5. (5.6)

Let w be an open set in M containing z, satisfying the hypothesis of Theorem 4.12
and such that w N S C U. Since 3gf =0 on w N S and since the singular set of
the R kernel is the diagonal, R(S]*' A ¢f) is smooth near &. Theorem 3.14
implies that 9, { R(S]*!' A 9sf)} =0 on w. Therefore, by Theorem 4.12, there
exists u € 657 '(w) which solves the equation 9,,u = R(S]*' A O5f) on w. Let
F = R(SP' A f) — u. In view of (5.6), 3,,F = 0 on w — S. Theorem 5.2 implies
part (b) of the theorem. Since u is smooth on w, the boundary value jump of u
across S N wis zero. Thus, F* — F~ = R*() — R~ (f)=f Q.ED.

REMARK. The formula for F in Theorem 5.5 can be made explicit because the
formula in Theorem 4.12 for u is explicit.

5.3. The homotopy equation for 53. In this section, we shall derive a homotopy
equation, from which the solution to 35 will drop out. Throughout this section, S
will satisfy the hypothesis of Theorem 5.3.

Recall that 8, E,p; = E;3 — E,; — R which holds off the singular sets of the
kernels involved. If f € D%9(S — Cg), then we can apply the above formula to the
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current [S]*! A fand obtain

— W { Es([S1™' A f)} = Es([S]*' A 3SS)
= (Eis — Ex)([S]I*' A S) - R([S OI/\f)- X))

This equation holds on M — S, because all the forms involved are smooth on
M — S. As before, we let S, = {z € M; Re h(z) = r(z) = t}. If we apply the
orthogonal projection map T to equation (5.7) and then restrict the equation to S,,
t # 0, then we obtain

R([S1™' A f)z, = (Eis — Ex)([S]™' A A,
+35{Ens([S]* A £)} + Ens([ ST ABf)s,

which holds on S,. Note that we have used that if F is a smooth form on M, then
T{0,F) = as{FT} on S,. (See Proposition 2.19.) Now as involves derivatives
that are tangential to S, (i.e. vector fields which annihilate r). Therefore, by
Theorems 5.2 and 5.3 we can take boundary values of the above equation from
M™* and M~ (ie.let - 0* and 1 - 07). We obtain

R*(f) = (Ej —Ej3)(f) + 5s{E1§3(f)} + Eés(ésf) (5.8)
We set
E=Ej —Ep, Q = (Ej; —Ej;) + (Ej —Ej).

Theorem 5.3 implies that E, Q map DF(S — Cs) to &F(S — Cs). If we use
equation (5.8) and the jump formula for the R kernel given in Theorem 5.4, then
we obtain the following homotopy equation:

f=Of + 3:E(f) + E(3sf) onS — Cs. 5%

Since E;5(¢, z) has degree n — 2 in d¢ and E,y(§, z) has degree zero in ds, we get
the following cases:

@ If f € DS — Cy), then f = (E3 — E)NS) + EQ@gf).

®)If f € D2I(S — Cg) with 1 < ¢ < n — 3, then f = d;{ E(f)} + E@gf).

(©) If f € DE"~2(S — Cj) satisfies condition O for S, then f = 35{ E(f)).

Note that E(¢, z) is holomorphic in {. Therefore if f € D%"~%(S — Cy) satis-
fies condition O for S, then E,(SI*' A f) =0.

We also have the following £7 estimate on the operator E.

5.10. LEMMA. Suppose S C M satisfies the hypothesis of Theorem 5.3 and suppose
K, and K, are compact sets contained in S — Cs. Then there is a constant Cy x,
which depends only on the compact sets K, and K,, such that if f € D%9(K,), then

IE(NNercxy < CiMllercxry-

The proof of Lemma 5.10 will be given in §5.4. Lemma 5.10 and the homotopy
equation in (5.9), together, yield the main theorem of this chapter.
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5.11. THEOREM. Suppose S C M = 3D is a smooth oriented hypersurface in M
defined by S = {z € M; Re h(z) = 0} where h is holomorphic near D. The operator
E: DS — Cs) - 697(S — Cs) also maps £} (S — Cg) > ENo(S — C)
continuously. If f € DFIU(S — Cs), 1 < q <n — 3, then

f=03{E(f)} + E(3sf) onS— Cs.

Moreover, if f € D5"~%(S — Cg) satisfies condition O for S, then f = 5S{E( N} on
S — Cs.

So, for example, if M is the unit sphere in C" and S = {z € M; Rez, = 0} is
the equator, then we can solve the 95 equation on § — {(+4,0,...,0)}.

5.4. Proofs of boundary value theorems. To prove Theorems 5.2 and 5.3, it will
suffice to prove the following two theorems. Recall that S = {z € M; r(z) = 0}
and M* = {z € M; r(z) >0}; M~ = {z € M; r(z) < 0}. If E is any one of our
kernels, then we let

E(MIAN@ = [ _ E&)ASD)

where it is understood that we only integrate the piece of E(§, z) A f(§) of type
(n,n—1in¢.

5.12. THEOREM. Suppose S is an arbitrary hypersurface in M and z, € S — Cg. Let
fe GD”"(M) be a smooth form on M.

(@) If f(¢) vanishes to order j at S near z, then R([M INHE ﬂM ).

(b) The forms Ly, (M*] A f) and ‘L, (M=) A\ f) are in C>(M,

5.13. THEOREM. Suppose S is a hypersurfafe in M satisfying the hyeothesis of
Theorem 5.3, and let z, € S — Cs. Suppose f € D47 (M) and suppose f = 0 near
Cs.

(2) E\3(M *1f) and Ey (M *1f) € C(M_;

(b) If f vanishes to order j at S near z,, then Em([M ]f) € C""'( :)

PROOFs OF THEOREMS 5.2 AND 5.3 ASSUMING THEOREMS 5.12 AND 5.13. Suppose
f € DEIS — Cy). Letf € 6D24(M) be any smooth extension of f which vanishes
near Cg. We note that 9,,{[M ~1} = [ST*!, and so

R([SI*' A S) = R@u{[M~]} A )
= R(E([M] A7) - RIMT AT
which holds on M *. Since 3,,R = L,, — ‘L,,, we have
RE{[MIAT}) = - @uR)N[M™IAT) = 3 R((M 1A )
= (Ly — Lu)([M~1]) - % {R((M™]7)}-
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Therefore we have

R([ST' A1) = (Lar = Lu)([#71F) = 3 {R([M7]1))
—R([M~13,,f) onM*. (5.14)

Again, we let S, = {z € M; r(z) = t}. We apply the tangential map T to equation
(5.14) and then restrict the equation to S, with # > 0, we obtain

R([ST A N7y = (Lo = La)([M ™17, = 3 (R((M ] A f)r,)
- R([M‘ ]5Mf')7‘s on S,.

Since 5& only involves derivatives which are tangential to S,, we can apply
Theorem 5.12 to conclude that R([S]*' A Nr,eC °(M_,:'), as desired.

(b) Suppose f € D&Y(S — Cg) with dgf = 0 near z, Then we can choose the
extension f so that 3,,f vanishes to infinite order at S near z, (see [2]). From part
(a) of Theorem 5.12, we see that R({M ‘]5Mf) ecC ”(M_J). The second term on the
right of (5.14) vanishes because of type considerations. (R({, z) has degree less than
n—1 in d¢.) The first term lies in C°°(M,‘°‘) by part (b) of Theorem 5.12.
Therefore, R(S]*' A f) € C”(sz), as desired.

The above proof is the same if the + and — are reversed.

The proof of Theorem 5.3 is analogous to the proof of Theorem 5.2 and it will be
left to the reader.

REMARKS. 1. Notice that 5M{R([M 7] f)} involves derivatives which are normal
to S. Thus, we do not know that this term is continuous up to S from M *. For this
reason, we must apply the projection map T to equation (5.14) before taking
boundary values.

2. Proving Theorems 5.12 and 5.13 is easier than proving Theorems 5.2 and 5.3
directly. This is because the domain of integration is one dimension higher in
Theorems 5.12 and 5.13.

PROOFs OF THEOREMS 5.12 AND 5.13. Suppose f € %"~ !(M) and vanishes near
Cg. Suppose A is a smooth function on M X M with h(¢, z) = O(|¢ — z|*) where k
is a positive integer. If f vanishes to order j at S, then f(§) = O (r({Y). By looking
at the pieces of the kernels involved, we must examine

ARG, 2)r(EY
eM~[u-(§ - z)]p['u‘ (¢ - z)]q[v~ - z)]’

(Kf)(z) = fg

where p, ¢, I, j are nonnegative integers. It will be understood that if / is positive,
then S must satisfy the hypothesis of Theorem 5.3. Otherwise, S will be an
arbitrary oriented hypersurface in M. With this understanding it is clear that Kf is
smooth on M *. We must examine the behavior of (Kf)(z) as z approaches S from
M *. The case where + and — are reversed is similar.
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5.15. LEMMA. Fix zy € S — Cs. K(f) lies in the space C‘(M—,:’) provided the
Jollowing conditions are satisfied by p, q, 1, j, k, s and n. (n is the complex dimension
of C".)

(5.16) If p and q are positive, then2(p + @) + | — k — j + s < 2n.

(5.17) If ¢ = 0O, then p, I, s, j and k can be arbitrary nonnegative integers. If p = 0,
then q, I, s, j and k can be arbitrary nonnegative integers.

To see that Lemma 5.15 implies Theorems 5.12 and 5.13, we check each kernel.

R kernel. In this case, we have p + ¢ = n, [ = 0, k = 1. Condition (5.16) implies
s can be as large as j, but no larger.

E,,; kernel. In this case, we have p + g =n — 1, /=1 and k = 1. Condition
(5.16) implies s < j + 1.

Kernels E 3, Ey;, L or ‘L. It is easy to see that condition (5.17) applies to these
kernels.

ProOOF OF LEMMA 5.15. It suffices to show that given §, zo € S — Cg with
$o € B,, = {§ € M; v(§, z9) - (§ — zp) = 0}, there exists an open set U, X U, C
M X M containing (§,, z,) such that if f € D%~2(U,) then Kf has the required
smoothness in U, N M *. Then the lemma will follow from a partition of unity
argument. When / = 0, we only have to worry about the case when §, = z,,
because u is a strong support function for M. So we must consider the following
cases:

Case 1.§y=zpandp,qg > ;2(p+q)+ 11—k —j+ s <2n

Case 2. {3 = z,; either p=0o0r g =0; if g =0 then p, /, s, j and k can be
arbitrary nonnegative integers. If p = 0, then ¢, /, s, j and k can be arbitrary
nonnegative integers.

Case 3. §, # zo; §o € B,; | > 1 and p, g, 1, j, s, k can be arbitrary nonnegative
integers.

In all three cases, we must make a change of variables.

5.18. LEMMA. For each (o, 2o) € {S — Cs} X {S — Cg} with v($o, 29) - ($o — 20)
= 0 there exist n> 0 and an open set Ul X U2 C C" X C" containing (4, z,) and a
map V: U . X U2 — C" with the following properties.

(a) For each z € U2, the map ¥, () = ¥(¢, z): ¥ '{B(©,7)} - B0O,7) is a
diffeomorphism, where B(0, n) is the ball of radius m about the origin. ¥, '(w) is a
smooth map in z € 172 and w € B(0, n).

(db) If we write Y, (§) = W, 2),...,w,(8, 2)) then Re wi(¢, z) = p({),
Re wy(§, z) = r({), Im wy(§, 2) = Im{v(§, 2) - (§ — 2)}. .

(¢) If in addition {y, = z,, we may choose ¥ so that ¥,(z) = 0forz € U, N S, and
Im w($, z) = Im{a - (§ — 2)}.

PrOOF. The proof is similar to the proof of Lemma 4.22. In fact, since
Re{v- (§ — 2)} = r(§) — r(2),

we have ¥ = ¥, — (0, r(z), 0”) where ¥, is the map in Lemma 4.22. Q.E.D.
It is clear that we may require Im w, = Im{‘é¢- ({ — z)} instead of Im w, =
Im{u- ({ — z)} if we so desire. Such a diffeomorphism will be used if p = 0.
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Cases 1 and 2. We assume §, = z, € S — Cs. In Cases 1 and 2, we will be
working near the diagonal, so we may replace u by # in the definition of Kf.
Throughout the rest of the proof of Lemma 5.15, we will use the following
notation:
x; = Re w;, 1<j<n,
Yy =Imw, 1<j<n,
w=(wy...,w,) EC"L,
w = (Ws...,w,) EC"?
w, = (y, wy — r(z), w") ER™ L
R?>"~! will have coordinates (y,, ') (i.e. x, = 0).
For each fixed ze M, Y M")={weC’ x;,=0 and x, < 0}. For
shorthand, we write ¥, (M ~) = R?**~! which is independent of z.
Since ¥ !(0, (z), 0”) = z for z € M, an easy Taylor series argument about the
point w, = (0, r(z), 0”) shows that the estimate
| ¥ (W) — z|=~|w,| (5.19)
holds uniformly for z € M near z, and w near 0.

If f($) has support near z,, we may pull back the integral in Kf(z) via ¥ !(-) to
obtain

h(w, 2)x4 f,(w, z) dAN(w
Kf(Z) = f l( ) 2fl( ) ( ) ;
weRE ™! ul(w’ z)p tul(w’ z)q(w2 - r(z))
where dA(w) is Lebesgue measure on R~ ! and where

hy(w, z) = h(¥; (W), 2),

uy(w, z) = 4(¥;'(w), z) - (¥;7'(w) - 2)
= Re u,(w, z) + iy,
uy(w, z) =4(¥;'(w), z) - (¥1(w) — 2)
and

filw, 2) dX = ¥ 1*{ f}(w).
If f has compact support near z,, then f,(w, z) will have compact w-support near
the origin.
PrROOF OF CasE 1. We will first assume / > 1. As we shall see, the proof of Case
1 when / = 0 is similar and actually easier.

5.20. LEMMA. (a) |w, — #(2)| & |w,| + r(z) forz € M and x, < 0.

®) |w,P ~|wl* + r(z)*forz € M™ and x, < 0.

©) hy(w, 2) = O(Iw,|*) for z € M.
Given zy € S, there exist 1 > 0 and an open set U, in M containing z, such that the
following estimates hold uniformly for z € U, and w € R*~! with |w| < .

@ ww, )= w, + |yl w2 = |+ |y], Reu(w, z) = 0(w,P);
Re ‘u,(w, z) = O(Iw,), u,(w, 2) — uy(w, 2) = O (|w,]).
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(e) If X, is a vector field in z which is tangential to M, then
Xu(w, z) = O(jw]); X, ‘uy(w, 2) = O(|w,)),

k-1y
Xoh(w, 2) = { Sl k> 1,
o(1) ifk <1
(f) If X, is a vector field in z which is tangential to S, then
Xuy(w, 2) = O(lw,l); X, ‘uy(w, 2) = O(|w,),
X.hy(w, z) = O(|w,[*).
(g) For 2 < j < n, we have
) 9
A= w(w, 2) = O(|w,]); == uy(w, 2) = O(|w,)),
ayj 1 ayj 1
k—1y
D ponny = [ O0mETY) k>,
9y; 0(1) ifk < 1.

PrOOF. (a) We have |w, — r(2)| =~ |x; — r(z)| + |y,)- If x, <0 and r(z) > 0,
then |x, — r(z)| = |x,| + r(z). This establishes (a).

(b) We have |w,[2 = y} + (x, = H2)? + »2 + [W[. Now (x, = r(2))? = x3 —
2x,r(z) + r(z)%. If r(z) > 0 and x, < O, then (x, — r(2))* > x2 + r(z)>. This estab-
lishes (b).

(c) Since A(¢, z) = 0(|¢ — z|¥) by hypothesis, part (c) follows by letting ¢ =
¥ (w) and using (5.19).

(d) Part (d) is proved exactly as part (b) in Lemma 4.19 is proved except that we
use (5.19) instead of (4.18).

(¢) and (f) We have X, {u,(w, z)} = X,{Re uy,(w, z) + iy,} = X,{Re uy(w, 2)}.
Since Re u,(w, z) = O(|w,|?), we have that Re u,(w, z) is a polynomial of degree
two in the real components of w, = (y,, w, — r(z), w”) over the ring of smooth
functions in w and z. If X, is tangential to S, then X,{r(z)} = 0 and therefore
X, {Re u;(w, z)} = O(|w,|?). However, if X, is not tangential to S then X,{r(z)} #
0 and so X, {Re u,(w, z)} = O(Jw,|).

Similarly, we have X,h,(w, z) = O(|w,[¥~") (resp. O(|w,[*)) if X, is not tangential
to S (resp. if X, is tangential to S). The estimate for X, {‘u,(w, z)} follows from the
estimate on X, {u,(w, z)} and because ‘u;(w, z) — u,(w, z) = O(|w,]).

(8) The estimates in (g) follow because d/dy; clearly lowers the degree of a
polynomial in the components of w, by one. For example, if j > 2 then

9 =9 ) = 2 0(Iw,PP) =
ayj ul(w’ Z) - ayj {RC U, + lyl} - ayjo(lwz| ) - O(lsz' Q'E‘D'

J

REMARKS. 1. We emphasize that Lemma 5.20 only holds for z € M near z,,
because (5.19) holds only for z € M near z,

2. Parts (e) and (f) of Lemma 5.20 are the keys to understanding the difference
between the boundary behavior of derivatives of Kf which are tangential to S and
derivatives of Kf which are not tangential to S. If X, is a vector field which is
tangential to S, then, for example, the estimates on |u,| and |X,u,| are the same,
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whereas if X, is not tangential to S, then the estimates on |X,u,| are worse than the
estimates on |u,| by a factor of O (jw,|).

Now, let us return to Kf. Choose > 0 according to Lemmas 5.20 and 5.18.
Choose U, X U, c M x M N {U, x U,} containing (¢, z,), such that U, satis-
fies Lemma 5.20 and such that ¥{U, x U,} c B0, q). If f € %"~ '(U,) then
fi(w, z) = f(¥]'(w)) is smooth and for each z € U,, the w-support of f,(w, z) will
be contained in B(0, 7).

We let K(w, z) be the integrand occurring in Kf, i.e.

hy(w, Z)xéfl(w’ z)
uf uf(w, — r(2))’

We wish to get a single power of w, — r(z) in the denominator of K,(w, z). To
do this, we write

IO _ .
o= @) = 25 () (o= )

Since fi(w, z) has compact w-support, we may integrate by parts with 9/dy, to
obtain

(K@) = [ Ki(w, 2) dA(w)
(_i)l—l( 3 )I—l{fl(w, 2)hy(w, z) } x4 dN(w)

W, u? ‘uf (w, — r(2))

K\(w, z) =

~Jverm (1= 1)

= lKz(w, z) dA\(w)

weER-

where K, is smooth with w-support contained in B(0, n). Note, we could not have
integrated by parts with d/dx, because we would have got boundary terms at
x, = 0.

We need to estimate the integrand K,(w, z). From Lemma 5.20, we have

|, 2) 77| (Wl + 7(2)* + 13]) 7,
[uy(w, 2) 7| (WP + r(2)* + |nl) " (521)

We also have

3 0m 977)] = 1|y 00 ) o 2970

< O(w, (WP + r(2)? + |y]) "¢
= (Iw|2 + r(z)2)1/2(|w|2 + r(z)z + Iyll)-(pn)

< (W2 + r(2)* + [y,]) €2 (5:22)

Note that each time we differentiate u;? by 9/dy,, the estimate worsens by a
factor of (jw|> + r(z)*> + |y,))~'/% (Compare (5.22) with (5.21).) From these ob-
servations and from the rest of Lemma 5.20, we easily see that
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[Ky(w, )| (Wl + r(2)? + [nl) (WP + r(2)°)(jwyl + r(2)) ™"
where u, = p + g + 3(! — 1), p, =3(k + j). Therefore, we have

|Kao(w, )| S (WP + r(2) + [71]) (Il + r(2) ™" (5.23)
where v = p, — p, = p + ¢ + 3(/ — 1 — k — j). This estimate holds uniformly for
wER” 'with |w| <nandz € U,nN M~

Now suppose X, is a vector field in z on M. For z € M* N U,, we have
X{Kf} = [,erm-1 X, Ky(w, z) dA(w). If X, is tangential to S then X(r) = 0 and so
X {(wy — r)~'} = 0. Therefore, X, must differentiate the rest of K, and Lemma
5.20 implies the estimates on |X,{K,(w, z)}| and |K,(w, z)| are the same. For
example,

|X{u|_"}| = PI(qul(w, z))ul—(p+l)|
= 0w )P + r(2) + |yal) @

S (WP + r(2 + 13il) ™7
which is the same estimate satisfied by |u; 7| (compare with (5.21)).
However, if X, is not tangential to S, then
[X {ur?}| = p|(X,uy(w, 2))uy @+ D)
—@+1)
= O(Iw,D(IwP + r(2)* + |,])

S (WP + ) + 1) O,
So, we see that if X is not tangential to S, then the estimate on |X {u; ?}| is worse
than the estimate on |u; 7| by a factor of (|w|*> + r(z)* + |y,))~ "%

Also, if X, is non-S-tangential, then X {(w, — r)~'} = (XrXw, — r)~% which is
nonzero. So, we must integrate by parts as before with the vector field 3/3dy, to get
a single power of (w, — r(z)) in the denominator. As we saw before, each time we
integrate by parts with d/dy,, the estimate on the integrand worsens by a factor of
(WP + (2P + |y~ 2

In summary, suppose X, . .., Xy are vector fields in z on M of which s are not
tangential to S. For z € M* n U,, we have

X, .. X {(Kf)(2)) = f Xy ... Xn{Ky(w, 2)} dA(w).
weR¥-!
After the appropriate integrations by parts, we have

X Xy ((KN@) = [ Ky(w, 2) dN(w)

wER?Y

where K; is smooth and for each z € U,, the w-support of K;(w, z) is contained in
B(0, ). Moreover, we have

|Ks(w, 2)| S (IWP + r(2)* + |»il)”

s(WP+xl)" 7"

v—s5/2

(jwsl + r(2))™"

|W2|-‘,
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which holds uniformly for z € M¥ N U, and for w € R*~! with |w| < 7. To
prove that X, ... Xy{Kf} has a continuous extension to M * N U,, it suffices, by
the dominated convergence theorem, to determine the values of s which make the
function (|w'|> + |»,[) 7" ~*/?|w,| ~! locally integrable on R**~!. So suppose §,, 8,, 8,
are fixed positive numbers. Consider

83 —_—y -
I = ”|2 2 v—s/2 -1 ”
Joce Lo S P a1 ™ ™ wal ™ by ahw”) d ()
|wy|<8, [w"|<8;

where dA (w”) and d\ (w,) are Lebesgue measures on R?”~* and R?, respectively.
To determine I, we shall integrate y, first to obtain

1=om+ [ e Lo OOW + o)™ gl = A7) dAw).

|wy| <8, Iw"I<8;

Next, we shall integrate w” € R**~% To do this, we use a lemma, which is
proved using sophomore calculus.

5.24. LEMMA. Suppose 8 is a fixed positive real number and a € R. Let m be an
integer greater than one. Then

[ (uP+a) " anw) = {
|lu| <8
uER™
We shall apply Lemma 5.24 witha = |w,|,/ = » + s/2 — l,and m = 2n — 4, to
obtain

0(1) + 0(a™ %) ifl#m/2,
O(log a) ifl=m/2.

I=0Q)+ f O(|w,| =@ =2+ 5+3) d\(wy).
wyeC
|wa| <8,
Clearly, we see that I < oo if
2r —2n+ 3+ s <2 (5.25)
Sincev =p + g + 3(/ — 1 — k — j), (5.25) will be satisfied if 2(p + q) + | — k —
J + s < 2n, which is the condition assumed in Case 1.

To summarize, if the condition in Case 1 on p, g, [, j, k and s is satisfied, then
K(z, w) is dominated uniformly for z € M* N U, and w € R**~! with |w| < n by
a locally integrable function on R>*~!, The dominated convergence theorem then
implies that the function X, ... Xy{Kf}(z) = [, cr-1K3(W, z) d\(w) has a con-
tinuous extension to M * N U,, as desired. This proves Case 1if / > 1. If / =0,
then the same proof applies except that we need not integrate by parts with 3/dy,.
Note also that S need not satisfy the hypothesis of Theorem 5.3.

Case 2. We will assume that g = 0; the case when p = 0 is similar. We will first
assume / > 1. In this case, we have

ey = [ D dnhnd) g,

= uf(wy — r(2))
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where we have used the same notation as in Case 1. Now suppose X, . . . , X, are
vector fields in z on M. Forz € M* N U,, we have

hy(w, 2)x§ fi(w, 2) ] dA(w).
u,(w, z)’(w2 - r(z))l

X, ... Xy {Kf(2)} = fwekh_lx, . XN{

A typical term of X, . .. Xy{Kf} is

hy(w, z) dA\(w)
K(z) = 2 ;
e T

where hy(w, z) is smooth with w-support contained in B(0,n) and ¢, + 1, < p + /
+ N. Again, we wish to get a single power of (w, — r(z)) in the denominator. As in
Case 1, we integrate by parts with 3/dy, to obtain

R e N )"_'{M](wz—r(z»"dx(w).

(& — 1) W, u,(w, z)"
A typical term of K{(z) looks like
K=[ DD, eyt aaw) (526)
weR>-1 y,(w, z)

where m is an integer with m <t + t, and hy(w, z) is smooth with w-support
contained in B(0, ). Now, we also want to get a single power of u, in the
denominator. Actually, we will reduce the power one at a time by a technique used
in the proof of Theorem 4.3. Let g = (1/(1 — m))[3u,/dy,]”}, i.e.

-1
g(w, z) = 1 _1 m(%lRe u(w, z) + i) .

Clearly, g is smooth and gd{u; ™} /dy, = u; ™. This holds forz € M* N U, and
w € R¥~! with |w| < 7. Integration by parts with 3/dy, yields

K@= [ wOn ' () = ()™ dAw)

B '/:vekz_"-'u'(w’ 2)' " "hy(wy — r(2)) 7" dA(w)

where h, is smooth with w-support contained in B(0, n). Iterating this procedure,
we finally obtain forz € M* N U,

K@) = [, a(w2)” hs(w, 20w = 1(2)) ™" dAw)

where hs is smooth with w-support contained in B(0, n). By Lemma 5.20, the
integrand is dominated by (|w|> + |y,[)”'|w,|~" uniformly for z € M¥ 0 U, and
w € R~ ! with |w| < 7. Since (Jw’| + |y,])”!|w,| ™! is locally integrable on R*"~!,
the dominated convergence theorem implies that K, has a smooth extension to
M7¥N U, Thus, X,...Xy{Kf} has a continuous extension to M* N U, as
desired.
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As in Case 1, the proof of Case 2 when / = 0 is easier. The above proof applies
except the integration by parts with d/dy, is unnecessary. Again, if / = 0, then we
need not assume that S satisfies the hypothesis of Theorem 5.3.

Case 3. Assume {, # zo and v($, z) - (§o — zo) = 0 and / > 1. Since {, #* zy, we
can require that U, X U, N A = &. Then, the function

SORG, rgY
u-(§—2f(u- (§ - 2))*
is smooth on U, X U,. If f € D3~ '(U,) then the {-support of g(¢, z) is contained
in U,. Pulling the integral back via ¥ ', we obtain

(K2 = [ GOw 2)(wa = r(2)) ™" dA(w)

where G(w, z) dA(w) = ¥ "*{ g}(w) is smooth and has compact w-support in
B(0, ). If X, . .., X, are vector fields in z which are tangential to M then

X, ... Xy{Kf}(2) =j; X, ... XN{G(W, z)(w, — r(z))_l} d\(w)
forz € M* N U,. A typical term of X, ... Xy {Kf} is
K@) = [ Gilw 2)(ws = r(2) ™" dA(w)

where G, is smooth and has compact w-support in B(0, n), and ¢ </ + N. Using
the vector field 3/dy,, we can integrate by parts # — 1 times as in Cases 1 and 2, to
obtain

g8, 2) =

eRr¥-!

K@) = [ Galw 2)(wa = 7(2)) " dAw)
where G, is smooth, and for each z € U, N M *, the w-support of G, is contained
in B(0, 7).

For w € R* ' and z € M ¥ N U,, the integrand in K, is dominated uniformly
by c|w,| . Since |w,| ™! is locally integrable on R**~!, the dominated convergence
theorem implies that K, has a continuous extension to M * N U,, as desired. This
proves Case 3, and concludes the proof of Lemma 5.15. Q.E.D.

PrOOF OF LEMMA 5.10. Before we prove Lemma 5.10, we need some pre-
liminaries.

ER2"

5.27. LEMMA. Suppose S is a hypersurface in M satisfying the hypothesis of Theorem
53. Let f € D59(S — Cg)and g € Dy P97 1(S — Cg). Then

(Es(S), 8)s = (=1¥ (£, Eis(8))s-
PROOF. Let S, = {z € M; r(z) = ¢}. We have
(Eis(f), 8)s = lim (Es([S.]™' A f), 8)s
Jim (Egs([S.]% A1), [ST A 8)er
lim (=17* " ([S] A L Eas([S] A 8))en

e—0~
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where in the last equality, we have used that ‘E,,; = E,,;. Since ¢ is approaching
zero from negative values, we easily obtain (E3;(f), g)s = (— 1?7 !(f, E2:(8))s
as desired. Q.E.D.

Lemma 5.27 implies that the operator E = E}; — E 3, is selfadjoint, up to sign.
Thus it will suffice to prove Lemma 5.10 for p = 0. For then duality and Lemma
5.27 imply the result for p = 1, i.e. we have

[(E(S), 8)s| =|(f; E(g))s| < CrllMNellglle=cxy

for f, g € D& (K). Then, interpolation theory (see [18, Theorem 1.4.2]) implies
Lemma 5.10 holds forall 1 < p < o0.

Thus, to prove Lemma 5.10, we must show that if K|, K, are compact sets
contained in S — Cg, then |E3;(f)(2) — Eg(f)2)| < Cx gl flle=(x,) holds for
z € Ky and f € D¢ (K,), where Cy x is independent of z € K,, and f.

Let O, z) = [d- (§, 2P|’z - (§, z)Ff where p+ g=n— 1, p,q > 1. A typical
term of the kernel E,,; is g($, 2)/(Q(8, z)v- (§ — z)) where g($, z) = 0(|$ — z|).
By localizing the problem, we may assume that g({, z) has {-support contained
near a fixed point {’ € K,, and we will estimate |(E%; — E3;)(f)(2)| for z € K,
near a fixed point z’ € K,

5.28. LEMMA. Given z' € S — Csg, there exists an open set U in S containing z' and
there exists a 6 > 0 and a smooth map ¢: U X [—86, 8] > M with ¢(z,0) = z,
Im d(z, ¢(z, 1)) - (z — ¢(z, 1)) = 0, and r(¢(z, 1)) = 1, for z € U and |t| < 8.

PROOF. The desired map is ¢(z, t) = ¥ (0, 0, ¢, 0, 0”) where ¥,(+) is the diffeo-
morphism constructed in Lemma 5.18. Q.E.D.

For simplicity, we write z, = ¢(z, t). To prove Lemma 5.10, we must examine

I =f g(g, Z’) _ g({, z_,
tex| Q6 z)o-(§—z) Q@ z_)o-(§—z_,
The triangle inequality yields

, 8§, 2) 1 1
s tek] Q& 2) | |o-(§—2) o -2z,
1 8.z) gz,
+f:e1< v-(§-z_)]|2K z) QGK.z_,
=+ L.

We must show that given ({’, z') € K, X K,, then lim,_4+{I] + I;} < Cx holds
uniformly for all z € K, near z’ € K, and where the {-support of g(§, z) is
contained near {’ € K.

Case 1. {’ = z’. We need to make a change of variables w = ¥,({) described in
Lemma 5.18. We can do this since z’ is noncharacteristic. Note that ¥_(S) = R?"~2
with coordinates (y,,y,, w”), where y; = Imw, and w” = (w3, ..., w,) €C'"%

J
Note also that on R*~2, |v- (¥ '(W) — 2)| = |y,| + |r]- So, if we pull back the
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integral in /], we obtain

I, < f gl(w’ Z’) 2"
' yere-2 01w, 2) (2 + 1)
[wl<n

where dA(w) is Lebesgue measure on R**~2, g,(w, z,) = g(¥;'(w), z,), Q,(w, 2,) =
Q(¥;'(w), z,), and 7 is a fixed positive real number. Lemma 5.20 implies the
following estimates hold uniformly for z € K, near z”:

|81(w, 2,)| = O(|w]| + |r]),
1
< —.
(IwP + 7 + | »])

dA\(w)

1
' Ql(w’ zr)
Since
r -7
—_ =2tan (=2 ) <7
f|y2|<ny§ +r? % ( ’)
and since (|w”|> + |y,[)>>~" is locally integrable on R**~3, we easily find that

If < C, uniformly for z € K, near z’, and all r with |r| <17.
We will show that I — 0 as |r| — 0. The triangle inequality yields

r g({, zr) — g(f’ z_, 1
L< tek (8, z,) vo-(§—-z_,
g8t z_, 1 1
Hede = [0t " ew

='I; + "I,

Pulling back the integral in ‘I via ¥ !, we have

< f
wek2n—2
wl<n

1
sl + |rl

gl(w’ zr) - gl(w’ Z_,
Q](W, zr)

d\(w).

Now g,(w, z,) — g(w, z_,) = O(|z, — z_,|) = O(|r|). Since

|r| dy,
— = = 0(|r| log|r
jl’yzl<n |2l + |r| (Ir] 1og|r)

and since
[ w2+ 1y " dNw) = O(loglr),
weER> 3
Iwl<n
we easily see that 'I; < O(|r|[log||]>). Thus ‘I — 0 as |r| — 0.

Pulling back the integral in ” ], we have

gl(w’ Z_,

QI(W’ Z,) - Q|(W, z_,
d\(w).
R (»)

01w, 2,)0(w, z_,

K< [
weER>” 2
[wl<n
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We claim that
0w, z) — Qy(w, z_, — O(Juy(w, z,) — uy(w, z_,)])
Ql(w’ Zr)Ql(w9 z—r) U"

+ 0(ltul(‘v’ zr) ;n‘ul(w’ z-r)l)

(5.29)
where U” is any expression of the form

U™(w, z) =[u(w, 2,) ][ 'uy(w, z,)]j’[ul(w, z_ )P [mw, z_, ]j‘ (5.30)
with j, + j, + j; + j, = n. To prove (5.28), we induct on = starting with n = 3
(=p=q=1).Letu = u(w, z,)and Q, = Q,(w, z,). Then, forn = 3

Qr - Q—r _ (ur - u—r) ‘ur + u—r(‘ur - ,u—r

00, 00,
= (ur — u_,) + (’ur — ‘u—r
wu_, 'u_, w 'y u_,

This proves the case when n = 3.
To prove the induction step, we write
—1¢ —-1¢ _ -1¢.q9
QI‘ - Q—r — (uf - u"'r)ufp urq + u-—r(urp ufq up—r u—r

00, 0,0_,

— p—1t.q _ ,p—1¢4,q
— (ur u—-r + l ur uf u—f u

—r

a uu?, 'ul U uP M utP e,
Since p + ¢ = n — 1, the first term is O(u, — u_,)/ U". We may apply the induc-
tion hypothesis to the second term, and the claim follows.

5.31. LEMMA. The following estimates hold uniformly for z € K, near z' and
w € R* 2 with |w| < 1.

@) 8w, z_)| < |w| + |7l.

®) |U(w, 2)| 2 (W] + 7 + |y,)D7"™

©

uy(w, 2,) — wy(w, z_,) = O((|w| + |r])|r]),
wy(w, z,) = ‘wy(w, z_,) = O((|w| + |r])|r]).

ProOOF. The estimates in parts (a) and (b) follow from Lemma 5.20 and because
r(z,) = r. A Taylor series expansion of p implies that Re & - ({ — z) = O(|¢ — zP)
and Re ‘4- (¢ — z) = 0(¢ — z]») for (¢, z) € M X M near the diagonal. There-
fore, by setting { = ¥, !(w), we easily obtain Reu,(w,z,) — Reu(w,z_,) =
O((wl + |7D|r|) and Re ‘u;(w, z,) — Re ‘uy(w, z_,) = O((|w| + |r])|r]).

Since Im 4(z,z) - (z — 2,) =0 (Lemma 528), we have Im u,(w, z,) —
Im u,(w, z_,) = O((Jjw| + |r])|7]). This in turn implies

Im ‘u(w, z,) — Im ‘uy(w, z_,) =[Im ‘u(w, z,) — Im u,(w, z,) ]
—[Im ‘wy(w,z_,) = Imuy(w,z_,)]

+O((Iw| + |rDIr). (532)
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Now ‘u;(w, z) — u;(w, z) = O(|w,). Therefore, there exist smooth functions
a,p(w, z) such that

Im ‘uy(w,z) — Imu(w,z)= a,5(w, z,)wz"'(Wz’)B.
la|+|B|=2
So from (5.32), we have
Im tul(w’ Zr) —Im ’ul(w’ Z_,.) = 2 aaﬂ(w’ zr)wzt,!(wz,)p
lal+|Bl=2

—ag(w,z_Iwe (%, )" + 0wl + Ir)ir).
Since |w,| < |w| + ||, an easy argument now shows that Im ‘u;(w,z,) —
Im ‘u,(w,z_,) = O((|w| + r)|r|). This completes the proof of parts (b) and (c) of
Lemma 5.30. Q.E.D.
In view of (5.29), (5.30) and the estimates in Lemma 5.31, we have

Qi(w.z) = Qu(w,z_) | _ O(Irl(Iwl + Ir)?)
Qi(w, 2)i(w,z_,) |7 (WP + 2 + I»i)"
S M
(WP + 72 + |y)"”
Since [|, 1<, @2/|y,| + |r| = O(log|r|) and since
S, a1 7 4 1) () = O(rltoglr),

|wl<n

|&:(w, 2,)|

we have "I < C,|r|[log|r|]>. Thus, “I; — 0 as |r| — 0, as desired.

Case 2. §{’ #z' and v($’, z’) - (' — 2’) = 0. This case is easier. For { # z, the
function g($, z)/ Q(§, z) is smooth. Therefore, if we pull back the integral in I] via
¥ !, then

r
s 1 g, <
l<nys + r?

which holds uniformly for z € K, near z’ and for r with |r| < 7. For { and {’ and z
near z’, clearly, the following estimate holds:

8, z)  gl,z.,)
0@,z) o¢-=z_,)

= 0(r].

Therefore

Ir|
L< — = &, = 0(|r|log|r|).
2 yat<n yal + 17l @, (Ir|tog| )

Thus I; — 0 as |r| — 0, as desired. This completes the proof of Lemma 5.10.
I would like to thank John Polking and Reese Harvey for their help during my
graduate career at Rice University.
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