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ABSTRACT. The main result of the paper is the characterization of those triples S, G
and E of subsets of the reals for which there exists an everywhere differentiable
real-valued function f of one real variable such that E = {x; f'(x) >0}, G = {x;
f'(x) = +oo0} and S is the set of those points of E at which f is discontinuous. This
description is formulated with the help of a certain density-type property of subsets
of the reals (called property (Z)) introduced in the paper. The main result leads to a
complete description of the structure of the sets {x; f’(x) > 0} and {x; f'(x) = 0}
for three most important classes of functions f: finitely differentiable functions,
continuous differentiable functions and everywhere differentiable functions. (A
complete description of the structure of these sets for the class of Lipschitz,
everywhere differentiable functions was given by Zahorski in his fundamental paper
[22]).) The connection of these results with Zahorski’s classes M,, M; and M, is
discussed.

1. Introduction. This paper can be considered as a continuation of Zahorski’s
research [22], where a characterization of the sets {x € R; f'(x) > a} for Lipschitz,
everywhere differentiable functions was given. A number of problems raised by
Zahorski’s work were solved e.g. in [1, 7-11, 13, 14, 16, 17, 18]. Among other results
it was shown by Lipinski that the classes M, and M; of Zahorski do not characterize
the level sets of derivatives. There is also a number of papers concerning the
construction of functions with derivative +oo on a given set (see e.g. [1, 5, 11, 21]). A
general theorem of this type for differentiable, continuous functions was proved in
[22]. As for the characterization of the level sets and the construction of discontinu-
ous, differentiable functions very little appears to be known (see [1, 7, 9, 11, 17)).

Our aim is to solve the following problem: Let S, G and E be subsets of the reals.
Find necessary and sufficient conditions for the existence of a differentiable function
f such that E= {x; f'(x)>0}, G={x; f(x)= t+oo} and S={x EE; f is
discontinuous at x}. The solution of this problem enables us to construct (even
discontinuous) differentiable functions with given properties as well as to char-
acterize the level sets (and zero sets) of derivatives.

The paper is divided into five sections. In §1 we introduce some notation, remind
the reader of the definitions of the classes M,—M; (their properties and connections
with derivatives can be found in [22]; more recent results as well as other informa-
tion about derivatives are in the survey [3]) and prove two generally known lemmas
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(see e.g. the proofs of relations between descriptive and constructive definitions of
Denjoy integrals in [19]) in the formulation convenient for later use. The main new
notion, property (Z), is defined in §2, where also some equivalent conditions are
given.

Necessary conditions on the sets S, G and E are found in §3. The first two lemmas
of this section are slight modifications of a part of Zahorski’s proof of Theorem 5 in
[22]. The third lemma is the usual extension lemma for differentiable functions (cf.
[4, 19]). The main results of this section are Theorems 3.4 and 3.5 giving necessary
conditions on S, G and E for the case of approximate and ordinary derivatives
respectively. The sufficiency of these conditions is proved in Theorem 4.3 of §4. We
give two applications of this result in Remarks 4.4 and 4.5. In the last section we
define classes M*, M¥ and M}, and show that these classes characterize the level sets
of corresponding types of derivatives. This result implies also the characterization of
zero sets of derivatives. Remark 5.8, Examples 5.10 (which is a simple modification
of an example from [7]) and 5.12 discuss some connections among the defined
classes.

We will use the following notation. R denotes the set of all real numbers with its
usual topology; R = R U {-o00, +00}. We will use only the Euclidean metric in R.
The distance between two sets 4 and B C R is denoted by d(A, B). The closure of a
set E C R is denoted by E; its interior by Int E. A perfect set is a nonempty
compact subset of R without isolated points. A portion of a set 4 is an arbitrary set
of the form I N A # & where I is an open interval in R (or the empty set if 4 is
empty). The interval (a, b) is denoted also by (b, a) (similarly for other types of
intervals).

Lebesgue measure, integral, etc. will be called simply measure, integral, etc. The
outer measure of a set E C R will be denoted by | E | .

A real-valued function of a real variable (defined on some subset of R) will be
simply called a function. A function f is called a jump function in S C R if there
exists a sequence {s;}, s; € S, and real numbers g; and b, such that 3| a;| +2|b,|<
+oo and f(x) = Z;<,a; + 2, b. The value of a derivative (or approximate
derivative) may be finite or infinite (i.e. belongs to R).

DEFINITION 1.1. Define the following classes of F, subsets E C R.

Ee Myif EN(x,x+ h)# & foreveryx € E and h # 0.

E € M, if card(E N (x, x + h)) > ¥, for every x € E and h # 0.

Ee M,if|EN(x,x+ h)|>0foreveryx € Eand h # 0.

E € M, if for every x € E and ¢ > 0 there exists ¢ > 0 such that

|EN(x+h,x+h+k)|>0

foreveryh, k #0,0 <h/k <c,and |h + k|<e.

E € M, if there are closed sets F, and numbers 0, > 0 such that E = U%_ F,
and, for every x € F, and ¢ > 0, there exists ¢ > 0 with the following property: if
h,k+#0,0<h/k<cand|h+ k|<eg, then

|EN(x+h,x+h+k)|>n,|k]|.
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E € M; if every x € E is a point of density of E; i.e. if
ENn(x,x+h
h—0 | A
LeMMA 1.2. Let E be a measurable set. Then there exists a set F € My such that
FCEand|E— F|=0.

1.

PrOOF. Let E, be the set of all points of E which are points of density of E.
According to the Lebesgue density theorem | E — E, |= 0. Consider any F, subset of
E, with |E, — F|=0.

LEMMA 1.3. Let R be a system of open subsets of R. Suppose that

(a) @ ER,

(B) if H € R, then there is a set A C H dense in H such that (-00,a) N H € R
and (a, +00) N H € R for any a € A,

(v) if H C R and if there is a locally finite cover {1,} of H consisting of bounded
open intervals such that I, C H and I, € R, then H € R, and

(8)ifHERand H+# R, then H — H # @ for some H € K.
Then R € K.

PROOF. Let G be the union of all elements of . Since the system A is an open
cover of the separable metric space G, it has a locally finite refinement {J,}.
Moreover, we may suppose that each J, is an open, bounded interval and that, for
each n, there is an H € & such that J—,, C H. Using condition (8) twice we find that
for every € > 0 there is an interval I € & such that 7 C J, and |J, — I'|<e. This
enables us to define (by induction) a sequence of open intervals {I,} such that
I,eR,I,CJ,andl,DJ,— U,_, I, — U,_, J.. The last inclusion shows U, I,
= G, which, according to (y), implies G € ®R. Now, the assumption G # R con-
tradicts (8). Therefore G = R.

2. Property (Z).

DEFINITION 2.1. A set P C R is said to have property (Z) with respect to E C R if,
for every open set H C R — E which intersects each componentof R — (P N E)ina
connected set, the set (P N E) U (R — (H U(P N E))) belongs to the class M,.

REMARK 2.2. It might be helpful to make the following observations.

(1) A set P has property (Z) w.r.t. E if and only if P N E does.

(2) If P has property (Z) w.r.t. Eand E C E, C E U (R — P) then P has property
(Z)wrt E,.

(3) If E C P then P has property (Z) w.r.t. E if and only if E belongs to the class
M,. (Consider H=R — (P N E).)

(4) If P has property (Z) w.r.t. E then P N E is an F, set.

PROPOSITION 2.3. (1) Suppose that P has property (Z) w.r.t. E. If Q C P can be
written as Q = P N F N G with F closed and G open then Q has property (Z) w.r.t. E.

(2) Suppose that P and E are subsets of R and that each x € P has a neighborhood U
such that P N U has property (Z) w.r.t. E. Then P has property (Z) w.r.t. E.

(3) Suppose that P and E are subsets of R and that G D P is an open set. Then P has
property (Z) w.r.t. E N G if and only if it has property (Z) w.r.t. E.
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PRrOOF. (1) Let H C R — E be an open set which intersects each component of
R — (Q N E) in a connected set. Then H also intersects each component of R —
(P N E)in a connected set. Therefore,

(PNE)U(R—(HU(PNE))) eM,.

Since R— (HU(QNE)DR— (H U(P N E)), it suffices to prove that the set
R — (H U(Q N E)) contains almost all points of (P — Q) N E N G. This follows
from the fact that H C H U S U (Q N E), where S is a countable set. Hence,

R-(HU(QNE))DR-(HUSU(QNE))
=(R-H)N(R-S)Nn(R—-(QNE)).

Since R—HD(P—Q)NENG, and since R—(QNE)YD(P—Q)NENG,
the set R — (H U(Q N E)) contains (P — Q) N EN G) — S.

(2) From (1) we deduce that there is a sequence of open intervals {I,} such that
P = U (P N I,) and each set P N I, has property (Z) w.r.t. E. Whenever H C R —
E is an open set which intersects each component of R — (P N E) in a connected set,
then the set

(PNE)u(R-(HU(PNE)))
=U {Ln[(PnL,nE)u(R-((ANT,)u(PN1I,NE))]}

n

U(R~(FU(PAE)))

is a countable union of M, sets, and hence an M, set.

(3) Because of 2.2(2) and 2.3(2) it suffices to show that, whenever P has property
(Z) w.r.t. E and I is an open interval, then P N I has property (Z) w.r.t. EN I. If
H C R — (E N I) intersects each component of R — (P N I N E) in a connected set
then H N I intersects each component of R — (P N E) in a connected set. Hence,
the set

(PNINE)U(R-(HU(PNINE)))
={In[(PnE)U(R-((HNT)U (PNE)))]}
U{R—(HU(PNTNE))}
belongs to the class M,.

THEOREM 2.4. A set P has property (Z) with respect to E if and only if the following
three conditions hold.

(e)IfxePNEandh #0,thenEN (x,x + h) # 3.

(B) If x € P N E is not an isolated point of P N E from the right (resp. left), then
for any ¢ > 0 there is an € > 0 enjoying the following property:

EN(x+h,x+h+k)# @ forany h, k > 0 (resp. h, k <0) for which h/k < c
and |h + k|<e.

(v) There exist a sequence of closed sets {F,}, a sequence of positive numbers {n,},
and q € (3,1) such that P N E = U F, and the following assertion holds.
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(+) If x € F,and c > 0, then there is an ¢ > 0 such that the inequality
[PNEN(x+h,x+h+k)|

+(x+h,x+h+k)—(H,U(PNE))|>n, k|

holds if 0<h/k <c, |h+ k|<e, x +hE€PNE, and x + h+ k €EP N E, where
H, is the union of all those intervals J contiguous to E for which there exists some
bounded interval I contiguous to P N E such that J C I and |J|>q|1|.

ProOF. First suppose that P has property (Z) with respect to E. Suppose that (a)
does not hold. Then there is x € P N E and h # 0 such that E N (x, x + h) = &.
Putting H = (x, x + h) in the definition of property (Z) we obtain a contradiction.
Now suppose that (8) does not hold. Then there are x € P N E not right isolated
say from P N E and ¢ > 0 such that for every € > 0 there exist 4, kK > 0 such that
h/k<c,|h+k|<eand (x + h,x + h+ k) N E= &. From this we deduce the
existence of decreasing sequences {x,} and {y,} such that lim x, = lim y, = x,
In+1 < Xn <yn’ (xn - x)/(yn - xn) <g, (xn’ yn) NE= g and (yn+l’ xn) nreN
E+# @. Put H= U_/(x,, y,)- Then the set (P N E) U (R — (HUP N E))) is
not of the type M, (consider the point x). Therefore, it is not an M, set. A similar
proof gives a contradiction in the case of points not left isolated from P N E. The
condition () for any g € (3, 1) follows directly from the definition of property (Z).

Let the conditions («), (8) and () hold. First prove the following statement.

(+ +) The assertion (+) holds if 7, is replaced by (1 — ¢)n, and H is replaced
by any open set H C R — E which intersects each component of R — (P N E) in a
connected set.

If I is a bounded interval contiguous to P N E, then either H , N1+ @ and thus
|HNI|<|H,NI|orH,NI= & andthus|H NI|<gq|I|.Therefore, foru,v €
P N E we have (the summation is over the intervals contiguous to P N E)

|PNEN(u,0)| +|(u,0) —((PNE)UH)|
=|PNEN(u,0)|+ Y |I—H|

IC(u,v)
=PNEN(wo)|+ X |[I-H|+ 3 (1-q)|I]

I1C(u,v) I1C(u,v)

H,NI# o H,NI=2

>(1—q)(|PnEn(u,o)|+ > |I—Hq|)

IC(u,v)
=1 -g)(|PNEN(u,0)|+]|(u,0) -((PAE)UH,)|.
Let H C R — E be an open set intersecting each component of R — (P N E)in a
connected set. Let x € F, and C > 0. If x is an isolated point of P N E from the

right (resp. left), then condition («) implies the existence of £ > 0 (resp. A < 0) such
that (x,x + h) N (H U (P N E)) = &. Thus

(x,x+h)C(PNE)U(R—(HU(PNE))).
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If x is not an isolated point of the set P N E from the right (resp. left), choose ¢ > 0
such that EN(x+h,x+ h+ k) & for any h, k >0 (resp. h, k <0), h/k <
9(C + 1) and | h + k| < & (condition (B) for ¢ = 9(C + 1)) and that
[PNEN(x+h,x+h+k)|
+H(x+h,x+h+k)—(HU(PNE))|>(1—q)n,|k|
for any h, k such that 0 <h/k <3(C+ 1), |h+ k|<e, x+hEPNEandx+ h
+ k € P N E (condition (+ +) for ¢ = 3(C + 1)).

Let h, k>0 (resp. h, k <0), h/k < C and |h + k|<e. First note that each
interval 1 C (x + h, x + h + k) with | I|> § | k| intersects E since d(x, I)/|I|<
9(C + 1). Thus, if there exists an open interval J = (a, b) C(x + h,x + h + k) —
(P N E)with |J|= 1§ | k|, then (3a + 3b, $a + 3b) N E # @. Therefore, H N J is
a subset of at most one of the intervals (a, 1a + 3b) and (¢a + 1b, b). Therefore,

[(x+h,x+h+k)—(HU(PNE))|=|J-H|=L|J|>%]|k|.
If there is no such interval J, put L = (m, M), where
m=min PNE N{x+h,x+h+k),
M=max PNE N{(x+hx+h+k).
Then |L|> 4 | k|and d(x, L)/| L|< 3(C + 1), and therefore,

[(x+h,x+h+k)NPNE|+|(x+h,x+h+k)—(HU(PNE))|
=|LNPNE|+|L-(HU(PNE))|>1—q)n,|L|>$(1 = q)n,|k].

Since the set R — (H U(P N E)) is open, the set (P N E) U (R — (H U(P N E))) is
of the type M,.

In the following text we will often need a different property of a pair P, E of
subsets of R, namely, that there is a portion of P possessing property (Z) with
respect to E. The following proposition says that in proving such a property one
may restrict his attention to special perfect sets only.

PROPOSITION 2.5. Let E and G be subsets of R. Suppose that for each x € E — G
and each ¢ > 0 there is an € > 0 such that EN (x + h,x + h + k) # @ for every
h,k#0,0<h/k <cand|h+ k|<e. Then the following conditions are equivalent.

(i) Every perfect subset P of R — G such that PN E = P — E = P has a portion
possessing property (Z) with respect to E.

(ii) Every subset of R — G which is at the same time of type F, and Gg has a portion
possessing property (Z) with respect to E.

ProOOF. We only need to prove (i) = (ii). Let P C R — G be an F, and a G; set.

(a) If P = &, then obviously P has property (Z) w.r.t. E.

(b) If P ¢ P N E, then there is a portion of P which does not intersect E. This
portion has property (Z) w.r.t. E.

(c) If P Z P — E, then there is a portion Q of P such that Q C E — G. In this case
put O, ={x€Q, EN(x+h,x+h+k)+ @ for any h, k#0, 0<h/k <1,
and |k + k|< 3}. The sets Q, are closed in Q and U, Q, = Q. Since Q is of type
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G, there is an open interval I and a natural number m such that ¢, D I N Q # .
Moreover, we can assume that | /|< 7 and that the set Py =1 N Q is closed in I
(because Q is of type F, as well as Gg). If J = (a,b) is a bounded interval
contiguous to Py, thena or b € Q,, and thus, for any interval J’ C J withJ’ N E = &
we have |J'|< ;|J|. Hence, the set H, from condition (y) of Theorem 2.2 is
empty. This implies that P has property (Z) w.r.t. E.

(d) In the last case when (PN EYN(P—E)D P+ @, wehave PNE=P — E
and we choose an open interval I such that I N P # & and the set I N P is closed in
I. Next we find a bounded open interval J C I such that J C I and J N P # @.
Then the set J N P has the properties required in (i). Thus there exists yrtion Q
of J N P having property (Z) w.r.t. E. The set J N Q is the required p .tion of P.

COROLLARY 2.6. Let E be an M, set and let P C E be a set of type F, as well as Gj.
Then P has a portion having property (Z) with respect to E.

PROOF. Put G = R — E in the preceding proposition.

REMARK 2.7. Incidentally, under the assumptions of Proposition 2.5 one can add
also the following condition equivalent to (i) and (ii).

(iii) Every F, subset of R — G can be written as a countable union of closed sets,
each of which has property (Z) with respect to E.

Since (iii) = (i) is obvious, let us sketch the proof of (ii) = (iii). Let F C R — G be
a closed set. Let @R be the system of all open subsets H C R such that F N H can be
written as a countable union of closed sets with property (Z) w.r.t. E. Since %R has all
the properties required in Lemma 1.3, we obtain R € .. (Let us note that this is a
usual method of finding connections among the notions defined with the help of
portions and countable unions of closed sets (cf. [19]). E.g. with this method one can
easily prove an equivalent definition of M, in terms of portions.)

3. Necessary conditions.

LEMMA 3.1. Let f be a measurable function defined on a neighborhood of a point
x € R. Suppose that fu(x) = A € (0, +o0). Then for every ¢ >0 there exists e > 0
such that for any h,k #0, 0 <h/k <c and |h + k|<¢€ there are h’ and k' with
Wemh+ik),h+k €h+3k,h+k)and(f(x+h +Ek')—f(x+h)/k
> 14.

PrROOF. Let ¢ > 0. Put n(¢) = (f(x +t) — f(x))/t — A for t # 0 and choose
€ > 0 such that

A | ]
; = < <|ul<e.
{te(x,x+u),|n(t)| 6(2c+1)H e+ 1) for0 <|u|<e

Then

A < 1
6(2¢ + 1)} 3(c+1)

b+ k< 3 k]

{tE(x+h,x+h+k);|n(t)|>
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for any h, k 0,0 <h/k < c and | h + k|<e. Thus, there are »’ and k’ such that
xt+h eE(x+hx+h+3ik),x+h+k E€(x+h+3k,x+h+k) |nh)|<
A/6(2c + 1)and |9(h’" + k') |<A/6(2c + 1). Since | k' /k’ |< 3¢ + 1, we obtain

x+h +k')—f(x+hH h' + k’ h’ 1
A ) x 2 W) g K 4 k) = 2| < 3.

i

LEMMA 3.2. Let f be a function defined on a neighborhood of x € R. Suppose that
fi(x) = A € (0, +oo). Then for every ¢ > 0 there exists € > 0 such that
(f(x+h+k)—f(x+h))/k>14

forany h,k > 0,0 <h/k <cand|h+ k|<e. (A similar inequality holds in the case
of the derivative from the left.)

PRrOOF. Similar to that of the preceding lemma.

LEMMA 3.3. Let f be a measurable function defined on a neighborhood of a perfect set
P and let f possess a bounded, approximate derivative on P. Suppose that K € R such
that | fy(x)|< K for all x € P. Let us define the following function,

g(x) =f(x) forx€P,
g is linear on the closure of each bounded interval contiguous to P.
Then there is an open interval I such that
@INP+#g,
(b) the functions f and g are both defined on I and
[{t € (x,x +h); |f(z) —f(x)|> K|t —x|}| < ¥|h|
foreveryx EPNIandx + h €1,
©]8(x) = 8(y)|<K|x = y|forall x andy € I,
(d) g, and g’ exist on I, and
(e) if x €I N P is not an isolated point of P from the right (resp. left), then
84 (x) = fip(x) (resp. g2 (x) = fo(x)).
PROOF. Let P, be the set of those x € P for which the function f is defined on
(x — %, x+ 3)and
[{t € (x,x+h); |f(t) —f(x)|> K|t —x|}| < 3i|h|

for every h with 0 <|h|< 1. Let us prove that the sets P, are closed. Suppose, to the
contrary, that there exists x € P, such that

[{t € (x,x + h); |f(t) = f(x)|> K|t —x|}| > ¢|h|
for some h with 0 <| & |< 1. Since f is measurable, there is a compact set Q such that
f/Q is continuous, | Q|> ¢ | k| and
QC{te(x,x+h);|(f(t) - f(x))/ (1 —x)|>K)
(see [15]). Thus, there is an 7 > 0, n < 2K, such that
()| Q]> s |h| +n, and
@ (A1) = f(x))/(t = x)|> K+ nforevery t € Q.
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Choose y € P, such that

G| {1 € (x, y)i (1) — f()|> K|t = x|} |< & |y — x|,

@ |x—y|<n|t—x|/2Kforeveryt € Q,

) |x—y|<6n,and

©|x—y|<i—|h|.

The inequalities (3), (6) and y € P, imply the existence of ¢ € (x, y) such that
|f(6) = f(x)|< K|t — x|, and | {(t) = f(»)|< K|t — y| . Hence, | f(x) — /(»)|<
K|x—y]|.

Using (2) and (4) one obtains, for any ¢ € Q, the following inequalities.

1£(1) = f(») 121 /(1) = f(x) | =1 £(x) = F(P)]
>(K+n)|t—x|—K|x—y|
=K(t—y|=|x—y)) +alt—x|-K|x—y|
=K|t—y|+n|t—x|-2K|x—y|>K|[t—y]|.
Further from (4) it follows that Q C (y, x + h) (since n/2K <1 and Q C (x, x +
h)) and (5) implies that | Q|> ¢ |h| +1 > ¢ |x + h — y|. Then (6) implies y & P,
contrary to the choice of y.

Thus, the sets P, are closed. Since P is their union, there is an open interval I with
endpoints in P and a natural number m such that @ # INP,INPCP,, |I|< %
and the functions f and g are both defined on I. Now (a) is obvious and (b) holds
evenforx EPNI,x+heEL

If xand y € I N P, then thereis a ¢ € (x, y) such that | f(x) — f(1) |< K|t — x|
and |f(¢) — f(y)|< K|t —y|. Hence, | f(x) — f(y)|< K|x — y| . Now (c) follows
from the definition of the function g.

Letx € PN 1,0 <e< 1. Choosed > 0 such that

{1 € (e, x + h); 1 7(8) = f(x) = fip(x)(t = x) |> |t — x|}| <elh]|
foreveryh,0 <|h|<é.Ify €I N Pwith0 <|y — x|< §, put
J=(2ex + (1 —2¢)y, y).
Then |J|=2¢e|y — x|,
[{r €75 1(6) = 1(x) = fo(x)(t = x) |> et = x[}| <ely — x|,
and
[{t T 1/(t) = f(P) |> K|t =y [} < 3e|x—y|.

(The last inequality we obtain using (b) at the point y.) Hence, there is ¢ € J such

that | (1) — f(x) = fp(x)(t — x) |< €|t — x| and | f(+) — f(y)|< K|t — y| . Since
| fip(x¥)|< Kand |y — t|<|J|=2¢|y — x|, we have

|f(y) = £(x) = fo(x)(y — x) |
<IA(3) = S| +1£() = 1(x) = o)t = ) | +{12,(x) |1y — 1|
S2K|y—t]+e|t—x|<(@K+ 1)e|y — x| .

This inequality and the definition of the function g imply (d) and (e).
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THEOREM 3.4. Let f be a function defined on an open interval I which possesses an
approximate derivative on 1. Let a ER, E={x €I, fi(x)>a}, G={x €L
fap(x) = ~+o0} and let S be the set of all those x € I for which lim,,_o, f(x — h) exists
andis < f(x), orlim, o, f(x + h) exists and is > f(x). Then

(1) S is a countable set, G is a G set of measure zero, E is an F, set and S C G C E,

(ii)ifx EE— Sandh #0then|EN (x,x + h)|>00r SN (x,x+ h)#* T,

(iii) if x € E — G and ¢ > 0, then there is a number ¢ > 0 such that

[EN(x+h,x+h+k)|>0 or SN(x+h,x+h+k)+*D,

forany h, k #0withO <h/k <cand|h + k|<e, and
(iv) any perfect subset of R — G has a portion having property (Z) with respect to E.

PrOOF. Without loss of generality we can assume a = 0.

(i) The set S is countable (see e.g. [15]), G is of type G, and E is of type F, since f,,
is a function of the first Baire class on I (see [18]) and | G|= 0 according to the
Denjoy-Young-Saks theorem for approximate derivatives (see [19]).

(ii) Suppose, to the contrary, that there are x € E — S and & # 0 such that
|EN(x,x+ h)|=0and SN (x,x + h) = &. According to [18] the function f is
nonincreasing on (x, x + k). Since x & S, we have f;(x) <0 which contradicts
x €EE.

(iii) Let x € E — G and ¢ > 0. Choose ¢ > 0 such that for any 4, k # 0,0 < h/k
<c and |h+ k|<e there are ' and k' such that k' € (h, h + k),
h+k€(h+3k,h+k)and (f(x+h + k) —f(x+ h))/k’ >0 (see Lemma
3D.If|EN(x+h,x+h+k)|=0and SN (x+ h,x+h+ k)= & for some
such h and k, then f is nonincreasing on (x + h, x + h + k) (see [18]). Hence,
(f(x +h + k') — f(x + k") /k’ <0, which is a contradiction.

(iv) Let P C R — G be a perfect set. We may assume that each portion of P meets
E. If x is a point of continuity of f; | then it follows that 0 < f; (x) < +oo and
hence there is an open interval J and K > 0 such that x € J and | f;.(y) |< K for
y €J N P. We apply Lemma 3.3 to the function f and the set J N P. Let g be the
function defined in 3.3 and 7 an interval with the properties (a)—(e). Using
Theorem 2.4 we prove that the set Q = I N J N P has property (Z) w.r.t. E. The
conditions () and (B) follow directly from (iii). Let us prove (y) with ¢ = §. (We
denote H, by H.) _

Let (a, b) (where a < b) be a bounded interval contiguous to Q. If @ #+ HN
(a,b) =(c,d) (c<d), thend — ¢ > $(b — a) and the function f is nonincreasing
on (¢, d) (see [18]). If ¢ = a, then f is nonincreasing on (¢, d) and put ¢’ = c. If
¢ > a, then 3.3(b) implies

[{t € (a,2c —a); |f(t) — f(a)|> K|t — a|}| < 3(c — a).
Hence, there is ¢’ € (¢,2¢ — a) such that f is nonincreasing on {¢’, d) and f(c’) —
f(a) < K(¢’ — a). Thus, in both cases we have found ¢’ € {¢,2¢ — a) such that f
is nonincreasing on {¢’, d) and f(¢’) — f(a) < K(¢’ — a). Similarly, we find d’ €
{(2d — b, d) such that f is nonincreasing on ( ¢, d’) and f(b) — f(d") < K(b — d’).
Moreover, we have ¢’ <2c¢ —a <2d — b<d’ and f is nonincreasing on {¢’, d").
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Hence,

f(b) —fla) <K(b—d)+ K(c'—a) =K((b—a) = (d'" =)
<K((b~a) - ((2d - b) — 2c - )
=2K((b—a)—(d—c)) =2K|(a,b) — H]|.

The inequality f(b) — f(a) <2K|(a,b) — H | holds for any bounded interval (a, b)
contiguous to Q. (For (a, b)) N H = @ it follows directly from 3.3(c).) v

Since g is a Lipschitz function, it is an indefinite integral of its derivative. Thus,
for y, z € Q, y <z, we have (the summation is over intervals (a, b), a < b, contigu-
ous to Q)

f(2) = f(») =g(z) — g(y) = fQ g+ 2 (8(b)—g(a))

N(y,z) (a,b)C(y,2)

=[  fot 2 (J(6)~f(a))
2n(y.2) (a,b)C(y,2)
<2K(|QNEN(y,2)| +|(y,2) —(HU Q)]).

If x € Q N E and ¢ > 0, then, according to 3.2 and 3.3(e), there is an € > 0 such
that for every h, k #0,0<h/k <c, |h + k|<efor whichx + h,x + h+ k€ Q
we have

f(x+h+k)—f(x+h) _ gx+h+k)—g(x+h)
k - k

> %fz{p(x).

Thus,
|QNEN(x+h,x+h+k)|

H G+ hx+ht k) = (HU Q)| > g o) k]

From this inequality we see that to prove 2.4(y) it suffices to choose closed sets F, ,,
such that {x € Q N E; f(x) > 1} = U, _|F, , and to put n,, ,, = 1/4Kn.

THEOREM 3.5. Let f be a function defined on an open interval I which possesses a
derivativeon I. Let a ER,E={x €I, f'(x) > a}, G={x €I, f'(x) = +} and
let S be the set of all those x € E at which f is discontinuous. Then the sets S, G and E
fulfill the conditions (1)—(iv) of Theorem 3.4.

ProOF. The countability of S is well known (see e.g. [15]). Now the statement
follows from 3.4 since any triple S, G, E fulfills the conditions (i)—(iv) of 3.4 if S, G,
E does, S C § C G and § is a countable set.

REMARK 3.6. The condition 3.4(iii) can be formulated a bit simpler. Instead of (iii)
one need only conclude E N (x + h, x + h + k) # @. Condition (iii) then follows
from (ii). Note also that for x € E — G (ii) follows from (iii). On the other hand (iv)
does not follow from (i)—(iii) as may be easily seen from 4.3 and 5.12. Let us also
remark that (i), (i) and (iv) do not imply (iii)—consider

o0
S=G= g, E= {0} U U (_2—2n’_2—2n+l) U (2—2n,2—2n+l).

n=1
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4. Sufficient conditions.

LEMMA 4.1. Let P # & be a compact subset of R and let A C R be a bounded set.
Then there is a compact set T C R containing P such that T — P C A,

(i) T — P is an isolated set in R — P, and

(ii) if J is any interval contiguous to T, then there exists an open, connected set
HCJ, HNA= @ such that |K|<d*(K, P) for each component K of the set
J—H.

PrOOF. Put U, = {t €ER; |t — x|< 4 min(d(x, P), d*(x, P))} for x ER — P.
We can find a locally finite covering {¥;} of R — P consisting of bounded open
intervals such that, for any i/, there is an x € R — P with UV av-oV; C U,. For
each i with 4 N V,; # & choose x; € 4 N V,. We prove that the set T=PU {x;}is
the required set. Since (i) is obvious we need only verify (ii). First note that
| U.|< 4 d*(x, P) and that, for any ¢ € U,, d(t, P) = d(x, P) — | x — t|= 0. Thus
d*(t, P) = d*(x, P) — 2d(x, P)|x — t|=> % d*(x, P). Hence, | U |< d*(t, P) for
anyt € U,.

For u € R — P let K, be the union of all V; containing u. Since there is
x € R — Psuchthat K, C U, we have | K,|< d*(K,, P). Foru € P U {+00,-0}
put K, = @. Let J = (u, v) be an interval contiguous to T. If K, N K, 7 &, then
there are V; and ¥, such that ¥, N ¥, # @& and V; U V; D J. Since V; U V; C U, for
some x, we have |J |<d 2(J, P) and it is sufficient to put H=@.1fK, ﬂ K,
put H=J — (K, U K,). The assumption H N 4 # @ would imply that V.NH n
A # @ for some i. Hence, V, N T #* & and consequently, u € V; or v € V,. This
would imply ¥, C K, U K, which is a contradiction.

LEMMA 4.2. Let S, G and E be sets fulfilling the conditions (i)—(iv) of Theorem 3.4
and let P be a compact subset of R. Suppose that

(A)PCE,or

(B) P N G = @ and P has property (Z) with respect to E.

Then there exists a nondecreasing function f defined and differentiable everywhere on
R such that .

(@ENP={x€P;f(x)>0}

®b)GNP={x€P;f(x)= +wo},

(c) f is continuous at every point of R — S and at every point of S N P it is
discontinuous from the right as well as from the left,

@{xER;f(x)>0} CE,{x ER; f(x)= +0} CG,and

(€) f can be written as a sum of a nondecreasing absolutely continuous function and a
nondecreasing jump function in S.

PRrOOF. It suffices to assume P = PN E # @.(If P N E = @ we may take f = 0,
if P P N E then (B) holds, P N E N G = &, the set P N E has the property (Z)
with respect to E according to Proposition 2.3 and any function f fulfilling (a)-(e)
with P replaced by P N E has the required properties.) Let F C E be an M, set for
which | E — F|= 0 and let L be a bounded, open interval containing P. Let T be the
compact set constructed in the preceding lemma with 4 = (FU S) N L.
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First define an auxiliary number a and function g, by alteration of which we
obtain the function f. If (A) holds, put « = 5 and, since GN P is a G set of
measure zero, choose a nondecreasing absolutely continuous function g differentia-
ble on R such that G N P = {x € R; g’(x) = +oo} and g’(x) > 0 for all x € R (see
[21 or 22, Theorem 7]). If (A) fails and (B) holds, put « = 0 and first choose, for
every interval I contiguous to T for which there is a bounded interval (a, )
contiguous to P with $(a + b) €I, an open connected set H, C I such that
H,NA=¢@ and |K|<d*K,P) for any component K of the set I — H,.
If {(a+b) &1, let H = @. Let H be the union of all H,. The set (P N E) U
(R — (H U(P N E))) is of the type M,. (This follows from condition (B), since by
4.1(ii)) H C R — E.) Thus there exists a function g possessing a bounded, nonnega-
tive derivative on R such that

{xeR;g'(x)>0}:(PnE)U(R_(ﬁU(PnE)))

(see [22, Theorem 8]).

The next step will be done for both cases (A) and (B) together. Let ¢t € T. If there
ist’ € T, t’ > t such that the interval I = (¢, ¢’) is contiguous to T, find that interval
(a, b) contiguous to P which contains I, and put

AT (1) = a(g(r)) — g(1)) ift'<i(a+b),
AT (t) = 1(g(t') — g(t)) ifi(a+b) € Tand(A)holdsor H,= &,
A" (t) =g(u) —g(¢) if3(a+b) €1, (A) fails, and H, = (u,v) # &,

AT () = (1 —a)(g(r) —g(1)) if3(a+b)<t.
If there is no such ¢/, put A (¢) = 0.
Similarly we define A~ (¢). If there is ¢’ € T, t’ < ¢ such that the interval (¢', ¢) is
contiguous to 7, find that interval (a, b) contiguous to P which contains I = (¢, ¢)
and put

A () = a(g(t) — g(r)) ift'=3(a+b),
A (t) =1(g(¢) —g(¢)) if+(a+b)€Iand (A)holdsorH,= &,
A (t) =g(t) — g(v) ifi(a+b) €1, (A) fails, and H; = (u,v) # &,

A7 (1) = (1 —a)(g(r) — g(r)) ifr<i(a+b).
If there is no such ¢/, put A~ (¢) = 0.

Let us prove that AT (1) = A~ (t)=0 for any t € P — S. If J = (¢, ') where
teP, v’ €T, andJ N T = &, then choose an open connected set H' C J such that
H' NA= @& and | K|< d*K, P) for any component K of J — H'. Since ¢ € P, it
follows that H' = (¢, u) where u € (¢, t'). If (A) holds, then 3.4(ii) implies that
t € S. If (A) fails, choose v € R such that (¢, v) is the interval contiguous to P
containing J. If (¢ + v) € J, then arguing as with H’ above H, = (¢, u’) where
u' €(t, t’y. Hence A*(¢)=0. If (¢t +v) & J, then 47 () = 0 because a = 0.
That A~ (¢) = 0 is proved in a similar fashion.

IfteTnS,putwt(t)=A*(t)andw (1) =4~ (2).Ift €T — S, put w (¢)
=w (1)=0.Ift€TNS, put ¢ (x)=¢, (x)=0 for xER. If A*(1)=0
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(resp. A~ (¢) = 0), put ¢, (x) = 0 (resp. ¢, (x) = 0) forx € R.If A (¢) > O (resp.
A (t)>0andt€T— Slet I =(t,1"), where t <t’ (resp. t >t"), be an interval
contiguous to 7. Since t &€ P U S, we have ¢t € F. Hence ¢ is a point of accumulation
of FN I. Choose u € (1, 3(t + ")) (resp. (3(¢ + t'), 1)) such that |u — 7|< d(t, P)
and (t,u) N H, = @. Since F N (¢, u) is a nonempty set of type M, we can find a
bounded, nonnegative function ¢," (resp. ¢,” ) approximately continuous on R such
that {x; ¢ (x) >0} C F N (1, u) and [*Z ¢} (x) d(x) = A* (1) (resp. {x; ¢ (x)
>0} CFN(t,u)and [T ¢, (x)dx = A7 (1)) (see [22, Lemma 11}).
Put m = inf Tand M = sup T. Then

S (W w0+ [ o ax s [or () a)

tET
(1) = 1§T(A+(t) +47 (1))
= 2 (s(r)— (1)) <g(M) — g(m).
(tz',tt’()Er]\"?’!:q@

Further put o(x) = Z,c,;erw™ (1) + Zcxerw’ (1), @(x) = g'(x) for x € P,
and @(x) = 2,cr(®," (x) + ¢, (x)) for x & P. The function ¢ is nonnegative and
+® ¢ < +oo according to (1). Choose x, € P and choose the indefinite integral g,
of ¢ such that g,(x,) + v(xy) = 8(x,). Let fy, =g, +v. Forx, y €T, x <y, we
have
KN =fx)= [  gu)du
(x,y)nP

+ 3 (ftt’((pf“ (u) + @ (u))du+wt (1) +w™ (t’))

(1,1 C(x,y)

= gu)yau+ 3 (g(r)—g(r)) = g(y) — g(x).

(x,y)NP (t,t)C(x,y)

(The summation is over all intervals (¢, ¢’) contiguous to T, t < ¢’.) Hence, f;, = g on
T.

Since the family of supports of the functions ¢, and ¢, is locally finite in R — P
and since ¢;" and @, are bounded and approximately continuous, we have g = ¢
on R — P. Using the fact that the set (' N §) — P is isolated in R — P we find that
fi=¢@onR—(PU(TNJS)).

Let x € PN (E — G) and let ¢ > 1. According to 3.4(iii) there is an ¢ € (0, 1)
suchthat EN(x +h,x+h+ k) & forevery h, k #0,0<h/k <cand |h+
k | < e. Moreover, 3.4(ii) implies that x is a bilateral limit point of 4 and hence of T.
So there is a § € (0, €) such that each interval contiguous to 7' which intersects
(x—8,x+ d)isasubsetof (x —e, x +€) N L. Let |h|<8, x + h € (¢,1), where
(2, ') is an interval contiguous to 7. Choose the notation so that z € (x, x + h). Let
H’ C (1,t") be the set from 4.1(ii) and note that the measures of the components
considered there equal d(z, H') and d(¢', H’) (these we put equal to |z —¢'|, if
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H' = @). Further, d(x, H') = c| H' | since H' N E = @ by 4.1(ii). Hence,
|H' |<c 'd(x, H) =c" (|t — x| +d(¢, H')) < c_'(| t—x|+ (1 — x)z).
Using that f; is nondecreasing and agrees with g on T it can be shown that

t—x g(1) —g(x) _ Alx+h) —f(x) _g(t) —g(x) ¥’ —x
h t—x h t'—x h

Since

and since

—x _t'—x ' —t v —t\7!
SOy (E2t)(1- £t
h t—x ' —x ' —x

to prove that fj(x) = g’(x) it suffices to show that (' — ¢)/(¢" — x) can be made
arbitrarily small by taking c large enough. This holds since
|t —t|<d(¢',H)+ |H| +d(¢, H')
<|H'|+2(¢' — x)°
< c"(lt - x|+ (t— x)z) +2(¢ — x)%.
Hence fi(x) = g'(x) = @(x).

Let us consider a point x € P N (G — S). Such a point exists only when condi-
tion (A) holds. Thus, a« = 1 and g'(x) = +oo. Let h # 0, x + h € (¢, t'), where
(z¢,¢") is a bounded interval contiguous to 7. Choose the notation so that ¢ €
(x,x+h).If|x+h—t|<|t— x|, then

|h|<|x+h—t|+|t—x|<2|t—x].

Hence,

Ax+h) —h(x) _ g(t) —g(x) 1 g(r) — g(x)
h h 2 t—x

If |x +h—1t|>|t— x|, then |fi(x + h) — f(x)|= 3 | g(¢") — g(¢)| . This is clear
if t€S, if t &S it follows from the fact that the support of the corresponding
function @;" (or ¢, ) is a subset of (z, u) where |u — ¢|<d(t, P) <|t — x| . Hence,

[fi(x + ) = fi(x) |=]| i x + k) —fi(2)| +g(2) — 8(x)|
=1 18(¢") — g()| +|g(r) — 8(x)|
=3 18(r) — g(x)].
Thus

Axth) —filx) _ 1g(r) —g(x) _ 1 g(r) — g(x)
h 2 h 2 t—-x
Hence, f{(x) = +o0 = @(x).
Further let us consider a point x € P — E. Such a point exists only when (A) fails.
Thusa =0 and,sinceP = PN E,g'(x) =0.Leth# 0,x + h € I, where I = (¢, t')
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is an interval contiguous to T with ¢ € (x, x + h). Choose an interval (a, b)
contiguous to P such that I C (a, b),a € (x, x + h).
Ifx+he(3(t+1),t),then|h|= 5|t — x| . Hence,

hx+h) = h(x) _ g() —g(x) _,8(t) = g(x)
h h r=x

If x + h € (3(a + b),b), then |h|= § | b — x| . Hence,
flx+h) = filx) _ g(b) —g(x) _, (k) — g(x)
h h b—x
If x +h e (3t +1)),t €(a,3(a+ b)), then since a = 0,
Alxth) —filx) _ g(t) —a(x) _ g(t) — g(x)
h h t—x
If {(a+b)€E(t,t') and Hy= &, then |t — x|=|t —¢'| +|t — x|< (t —x)* +
|t —x|<|h|(1 + |h]|). Hence,
fl(x+h2 —h(x) _ g(t’);g(x) <O+ Ihl)g(t;),:g(x)-

X

If H # @, let H, = (u,v) with |u — x|<|v — x| . First suppose x + h € (¢, v).
Then |u—x|<|u—t| +|t—x|<(t—x)*+ |t — x|<|h|(1 + |h|). Since f,, g
are both constant on (u, v), we have

Hx+h) —filx) _ g(u) —g(x) _ (u) — g(x)
h <% hg \(H'h')guu—i '

Finally suppose that x + h € (v,¢’). Then |t' —x|<|t' —o|+|v—x|<
(v—x)*+|v—x|<|h|(1 + | h|). Hence,

A+ B) = 1) _ g() — 8(x) _ (1) - 5(x)
h <85S <0 S0

Therefore, f{(x) = 0 = @(x).

It follows that f, is almost the required function. Only one more change is needed.
Theset B= (G N P) U ((S N T)— P)is of type G; (since the set T — P is isolated
in R—P). Let {F} be a nondecreasing sequence of closed sets such that
R—B=UZ F and let {s;} be a sequence of all points of S N T. Put q;, =
min(2~,27'd*(s;, F;)) and v,(x) = 2, <xa; T Z;,<xa;. Then v, is a nondecreasing
jump function in S which is discontinuous at each point of S N T from the right as
well as from the left. (Thus, vj(x) = +oo for x ES N T.) Let x € R — B. Then
x € F, for some k. Let 8 >0 be such that (x — 8, x +8) N {s),...,5,} = & and
let |h|<$é. From the definition of v, we have |v,(x + h) — v)(x)|<
23 kse oty @ < 252441 27'h? < h%. Hence, v}(x) = 0. Thus, it is sufficient to
putf=f + o,

THEOREM 4.3. Let S, G and E be subsets of R such that the conditions 3.4(1)—(iv)
hold. Then there exists a nondecreasing function f possessing a derivative on R such
that

(a) f is continuous at x € R if and only if x & S; at any point x € S it is
discontinuous from the right as well as from the left,
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(b) G = {x ER; fi(x) = too},

(c) E={x €ER; f'(x)>0},and

(d) f can be written as a sum of an absolutely continuous nondecreasing function and
a nondecreasing jump function in S.

PROOF. Let @R be the system of all open sets H C R (called regular) for which the
statement of the theorem holds with S, G and E replaced by S N H, G N H and
E N H. We will verify the assumptions of Lemma 1.3.

Obviously @ € @R. (Consider f = 0.)

Let HER. Put A = (H — E) U Int(H N E). Then the set A is dense in H. If
a € A, choose a function f from the definition of the regularity of H such that
f(a) =0.1f a € H — E, then f'(a) = 0 and to prove the regularity of (-o0, a) N H
(resp. (a, +oo) N H) we put f(x) = f(x) for x < a (resp. for x = a), and fi(x) =0
for x > a (resp. for x < a). If a € Int(H N E), choose § > 0 such that (a — §, a +
8) C Int(H N E) and find a continuously differentiable function ¢ on R such that
¢(a) =0 and ¢’ is positive on (a, a + §), negative on (a — §, a) and equals 0 on
(-00,a— 8) U (a+ 8, +o0). Put f,(x) = @(x)f(x). Then fi(x) = '(x)f(x)+
o(x)f'(x) for x #* a and

fita) = im 5L ) =
since @(a) = 0, ¢’(a) = 0, and f is bounded on a neighborhood of a. Hence, f, is
nondecreasing and the conditions 4.3(a)—(c) hold with S, G and E replaced by
(SN H)— {a}, (GN H) — {a} and (E N H) — {a}. Further let f = g + v be the
decomposition of f according to (d) where v is a jump function in S = {s,}. Hence,
0(x) = 2, <, a; T Z; < b Putvy(x) = Z, o, a;9(s;) + 2, < bi9(s;), and

h(x) = o(x)o(x) = v)(x) = 2 a(e(x) — ¢(s;)

+ 3 b(o() ~ 0(s).

The function A is zero on (-0, a — &) and constant on (a + §, +o0), and for x <y
we have

h(y)—h(x)= 3 a(e(y)—o(s)+ 2 ble(y)—o(s))

+ Y a(o(y) —o(x)) + 2 bi(o(y) — o(x)).

Since there is a K € R such that | ¢’ | < K, we obtain
|a(y) = h(x)|<K 2 (a;+b)]x—y].

S;€R
Thus, A is absolutely continuous. Moreover, f(x) = (g(x) — g(a)) + (v(x) — v(a)).
Hence, f,(x) = @(x)(g(x) — g(a)) + h(x) — ¢(x)v(a) + v|(x) and the function
o(x)(g(x) — g(a)) + h(x) — @(x)v(a) is absolutely continuous. To finish the proof
of the regularity of (—c0, a) N H (resp. (a, +o0) N H) it suffices to put f,(x) = fi(x)
for x < a (resp. for x = a), and f,(x) = f,(a) for x > a (resp. for x < a).
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Let us prove the condition 1.3(y). If H = U7_, I,, where I, € } are bounded
regular intervals, I, C H, choose functions f, = g, + v, from the definition of the
regularity of I, (where each g, is absolutely continuous and each v, is a nondecreas-
ing jump function). Since f,, g, and v, are constant on each component of R — I,

we can suppose that their absolute values are not greater than
min(27",27"d*(1,, R — H)).

Put f=3%_,f,8=27-,8, and v = Z2_,v,. Then f = g + v, g is nondecreasing
and absolutely continuous, and v is a nondecreasing jump function in § N H. Since
the covering {I,,} of H is locally finite, the only statement we have to prove is that
f'(a) =0 for a & H. For such an a we have

1)~ @)1= 3 14(0) @) |< 3 277(x—a)' = (x~a)’

Let us prove 1.3(8). Let H € R, H # R and P = R — H. Let f be the function
from the definition of the regularity of H. There is a bounded open interval
intersecting P such that IN PC EorINP N G= &.Let {J,} and {I,} be locally
finite coverings of I by open intervals such that @ #=J, C I, C I, C L According to
Lemma 4.2 (with S, G, E and P replacedby SN I,,GN I, ENI and P N J) we
construct functions f, = g, + v,. Moreover, we can suppose that |f,|, |g,|, and
|v,|<27"d*(R — I, 1,). The function f + I_, £, has all the properties required in
the definition of the regularity of H U I.

Hence, R € @R according to 1.3.

REMARK 4.4. If E is an F,, as well as a G, set of measure zero and if S is a
countable set dense in E containing all points of E which are not points of bilateral
accumulation of E (such a set always exists), then the triple S, E, F fulfills the
conditions of the preceding theorem. Thus, there is a function f defined on R such
that " = 400 on E and f' =0 on R — E. The case E countable was posed as a
problem in [22] and solved in [1] and in [17].

REMARK 4.5. If S is a countable set and G C R is a G; set of measure zero
containing S, then there is a function f possessing a derivative on R such that S is the
set of the points of discontinuity of f and G = {x € R; f'(x) = +oo}. This solves
the problem posed in [11].

5. Level sets of derivatives.
DEFINITION 5.1. Let us define the following classes of subsets of the reals.
E € M* if E is an F, set and for each closed set P C R
(1) Q C E for some portion Q of P or
(ii) there is a portion Q of P such that
(a) Q has property (Z) with respect to E, and
(b) if x € Q N E and ¢ > 0, then there exists ¢ > 0 such that E N (x + h, x +
h+k)+# @ foreveryh, k #0,0<h/k<cand |h + k|<e.
M} =M* N M,.
M} =M*N M,
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THEOREM 5.2. 1. If f possesses an approximate derivative on an open interval I, then
{x EL fi(x) > a} € M* and {x € I; f;(x) < a} € M* for every a € R.

2. If E € M*, then there is a nondecreasing function f (which can be written as a
sum of a nondecreasing, absolutely continuous function and a nondecreasing jump
function) possessing a derivative on R such that E = {x € R; f'(x) > 0}.

3.IfE,, E, € M* are disjoint, then there is a function f possessing a derivative on R

such that E, = {x €R; f'(x) >0} and E, = {x € R; f'(x) < 0}.

ProoOF. 1. If P is a closed set, then one of its portions is a subset of {x € R;
f'(x) > a} or there is a portion Q of P which does not intersect {x € R; f'(x) =
+o0}. In the latter case Q has a portion having property (Z) with respect to {x € R;
f'(x) > a} according to 3.4(iv) and 2.5. The condition 5.1(b) follows directly from
3.4(iii).

2. An open set H C R will be called regular (H € ®) if there are sets Sy and G
such that the assumptions of Theorem 4.3 hold with S, G and E replaced by Sy, G
and EN H.

Obviously @ € 4, an open subset of a regular set is again regular (for L C H it
suffices to put S, = S, N L and G, = Gy N L), and condition (y) of Lemma 1.3
also holds. (Consider S;; = U, S; and Gy = U, G,.) We have to prove 1.3(5). Let
H € R,H+Rand P =R — H. If there is an open interval I such that @ # Q =1
N P C E, we choose a countable set Z C Q dense in Q containing all those points
of Q which are not points of bilateral accumulation of Q. Let F C Q — Z be a set of
type M such that |Q — F|=0. Put §;=(Sy;NI)UZ and G,=(Gy;NI)U
(Q — F). The verification of conditions 3.4(i) - (iii) is straightforward. We prove
3.4(iv). If D C R — G, is a perfect set, then either D — Q @ and one obtains the
required portion from the definition of the regularity of H and 2.3(3) or D C Q. In
the latter case @ = I N D C F and one can use 2.6. Hence, I € Rand I — H=1
N P # &. If there is an open interval I such that the set Q = I N P +#* & has
property (ii) from Definition 5.1, we put S; = Sy N I and G; = Gy N I. Conditions
3.4(i) and (ii) for x € G, — S, follow directly from the definition of the regularity of
H. To prove 3.4(iii) (which implies 3.4(ii) for x € (E N I) — G,) one needs also
5.1(ii)(b) and the following observation. If J C I is an open interval such that
JNE+# Z thenJ NS, #+Jor|JNE|>0If (JNE)— Q # & this is obvious
from the definition of the regularity of H and 3.4(ii). If J N E C Q, then we infer
from 2.3(1), (3) and 2.2(3) first that J N Q has property (Z) w.r.t. J N E and then,
sinceJ N ECJ N Q,thatJ N E € M,. SinceJ N E ¥ @, this implies |J N E|> 0.
Finally, let us prove 3.4(iv). If D C R — G, is a perfect set, then either D — Q # @
and one can use the definition of the regularity of H or D C Q. In the latter case
@ # I N D and the set I N D has property (Z) w.r.t. E N I according to 5.1(ii)(a)
and 2.3.

Hence, R € R (Lemma 1.3) and we can use Theorem 4.3.

3. It suffices to construct functions f; and f, for the sets E, and E, according to
statement 2 of the theorem and to put f = f, — f,.
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THEOREM 5.3. 1. If f is a Darboux function possessing an approximate derivative on
an open interval I, then {x € I; fy(x) > a} € M} and {x € I; f,(x) < a} € M5 for
every a € R.

2. If E € M, then there exists an absolutely continuous nondecreasing function f
possessing a derivative on R such that E = {x € R; f'(x) > 0}.

3. If E,, E, € M} are disjoint, then there is an absolutely continuous function f
possessing a derivative on R such that E, = {x € R; f'(x) >0} and E, = {x €ER;
fi(x)<0}.

PROOF. 1. Use 5.2 and 3.4(ii).

2. An open set H C R will be called regular (H € @) if there is a set G, such that
the assumptions of Theorem 4.3 hold with S, G and E replaced by &, G, and
E N H. The proof of conditions 1.3(a)—(y) is similar to that in 5.2(2). We prove
1.38). Let HER, H#¥R and P=R—H. If Q=INP+# @ is a portion of
R — H such that Q C E, find a set F C Q of type M; such that | Q — F|= 0 and
put G,=(Gy,NI)U(Q— F). If a portion Q=INP+* @ of the set P has
property (ii) from Definition 5.1, it suffices to put G; = Gy N I. In view of Lemma
1.3 we can use Theorem 4.3.

3. It follows from 2 above just as in the proof of 5.2(3).

THEOREM 5.4. 1. If f is a function possessing a finite approximate derivative on an
open interval I, then {x € R; fy.(x) > a} € M} and {x € R; f,,(x) < a} € M5 for
every a € R.

2. If E € M3, then there exists a nondecreasing (absolutely continuous) function f
possessing a finite derivative on R such that E = {x € R; f'(x) > 0}.

3. If E,, E, € M are disjoint, then there exists an absolutely continuous function f
possessing a finite derivative such that E, = {x € R; f'(x) >0} and E, = {x €ER;
f(x)<0}.

PROOF. 1. Use 5.2 and 3.4(iii).

2. We prove that the assumptions of Theorem 4.3 hold with S, G and E replaced
by &, @ and E. Conditions 3.4(i)—(iii) are easy. We prove 3.4(iv). If P is a perfect
set, then one of its portions is a subset of E and we can use 2.6, or there is a portion
satisfying 5.1(ii), which clearly is the required portion.

3. This part follows directly from 2.

REMARK 5.5. Using the previous results one readily sees that the classes M*, M7,
My are closed under finite unions. On the other hand, countable unions of sets of
type M* (resp. M}, M}) are exactly the sets of type F, (resp. M,, M;). This we easily
prove considering, for a closed set 4 C E, the set A U F where F C E is a set of type
M such that | E — F|= 0.

REMARK 5.6. Since the classes M*, M¥ and M7 are closed under finite unions we
have also a characterization of sets where derivatives equal zero as complements of
sets of type M*, M5 or M} (depending on the type of the function).

REMARK 5.7. Any set which is at the same time of type F, and Gj is of type M*.
Thus, if P is a closed set, there is a function f possessing a derivative on R which is
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constant on any interval disjoint from P and nonconstant on any interval intersect-
ing P. A necessary and sufficient condition for the existence of such a continuous
function fis that | I N P|> 0 for every open interval / intersecting P.

REMARK 5.8. Let us study the inclusions among the different classes. First define
the following class: E € L if E C R is an F, set and for every x € E there is an
n > 0 such that, given ¢ > 0, we can find ¢ > 0 possessing the following property:
|[EN(x+h,x+h+k)|>n|k|foreveryh, k#0,0<h/k<cand|h+ k|<e.

The following inclusions are obvious.

M* O Mf D M} D M, O M,
N N n n
FF O M, DM D L

We have no equalities among these inclusions which is easy to establish except for
L # M, (see [8] and also 5.10) and M; # MF (see [7] and also 5.12).

From the definitions one obtains: If E € M, (resp. E € M,), then E € M} (resp.
E € MY) if and only if E € M*. In other words: If E € M, (resp. E € M,), then
either there exists a continuous differentiable (resp. finitely differentiable) function f
with E = {x; f'(x) > 0}, or there exists no differentiable function f with E = {x;
f'(x) > 0}. Hence, the following questions arise: Is L N M* = M,? Is L C M*?
Examples 5.10 and 5.12 show that the answers are negative. Note that this means
that the connection between L and M, differs from that between M, and M3 (resp.
M, and MY). In this connection the following question arises.

Is there any “natural” class of functions for which the analogs of Theorems 5.2,
5.3 and 5.4 hold with the class L N M*?

LEMMA 5.9. Let I C R be a bounded open interval and let k = 1. Then there exists
an open set H C I such that

(i) H — H is a countable set,

(ii) if J C I is an interval withd(J,R — I) < k|J|,then|J N H|=3|J|,

(iii) for every ¢ > 0 there is € > 0 such that for every interval J C I with

d(J,R-I)<c|J| and d(J,R—1I)<e

we have |J N H|= k™" |J|, and

(iv) for every € >0 there is an interval J C I such that d(J,R —I)<3k|J|,
|JNH|<2k7'|J|andd(J,R —I)<e.

PRrROOF. Let s, be the center of the interval I = (a, 8), a < B, and define by
induction points s, €1 (n=1,2,...) such that B —s, = k(s, —s,_,). Then
lim,_ s, = B.Puts_, =25, —s,. Let

+o00
H= U [(Sp’%sp + %Spﬂ) U (%sp + %sp+l’sp+l)]'
p=-o
IfJCILd(J,R-1)< k|J|,J = (u, v) (where u < v), then choose the greatest
p and the smallest ¢ such that s, <u and s, > v. Since d((s,,s,4,), R—I)=
k|(sps $,41) |5 Sp41 <, and therefore, 5,,, € J. Hence, |J N H, |=> 1 |J].
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Let 9 be the family of all open intervals which we obtain by partitioning
(55, Sp4+1) into 3(|p| +1) equal intervals (p is an arbitrary integer). If D € D,
D C (s,, s,+) then

1
|D|“d(D,R—I)>( d((sy» 5,41), R— 1)

1
ETIED) | (555 8,41) I)
=3(p| + k.

Hence, if J C I, d(J, R — I) < c|J| and d(J, R — I) is sufficiently small, then J is
not a subset of any interval belonging to . If

k 1 1 k
H= U [(a a+ b) U ( a+ b,b)],
(@ned 1+k 1+k 1+k 1+k

then |J N H,|> k~"|J|. Moreover, for J = (35, + 15,41, 35, + %s,.,) we have
_ -1
|J)74(J, R—1)<(3|(s,,5,41)1) d((s,,5,41), R—1I) =3k,

JNH = & and|J N H,|<2k™"|J|.It follows that the set H = H, U H, has the
required properties.

ExaMPLE 5.10. Let P be a perfect set of measure zero contained in a bounded,
open interval I. Then there exists a set E € L such that

(@PCECI,

(b) E — P is an open set,

(c)E & M,, and

(d) E € M*.

ProoF. Let {I,} be the sequence of all intervals contiguous to P U (R — I). For
each I, choose a set H, according to the preceding lemma (where k = n) and put
E=PU U H, If x € P is not an isolated point of P from the right, choose
e¢>0 such that (x,x+€¢)CJ and (x,x +e)NI, = for n<3(c+1). Let
J C(x,x+¢€),d(x,J)<c|J|.If there is an interval J' C J with endpoints in P
such that |J'|= 4 |J|, then |[JNE|=|J' NE|=3|J'|=¢|J]| (use 5.9(i)). If
there is no such interval, choose J’ C J such that N P= @ and |J'|= 3 |J|.
Then J’ C I, for some n > 3(c + 1) and

17|74, P) < (4 17]) ' (d(J, x) + [J]) <3(c + 1).

Now 5.9(ii) implies |J N E|=|J' N E|= 1 |J'|= §|J|. We can proceed similarly
for those points of P that are not isolated from the left. This and 5.9(iii) imply
EeL.

Let us prove (c). From the assumption E € M, we deduce the existence of a
portion Q of P and of a number 7 > 0 such that for every x € Q and ¢ > 0 there is
an ¢ > 0 with the following property: |E N (x + h, x + h + k)|>n| k| for every
h,k# @,0<h/k <cand |h+ k|<e We can find an interval I, with n > 279"
whose endpoints belong to Q. Using 5.9(iv) we obtain a contradiction.

To prove (d) it suffices to note that E is both an F, and a G; set.
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LEMMA 5.11. Let I C R be a bounded, open interval. Then there exists a nowhere
dense set F C I such that FE L and F & M,.

PrOOF. Choose a perfect subset P C I of measure zero and construct a set E
according to 5.10. Find a compact set T D P according to Lemma 4.1 (where
A =1). If J is a bounded interval contiguous to 7, choose a nowhere dense set
F, CJ N E of type M; with | F;|= 4 |J N E| . Let F be the union of P and of all F,.
Then F is a nowhere dense set and F C I. We have F & M, since E & M,, the set
E—Pisopenand PC FCE.

We prove that F € L. Let x € P. (For x € F — P we have nothing to prove since
F — P € M;.) There is n > 0 such that for every ¢ > 0 we can find ¢ > 0 such that
|[EN(x+h,x+h+k)|>n|k|wheneverh, k #0,0 <h/k <cand |h + k|<e.
Moreover, we can assume that e < in(1 + 2¢ + 2¢?*) 'and (x — ¢, x + €) C (inf T,
supT). Let0<h/k<cand |h+k|<elfx+hE€T,putu=x+hIfx+he
(t, t'), where (¢, t’) is an interval contiguous to T with ¢t € (x, x + h), putu = ¢'. If
x+h+keT,puto=x+h+k If x+h+ k€E(,1), where (¢, t’) is an inter-
val contiguous to T with t € (x, x + h + k), put v = . Then |u — (x + h) |< h?
and | x + h + k — v|< (h + k)* (as follows from 4.1). Therefore,

lu—(x+h)|+|x+h+k—o|<h®+ (h+ k)’ =2h>+ 2hk + k?
<(2c2+2c+ Dk2<in|k|.

This inequality implies that the intervals (x + A, u) and (v, x + h + k) are disjoint
and that | (u, v) N E|> 4n| k| . Hence,

|[FN(x+h,x+h+k)|=|(u,0) NF|=3|(u,0) NE|>3n|k]|.

ExXAMPLE 5.12. There is a set E € L which is not of the type M*.

ProoF. Let {I,} be the sequence of all open intervals with rational endpoints.
According to 5.11 we can construct a nowhere dense set E, C I,, E, € L and
E, & M,. By induction we define sets E, as follows: Since U,_, , E; is a nowhere
dense set, there is an open interval I C I, which does not intersect this set. We can
assume that | 7|<27"d*(I,U,_, E;) and IN U,_, E; = @. Let E, be a nowhere
dense set such that E, C I, E, € Land E, & M,.

Put E = U2, E,. Then E is a set of the type L. We prove that E & M*. Suppose
to the contrary, that E € M*. Then there is an open interval I having property (Z)
w.r.t. E. Since E is dense in R, E N I € M,. Choose n such that I, C I. Let x €E E,.
Choose 8 > 0 such that (x — 8, x +8) N U/ E,= @.If hkk >0and |k + k|< 8,

1

then, for i # n, we have either (x + h, x + h + k) N E; = @ and therefore,

|(x+h,x+h+k)NE|<27(h+k)

or (x+h,x+h+k)NE,# @ and therefore, i >n and | E,|< 2 'd*(x, E;) <
27i(h+ k)* Hence, |(x+h,x+h+k)NU,_, E|<(h+k). Let ENI=
Uy_, F, and 1, > 0 according to the definition of M,. If x € F, N E, and ¢ >0,
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then find e < in(c+1)7% 0<e<§, such that |(x+h,x+h+h)NE|>
M| h|forallh, hy +0,0<h/h <cand|h+ h;|<e. For such h and h, we have

|(x+h,x+h+h)NE,|=|(x+h,x+h+h)NE|

—I(x+h x+h+h)N UEI
i*n

>l hy | — (c+ l)zhf>%ﬂk|h1|

since | h; | < 3n,(c + 1)~ 2 Hence, E, € M,, which is a contradiction.
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