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GROWTH OF SOLUTIONS OF
LINEAR DIFFERENTIAL EQUATIONS AT
A LOGARITHMIC SINGULARITY
BY
A. ADOLPHSON, B. DWORK AND S. SPERBER

ABSTRACT. We consider differential equations Y’ = AY with a regular singular point
at the origin, where A is an n X n matrix whose entries are p-adic meromorphic
functions. If the solution matrix at the origin is of the form Y = Pexp(flog x),
where P is an n X n matrix of meromorphic functions and § is an n X n constant
matrix whose Jordan normal form consists of a single block, then we prove that the
entries of P have logarithmic growth of order n — 1.

Let  be an algebraically closed field of characteristic zero complete under a
nonarchimedean valuation with residue classfield of characteristic p. Let A be the
ring of functions u = f/g meromorphic on the open disk D(0, 17) where f and g both
converge on D(0, 17) but g is bounded on the disk. Let A be a subring of A which
satisfies conditions (3.1)—(3.5) below. The standard example would be the ring A(K')
of functions defined over a discrete valuation subfield K of & which lie in A. In this
standard example the elements of A(K) have only a finite number of poles in
D(0, 17).

Let

(0.1) dy/dx = Ay

be a system of linear differential equations where A4 is an n X n matrix with
coefficients in A,. Suppose that the origin is a regular singular point and that the
solution matrix at the origin is of the form

(0.2) Y = Pexp(flog x)

where P is an n X n matrix with entries in A, and 6 is an n X n constant matrix.
Suppose furthermore that the determinant of P is bounded as an element of A,.
Generalizing a conjecture of Dwork [3], we ask whether the entries of P have
logarithmic growth of order n—1 (for definitions see §1). The present work provides
an affirmative answer provided the matrix § has Jordan normal form consisting of a
single block, i.e. log”~! x appears in the formal solution of (0.1).

This problem can be resolved in cases arising from geometry along the lines
outlined in [2, Theorem 6). In the present work we make no hypothesis concerning
the existence of Frobenius structure.
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This question is related to the work of Dwork-Robba [4] which will be used here.
Their work gave information only in disks free of singularities and so cannot be
applied directly.

We thank E. Bombieri for stimulating renewed interest in this question.

1. Definitions.

1.1. © is an algebraically closed field of characteristic zero complete under a
nonarchimedean valuation with residue classfield of characteristic p.

1.2. For each a € Q@ and each positive real number r, let D(a,r) = {x € SZ|
|x —al|<r}. For f€Q[[x —a]], f=2,b(x — a)’, analytic on D(a,r"), we
define for0 < p <r,

|fl.(p) =Sup|b,|p"= sup |f(x)].

|x—al=p

This is extended to functions u = f/g meromorphic on D(a, r~) by writing | u|,(p)
=1/140)/18 (p):

1.3. %, is the ring of elements of Q[[x]] which converge on D(0, 17).

9 is the field of quotients of .

B, is the ring of all u € A, which are bounded as functions on D(0, 17).

A is the ring of all u € A of the form u = f/g where f € U ,, g € B,,.

1.4. We say that u € A has logarithmic growth a (= 0) if

luly(r) = 0((10g%)-a) asr— 1.

An element u = f/g of A is said to be bounded if f, g lie in B,. This is the same as
saying that u is of zero logarithmic growth.

2. Generalities for scalar equations with a logarithmic singularity. Let L be an nth
order ordinary linear differential operator with coefficients in A, and with regular
singularity at the origin. We assume the solution space at the origin is spanned by n

functions { y,,...,y,} having the following form:
(2.0) Y= (s 0) = (fis-- o f,) exp(H log x)
where each f, € A and H is the constant matrix H, ; = §, ;_,.
LEMMA.
(2.1) There exists a sequence { L}’ of elements of [ D] such that
(2.1.1) Ly=L, orderL,=n—i.

(2.1.2) A basis of the solution space of L, at the origin is given by the n — i functions
{Virs---+Yin-i} having the following form

Y, = (Jitse--Yin—i) = Frexp H log x
where F, = (f,,....f., ;) €AY "and H" is the (n — i) X (n — i) matrix
HO) =8, ., 1<jk<n—i

(2.1.3) yieLoey,=L, oD (1=0,1,...,n—2).
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(2.2) For k =0,1,...,n — 1 we construct a Frobenius decomposition [S, p. 120] of
L, by setting

Vi = Vs

Yi2 =0v,,D7", 5,

Yen-k =0 Dlop 5 Do,y
Then
(2.2.1) Vo, = Vg jopr  O0<k<n—lLk<j<n
(2.2.2) 0, €Ay O<k<n—11<j<n—k
(2.2.3) Uy ;1o hasresidue latx =0  (0<j<n—2).

(2.3) Let w, be the wronskian of Y, = (i 15+ - Yiu—i)- Then w, = w, yii%.
(2.4) The wronskian w of {y,,....¥,_ .}, the first n — 1 functions of Y, lies in A,,.
The wronskian w = w, of Y, lies in A,.

PROOF. We set L, = L, Y, =Y, F, = F and observe that property (2.1.2) holds
fori = 0.
We now use induction and suppose L;, Y;, F; defined for 0 < i < ¢ and that (2.1.2)
is valid in this range.
We define L,,, by property (2.1.3), the factorization on the right side being
justified since the left side annihilates constants. It follows from (2.1.3) that a basis
Yoo = (Vysrts- Vit 1.n—r—1) Of solutions of L, , is given by

(2.5) y1+l.j:D(yt,j+l/y(‘l)’ l<j<n—-1t-1
We know that
(1/y)Y, = (l/f,',)F,exp(H")log x)
and hence by (2.5) .
(0,Y4) = (D(£3'F) + xYf ' FEH®) exp( H” log x).
We now define
(2:5.1) frrk = D(f;,-llf;.kﬂ) +x7 3 I<k<n—1-1

andset F, ., = (f41.1,---»fi+1..—.—1) and conclude that (2.1.3) is verified for i = ¢ +
1. This concludes the verification of (2.1).
To prove (2.2.1) we show

(22.10) o =ovn. ., O<k<n—2, 2<j<n-—k.
By definition (2.2),

(2.6) k. ':vle_lka"'Dhlvk.j,

(2.7) Y11 = g D™ Uk+|2 D—Ivk+l,j—l'

By (2.9),

(2.8) Ye+1,j—1 = D(yk.j/yk.l)’
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and by definition, y, | = v, ,. Substituting (2.6) in (2.8) gives
(2.9) Vi1 :Uk.zD_lvm"'D_‘Dk.j-
Comparing (2.7) with (2.9) for j =2 demonstrates (2.2.1.1) for j =2 and the
assertion follows by induction on j by means of the same comparison. This
completes the verification of (2.2.1). To verify (2.2.2) we use (2.2.1) to write

Ok j = Vktj—10 = Vi+j—1.1 :fk+j—l,l
which completes the proof of (2.2.2).

Assertion (2.2.3) is central for our application. By (2.2.1) and the definitions, for
0 <j<n— 2 we have

B = e 2= falogx o,
V942 = 02 = D(32/0,0) = D(y2/%.)

and hence

(2.10) boe2= =+ D(fa/h1)-

This completes the proof of (2.2.3).
To verify (2.3) we note that by a classical formula [5, p. 120; 4, §3.10.1]
(2.11) we = 0p Mt o,
Relation (2.3) now follows by application of (2.2.1) and use of (2.11) for w, and

Wi+t
To verify (2.4) we observe that by truncation of (2.0)

(P1veeo ) = (froo oSy 1) exp( Hlog x),

H being obtained from H by discarding the last row and the last column. Letting E
denote the operation

(fl""’f;:»l) _’D(fl""’j;l--l) +X-l(fl$""fn—l)ﬂ’

we compute the wronskian matrix of (y,,...,y,_,) to be
/

F
EF -
exp( Hlog x).
E" - IF
The assertion is now clear since the entries of F lie in A . A similar argument shows
that w (= w) lies in A,

3. Generalities for meromorphic functions. See §1.3 for the definition of A.

LEMMA. (3.1) If £ and n lie in A, 1) bounded, then § /) lies in A.

(3.2) If ¢ and m lie in A and if £m is bounded, then & and m are each bounded.
(B3)If¢ e, DEE A then§ € A.

(3.4) If £ € A, & has log growth a, then D € A and has log growth a.

We do not know whether A satisfies the following condition.
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(3.5) If £ € A, D§ has logarithmic growth a, then § has logarithmic growth o + 1.

PROOF. If £ and n liein A then £ =f,/g,, n = f,/8,, with g, and g, in B,. If n is
bounded then f, € B, and so §/m = f,8,/8, f, € A. If with the same notation, we
do not know that 7 is bounded but do know that &7 is bounded, then we conclude
that f, £, is bounded as an analytic function on D(0,17). As |f;|,(r) increases
monotonically with r as r — 17, and since | f, f, |o(7) =/, |o(r) | /2 ]o(7), it is clear
that | f;|,(r) is bounded as r — 1°.

To demonstrate (3.3), we write £ = u/v, D§=f/g, f,u,v € A, g €B,. For
each r €(0,1) let N,(r) (resp, Ny(r)) denote the number of zeroes (counting
multiplicity) of v (resp, g) in D(0, r7). If z is a zero of v of order s = 1 then it is a
pole of D of order s + 1 and hence a zero of g of that order. Thus Ny(r) = N,(r).
We fix ¢ € (0, 1) and compute for ¢ € (g, 1),

log| vl (£)/ (v)o(e) = l 'N,(r) d(log r)

<f£’1vg(r)d(logr) =log|glo(1)/Iglo ()

(we do not set ¢ = 0 since 0 might be a zero of v or of g). Since g € B, we see that
the same holds for v. This completes the proof.

COROLLARY. Let K be a subfield of Q with discrete valuation ring. Let A(K) be the
set of all elements f/g € A with f and g in K[[x]], f€ U,, g € B,. Then A(K)
satisfies conditions (3.1)-(3.5).

PROOF. It is enough to verify (3.5). It follows from the theory of the Newton
polygon [1] that each g € B, N K[[x]] is a product of a polynomial g, with an
element g, of A, having no zero in D(0, 17). Hence each element ¢ of A(K) is an
analytic function on some annulus {x|a <|x|<1}. (This annulus will in general
depend upon the element £.) The Laurent expansion £ = £X.__ b x* in this annulus
has the property that for r € (a, 1), and asr — 17,

[€lo(r) = O sup[5,]).
If D¢ has logarithmic growth « then

|bs|=0(s),  s>0,
and hence | b,|= O(s**"). This completes the proof.

4. p-adic estimates for a scalar equation with logarithmic singularity. We formulate
our main result in terms of scalar equations.

THEOREM. Let L be an ordinary nth order linear differential equation with coeffi-
cients in A, whose solution space at the origin is spanned by

(Pisoo20) = (fis---of,) exp( H log x)
where H is then X nmatrix H;, ; =8, ;_, andf,,....f, are elements of A,. We assume
that the wronskian w of y,,...,y, is a bounded element of A . The conclusion is that f.
has logarithmic growth i — 1 (1 <i<n).
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ProOOF. The equation L satisfies the hypothesis of §2. We will use the results and
notation of that section without further explanation. The main point in the proof is
to show that

4.1. f,, is a bounded element of A, (0 <i <n — 1). We give two proofs of this
assertion.

PrOOF 1. Let {x||x|=r (< 1)} define a set in & (r # 0) on which v, ; has no
pole. Equation (2.10) shows that in the Laurent series representation of v, ; on this
set, the term 1 /x appears if j = 2. This shows that

(4.1.1) [0l (r)=1/r (j=2).

Equation (2.11) with & = 0 now shows that

(4.1.2) (2010 (r))"r® <wlo (r).

Letting  — 1~ and recalling that vy, = f, € A, we obtain
1/n

(4.1.3) [0g.1 1o (1) < (Jwl, (1))

which shows that f| is a bounded element of A .

We now use (2.3) to deduce that w, = w,/vyg , is a ratio of bounded elements of A
and hence again a bounded element of A,. We conclude from (2.5.1) and (3.1) and
(3.4) (with ¢ = 0) that the entries of F; lie in A,. We now conclude that L, satisfies
the conditions of the present theorem and hence deduce relation 4.1 by induction on
n.

PrROOF II. Let a € D(0, 17), a # 0 be such that

(4.2.1) L has no singularities in the disk D(a, | a|),

(4.2.2) f,.....f, have no poles in this disk.

Let w be the wronskian of ( y,, y,,...,y,_ ). Let log x /a denote the solution of the
equation dz/dx = 1/x analytic on the disk of (4.2.1) and taking the value O at
X = d.

Let u, be the solution of L at x = a which satisfies the initial conditions:

: 0, O0<j<n-—1,
42. a) =
( 3) uu (a) {(H—l)!, j:n_].

Clearly u, is a linear combination with constant coefficients of the entries of
(fis---.1,)exp(H log x /a) and by an explicit calculation

(4.2.4) u,(x) = f()B(@)10g 2 )"+ H,(x)

with B(a) = w(a)/w(a) and where H, is a linear combination with constant
coefficients (depending upon a) of products of the form f(log x /a)” with» <n — 2.
Since w is bounded and by (2.4) w € A, we know that 8 € A,,.

For s = 0 we write

1 . n—1 1 :

(4.25) TP =l§0 G, 5y D/ mod L
where the G, | lie in the differential ring generated over Q by the coefficients of L.
Thus the G, | lie in A, and have poles only at the singularities of L.



GROWTH OF SOLUTIONS 251

By Taylor’s theorem and our choice of initial conditions for the solution u,,
(4.2.6) ug(x) = 2 wa-i(@)(x —a)”.

The main point is that

X n—1
(4.2.7) (10g2)
as r —|a|". On the other hand it follows from [4, (5.1)] that
(428) |a5 x,n—l(a)|< Csn_l

where C is a constant independent of a. This may be used together with (4.2.6) to
show that

(4.2.9) lim sup

r=lal”

ua(X)/(logg)"-I R

with C’ independent of a. Substituting (4.2.4) in this relation and applying (4.2.7)
shows that

(42.10) | B(a)f(a)|< C

for all a satisfying (4.2.1), (4.2.2). This shows that 8 and f, are elements of A, whose
product is bounded and hence, by §3, f; is a bounded element of A,. The second
proof of (4.2) is now completed by induction precisely as in the first proof.

PROOF OF THEOREM. Assume that f, , is an element of A, with log growth k& — 1
for fixed k and 0 <t <n — 1. This has been verified for X = 1. Equation (2.5.1)
shows that f, , ., may be computed from f, , ,, f, ., and f | by integration. Thus in
particular f, , /xf, | has by (3.1) log growth k — 1 and lies in A,. The same holds for
fr+1.4- On the other hand f, , ,,/f, lies in A. Hence by (2.5.1) and (3.3), f, , /£,
lies in A and by (3.5) has log growth k. Hence f, , , | lies in A and has log growth k&
for 0 <t <n — 1. This completes the proof of the theorem.

COROLLARY. Under the hypothesis of the theorem, suppose that at x = 0 the vector
(fy,---.f,) specializes to ( f,,....£,)0) = (1,0,...,0). If we write

x .
filx) = 2 a; ;x’
Jj=0
then

la, ;1< sup 1/[k|""

1<k<j
This is demonstrated by showing that each f; | in (2.1.2) is of the form
. [e¢]
fin = x (1 + 2 Ci.sxs)
s=1

with A, €N, |¢, ;|< 1. The corollary then follows from (25 1) by an inductive
argument precisely as in the proof of the theorem.
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Note that the three functions 1, log x, dilog = Z(x°/s?) satisfy a third order
differential equation not covered by the hypothesis of this corollary but having
growth of the type predicted by the conclusion of the corollary.
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