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CONTINUOUS MEASURES AND LACUNARITY
ON HYPERGROUPS
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RICHARD C. VREM

ABSTRACT. The relationship between measures on a compact hypergroup K whose
Fourier-Stieltjes transforms vanish at infinity and the space M (K) of continuous
measures is studied. Examples are provided of measures p with g vanishing at
infinity and p € M_(K). Sufficient conditions are given for i € ¢o(K) to imply
p# € M(K). An investigation of Helson sets on compact abelian hypergroups is
initiated and the study of Sidon sets on compact abelian hypergroups is continued.
A class of compact abelian hypergroups is shown to have no infinite Helson sets
and no infinite Sidon sets. This result generalizes results of D. L. Ragozin and D.
Rider on central Sidon sets for compact connected Lie groups.

1. Introduction. The question of existence in a compact group of infinite central
lacunary sets has been studied by J. F. Price [7], D. L. Ragozin [8], D. Rider [9] and
A. H. Dooley [2, 3], among others. In this paper, the framework of compact
hypergroups (see R. Vrem [13] for the connection between hypergroups and central
lacunarity on compact groups) is used to study this question in more generality.

In §2 the relationship between continuous measures and those measures whose
Fourier-Stieltjes transforms vanish at infinity is investigated. Sufficient conditions
are given in order for a measure’s transform vanishing at infinity to imply the
measure is continuous as well as examples to show this implication need not always
hold. Sidonicity on compact abelian hypergroups is the subject of §3. A sufficient
condition for a hypergroup to contain an infinite Sidon set is given and a result of
Ross [10] is used to determine a class of hypergroups which have no infinite Sidon
sets. §4 initiates a study of Helson sets on compact abelian hypergroups. The
standard equivalent properties of Helson sets are established. It is shown that no
infinite subhypergroup can be a Helson set and that no nonzero measure with
infinite support can be supported on a Helson set. Finally, in §5 examples are
considered. In particular, results of D. L. Ragozin [8] and D. Rider [9] on central
Sidon sets for compact connected semisimple Lie groups are generalized as well as
a result of C. F. Dunkl and D. E. Ramirez [4] on Helson sets.

The reader is referred to R. Vrem [13, 14] or R. Jewett [6] for any unexplained
notation. M(K) will denote the space of all finite regular Borel measures on the
hypergroup K, 8, is the point mass at x, x = x° is the involution on K and I,
denotes the indicator function of A4.
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2. Continuous measures. Throughout this section we assume K is a compact (not
necessarily abelian) hypergroup with dual object K and normalized Haar measure
m. A measure u € M(K) is continuous if u({x}) = 0 for all x € K. We denote the
set of all continuous Borel measures on K by M, (K). We begin with a lemma
(compare with [S, 34.23]).

LeEMMA 2.1. Let K be a compact hypergroup with V any neighborhood of e and V| a
symmetric neighborhood of e such that V, * V| C V. Let F be a compact set such that
F C Vyand m(F) >;m(V)). If g = m(F)~'I,, * I then

(1) g € A(K) (the space of all continuous functions on K with absolutely convergent
Fourier series);

(i) g(x) = 1 for all x is some neighborhood of e;

(i) g(x) =0 forall x € K - V;

W) 118l < 2.

PROOF. Since g is the convolution of two L?(K) functions it is in A(K) by [14,
4.9]. Using [6, 5.5 and 7.2] we have

(1) g(x) = m(F)™! fK I(p) 1y (x * y°) dm(y).

There exists a symmetric neighborhood V, of e such that V, = F7 C V,. The last
containment and (1) show that g(x) =1 for all x € V,. Clearly, g vanishes off
V, = F C V which establishes (iii). Using [14, 4.8] it follows that

gl < m(F) 7|11 A, < 2.

The next lemma gives a technical condition satisfied by measures whose
Fourier-Stieltjes transforms vanish at infinity.

LemMMA 2.2. Let K be a compact hypergroup and suppose p € M(K) with i €
80(12 ). Let QL be an open basis of neighborhoods of e directed by reverse set inclusion.
For each V € QU select a g, as in Lemma 2.1. Then using the inner product of [5,
28.28] for p € M(K) we have

lim (4, (g + ) = 2 |({x )8, * 8,.({e}).

xekK

Proor. If u € M(K) then the inequality | g,fll, < || &yl fll, shows that
gy * u € A(K). It follows from [12, 4.25] that

<ﬁ’(gv*l‘)a>=f gy * dp«=f gy du* = .
K K

The regularity of u * u gives

@ dim [ gydpept =pepr((e) = [ [ 8 8((e)) dulx) du*(r).
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However, e € supp §, * §, if and only if y = x° so we have
peur({e)) = [ 8.+ 8.({e)) B((x)) du(x)
= 2 & *8.({eDln({x)
xeK

Combining equations (2) and (3) we have the desired equality.
The following theorem generalizes [S, 34.45(b)].

3)

THEOREM 2.3. Let K be a compact hypergroup with the property that &, * 8,.({e})
> 0 for all x € K. If p € M(K) with i € bo(K) then p. is a continuous measure.

PRrROOF. The proof that lim,, (i, (g, * p)") = O follows from Lemma 2.1 and an
argument similar to that found in [5, 34.45(b)]. Lemma 2.2 together with the
condition that 8, * 6,.({e}) > O establish the theorem.

Some hypothesis like 8, * 8,.({e}) > 0 for all x € K is needed in order for
Theorem 2.3 to hold. For example, let K be an infinite compact hypergroup with
an isolated point x (see Example 2.6 below). If m is normalized Haar measure on K
it is immediate that m € 60(12' ) (use orthogonality relations [14, 2.6]) but m({x})
# 0. Further examples of measures which are not continuous but whose transforms
are in co(I'{' ) can be found among the abelian hypergroups which are n-fold
absolutely continuous (see [10, 6.12-6.14 and 6.17]).

ExaMPLE 2.4. If K is an abelian hypergroup which is n-fold absolutely continu-
ous (i€, §, *- - - *x§, € M,(K)forall x; € K — Z) then the n-fold product of x
with itself &, % - - - % 8_ satisfies (8, * - - - * 8, ) Ecy(K) and hence (8x)‘€co(12'),
i.e. each point mass of K — Z has a transform in co(If' ).

The next theorem illustrates that the phenomenon found in Example 2.4 is not
atypical.

THEOREM 2.5. Suppose K is a compact abelian hypergroup. There exists a measure
w € M(K)— M(K) with i € ¢(K) if and only if there is an x € K with
(8,)" € co(K).

Proor. Sufficiency is clear. If p € M(K) — M (K) with g € co(If') then there is
an x € K with u({x}) # 0. If € > 0 is any positive number then since i € ci(K)
there is a finite subset S C K with | fi(x)| < ¢] p({x})| for all x € K "— S. It follows
that

EIMDP > 160F = [ Xdwew = [ [ 3R du(s) du(2)

= |x(x)]*| p({x})]* + ¢ (a positive number)
and hence |x(x)| < ¢ for all x € K — S. This shows that (8,)" €c(K).

Other pathologies relating to M,(K) can occur for compact abelian hypergroups.
It is easy to see that M (K) is always a closed subspace of M(K) for any locally
compact hypergroup K and if K is a group then M, (K) is an ideal in M(K).
However, the next example shows that M_(K) need not be an ideal in M(K) if K is
a hypergroup.
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EXAMPLE 2.6. Let H = {x, e} be the two-point hypergroup with convolution
given by 8, * §, =38, + 3 8. Using [6, 10.5] we form the join of H and G (any
nondiscrete compact abelian group). Now K = H \/ G is clearly a compact
abelian hypergroup. Let p be any nonzero continuous measure supported on
K — {x} = G. Next we consider §, * u and show that it is not continuous. Using
the fact that §, » §, = 6, forall 1 € K — {x} we have

b wm({x)) = [ iy v 0) du(1) = fk_m Iy (x * 1) ()

= w(K — {x}) >0,
ie. 8, * p & M (K) and hence M_(K) is not an ideal in M(KX).

3. Sidon sets. In this section the question of which compact abelian hypergroups
admit infinite Sidon sets is discussed. For general results regarding Sidon sets on
compact hypergroups the reader is referred to [13]. The first theorem gives a
sufficient condition for a compact abelian hypergroup to admit an infinite Sidon
set.

THEOREM 3.1. If K is a compact abelian hypergroup with an infinite maximal
subgroup Z, then K admits an infinite Sidon set.

PROOF. Let A: K — Z be the restriction map. By [10, 3.6] A is a continuous map
of K onto Z. Since Z is an infinite compact abelian group it has an infinite Sidon
set, say S C Z. Let Z ={¢€ K: A) = x} for x € Z and consider § ck
found by selecting an element of Z, for each x € S. For each ® € /(S) there is a
p € M(Z) such that ji = ®. Extending p to i on K by setting i = Oon K — Z we
clearly have ji = ji = ®. Thus § is Sidon by [13, 2.2].

The next theorem uses the n-fold absolutely continuous hypergroups introduced
by Ross in [10] to give a class of hypergroups which admit no infinite Sidon sets.

THEOREM 3.2. If K is a compact abelian hypergroup which is n-fold absolutely
continuous, with Z finite and K a hypergroup, then K admits no infinite Sidon sets.

ProoF. First we show that we may assume m(Z) = 0. For if not, there exists
x € Z with m({x}) > 0. Since x € Z (a group) it is easy to see that this would
force m({e}) > 0. [6, 7.1B] would then show that K is finite and hence admits no
infinite Sidon sets.

Thus we may assume m(Z) = 0 so that the conditions of [10, 6.7] are satisfied. If
S is any infinite subset of K then ¢o(S) has infinite codimension in /(S). Let
M,(K) = {p € M(K): |p/(Z) =0} and use [10, 6.7] to conclude (M,(K)) =
c0(12). But M(K) = M(Z) & M,(K) by [10, 6.4] and Z is finite so that M (K) =
co(S) + f.d. space. Hence My(K)"# [ (S) which implies S is not a Sidon set.

For examples of this phenomenon see Examples 5.1 and 5.2.

4. Helson sets. Let K be a compact abelian hypergroup with 4(K) the space of
L'(K) functions with absolutely convergent Fourier series. We call a closed subset
F of K a Helson set if A(F) = C(F). The following theorem establishes a number
of conditions which are equivalent to being a Helson set (compare with [5, 41.12]).
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THEOREM 4,1. The following are equivalent for a closed subset F of K,

(i) F is a Helson set;

(ii) the set { i: p € M(F)} is a closed subspace of lw(le );

(iii) there is a constant ¢ > 0 such that || p|| < c|| ||, for all p € M(F);

(iv) there is a constant ¢ > 0 such that || g|| 4, < || 8ll c(r) Sfor all g € A(F).
Moreover, (iii) holds with a given value of c¢ if and only if (iv) holds with the same
value of c. In fact, c is usually denoted by a(F) and called the Helson constant of F.

ProoF. The proof will follow easily from the general Banach space result [5, E.9]
with £ = [|(K), E* = | (K), E' = C(F), E’* = M(F) and T the inverse Fourier
transform once we establish that T* is injective. If p € M(F) then T*u = p o T,
ie.

(1) J =2 T
XEK
for all f € A(F). Applying [6, 12.2C] along with Fubini yields
® J = [ Z foox(x) du(x) = . Jo0aco.
XEK

Using equations (1) and (2) along with the uniqueness of the Fourier transform it
follows that T™* is injective.

The next theorem shows that no infinite subhypergroup of a compact abelian
hypergroup can be a Helson set.

THEOREM 4.2. Suppose K, is a subhypergroup of the compact abelian hypergroup K.
If K, is a Helson set then it is finite.

PrOOF. Since K is a Helson set it follows that A, = C(Kp). Now A(Ky) C
C(Kp) = Ax(K) C A(Kp) so that A(Kp) = C(K) and hence K, is finite by [13,
2.11].

The next result shows that a measure whose Fourier-Stieltjes transform vanishes
at infinity cannot be supported on a Helson set (compare with [5, 41.18] and [11,
5.6.10)).

THEOREM 4.3. Suppose that F is a Helson set in the compact abelian, nondiscrete
hypergroup K with K also a hypergroup. If p € M(F) and supp( ) is infinite then
fi & co(K).

PROOF. Let M|, be the set of all p € M(K) such that i € co(If'). By Theorem 4.1,
the mapping pu > i carries M, onto a closed linear subspace of co(I?) and the
inverse of the mapping p > fi is also continuous. A standard application of the
Hahn-Banach theorem shows that if L is a bounded linear functional on M,, then
there is a ¢ € L'(K) such that

L(p) = X AX)e(x)

xEl?
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forallp € M. By [6, 12.1]

2 00900 = [ S(x) du(x)

xEK

where f € C(F) andf‘ = ¢(f*(x) = f(x®)). Thus L(p) = [ fdu for all p € M,
If g € B®(F) then there is an f € C(F) such that

fpgdu=fFfdu

for all p € M. An easy computation with xu (x € K) and the uniqueness of the
Fourier-Stieltjes transform shows that

3) g = fu
forall p € M,

Now we assume M|, contains a nonzero measure u € M(F). First we show that
we may assume that p is a nonnegative measure. If not, we consider |p| = gu
where g is selected as in [5, 14.12). From equation (1) there is a function
f € C(F) = A(F) such that gu = fu. For each x € R we compute

1100 = [ XA du(t) = [ x() T FOO(Y) du(1)

vek

> fWa(x¥)7(y) = £ * i),

vek

where 7 denotes Haar measure on K and the last convolution is over K. Since
fi € co(K), [6, 4.2E] implies | u|" € co(K) and hence | 4| € M,

Thus we may assume pu is nonnegative and since fi € co(Ie'), for each ¢ > 0,
(x € K: |,u(x)| > ¢} is finite. Hence 4 = {x € K: |AG0| %0} is a countable
subset of K. Then D = A U A (where A = {Xx: x € 4}) is a countable subset of K
which contains 1. But K is discrete so P = U n=1 D" (where D" =
D« D=x --- * D, n-times) is a countable subhypergroup of K.

In the notation of [10, 3.2, P+ = {y € K: x(y) = 1 for all x € P} is a compact
subhypergroup of K, which we denote by K|,. Let Ay be normalized Haar measure
on K. Clearly, Agji = fisothatp = Ay + p. Ify € Kothend, » p =48, * Ag* p = p
and hence by [6, 3.2G], S = supp(J, * p) = {»} * S. This gives K, * § = S which
implies S is a union of cosets of K, Suppose f € C(Ky and y € S. Now
supp f, C S and hence f, € A5(K). But f(x) x(y)f(x) for each x € K giving
f € Ak (K), ie. Ky is a Helson set. Theorem 4.2 implies K, is finite. Theorem 3.2 of
[1] implies K, = P* is in one-to-one correspondence with (K/ P). Thus K /P is
finite which implies K is countable.

If H ,={x € K: |[x(x) — 1] < 1/n} then the sets H,, form a countable
collection of neighborhoods of e with the property

M H,,={e)
xek
nez+
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since K separates points of K. By [13, A.3] we have K is metrizable. Since
S = supp p is a closed infinite subset of a compact metric space there is a sequence
{x,}., of distinct elements of S such that lim,_,  x, = x,. A standard argument
can now be used to construct disjoint, nonvoid relatively open subsets U and V of
S such that x, € U~ n V'~ . Using equation (3), there exists f € C(F) such that
Typ = fp,

ie. f(x) = I (x) for p-almost all x € S. Thus f(x) =1 for all x € U~ and
f(x) =0 for all x € V'~ which contradicts the existence of such a p.

COROLLARY 4.4. Under the hypothesis of Theorem 4.3 every infinite Helson set has
m-measure 0.

PrOOF. Apply Theorem 4.3 to the measure p given by du = I. dm. Since all
finite sets are Helson sets, there are Helson subsets of nondiscrete compact abelian
hypergroups, which have m-measure greater than 0. Indeed, such an example is
provided by F = {x} in Example 2.6. In fact, Example 2.6 can be used to show
that the union of two Helson sets need not be a Helson set. In particular, let F be
an infinite Helson set in G and consider {x} U F. Now {x} U F cannot be a
Helson set by Corollary 4.4.

Next we establish a result for Helson sets which is analogous to Theorem 3.2.

THEOREM 4.5. If K is a compact abelian hypergroup which is n-fold absolutely
continuous, with Z finite and K a hypergroup, then K admits no infinite Helson sets.

PROOF. As in the proof of Theorem 3.2 we may assume m(Z) = 0. Let F be a
Helson subset of K. If p € M(F) (p # 0) then by [10, 6.4] we have pu = py + p,
where p, € M(Z) and p, € M, (K). Now by [10, 6.7] it follows that fi, € 00(12')
and hence Theorem 4.3 implies supp( ,) is finite. Since supp( ) is finite we have
every measure on F has finite support, i.e. F is finite.

5. Examples. In this section we consider two examples discussed by Ross in [10,
6.13, 6.17).

ExampLE 5.1. Let G be a compact group A, of p-adic integers and let B be the
group of units in A, acting multiplicatively on A,. Gz is a compact abelian
hypergroup which is identified with the set {0, 1,2,..., co} and is studied by
Dunkl and Ramirez [4]. The hypotheses of Theorems 3.2 and 4.5 apply to Gz and
hence Gy admits no infinite Sidon sets and no infinite Helson sets. This result
appears in [4, 10.4] for a family of countable compact abelian hypergroups. In fact,
Theorems 3.2 and 4.5 of this paper apply equally well to the entire family discussed
in [4].

ExAMPLE 5.2. Let G, be the space of conjugacy classes of a compact connected
simple Lie group G. Results in [8] show that G, satisfies the hypotheses of
Theorems 3.2 and 4.5. Thus G, admits no infinite Sidon sets or infinite Helson sets.
Ragozin [8] and Rider [9] have shown that G admits no infinite central Sidon sets
(and hence G admits no infinite Sidon sets). Using [13, 3.1] it follows that G
admitting no infinite central Sidon sets is equivalent to G, admitting no infinite
Sidon sets.

The author would like to thank the referee for his useful comments.
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