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THE BUDAN-FOURIER THEOREM AND
HERMITE-BIRKHOFF SPLINE INTERPOLATION
BY
T. N. T. GOODMAN AND S. L. LEE

ABSTRACT. We extend the classical Budan-Fourier theorem to Hermite-Birkhoff
splines, that is splines whose knots are determined by a finite incidence matrix. This
is then applied to problems of interpolation by Hermite-Birkhoff splines, where the
nodes of interpolation are also determined by a finite incidence matrix. For specified
knots and nodes in a finite interval, conditions are examined under which there is a
unique interpolating spline for any interpolation data. For knots and nodes spaced
periodically on the real line, conditions are examined under which there is a unique
interpolating spline of power growth for data of power growth.

1. Introduction. By an incidence matrix we shall mean a matrix whose entries are
zero or one. Take incidence matrices

=E, Moy and  F=IF,lmye
and let x = (xg,...,X,,), 0 =xo<x; < --- <x, =1

We define {(F, x):= {f: [0,1] - C; f|(x;, x;1,) Em, i=0,....m— 1, and
fO U x7 ) =A%), V3, j) with 0<i<m and F,; =0}, where , denotes
the set of polynomials of degree < n.

Forj = 0 we write

FO0) = 100%),  fO(1) =fO(10),
and
FO(x) = H{fO(x7 ) + f9(xf )} for0<i<m.
We shall refer to the following interpolation problem as the I.P. (E, F, x).
For numbers {y,; E,; = 1}, find f € {(F, x)

(1) satisfying f (x,) = ;.

We say the LP. (E, F, x) is poised if for any choice of {,;;}, (1.1) has a unique
solution.

The case of interpolation by polynomials, ie. 0 <i<m = F,; =0, has been
studied extensively. The study was initiated by G. D. Birkhoff [2] and later revived
by Schoenberg [16] who called this problem Hermite-Birkhoff (HB) interpolation
and introduced the notion of an incidence matrix.
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452 T.N. T. GOODMAN AND S. L. LEE

Next suppose (E, F, x) are as above with the extra condition that
E, =E,. and F.=F

j mj j mj>
We define C(F,x):={f: R-C;, YWwE€Z fl(v+x,v+x,)€Em, i=
0,....m— Land f" (v + x7 ) = f"D(» + x}" ) V(i, j) with F,=0).
For any », i, j we write
FO(y+x) = H IO+ x7) 4100+ x] ).
We shall refer to the following ‘cardinal’ interpolation problem as the C.I.P.
(E, F, x).
For sequences of numbers { y/} = {( )72 _;0<i<m,
(1.2)

j=0,...,n.

and E,, = 1}, find f € C(F, x) satisfying f (v + x,) = y{).

In [10] Lipow and Schoenberg considered the C.I.P. (E, F, x) for the following
case:m = l,nisodd, E = Fand for some 1 <r <i(n+ 1),

(1 =01,
Eof_E'f_{O, j=r,....n.

In this case C(F, x) comprises cardinal Hermite splines with knots of multiplicity
r at the integers. The problem (1.2) then requires interpolation of the spline and its
first (r — 1) derivates at the integers, and is called cardinal Hermite interpolation. In
this case it is proved in [10] that the C.I.P. is ‘poised’ in the following sense.

We say the C.I.P. (E, F, x) is poised if the following holds. Suppose { y*"/’} have
power growth, i.e. there is a number y with y("/) = O(|»|") as » —» + o0, V(i, j).
Then (1.2) has a unique solution of power growth of the same order, i.e. f(x) =
O(| x|") as x — = o0.

In §2 of this paper we derive an extension of the classical Budan-Fourier theorem
to elements of {( f, x), which is then applied in §§3 and 4, where we investigate
conditions under which problems (1.1) and (1.2) are poised. The work of §§2 and 4
is further exploited in another paper of the authors [6].

2. The Budan-Fourier theorem for HB splines. For any incidence matrix F =
1 lmo—o and x = (xg,...,X,), a=x5 < ---<x, = b, we define
So(F)Y:=§$(Fox)={fR=>R; fl(x,x;y))€Em, i=0,....m—1, f(x)=0 for
x &[a,bland f" (x;7 )= f"(x] ), V(i, j) with F,, = 0}.

If fis an element of {,( F') for some F, we say f is an HB spline.

By a block in F we mean a sequence {(i, j)},j = k,....k +1— 1, with F,, = 1,
k<j<k+1—1,and F,_,) # 1 # F . The block is called even or odd as / is
even or odd. We say the block is supported if 3i|, i5, j,, j, with i, <i<<i,,j,, j, <k
and F,; = F,; = 1. We let b(F) denote the number of supported odd blocks in F.

Both Lorentz [11] and Schumaker [17] have derived bounds of the following form
for the number of zeros of HB splines. If f € {,( F) has exact degree n (that is f"*
is the zero function and f " is not the zero function), then

m n

2.1) Z(f)< 2 2 F,—(n+1)+b(F),

i=0j=0
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where Z( f) denotes the number of zeros of f in (a, b) counted with multiplicity in
some specified manner. These results were an improvement of a similar result by
Ferguson [4] and indeed an estimate of this type was given much earlier by Birkhoff
[2].

We now recall the classical Budan-Fourier theorem which gives a bound for the
number of zeros of a polynomial in an interval (a, b). For a real vector v =
(vgs---,0;), let S™v (or S*v) denote the minimal (or maximal) number of sign
changes in the sequence v achievable by appropriate assignment of signs to the zero
entries of v. If S”v = S%v, we denote their common value by Sv. Then the
Budan-Fourier theorem states that if p is a polynomial of exact degree n, then

(22) Z(p) < S~ (p(a),....p"(a)) = S* (p(b),....p"(b)),
where Z( p) denotes the number of zeros of p in (a, b) counted with multiplicity in
the usual way. This result has been generalised by Melkman [12] and by deBoor and
Schoenberg [3] to give a bound for the number of zeros of Hermite splines, that is
HB splines where for i = 1,...,m — 1, there is a number K, such that F,-j =1 iff
j<K.

We shall prove a result of Budan-Fourier type for HB splines which generalises
both (2.1) and (2.2). First we must describe how to count the zeros of an HB spline f.
For any number ¢ we shall write

-1, <0,
f(e)” (orf(e)") = {0, iff(X){=0,
1, >0,

on (¢ — 8, ¢) (or (c, ¢ + 8)) for some § > 0.

Now suppose we have numbers a < f such that f(x) = 0 on (a, 8) and f(a)” #0
# f(B)*. Define [=0, r=0 by fla )= ---=f""DNa")=0, fO(a™)+#0,
f(BY= - =fC"DBT)=0,f"(B") # 0. Let s = min(/, r). Then we say [a, 8]
is a zero of f of multiplicity M, where

M= {s, ifa = Band f(a) fla)" = (-1),

s+ 1, otherwise.

If @ = B is not a knot (i.e. not an element of x), then this is the usual multiplicity.
We say [a, B] is a continuous zero if s = 1, i.e. f(a~ ) = f(B*) = 0. Finally we let
Z(f) denote the total number of zeros of f counted with multiplicity. This zero
count is slightly stronger than those considered by Lorentz [11] and Schumaker [17].

THEOREM 2.1. If f € {(( F) has exact degree n, then

Z(f)<S (f(a*),..../"(a")) = §* (f(b7),....f (b))

m—1
+ Y X F;+b(F).
i=1 j=0

Our proof uses both the approach of [3] and that introduced in [4], which is used
also in [11, 17]. We shall need the following lemma which is essentially Lemma 1.2 of
Karlin and Micchelli [8].
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LEMMA 2.1. If f € C"[0, 8] and f (0" ) # 0, then
f90)" #0,  j=0,....n,

and

ST(A0T)ee e (07)) = S(£(0) " . uf(0) )
Similarly if f € C"[-8,0] and f (0~ ) # 0, then
£9(0) #0, j=0,....,n,
and

ST(A07),....f™M(07)) = S(£(0) ... (0) ).

PrOOF OF THEOREM 2.1. For any HB spline f, we let [a,, b/] denote the support of
f.ie. f(x) = 0 outside [a, b/] and f(a/)+ # 0 # f(b;)” . We shall classify a point y
at which f has a discontinuity as follows.

Type 1. f(y) f(y)" >0.

Type 2. f(v)™ f(¥)* < 0and f(v) f'(v)* <O0.

Type 3. f(y) f(y)" <Oandf'(y) f(y)" >0.

Typed.y = ay.

Type 5.y = by.

Type 6. Otherwise.

For i =1,...,6, we let d, denote the number of discontinuities of f of type i. We
shall show that if fis any HB spline and f” is not the zero function, then

Z(f)<z(f)+S(flap)" . f(ap)")

(23) —S(f(b.) . f(b) ) +2d; + do.

Suppose f has continuous zeros at I, = [a,, ;] of multiplicity m,, i = 1,...,N,
where I, <1, < --- <I,. Wenote that a,, < I, < I,, < b, since f is a step function
outside [a., b.]. Thus f” has zeros at /; of multiplicity m, — 1,i = 1,...,N.

Forany/=1,....N — 1, ff’ changes signin (B, a; ). Alsoif f(a;)* f'(a;)*" = 1,
then ff’ changes sign in (a,, &), and if f(b,) " f'(b;)” = -1, then ff’ changes sign in
(B,, by). Thus there are at least v intervals in which ff” changes sign, where

o=N~=5S(f(a.)".f(a;)") +S(/(b) .f(b) ).

Now if ff’ changes sign in an open interval J, there are 3 possibilities.

(a) f’ vanishes on [a, 8] C J with a < .

(b) 3y € J with f(v)" f(y)* > 0and f(y) f(y)" <O0.

(c) 3y € J with f(y) f(y)" <O0and f'(y) f(y)" >0, ie. yis a discontinuity of
f of Type 3.

Thus there are at least v = d, zeros of f’ of type (a) or (b). In addition we have at
least d, zeros of f at discontinuities of f of Type 2. So we have

N
Z(f)=2(m—1)+v—ds+d,.

i=1
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But Z(f) <3 . m,+d,+d,+ds.So Z(f)=Z(f) —(dy + dy + dg) — N+ v
— dy + d,, which gives (2.3).

Now if f is continuous at a,, then a, = a, and S(f(a,)", f'(a;)*) = 0. Also if f
is continuous at by, then b, = b, and S(f(b,)™, f'(b,)” ) = 1. So we also have

(2.4) Z(f)<z(f) = S(f(b) .f(b)" ) +dy+2dy + d,
25)  z(f)<z(f)+5S(f(a)"  f(ap)") = 1+ ds + 2d; + d,
(2.6) Z(f)<Z(f)— 1 +d,+ds+2d, + d.

Now take an incidence matrix F = || F;|I”./-, and f € {((F, x) of exact degree
n. We define matrices G = [IG,, I, OandH I H;; 17— by

_ J 1, if x, is a discontinuity of f ("™,
ij - .
0, otherwise,

and
2, if x, is a discontinuity of f "/ of Type 3,
H;; =11, if x,is a discontinuity of /"~ of Type 4, 5 or 6,
0, otherwise.

Let p and g be the largest integers with a,» = a and by, = b, and assume
p < q < n. Then by repeated application of (2.3) we have

Z(f)<z(f») +s(f(a)" ... fmwf)
—S(f(b) ™ .o fPUb)” %PE S H,,.

i=1 j=n—p+I1

(2.7)

Then by repeated application of (2.4) we have

Z(fP)<z(f9) = S(fPb) .../ (b))
(2.8) m—1 n—p
+2 2 H;+1

i=1 j=n—q+1
Finally repeated application of (2.6) gives

m—1n—gq

(2.9) Z(f)<z(f")=(n—q)+ I I H;+1

i=1 j=1
Combining (2.7), (2.8) and (2.9) gives

2(7) < 2(1™) +S(f(a)" .../ "(a)")
—S(f(B) oo fOB) )+ S S Hy—(n—q) +2.

i=1 j=1

(2.10)

But by Lemﬁla 2.1,
S(f(a)".....f"a)") =5 (f(a*),..../ P (a"))
S™(f(a*),....f"(a"))
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and
S(f(B) ..ouf @(b) )+ n—q=S"(f(b),....f D(b7)) +n
=S (f(b7).....f (7).
Also Z(f") <37 H,y — 2.
Thus (2.10) gives

m—1 n

2(f)< 2 ZH,+S (fla)..../"(a"))
(2.11) i=1j=0

=ST(f(b7),.. s f (b)),

We can similarly deduce (2.11) for other values of p and ¢ by suitable application of
(2.3)-(2.6).

Now suppose H,, = 2. Then if G, ,, =1, x, is a discontinuity of f"/*" of
Type 1 and so H, ;) = 0. Also if G,(;,;, = 1, x, is a discontinuity of f"~/~! of
Type 1 or 2 and 50 H,;,,, = 0. Also f"/*)(x,)” # 0 and so i, < and j, <, with
G, ,; = 1. Similarly 3/, >iand j, <jwith G, ; = .

Now suppose that for some i, 1 <i<m, {(i, j)},j=k,...,k+ 11— 11is a block
in G. Then if 3**,™" H,; > 1, it must be that {H,,,...,H,;., )} is of the form
{2,0,2,...,0,2}. Thus / must be odd and the block must be supported. Hence

m—1 n m—1 n

(2.12) 2 YXH,< 3 XG,+b(G).
i=1 j=0 i=1 j=0
Butsince G;; = 1 = F,; = 1, it is easy to see that

m—1 n m—1 n

(2.13) Y 3G, +b(G)< Y I F,+b(F).
i=1 j=0 i=1 j=0
The result then follows from (2.11), (2.12) and (2.13).
We can immediately deduce the following.

COROLLARY 2.1. If f € {,( f) has exact degree n, then

m n

Z(f)< 2 2 F,—(n+1)+b(F).

i=0j=0

3. The interpolation problem ( E, F, x). We now consider the I.P. (E, F, x) as in
(1.1). Since the problem is independent of the values of F,; and F,,;,j = 0,...,n, we
may assume, without loss of generality

(3.1) F,=1 iffE, =0, i=0o0rm,j=0,. ..,n.

I 1

For (E, F, x) to be poised we require the number of interpolation conditions
2, , E;; to equal the dimension of {(F, x), namely n + 1 + 2{f:0<i<m0<j<
n}. This condition can be written neatly by defining, for any matrix 4 = [[4,; I’ -,

n m—1
M(4)= 3 {%AO},+ > A,j+%Am1},

=0 i=1
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The above condition then becomes
(3.2) M(E) = M(F)
and we henceforth assume this is satisfied. Then the L.P. (E, F, x) is poised if and
only if the only function fin {(F, x) satisfying
(3.3) fPx;) =0 foralli,jwithE, =1
is the zero function.
Our first result reveals a duality between the matrices E and F. Since the original

submission of this work, we discovered this had already been proved by Jetter [7],
but we retain our proof for completeness.

THEOREM 3.1. The I.P. (E, F, x) is poised if and only if the 1.P. (F, E, x) is poised.
PROOF. By (3.1) and (3.2)

m—1 n m n
> 2 F,= 2 2 E;
i=0 j=0 i=1=0
and we denote their common value by N. Let {(i,, j,); r = 1,...,N} denote the
elements of {(i, j); 0 <i<m, F,; = 1} ordered so that for I <r <N, i <i,, or
i,=i,,andj, <j.,. Let {(k,,[)); s=1,...,N} denote the elements of {(i, j);
0<i<m, E; =1} ordered so that for | <s<N, k; >k, or k, =k, and
Is < ls+l'
Then any f € {,(F, x) can be written as
NA(x—x )"
fx)=Z —————’(( - .”),+
r=1 n .]r)
for constant A,,...,A, where for any x and p,

xP, x>0,
xf=13x?, x=0,
0, x <0.

With the convention that ( p!)~' = 0 for p <0, the conditions (3.3) become

n—j,—I
§ Ar(xkx - 'xi,)+ :

r=1 (n_jr_ls)!
Thus the I.P. (E, F, x) is poised iff the matrix

_'r_lx N
(xk,. - xi,):. ’

(n—j = L)

=0, s=1,...,N.

A=

s, r=1
is nonsingular.

Defining E, F, % by E,j =E.—iy» ﬁ}j = {Qm_i)j, Xx=1—-x we see that the
matrix corresponding to 4 for the LP. (F, E, %) is the transpose of 4. So the L.P.
(E, F, x) is poised iff the L.P. (F, E, £) is poised. But by making the transformation
x — 1 — x, we see the LP. (F, E, %) is poised iff the LP. (F, E, x) is poised. [

m—i’
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It will be convenient to introduce the matrix G = |G, [IL/, defined by G,, =

Eij = Fin-p-

We note that (3.1) and (3.2) can then be rewritten as
3.1y G, #0, i=0orm,j=0,...,n,
(3.2) M(G) = 0.

We shall also let | S| denote the cardinality of a set S, and for any matrix 4 we
write

Bpseeos by '
A( i k) = ||Au,v,”/" /

=1j=1>s
Viseoos¥, =Y

that is the submatrix of 4 determined by the rows p|,...,u, and columns »,,...,»,.

We now consider further conditions on (E, F) which are necessary for the I.P.
(E, F, x) to be poised. First consider the case of interpolation by polynomials, i.e.
F,j = 0 whenever 0 <i <m.If, forany r = 0,....n,

m r
2 2 E,;<dimm,
i=0 /=0

then there would be a nonzero f € =, satisfying (3.3) and the L.P. (E, F, x) would
not be poised. Thus we have the necessary conditions,

z EE,j>r+l, r=20,...,n.

i=0j=0

These are well-known Polya conditions on E (e.g. see [1]).

Next consider a general matrix F and take any 0 <r<n, 0<k </<m. Let V
denote the space of restrictions to (x,, x;) of all functions in (F, x) with exact
degree < r. If

4 r
S DE,+|{(i.j)i=korlj=0.....r,E,=F_,=0}|<dimV,
i=k j=0

then there would be a nonzero g € V' which could be extended to a function
f € {(F, x) vanishing outside [ x,, x,] and satisfying (3.3). Thus for the L.P. (E, F, x)
to be poised we must have

! r

> DE;+|{(i.j)ii=korlj=0....r E;=F,. =0}
i=k j=0

-1 r
2r+1+ 3 2 F,,
i—k+1 ;=0

This can be written more neatly as

ool
(3.4) $|{(i,j)ii=korlj=0,..r.G, =0}| +M(G( )) = 0.

J
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By Theorem 3.1 we must also have
3| {(i,j);i= korl,j=n— r,...,n,G,‘ZO} |

J

(3.5) _M(G( k...l ))20.

n—r,...,n

These conditions have been considered by various authors in various forms and
under various names, 7, 13, 15]. If (E, F) satisfies (3.4) and (3.5) forany 0 < r <n,
0 < k << m, we shall say (E, F) satisfies the Polya conditions.

We next turn out attention to conditions on ( E, F) that are sufficient for the I.P.
(E, F, x) to be poised for any x. For the case when 0 <i <m = F,; = 0, there is a
well-known result by Atkinson and Sharma [1] which states that the I.P. (E, F, x) is
poised if E satisfies the Polya conditions and has no supported odd blocks. This we
proceed to generalise.

Following standard terminology we say an incidence matrix E = || E;|["Zo"-¢ 1s
quasi-Hermite if for i = 1,...,m — 1 there is a number M, =0 such that Eij =1 iff
Jj<M..

THEOREM 3.2. Suppose (E, F) satisfies the Pélya conditions and E;; =1 = F,
= 0 V(i, j) (i.e. we do not interpolate at a discontinuity). Suppose further that one of
the matrices E, F is quasi-Hermite and the other has no supported odd blocks. Then the
I.P. (E, F, x) is poised for any x.

PROOF. Suppose E is quasi-Hermite and b(F) = 0. We shall assume the LP.
(E, F, x) is not poised and reach a contradiction. Then 3 nonzero f € {(F, x)
satisfying (3.3).

Choose r, k, 1, 0 <r<n, 0 <k <I<m, such that f(x,)” = f(x,)" =0, f has
exact degree r on (x,, x,) and f is oscillating in (x,, x,), i.e. f does not vanish on any
nontrivial interval in (x,, x,). Let £ = F(G,5000 ).

Then for £ = (x,,...,x;), 3 nonzero g € {0(13", X) with g = f on (x,, x,). Also
b(F) = 0. So by Corollary 2.1,

! r - r
Z2(g)< ¥ T F,-(r+1)=< T 3 E,

i=k j=0 i=k+1 =0

1

by the Polya conditions.

But g/)(x,) = 0 V(i, j) with E,; = 1, and since all zeros in (x,, x,) are isolated,
we have Z(g) = 22, 27, E,;, which gives the required contradiction.

The result is therefore true if E is quasi-Hermite and b(F) = 0. It follows from
Theorem 3.1 that it is also true if F is quasi-Hermite and b(E) = 0. O

4. The cardinal interpolation problem (E, F, x). We now consider the C.I.P.
(E, F, x) as in (1.2). We again assume condition (3.2) but instead of (3.1) we assume
the weaker condition,

(4.1) Ey=1=F, ;=0 j=0,..n,

i.e. at the integers we do not interpolate at a discontinuity.
Now letJ = {; E; = Fy,—;, = 0} and putd =|J |.

-
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. : 1 ! 1 _
2We defzme matrices E' = ||E,-j-||§":0}’:0, F'= “E}“f';o,"':o’ E?= ||El§.||,f":()j'.':0 and
F2=|F|I",", by
iji=0,=0

I, ifi=0andj€EJ,
T ) E.., otherwise,

| 1, ifi=mandn—je€J,
F' = .
ij otherwise,

5 1, ifi=mandje€J,
E* = :
otherwise,

and
1, ifi=0andn—j€J,
F?= .
ij F ., otherwise.

THEOREM 4.1. If the I.P. (E', F', x) and the 1. P. (E*, F?, x) are both poised, then
for any choice of { ")} the solutions of (1.2) form a manifold of dimension d.

Proor. Clearly the elements g € {(F, x) which satisfy
g(x,) =yt fori=0,....m—1,j=0,...,n,E =1,

1]
g(1) =y forj = 0,....n,Ep; =1,

form a manifold of dimension d. But any such g can be uniquely extended to a
solution of (1.2) and the result follows. [J

Henceforward we shall assume the I.P. (E', F', x) and the L.P. (E?, F?, x) are
both poised. We let C° = CO(E, F, x) denote the d-dimensional space comprising all
solutions of (1.2) when all sequences y*/) are zero. We note that there is a
nonsingular matrix C = ||C,, Il , ,; such that for any f € eO,

(4.2) f901) = G fO0).  pvE.

For the case of cardinal Hermite interpolation we see from Theorem 4.1 that ©°
has dimension n + 1 — 2r. In [10] Lipow and Schoenberg construct a basis for C°
comprising what they term eigensplines, and then use this basis to prove that the
C.LP. is poised. Their work has been generalised by Micchelli [14] and the work of
this section is a direct generalisation of §2 of [14].

We call any fin C° an eigenspline for the C.LP. (E, F, x) with eigenvalue A if

f(x+1)=Af(x), Vx€eR.
Clearly the eigenvalues of the C.LLP. (E, F, x) are precisely the eigenvalues of the
matrix C.

THEOREM 4.2. If the C.1.P. (E, F, x) has d distinct eigenvalues, then it is poised iff
no eigenvalue lies on the unit circle.

PRrROOF. If there is an eigenvalue on the unit circle, then there is a bounded
eigenspline and so any solution of (1.2) of power growth is not unique and so the
C.LP. (E, F, x) is not poised.
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We assume, then, that there are d distinct eigenvalues not on the unit circle and
show that the C.I.P. (E, F, x) is poised. Take any y = 0. Since the eigensplines span
C°, there is no nonzero f € C° satisfying

(4.3) f(x)=0(x|") asx —=o0.

Now for any (k, /) with F,;= 1 and 0 < k <m, we shall construct a function
L.y € C(F, x) satisfying

(4.4) L(k./)(” +x,) = 80v8ik8j1'
Let A, and f,, i = 1,...,d, denote the corresponding eigenvalues and eigensplines.
Then write
2 Cifi(x)v X<—1,
A>1
| p(x+1), -1<x<0,
(4.5) L(k'l)(x) B q(x), 0<x<l,
2 Cifi(x)9 x>1,
YRS

where ¢;, i = 1,...,d, are constants and p, g € {(F, x). For (4.4) to be satisfied, we
must solve 3d + 232, 2%_, E,; nonhomogeneous linear equations in the same
number of unknowns. If there were no solutions, then there would be a nonzero
solution to the homogeneous problem and thus a nonzero bounded element of eo.
Since this cannot happen, we conclude that we can construct L , of form (4.5)
satisfying (4.4). From (4.5) we see that L, , decays exponentially as x — + oo. If the
sequences { y"/} satisfy y("/> = O(| v |") as » — = oo, then (1.2) is satisfied by

f(x)= 2 2 )’:fi'j)L(i,j)(x — )

v=-00 (i,/)
and this solution satisfies (4.3). If g is another solution of (1.2) satisfying (4.3), then
f— g € C%satisfies (4.3)andsof=g. O
We say the C.I.P. (E, F, x) is symmetric if fori =0,...,m,j=0,...,n,

E = E.,;s F.=F and x,=1—-x,_;.

) (m—i)j

Thus the problem is invariant under the transformation x — 1 — x and so A is an
eigenvalue iff A™' is an eigenvalue. This immediately gives us the following result.

COROLLARY 4.1. Suppose the C.1.P. (E, F, x) is symmetric and has d distinct real
eigenvalues. Then it is poised iff an even number of eigenvalues are positive and an
even number negative.

We also note that the duality between E and F extends to the following result
concerning eigenvalues.

THEOREM 4.3. The C.1.P. (E, F, x) has eigenvalue X iff the C.1.P. (F, E, x) has
eigenvalue \ ™'
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Proor. Let {(i,, j,); r=1,...,M(E) + d} denote the elements of {(i, j); 0 <i
< m, F,.f =1} and {(k,,/,); s=1,...,M(E) + d} denote the elements of {(i, j);
0<i<m, E,i. = 1} with the ordering as in the proof of Theorem 3.1. As before we
let

ety MUY
_ (xka B xi,)+
(n—j,— 1) -
s.r=1
Let n,...,n, denote the elements of J in increasing order. Let (0, n — n,) =

(i, Jj,)and (m,n) = (k.1 ), t =1,....d. Finally let

B:A_l(r,,...,rd)

SpsenesSy
Then for any f € ©° we have
(n;) — n, e
fe(0) =B, f"(1),  ij=1....4d.

Thus A is an eigenvalue of the C.L.P. (E, F, x) iff A~ ! is an eigenvalue of B. The
result then follows as in the proof of Theorem 3.1. [J

Thus to determine whether the C.I.P. (E, F, x) is poised, we must examine the
eigenvalues of the matrix C defined by (4.2). We recall that a square matrix is called
totally positive if all its minors are nonnegative, and called strictly totally positive if
all its minors are strictly positive. It is shown by Gantmacher and Krein (see [5, p.
105]) that an N X N oscillation matrix has N distinct positive eigenvalues. This
result has been generalised by Karlin and Pinkus [9] to the following.

THEOREM 4.4 (KARLIN AND PINKUS). For N=1 and p=0,...,N, define
1= |le8, I}, _\, where ¢,= -1 for i<p and ¢, =1 for i>p. Then if A=
A, IIY,— is an oscillation matrix, de((A — XN1‘®’) has p distinct negative and N — p
distinct positive zeros.

For the case of cardinal Hermite interpolation, Lipow and Schoenberg show in
[10] that (~1)"C is an oscillation matrix and thus C has d distinct eigenvalues of sign
(-1)". Following Micchelli [14], we shall show that under certain conditions the
matrix C := ||| C,,|ll,,e, is an oscillation matrix, and then apply Theorem 4.4 to
examine, under certain conditions, the eigenvalues of C.

We now state conditions on (E, F) that we shall assume throughout the rest of

this paper. We shall not interpolate at a discontinuity, i.e. we assume
E. . =1=F 0.

i i(n—j) —

m n

We assume further that E is quasi-Hermite and F = || 1:",, I ;=0 has no supported
odd blocks, where
n—p =0
F,

ij°

R 1, ifi=0o0rm,andE,
F. = .
Y otherwise.

Also we assume (E', F') and (E?, F?) satisfy the Polya conditions. Thus by
Theorem 3.2, the I.P. (E', F', x) and the L.P. (E2, F?, x) are both poised. Now
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these Polya conditions imply that

m—1 r

2 EE 2 2 i(n—j)» rZO’...,n—l.

i=0 j=0 i=0 j=0

We shall make the stronger assumption that

m—1 r

(4.6) 2 EE >3 X Fuy r=0,...n—1

i=0 j=0 i=0 j=0

For the case 0 <i<m = F,; = 0, conditions (4.6) are called the strong Polya
conditions on E.

Of course by duality, for any result we deduce under the above assumptions, there
is a corresponding result when the conditions on E and F are interchanged.

THEOREM 4.5. (i) All the principal minors of C are nonzero, i.e.

detC(t"m’”l) # 0 foranydistinct p,,...,n, €J.
Poeeeslhy

(i)
sgnC,, = (-1)*"™,  where 0,= X Eg;7,= 2 Fooumjy
JZr J=v
(i) If
detC(“" ‘:’)#0 forp, < - <p,v <<y,
Viseoos¥,
then

!
Byseees by}
sgndetC( ) ) ) = sgn I1 G,

1o---s¥; i=1

We first prove a lemma. Let P and Q be any nonempty subsets of J with
| P| +|Q|— d. We define G = G(P,Q) = IG;lLy/—y and H = H(P,Q) =
”Hl ”l 0/ Oby

1, ifi=0andj € P,
G. =11, ifi=mandj € Q,
E;;, elsewhere,

and
1, ifi=0andn—j€J— P,
H. =11, ifi=mandn—j€J—Q,

F, o elsewhere.
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LeEMMA 4.1. Suppose the 1.P. (G, H, x) is poised and that a nonzero f € {(H, x)
satisfies
(47)  fPAx)=0 V(i j) withG, =1, excepti=m,j= maxgq.

9€Q

Then f is oscillating and has exact degree n.

PrROOF. Take f as above and choose k, /, 0 < /< m, such that f(x,)” = f(x))" =0
and f is oscillating in (x,, x,). We cannot have k > 0 since the L.P. (E', F', x) is
poised and we cannot have / < m since the LLP. (E2, F?, x) is poised. Thus f is
oscillating.

Suppose f has exact degree r. Since the I.P. (G, H, x) is poised we must have
r = max e, q. Then

O"-wm 0,...,m
M(G(r+l"~~’n)) M(H(r+l,...,n))
07--~am O,-..,m
< .
M(E(’+ l»m,n)) M(F(r+ 1,...,n))
and so for r < n we have by (4.6)

ulolor)) - ma(g )

But by Corollary 2.1,

(4.8)

m n m—1 r

Z(f)<3 TH,+1-(r+1)=< 3 36,

i=0 j=0 i=1 j=0
by (4.8) which contradicts (4.7). Sor = n. O
PROOF OF THEOREM 4.5. We first note that

detc(“"""“’
14
iff the LP. (G(P,Q), H(P,Q), x) is poised, where P=J — {»v,,...,7;}, O =
{wpseomgd .

Ifv,=p, i=1,...,0, we have (G(P, Q), H(P, Q)) satisfies the Polya conditions
because (E', F')and (E?, F?) do. This gives (i).

Now for v € J, let p, denote the unique element of {( F, x) satisfying

pi(x;) =0, whenE =1,
and
py(0) =8, forjEJ.

We see from (4.2) that

(4.9) C,=p*(1) forp,velJ.

n
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By Lemma 4.1, with P =J — {v}, Q = {v}, we see that p, is oscillating and has
exact degree n. We may therefore apply Theorem 2.1 to give (ii).

We prove (iii) by induction on /. It is clearly true for / = 1. Assume it holds for
! — 1. Suppose

detC(“"m’M);&O, < <p,r <<y,
VI""’V/
and define
(314 CMl"/
p(x) =
(7= Cﬂl- 14}
p(x) - px)

We may then apply Lemma 4.1 with P=J — {»,...,»;}, O = {p},....1u;} tO
show that p is oscillating and has exact degree n. It then follows from Theorem 2.1
and (i1) that

sgn p"?(0) p*’(1) = sgnC,,,,.
Since

Biseeesby—y

TN 7

det c( ) = pt(0) # 0

and

Byseees by »)
= 1
detC( v,,...,V,) p*M(1),
we may apply the inductive hypothesis to give (i) for /. [
COROLLARY 4.2. The matrix C = ||| Gy |, ey is an oscillation matrix.

PrOOF. From Theorem 4.5 we see C is a totally positive nonsingular matrix and
C-“w > 0 for all p, » € J. It follows from a result of Gantmacher and Krein [5, p. 105]
that C is an oscillation matrix. [

THEOREM 4.6. If J = {j\,....j;} withj, <j, < --- <j,, suppose there are numbers
0, n with0 < p < d such that fork = 1,....,d,

even ifk <p,

jk+k+n+d+nts{odd ifk>p.

Then the C.1.P. (E, F, x) has p distinct eigenvalues of sign (-1)" and d — p distinct
eigenvalues of sign (-1)"*".

PRrOOF. The eigenvalues of the C.I.P (E, F, x) are the solutions of
(4.10) det(C — A1) = 0.
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Now for each p € J, multiply row p of C — AJ by (~1)°% and column p by (~1)".
Then by Theorem 4.5(ii), equation (4.10) becomes
(4.11) det(C — A1) =0,
where [ = [I(-1)" %8, Il ;. Butifp = j,, 1 <k <d,
=2 Ey + 2 Fooppy k=1

J<p J<p
and so
Ou E EO] + 2 FO(N -J)
Eds J=p
=ntl—d- 2 E()j - 2 FO(nﬂj)
J<n J<p
=n—d—j, +k.
Thus

o 4+ even ifk<p
TT%T WS 0dd  ifk > p.

So from Corollary 4.2 and Theorem 4.4, equation (4.11) has p distinct solutions of
sign (-1)" and d — p distinct solutions of sign (-1)""'. O

COROLLARY 4.3. If J = {j|,...J ) with j, <j, < ---<j,, suppose there is a
number p with | < p < d such that fork = 1,...,d — 1,

) .. |even ifk =p,
jf-‘k“ I odd ifk #p.

If the C.I.P. (E, F, x) is symmetric, then it is poised if and only if d and p are even.

PROOF. Writing j, = j, + 2k '(j,,, —J,) givesfork = 1,....d

. . . [even ifk=<p
Jetaitk ll{odd if k > p.

The result then follows from Theorem 4.6 and Corollary 4.1. [J
Finally we consider an example which satisfies the hypothesis required for
Corollary 4.3 to be applied. We consider a symmetric C.L.P. (E, F, x) satisfying the
following properties.
Foralli,j,E,=1=F, ; =0.
If 0 <i < m, the following hold.
(a) There is a number M; = 0 such that £, = 1 iffj < M..
(b) If {(i N}.j=k,....k+ 11— 1,is an odd block in F, then k = 0.
(©) 27 F,, < min(M, 2_o Ey)).
Finally, we have

m-1 r

2 2 E > 2 2 i(n—j)° rZO,...,n— 1,

i=0 j=0 i=0 ;=0

m—=1 n m-

s $e,-"8 3k,

i=0 j=0 i
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It is straightforward to verify that (E', F', x) and (E?, F?, x) satisfy the Polya
conditions and so (E, F, x) satisfies all the hypotheses required for the application
of Corollary 4.3. This example includes all the particular examples considered in
[14].

To give a more specific example not considered in [14] we consider the following
symmetric C.L.LP. (E, F, x) withm =2, n = 5.

For i=1,....m—1, E,;=1iff j=0 or 1 and F,=1iff j=1 or 2. Also
Ey=Fy=1,2<3_E,=3_F,<2m,and E, = 1 = Fy,_; = 0. Itis easily
checked that this is a special case of the previous example.

=N
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