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To the memory of my adviser, Rufus Bowen

ABSTRACT. In this paper the symbolic dynamics of several differentiable systems
are investigated. It is shown that many well-known dynamical systems, including
Axiom A systems, piecewise monotonic maps of the interval, the Lorenz attractor
and Abraham-Smale examples, have inside them subsystems conjugate to subshifts
of finite type. These subsystems have hyperbolic structures and hence are stable.
They can also be chosen to have entropy arbitrarily close to that of the ambient
system.

Let f: M — M be a diffeomorphism of a manifold into itself and let £(f) be its
nonwandering set. While it is usually difficult to describe completely the orbit
structure of f, one could look for large invariant subsets of Q(f) on which the
dynamics of f are simple to characterize. This idea is due to Rufus Bowen, who
proposed that one asks the following: Given ¢ > 0, does there exist a hyperbolic
f-invariant set A, C Q(f) with the property that

(1) f|A, is conjugate to a subshift of finite type, and

(2) h(f|A,) > h(f) — & where h() is the topological entropy of f?

We say that f is, in the sense of entropy, a limit of hyperbolic subshifts of finite
type if A, above exists for every ¢ > 0. The main result of this paper is that many
dynamical systems we know are limits of this kind. They include Axiom A
diffeomorphisms and flows, piecewise monotonic maps of the interval, the Poincaré
map of the Lorenz attractor [15] and certain Abraham-Smale examples [1]. Perhaps
this new class of systems accounts for some of the other non-Axiom A examples as
well (e.g. [11], [17], [19], [23], [24], [28]), but that remains to be decided.

Recall the definition of a subshift of finite type. Let {1,..., n} be given the
discrete topology and = = [I%_{1, ..., n} the product topology. Let 0: = — = be
defined by (o0x); = (x);,, where (x), denotes the ith coordinate of x. Let 4 = [4,]
be an n X n matrix of 0’s and I's. Let £, = {(x €2: 4, =1 for all i € Z}.
Then 6|2, is called a subshift of finite type. If ' = II§{1,...,n} and =, = {x €
3 A = 1 for all i > 0}, then 0|3/, is called a one-sided subshift of finite type.

XiXi+1

From now on “subshifts of finite type” will be abbreviated as “ssft”.
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76 L.-S. YOUNG

When the mapping in question is noninvertible, by a ssft we always mean a
one-sided ssft. In the case of a flow, A, is the suspension of a ssft.

We make a couple of remarks here. First, if f is a limit of hyperbolic sets then it
is stable in the sense that as “large” a subset of Q(f) as one wishes persists under
perturbations. Second, since zero-dimensional Axiom A basic sets and topologi-
cally transitive? ssft are equivalent, Bowen’s idea can be viewed as an attempt to
generalize Smale’s Axiom A systems [9], [29].

1. Axiom A systems. A diffeomorphism f of a manifold into itself is said to
satisfy Axiom A if (a) Q(f) is hyperbolic and (b) periodic points are dense in £( f).
Axiom A flows are defined similarly. For an exposition on the subject see [29].

THEOREM 1.1. Let f € Diff(M) be an Axiom A diffeomorphism. Let Q, C M be a
basic set. Then there is a nested sequence of compact f-invariant sets X, C X,
C - - - with U X;= Q satisfying

(1) f|X; is conjugate to a ssft, and

@) h(f1X)Th(fIR,).

The analogous statement for flows also holds.

Ssft and Axiom A basic sets have long been known to be intimately related. Via
Markov partitions [8] every basic set can be realized as the quotient of a ssft. When
constructing our X;’s in the theorem, it is this ssft that is exploited.

The notion of topological pressure defined by Ruelle [27] and studied by Walters
[30] is the key to proving the theorem for flows. We state the definitions. If f: X is
a continuous map of the compact metric space X into itself then E C X is
(n, €)-separated if for each pair of distinct points x, y € E, d(f*x, f*) > ¢ for some
k,0 < k <n— 1. Let ¢: X — R be a continuous function. Let

n—1
Z,(f ¢, ¢) = sup{ > exp D ¢ffx: Eis(n, e)-separated}

x€EE k=0

and
P(f, ¢,€) = lim sup  log Z,(}, &, ).
n—soo

Then P(f, ¢) = lim,_, P(f, ¢, €) is called the topological pressure of f for the
function ¢. When ¢ = 0 the number P(f, ¢) is just the topological entropy A(f) of
J; the theory of topological pressure generalizes that of topological entropy (as
defined in [3]). If Y C X is a compact f-invariant subset, then P,(f, ¢) denotes the
pressure when everything is restricted to Y.

A homeomorphism f: X+ is said to be topologically mixing if for every pair of
nonempty open sets U, V C X, there exists M C Z* such that U N f'V = &
whenever n > M.

2The usual definition of ssft requires topological transitivity. If 4 is a transition matrix, there is always
an irreducible submatrix B such that h(o|Z5) = h(o|Z,). Thus our results hold using either definition.
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LEMMA 1.2. Let (2, o) be a topologically mixing ssft. Let A, B C 2 be closed
subsets with the property that A, B G =,04 C Aando™B C B. Let ¢: = >R bea
step function depending only on the Oth coordinate. Then given € > O, there is a ssft
X C X satisfying

MXNAuUB)=0,and

(2) Px(o, ¢) > P(O’ ¢) - &

PrOOF. Since periodic points of mixing ssft are dense, let us fix one in
Z\(4 U B).Callita= (---a_japa, - -+ ). A U B being closed implies that there
is a positive integer N, such that forallx € 2, if x; = g, fori = -N,, ..., N,, then
X &€ (A U B). Choose N > N, such that

2N-1

Liog 3 exp 3 o'x>P4) -
2N xE€Z i=0

X0=4ao

02¥x=x

(see [30]). Assume also that the period of a divides N. Let & = {b,, ..., b} be the
set of periodic 2N-blocks starting with g, that occur in the elements of =. Let
b, = (a_y, . . ., ay_;). N is fixed for the rest of the proof.

We now define a sequence of ssft. Foreachm =1,2,... let S, = {x € 2: no
m-block of x appears in any element y € A4 to the right of y_ or in any element
z € B to the left of z,}. Notice that if a symbol sequence in 2 has the property
that the 2 N-block b, occurs at least once in every one of its 2mN-blocks then it is
automatically in S,,,. For if say b, appeared in some y € A4 to the right of y_,,
then o'y & A for some i > 0 contradicting 64 C 4. Clearly S, N (4 U B) = Q.
We shall see that sup,, Pg (0, ¢) = P(o, ¢).

Consider 2 Nmn-blocks of the form

b;b, - --b, bbb, ---b

1 i2(m—-2)

blbl D b blbl

in(m=2)
where b, can be any element of S. These blocks appear in elements of S,,,y. Let
w, = E}fg ! ¢o’b,. Let E,(S,,) be a maximal subset of S,, whose distinct elements x,
y have x; # y, for some i, 0 < i < n — 1. Then

2nmN — 1 )
ZZmnN(¢)|S2mN = 2 €xXp 2 ¢°'x
XEEzm,,N(Ssz) i=0
n(m—2)
> > exp[ 2w+ 2nw,l
(e i,,(m_z)) j=1
1<ij<q
n(m-2)
— e2nw, 2 H exp w
; Y
(T In(m-2)) Jj=1
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so that

. 1
PS:,,,N((p’ 0) = nl_l_)ngo -;l_ lOg Zn(¢)|S2mN

> nango 2nmN

q n(m—2)
log e2"”"( > exp wi)

i=1

q
= mm 2(% log ‘gl exp w,.) + %
Since (1/2N)log Z9_, expw, > P(¢) — ¢, X = S,,v for large enough m is our
desired invariant subset of 2. [

PROOF OF THEOREM 1.1 FOR DIFFEOMORPHISM CASE (¢ = 0). By the spectral
decomposition theorem [8], we have &, = A, U - - - UA,, the A/s being closed
disjoint sets with fA, = A,,,, fA, = A, and where f'|A,; is topologically mixing.
Since it suffices to prove our assertion for f"|A,, we may as well assume that f itself
is topologically mixing.

Let R = {R,, ..., R} be a Markov partition on @, and = C I[I% {0, . . ., k} its
associated ssft.

s 5 3
nl Im
e, 5 o

We know that (2, 6) is also topologically mixing and that h(e) = h(f). Let
A=a"3R, B=7"9"R, ¢ = 0. All the hypotheses in 1.2 are satisfied. 7|X (X
as in Lemma 1.2) is 1-1 and is therefore an embedding.

To get a nested sequence of f-invariant subsets in §,, suppose we have Y,
Y,, ... C Z(ssft) obtained as above with h(o|Y;)1h(0). Since Y,, Y, N (4 U B) =
J, there is an M such that for all x € Z, (x_,,, . . ., x,,) appearing in elements of
Y, or Y, implies x & (4 U B). Let )72 = {x € Z: any (2M + 1)-block is admissible
if and only if it appears in Y, or Y,}. One lets X, = #Y,, X, = n¥, and so on. The
proof is complete if we observe that U X, must be all of Q,, for h(alw“U_X,.) =
h(o) and no invariant closed proper subsets of a mixing ssft can have full entropy.

PROOF FOR FLOWS. Let ¥: = — R* be a continuous function and let {S,} be the
special flow built on ¢: 24> under ¥. Let A = {(x,7): t €[0,yx], x € 2} C = X
R. Every Axiom A flow on a basic set is a quotient of one of these flows (where =
is a topologically mixing ssft) in a way very similar to the diffeomorphism case [7],
[10]. We produce a o-invariant subset X C = on which the flow has correct entropy
and is identification-free when pushed down to the basic set.

Let I (A) denote the set of S,-invariant Borel probability measures on A and
similarly for 9, (Z). A theorem of Abramov [2] states that for p € M (A),

h(S)) = h(0)/[ ¥ av

where » € 9N (Z) is the measure induced. Since A(S,) = SUP, e om, (a) A.(S1) [12],
we have, by the Variational Principle
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P(o, ~h(S\)¥) = ,e%i‘f(A)(h"(°) - [ W)y ) = 0.

For further details see [10] and [30].

Now fix some arbitrary § > 0. From the formula above, P(o, —(h(S,) — 8)y) =
¢ > 0. Choose a step function ¢: = —> R with |l¢ + (h(S)) — 8)¥| <c¢/3. In
Lemma 1.2 set e = ¢/3. Then the set X C Z obtained has the property that

P(_ (h(Sl) - 8)‘1’) - Px(‘ (h(sl) - 8)‘1’)
< |P(=(h(S)) — 8)¥) — P(9)| + |P(¢) — Px()|
+[Py(¢) — Px(- (A(S)) — &)¥)|
<c¢/3+c/3+¢/3.

Thus Py (—(h(S,) — 8)¢) > 0. But this means, if we go through the argument again,
that

h(S,over X) = sup (o)
l BEMy(X) /¥ du

> h(S,) — .

This completes the proof. []

2. Maps of the interval. Throughout this section let f:'[0, 1] <> be a piecewise
monotone mapping. That is, there is a partition 0 = ¢, < - - - < ¢, = 1 such that
on each (¢,_,, ¢;) f is strictly monotonic. Let 4, = (¢;_;, ¢;), A, =[c;_;, ¢;] and
A={A4,,...,4,}. Let f(c) = lim,_ . f(x) or lim,_, - f(x). In the case f is not
continuous at ¢;, it may be convenient to think of f as taking on both values,
though we do not particularly care which.

First define 2(f) = {x € IIg{1, .. ., ¢}: ﬁ{'_of“}ixl # Jforall n > 0}. Z(f) is
compact; the shift operator takes 3(f) into itself. (2(f), o) is called the symbolic
dynamics of f.

The following proposition was arrived at independently by several people: J.
Rothschild, Misiurewicz and Szlenk [22] and myself.

PROPOSITION 2.1. Let f be continuous and piecewise monotonic. Then h(o|Z(f)) =
h(f). It follows that lim,_, (1/n) log(} turning points of f*) exists and equals h(f).

ProOF. Let Z,(f) = {(x, x) € =(f) X [0, 1): fix € in for all i > 0}. Let o;:
2,(f)> be defined by a,(x, x) = (ox, fx). We have

7] o
20 - 2 2 - Z()
m lm ™l Im
XN S XN [01] S (o1
where =, is a projection into the ith factor. Since [5]
h(o) < h(o;) < k(o) + sup h(o,|7;'x)
xEZ(f)
and o, restricted to fibers maps intervals monotonically into intervals therefore
having entropy zero, one has h(o|Z(f)) = h(o;). Similarly, h(o,) = h(f) because =,



80 L.-S. YOUNG

is at most a 2-to-1 map. Finally the number of monotonic parts of f” is simply the
number of distinct n-strings that appear in elements of 3( f). Thus the turning point
formula. [

We state a consequence of Proposition 2.1, even though it is irrelevant in our
ensuing discussion. (See also [21], [25], [26].)

PROPOSITION 2.2. Let f be continuous, piecewise linear with slope = * A for some
A > 1. Then h(f) = log A.

Proor. That A(f) < log A follows from Kushnirenko’s formula or from simple
spanning set type arguments. For the other inequality consider the length of
A e \/,_0 ~9. Since f" is monotone in A4, one has /(4) < 1/A" so that f” has at
least A" monotonic parts. Proposition 2.1 now gives the result. []

In general, topological entropy is defined only for continuous maps. In the case
of a piecewise monotonic map, discontinuous perhaps at finitely many points, one
could define A(f) using open coverings, spanning sets or separated sets. It is not
clear to me that all of these definitions agree, but for the Poincaré map of the
Lorenz attractor, our main interest in these maps in this paper, it is natural to
define h(f) to be h(o|Z(f)). We first check to see that this makes sense.

PROPOSITION 2.3. Let 9 be a partition of [0, 1] into arbitrarily short intervals.
Assume N is a refinement of A. Then

n—1
Jim - L jog card V. 149 = h(ol2(/).

ProOOF. Clearly card \/]_, =9 > card \/,_0 “9Y. For each n, let a, be the
maximum number of elements in \/7 ) f”9 contained in any element of
\/,_0 ~9. We claim that a, < na,. Fix 4 € \/]_,f*%. fA C B for some B €
\/.-o ~9. B contains < a, elements of \/,_0 “9. A meets < a, elements of 9.
Since f|4 is monotonic, card(\/]_, f7%]A4) < a, + a,. This shows card AV, -9

< na, card \/,_,0 U 0O

THEOREM 2.4. Suppose on each open interval A,, fis C' and f' # 0. Assume also
that h(f) > 0. Then given any € > 0, there is a compact hyperbolic f-invariant set
A C [0, 1] such that

(D) fIA ~ ssft, and

@) h(fIA) > h(f) = .

For any subset 8 C % and B € B let a(n, B, B) = card(\/7_, f~B|B). Then by
Proposition 2.1, A(f) = lim,_ (1/n)log 2 oy a(n, A, A). Let € = {4 € A:
lim sup,(1/n) log a(n, A, %) = h(f)}. € # <.

The next two lemmas are borrowed from [22]. We include their proofs for
completeness.

LEMMA 2.5. For all A € €, lim sup,(1/n) log a(n, 4, €) = h().
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ProOF. Fix A € €&. Observe that

n—1

a(n, 4, ) < Y a(k,4,€)-| D a(n—k, B,A)|.

k=1 Bee€
Fix B € A\ € with
n—1
lim sup % log > a(k, A, €)a(n — k, B, %) > h(f). (»)
n k=1

Suppose our assertion was false. Fix u with
lim sup % log a(n, 4, €), lim sup % log a(n, B, A) < u < h(f),
n n

i.e. there is an M > 0 such that a(n, 4, €), a(n, B, A) < Me™ for all n € Z*.
Putting these back in (*), we have

: 1 2 nu __
h(f) < nan;lo " log nM?%™ = u,

a contradiction. [
For A, B € % let (4, B, n) = card(E € \/7Z4 f"%: E C A, f"*'E > B).

LEMMA 2.6. If h(f) > 3, then there exists A, € A with
lim sup(1/n) log y(Ag, Ao, 1) = h(f).

PROOF. Fix 4 € € and fix u with log 3 < u < A(f). There are arbitrarily large n’s
with (1/n)log a(n, A,€) >u and a(n + 1,4, €) >3u. If E € \/IZ; f*¥ and
f"*'E meets r elements of €, then f"*'E contains at least » — 2 of them. Thus

> Y(4,B,n) > a(n+ 1,4,€) — 2a(n, 4, €) > a(n, 4, €).
BeE
Define ¢: € <> in such a way that ¢4 = B for some B with

lim sup (1/n) log y(A4, B, n) > u.
n

Being a map of a finite set into itself, ¢ has a periodic point 4, say with period m.
Thus for any v < u, there are arbitrarily large numbers n,, n,, ..., n, with
Y(¢p'Ag, &' 4, 1) > €™’ so that

m

m
y(Ao, Ay 2 n,.) >[I Y(6'dg ¢+ g, 1) > eEme. [
1 1

LEMMA 2.7. Given € > 0, there is a ssft = C 2(f) such that m,|n['S is an
embedding and h(¢|Z) > h(e|2(f)) — .

ProOF. For some / > 0, h(f') > log 3. Let B € \//_} f U be the 4, in Lemma
2.6. That is, for some large n, there are intervals B, ..., B,, (appearing in that
order) with B, C B, B, € \/""4"'~! f~, f"B, = B and (1/n) log M > h(f') — /2.
Fix n. Let C = U 43" f{x €10, 1]: for all k > 0, f*x € B, for some i, | <i <
M}. Then h(f|C) = (1/nl) log(M — 2) > h(f) — e. Let Z be the ssft defined by:
each 2nl-block (xg, . . ., x5,,_) is admissible if and only if it appears in elements
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of 2(f) and no ¢, € N 25" f7d,. Since the images of C miss all the ¢,
C C mym'S. m, is not 1-1 over x € [0, 1] exactly if fix = ¢; for some i > 0 and
some j. Such an x is not in m,7;'S. [J

graph of f™

B { |

- L A _ ]
I

B, B, \/ By B,

LEMMA 2.8. Let = be a ssft and let € > 0 be given. Then for any fixed a € 3, there
is a ssft 2 C = with a & X and h(o|X) > h(o|Z) — «.

PrOOF. We may assume X is topologically transitive or even mixing. (See for
instance [13].) Let O, (a) denote the forward orbit of a.

Case 1. O,(a)# =. Then 00,(a)cO,(a) and Lemma 1.2 gives the desired
result.

Case 2. m= 3. Since X is mixing, there are many periodic points. Fix one,
say b. Choose a ssft S missing b as in Lemma 1.2. There is a neighborhood U O b
such that U N S = . Since 0'a € U for somei > 0,a & s. O

LEMMA 2.9. Let = C Z(f) be the ssft in Lemma 2.7. Let €, 8 > 0 be given. Then
thereis assft S C = and N € Z* such that

(1) h(o|Z) > h(o|Z) — e, and

(2) if C is any N-cylinder set of £, then |m,n7'C| < 49.

PrOOF. There are only finitely many points x € S(f) with |7,7;'x| > 8. Using
Lemma 2.8, choose a ssft S C = with h(o|§) > h(0|Z) — € and such that for all
x € £, |mym;'x| < 8. Now there is an N, such that if x € =(f) has |m,7'x| > §,
then the cylinder set (xg, . . . , Xy) N S=2

Let 0 = z, < - - - <z =1 be a partition of [0, 1] with § <z, — z;,_, < 28. For
each i, if there is aj > O such that fz,_, € 4,, f’z; € A, with k # I, then let n, be
the smallest such j. Let N = 1 + max(N,, n;). We claim that m,7;' (any N-cylinder
set of i) < 46.

Let x, y €S and x € myni'x, y € m,m;'y have |x — y| > 48. For some i,
x <z_, <z <y.If for all j, fz;_, and fz; lie in the closure of the same element
of %, then |mymi'mm;'(z,_,, 2,)| > 6 and we have (xg, . . ., X5 ) #* (Vg - - - > V5 If
on the other hand z,_, and z, admit distinct symbolic representations, then
(xgy 5 X,) # (¥ - - -, ) Thus x, y lie in distinct N-cylinder sets. [
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LEMMA 2.10. Let 3 be a mixing ssft. Let p be the ergodic measure on S with
h,(0) = h(o|2) Let ¢: S SR be a step functzon depending only on the Oth coordi-
nate. Then given ¢ > 0, there is a ssft A C Sand M € Z* such that

(1) h(o|A) > h(o|S) — ¢, and

Q) |1/ M) M do'x — [ ¢ du| <e for all x € A.

PROOF. Let 9 be the O-time partition of 3. For some small « > 0, let O, =
(PENIZ o7 P: |(1/n) 2723 ¢po'x — [ ¢ du| <a for x € P}. We first show
that lim,,_,w(l / n) log card 9N, exists and equals h = h(o). By the ergodic theorem,
(1/n) 2728 ¢’ > [ ¢ du a.e. By Egorov’s theorem, there is a set 4 C 3 with
pA > 0 such that on A convergence is uniform. Since p is the maximal measure of
an ergodic ssft, there exists ¢ > 0 such that 4 meets > c2™ elements of

'o 67'P. (We assume logarithm is to base 2.) Thus for large n, we have
card OM,, > ¢2™ so that lim inf,(1/n) log card OM,, > A.

Now let 9,, be the collection of periodic n-strings in S defined by
{(Xg» - - +» %,_1): Xo=r and |(1/n) 2723 ¢, — [ ¢ du| <&/2} (a slight abuse of
notation). Since ¥ is mixing, lim,_ (1/n) log card N,, exists and equals h.
Suppose for now that for certain arbitrarily large numbers n, there is a symbol r
and a periodic n-string a in some element of 3 with a = g - - - a,_,, ay= a,, =r
and g, # r for 0 <i <n. Let A = {x € £: x has the following form ab; b

b, ,ab,_---b, _ a--- where b, € N,,, b, #a Vi}. Let A= A U oA
U - Uo™4. Since there is absolutely no amblgulty about the position of a in
each symbol sequence in A, the union is disjoint and A is precisely the ssft defined

by “a 2mn-string is admissible iff it occurs in A”. If m and n are large enough, then

1 mn—1

— 20 ¢ox—f¢dp.|<e Vx € A
and
m — 1
h(o|A) > " log(card ¢, — 1) > h —e.

A therefore is the ssft we need.

We have yet to justify the existence of a. Since 3 is not just a single periodic
orbit, there exist symbols r and s and a periodic string s = 5, - - - 5, in £ with
so =5, =35, s 7r for all i. Let a,, be the shortest path from r to s and a,, the
shortest path from s to r. Then a = a_s - - - sa, with as many §’s as necessary is
the string we have claimed to exist. []

LemMMA 2.11. Let X C[0,1] be a compact f-invariant set. Suppose X N
{cp---s¢c;} =% and |f'x| < X for some A > 1 for all x € X. Then h(f|X) <
log A.

PrOOF. For small ¢ > 0, there exists § > 0 such that for x € X, y €0, 1],
[x —y]| <8=|f'x — fly] <e. Then for all x, y E X, |x — y| < §=|fx — f| <
(A + &)|x — y|. A spanning set argument gives h(f|X) < log(A + &). [

PROOF OF THEOREM 2.4. Assume ¢ < (1/8)h(f). Let £ C Z(f) be the one chosen
in Lemma 2.7. That is, h(o|Z) > h(f) — € and 7,7;'S C [0, 1] is essentially a ssft
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except that some points are intervals. So first of all let us get rid of at least the
longer intervals. We appeal to Lemmas 2.8 and 2.9. Since log|f’| is continuous on
7,7, 'S there exists § > 0 such that for x,y € =,

|x — y| < 48 = |log| f'x| — log|f'y|| <e.
Lemma 2.9 gives a ssft S C = with h(oli) > h(f) — 2¢ and a positive integer N
with sup{|log| /' x| — log| f'y||: x,y € mm;' (same N-cylinder of i)} < ¢. Define ¢:
SSR by

¢x = min(log| f'x|: x € w17 (X, - . ., xy_1) N )}
Renaming symbols so that ¢ is constant on 1l-cylinder sets, we now apply Lemma
2.10.
All this tells us is that for some large M, |(1/M) S¥! ¢po'x — [ ¢ du| < ¢ for all
X € A or,

1 -
‘—ﬁ log| DfM| —f ¢ dp,l <2 forx € mm;'A.

Since
Ho™1A) = h(*|msri'A)
< max log|Df¥| by Lemma 2.11
xEmmi'A
< M(f ¢ du + 26),
we have

h(f) — 3¢ < h(|A) <f¢d,.L + 2e
and finally

1
+7 log| D] >f¢dp.—2e>h(f)—7e>0

for all x € mm;'. We have thus produced a hyperbolic set in [0, 1]. Notice that

#7'A contains no intervals, for otherwise its corresponding part in [0, 1] would
grow indefinitely in length. This completes the proof. [J

3. A. THE LORENZ ATTRACTOR. This interesting non-Axiom A example has its
origin in the two-dimensional convection problem. It is the flow in R? generated by
the system of O.D.E.

x = -10x + 10y,
y=28x—y — xz,

z'=—§z+
327 W

Following Williams [32], we can picture the flow as a (pinched) inverse limit of a
semiflow on a branched 2-manifold as shown below. For details see [15], [16], [20],
[32].
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The Poincaré map of this semiflow is a map of the interval that looks like the
figure below. Theorem 2.4 applies. The inverse limit of the one-sided shift is
hyperbolic as long as we stay away from c¢. Thus we have

THEOREM 3.1. The Poincaré map of the Lorenz attractor flow is a limit of
hyperbolic ssft.

B. THE ABRAHAM-SMALE EXAMPLES. This diffeomorphism is a skew-product F:
S2 x T?<«>given by F(x, y) = (gx, f.y) where g: $?> has a horseshoe H, a sink
and a source. We think of H as =, = [I% {0, 1}. For x € Z, with x, = 0, define

pesm (2 1)
the toral Anosov. For x € 2, with x;, =1, let f, = f; be a DA (derived from
Anosov) map [31}. For x &€ H, f, is defined so that we have an isotopy from f; to f;.

We put a few assumptions on f;. Let & be the usual Markov partition for f, on
T? and =, be its associated ssft. In eigenvector coordinates let

0
f0=(g S), u>l.

Write f; = a © f,. We assume
(1) f, is obtained from f, by pushing along the stable foliation of f,,
(2) for each element R € @R, as a set fyR = f|R, and

(3) f, has a weaker expansion in the E*(fy) direction than f; does in the E“(f,)
direction, i.e., if

PR = (anyy b (6 0 = (st sn1s)
then 1 < |b(x, y)|s < u.
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THEOREM 3.2. With the above assumptions, F is a limit of hyperbolic ssft.

Assumption (2) guarantees the following: take any random composition of f, and
f,- Pretend it is done on the same torus. With respect to ® exactly the same
symbol sequences occur as if one were iterating f, alone. Let £} be the one-sided
ssft corresponding to =,. A model for the nonwandering set of F, H X T? is
2, X 27 X [0, 1]. The first coordinate tells us which toral fiber a point x is in; this
together with the second coordinate determines the location of x up to the line
segment W*(f,, x) N R for the appropriate R € R, and the third coordinate tells
where x is on this line segment.

Defining ¢: =, X =} X [0, 1]“> naturally we get a semiconjugacy:

¢

2, X2y x[0,1] - Z,xZ7X[0,1]
7] 7
H x T? A H X T?

where ¢ is continuous but not one-to-one. This set-up is used in the rest of the
discussion.
We compute A(F). Consider

5,x2Px[01] 5 5, x3Fx[0,1]
el e
s, X 3 N s, X =}

where 67 is the product of shift operators and p is the projection map. We have
h(F) = h(¢) because 7 is a finite-to-one map. Also, h(¢) = h(c*) because p-fibers
are intervals and ¢ maps such intervals monotonically into other intervals [5]. Thus
h(F) = log 2 + h(o|Z)).

PrOOF OF THEOREM 3.2. Let &, = {n-strings in =, starting with 0 and containing
at least half 0’s}. We know that lim,_,(1/n) log|S,| = log 2. Fix some large N.
Let A={x€Z;: for all k €EZ, (X, -5 Xpsnn-1) € Sy} We show that
FY|A x T? is hyperbolic. This implies that hyperbolicity of F on (U ;' 6’A) X
T2. An argument similar to (and actually simpler than) that in Lemma 2.10 gives a
ssft A ¢ U N¥5' o'A with entropy near that of F. Finally from Theorem 1.1 we
obtain a ssft C A x T2 with desired entropy.

It remains to check the hyperbolicity of f¥|A X T2 We adopt the following
notation: if 4 =[A4;] and B = [B;] are matrices of the same dimension, we say
A < B if |4y < |B,| for all i, j. Suppose Da < (! ) with bs <u. For i =
1,..., N, let X, be either (§ ) or (,“ ,%) and let

u” 0
Xan-l' ) .Xl=(¢ snbin)‘
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Then ¢,,, < au™*' + sb¢, and so
oy <a[u® + (bs)u™ "4 - -+ (bs)N—lu] <au™/(1 — bs/u).
For (x,y) € A X T?,

u™ 0

D(fixNxo o .. °fgx°fx)< auN/( bs) SNbN/2

1 - =

The criteria for hyperbolicity in [18] are satisfied.
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