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ABSTRACT. A simple closed curve J in the interior of a compact, orientable
3-manifold M is called a simple knot if the closure of the complement of a regular
neighborhood of J in M is irreducible and boundary-irreducible and contains no
non-boundary-parallel, properly embedded, incompressible annuli or tori. In this
paper it is shown that every compact, orientable 3-manifold M such that oM
contains no 2-spheres contains a simple knot (and thus, from work of Thurston, a
knot whose complement is hyperbolic). This result is used to prove that such a
3-manifold is completely determined by its set (M) of knot groups, i.e, the set of
groups m (M — J) as J ranges over all the simple closed curves in M. In addition, it
is proven that a closed 3-manifold M is homeomorphic to S3 if and only if every
simple closed curve in M shrinks to a point inside a connected sum of graph
manifolds and 3-cells.

1. Introduction. The topology of a 3-manifold is closely related to the type of
“knot theory” it supports. This was demonstrated by Bing [1], who proved that a
closed 3-manifold M is homeomorphic to S? if every knot in M can be shrunk to a
point inside a 3-cell. McMillan [10] then proved that M is homeomorphic to S? if
every knot in M can be shrunk to a point inside a solid torus. In another direction
Jaco and Myers [7] and Row [14], inspired by earlier work of Fox [2], have shown
that closed, orientable 3-manifolds are completely determined by their knot groups:
If (M) denotes the set of isomorphism classes of the groups =,(M — J) as J
ranges over all the knots of M, then two closed, orientable 3-manifolds M and N are
homeomorphic if and only if (M) = H(N).

Each of these results depends on the existence of certain “nice knots” in the
3-manifold whose exteriors share certain properties with those of nontrivial knots in
S3, such as irreducibility and boundary-irreducibility. It is to be expected that the
existence of knots with nicer properties would lead to stronger theorems about their
ambient 3-manifolds.

One very nice class of knots in S> is the class of simple knots. A simple knot in S>
is classically defined [15] as a knot which has no nontrivial companions. This
property is equivalent to the assertion that either the knot is a torus knot or every
incompressible annulus and torus in its exterior is boundary-parallel. This latter
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property of the exterior has in recent years been taken over as the definition of a
simple 3-manifold [8, 9]. It is in this sense that we shall use the term “simple”. Thus,
a knot in a 3-manifold is simple if its exterior is irreducible and boundary-irreduc-
ible and contains no non-boundary-parallel incompressible annuli or tori. (Note that
under this definition torus knots are not simple because their exteriors contain
non-boundary-parallel incompressible annuli, although they do have the virtue of
containing no non-boundary-parallel incompressible tori. Perhaps such knots and
such 3-manifolds should be called “ pseudo-simple”.) One particularly nice feature of
simple knots is that they are hyperbolic, i.e. their exteriors admit complete hyper-
bolic structures. This follows from Thurston’s theorem that simple Haken manifolds
admit hyperbolic structures.

In this paper it is proven that every compact, orientable 3-manifold whose
boundary contains no 2-spheres contains a simple knot (Theorem 6.1), and thus a
hyperbolic knot. Two applications of this theorem are given. First, the theorem of
Jaco and Myers [7] and Row [14] is extended to 3-manifolds with boundary: Two
compact, orientable 3-manifolds M and N, whose boundaries contain no 2-spheres,
are homeomorphic if and only if H(M)= K(N) (Theorem 8.1). Second, the
characterization of S due to McMillan [10] is generalized: A closed 3-manifold M is
S3 if every knot in M can be shrunk to a point inside a connected sum of graph
manifolds and 3-cells (Corollary 9.2).

A larger class of “nice knots” in S is formed by the prime, nontorus, noncabled
knots. The exteriors of these knots are “semisimple” in the sense that they contain
no non-boundary-parallel incompressible annuli. Johannson [9] has shown that
semisimple Haken manifolds are completely determined by their fundamental
groups. This one of the main tools used to prove Theorem 8.1.

The general strategy in proving Theorem 6.1 is similar to that of Bing [1],
McMillan [10], and Row [14]. It consists in approximating the dual 1-skeleton of a
triangulation of the manifold by a simple closed curve, replacing vertices by suitably
chosen “tangles”.

The main novelty consists in expressing the exterior of the resulting knot as the
union of two 3-manifolds along an incompressible 2-manifold in their boundaries in
such a way that it is seen to be simple. Lemmas 3.1-3.3 give fairly general conditions
under which the union of two compact, orientable 3-manifolds along an incom-
pressible 2-manifold in their boundaries is semisimple or simple. These results may
therefore be of independent interest.

2. Preliminaries. We shall work throughout in the PL category.

A knot J in a 3-manifold M is a simple closed curve in the interior of M. The
exterior of J is the closure of the complement of a regular neighborhood of J in M.

We refer to [3, 4, 8, and 19] for the definitions of incompressible and boundary-
incompressible surfaces and of irreducible, boundary-irreducible, and sufficiently
large 3-manifolds. The meaning of the terms “compressing disk” and “boundary-
compressing disk” will be apparent from these definitions. These references are also
cited for the notions of parallel surfaces, boundary-parallel surfaces, and paral-
lelisms in a 3-manifold. The expressions “surface in a 3-manifold” and “surface in
the boundary of a 3-manifold” are used as in [19].
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A compact, orientable, irreducible, boundary-irreducible, sufficiently large 3-
manifold is called a Haken manifold.

An irreducible, boundary-irreducible 3-manifold is called semisimple if every
incompressible annulus in M is boundary-parallel. A semisimple 3-manifold M is
called simple if every incompressible torus in M is boundary-parallel.

A compact 3-manifold M is hyperbolic if the complement of the torus components
of dM has a complete Riemannian metric with finite volume and constant negative
sectional curvature with respect to which the nontorus components of dM are totally
geodesic.

A knot in a 3-manifold is called semisimple, simple, or hyperbolic if its exterior is,
respectively, semisimple, simple, or hyperbolic.

A 3-manifold pair (M, F) consists of a 3-manifold M and a 2-manifold F in oM.
(M, F) is an irreducible 3-manifold pair if M is irreducible and F is incompressible.

Let (M, F) be a 3-manifold pair. A surface G in M with 9G in F is F-compressible
if there is a boundary-compressing disk D for G such that 9D lies in FU G. G is
F-parallel if it is parallel to a surface in F.

A properly embedded, non-boundary-parallel arc in an annulus is called a
spanning arc.

Let (M, F) be a 3-manifold pair. Let G and H be surfaces in M with dG and 0H
in F. H is minimal with respect to G if H and G are in general position and among all
surfaces in M which are isotopic to H, have their boundaries in F, and meet G in
general position, H N G has a minimal number of components.

The following two lemmas are straightforward consequences of the definitions.
Their proofs are left to the reader.

2.1. LEMMA. Let (M, F) be an irreducible 3-manifold pair. Then every F-compressi-
ble annulus in M is F-parallel.

2.2. LEMMA. Let (M, F) be an irreducible 3-manifold pair. Let G be an incompressi-
ble surface in M with 3G in F. Suppose G is not F-compressible.

(1) If A is an incompressible annulus in M with 0A in F such that A is minimal with
respect to G, then A N G consists at most of spanning arcs or of noncontractible simple
closed curves in A.

(2) If T is an incompressible torus in M which is minimal with respect to G, then
T N G consists at most of noncontractible simple closed curves in T.

3. Gluing lemmas. In this section sufficient conditions are given for the union of
two compact, orientable 3-manifolds along a compact, orientable, incompressible
2-manifold to be semisimple or simple. Let (M, F) be a compact orientable
3-manifold pair.

(M, F) has Property A if

(1) (M, F) and (M,dM — F) are irreducible 3-manifold pairs,

(2) no component of Fis a disk or 2-sphere, and

(3) every disk D in M with D N F a single arc is boundary-parallel.

(M, F) has Property B if

(1) (M, F) has Property A,
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(2) no component of Fis an annulus, and

(3) every incompressible annulus 4 in M with 34 N 0F = @ is boundary-parallel.

(M, F) has Property C if

(1) (M, F) has Property B, and

(2) every disk D in M with D N F a pair of disjoint arcs is boundary-parallel.

(M, F) has Property B’ (respectively Property C’) if

(1) (M, F) has Property B (respectively Property C),

(2) no component of F'is a torus, and

(3) every incompressible torus in M is boundary-parallel.

Now suppose M = M, U M|, where M, and M, are compact, orientable 3-mani-
folds and F = M, N M, = M, N dM, is a compact 2-manifold.

3.1. LemMA. If (M,, F) and (M,, F) have Property A, then M is irreducible and
boundary-irreducible and F is incompressible and boundary-incompressible.

ProOF. The incompressibility and boundary-incompressibility of F are obvious.
See [18] for a proof of the irreducibility of M.

Suppose D is a compressing disk for M which is minimal with respect to F. If
D N F = ¢, the result follows from the incompressibility of 9M; — F and the fact
that no component of F'is a disk. If D N F % &, then minimality and irreducibility
imply that no component of D N F is a simple closed curve. Thus, some component
a of D N F is an arc which cobounds a disk E inD with an arc 8 in 3D such that
E N F=a. E is parallel in some M, to a disk E’ in 0M,. The component F’ of
E’ N F containing a must be a disk. Isotop D in M so as to move E across the 3-cell
in M; bounded by E U E’ to F’ and then into M — M,. This removes at least one
component from D N F, thereby contradicting minimality.

3.2. LeMMA. If (M,, F) has Property B and (M,, F) has Property C, then M is
semisimple.

PROOF. Suppose A is an incompressible annulus in M which is minimal with
respect to F.

If A N F= @, then A4 is boundary-parallel in some M,. Since no component of F
is a disk or annulus, 4 is boundary-parallel in M.

If A N F consists of noncontractible simple closed curves, then some component a
of A N F cobounds a subannulus A’ of 4 with a component 8 of 34 such that 4’ lies
in some M,. A’ is parallel in M, to an annulus A” in dM,. Since no component of F is
a disk or annulus, 7 = F N A” is an annulus. Isotop 4 in M so that A’ is moved
across the parallelism between A" and A” to F” and then into M — M,. This removes
at least one component of 4 N F, contradicting minimality.

If A N F consists of spanning arcs, then a component of 4 N M, is a disk E such
that E N F consists of two disjoint arcs a and B. Let y and § be the components of
E N (@M, — F). E is parallel in M, to a disk E’ in dM,. There are two possibilities
for E' N F.

Case 1. E’ N F consists of two disks, each of which meets F in one component of
E N F. In this case 4 is boundary-compressible in M and hence boundary-parallel in
M.
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Case 2. E’ N F consists of a single disk F'. In this case isotop 4 in M so that E is
moved across the parallelism between E and E’ to F’ and then into M,. This
removes at least two components from 4 N F, contradicting minimality.

3.3. LeMMA. If (M, F) has Property B’ and (M,, F) has Property C', then M is
simple.

PRrROOF. Suppose T is an incompressible torus in M which is minimal with respect
to F.

If TN F= @&, then T is boundary-parallel in some M,. Since no component of F
is a disk, annulus, or torus, T is boundary-parallel in M.

If TN F+ &, then a component of T N M, is an annulus 4, which is parallel in
M, to an annulus 4j in dM,,. There are two possibilities for 4 N F.

Case 1. Ay N F = Aj. Isotop T in M so that A, is moved across the parallelism
between A, and A, to A; and then into M,. This removes at least two components of
T N F, contradicting minimality.

Case 2. Ay N F consists of two annuli F; and F,. Let G} = (4, — (F, U F,)).
Then the annulus G, = 4, U F, U F, is parallel in M, to G;. Let A =T — A, and
G = A U F, U F,. Gis incompressible in M and hence is parallel in M to an annulus
G’ in M. If G| = G, then T is compressible in M, a contradiction. If G # G’, then
T is parallel in M to the torus Gy U G’ in dM.

4. Atoroidal tangles. A tangle is a pair (', \”') of disjoint, properly embedded arcs
in a 3-cell B. A tangle space is the closure of the complement of a regular
neighborhood of a tangle in B. A tangle is atoroidal if its tangle space is simple.

The tangle in Figure 1 is called the true lover’s tangle.

4.1. PROPOSITION. The true lover’s tangle is atoroidal.

This proposition is presented as Exercise IX.23 on p. 194 of Jaco’s book [6]. The
following proof is presented for the convenience of both the reader and the author.

FIGURE 1
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The lemmas constituting the proof are used in a sequel [13] to this paper dealing
with homology cobordisms.

PROOF. We express the true lover’s tangle space as the union of three cubes-with-
handles, as illustrated in Figure 2. Let F = F; U F,. The proof consists in showing
that (P, U P,, F) has Property B’ and (P, F) has Property C’. To prove the former
it is sufficient to prove that (P,, F,) has Property B'.

A
|

Jlo=

P, F, P F, P,
FIGURE 2

9P, is the union of the planar surfaces F, and G, and the annuli U] and U}’ shown
in Figure 3. ,(P,) is free on x and y, 7,(F)) is free on y and z, and 7,(G,) is free on
x and w. The following relations hold: z = x "'y " x"lyx, w =y " 'x Iy Ixy, r =
x " 'yx, s = y~'xy, t = xyx. Note that any reduced word W’( y, z) is a reduced word
W(x, y), and any reduced word V’(x, w) is a reduced word ¥(x, y). This shows that
F, and G, are incompressible in P,. P, is a cube-with-handles and is thus irreducible.

FIGURE 3

4.2. LEMMA. 7 (F}) N 7,(G,) = gp(b)).

PROOF. Since b, = zy = (wx)~', gp(b,) C m,(F,) N = (G,). Suppose g € m,(F,)
N 7,(G,). Clearly g is not a power of y, z, w, or x unless g = 1. If g = y©1z%... =
yox~'yTIx78yx. .., then g = wrxh. . .=y IxTlyTaxyxh | Hence g =
y~ %'y xyxh = y~'z7'h = by 'h, where h € m(F,) N m(G,). If g=1zy%. .., a
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similar argument shows that g = b, h, where h € m(F,) N 7;(G,). The result follows
by induction on the letter length of g in x and y.

43. LeMMA. m,(F))s N m(G,) = @, and m(F))r ' N 7(G,) = 2.

PROOF. Suppose g € m,(F,)s N m(G,). Then g= W'(y, z)(y 'xp) = V'(w, x),
where W’ and V’ are reduced words in y, z and w, x, respectively.

Case 1. W(x, y)(y~'xy) is reduced in x and y. Then

g=(..z")(y ') = (-..x"y " xTMyxy " lxy).

Sog=(...w")=(...y x7'y"'xy), which is impossible.

Case 2. W(x, y)(y 'xy) is not reduced in x and y. If g = y™s = y™ 'xy, then
g=C(...w") = (...y"'x~ 'y~ "xy), which is impossible. If

g=(..z22p")s = (...x7y 'x Pyxy™ xp),

then g = (...x "y 'xPyx?y) or (...x 'y 'x"Pyxy™ Ixy) is reduced, and g =
(...w") = (...y~ 'x"'y~"xy), which is impossible.

The proof that «,(F,)r~' N 7 (G,) = @ is similar.

4.4. LEeMMA. 7 (F,) N sm(G,)s™" = gp(y), and rm(F)r™' N 7 (G,) = gp(x).

PROOF. Suppose g € s~ 'm(F,)s N 7,(G,). Then

g=s""W(y,z)s=V(w,x),

sog = (y "x"Y)W(x, yX» 'xy) = V(x, y), where W and V are reduced.

Case 1. (y~'x"'y)W(x, y)(»y~ 'xp) is reduced. Then

g=s"'z". )5 = (' xY)(x"y T myx ) (0 ).

Sog = (w"...) = (y 'x"'p~"xy...), which is impossible.

Case 2. (y~'x~'y)W(x, y)(y~ 'xp) is not reduced.

If W(y, z) =(y™...z"), then

g=(y"xy)(ym. xy!

x"yx)(y~'xy),

which has reduction y " 'x Ty xT Yy T IxTyxy T ixpory T Ix T Ly T Ix T yxy T Iy
This implies g = (...w?) = (...y~'x~'y"Pxy), which is impossible.
If W(y,z)=(z"...y"), then
g= ("% W)(x" Y x ") (v ),
which has reduction y~'x " 'yx "'y x""yx. . .y" " xy or y T Ix T lyx Ty T ix Ty x2y.

Sog = (wP...) = (y 'x 'y Pxy...), which is impossible.
If W(y,z) = (y™mz"...y?), then

g= (%)~ xTyx )y ),
which has reduction y 'x 'y”Tlx 1y~ lx""yx...y?"'xy or
y Ix"2y " xTryx. L .yPTlxy or yTlxTlymtIxTlyTIxTy L x?y or
y X727y, .x2%y. So g = (w...) = (y~ 'x" 'y xy...), which is impossible.
The only remaining possibility is W’(y, z) = y™, as desired. The reverse inclusion
is easily checked.
The proof that ra,(F)r~' N m(G,) = gp(x) is similar.
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4.5. LEMMA. (P,, F,) has Property A.

PROOF. Suppose D is a disk in P, which meets F, in an arc « and 9P, — F| in an
arc 8. LetJ = 9D.

Case 1. a joins b, to itself. Isotop D and orient J so that the initial point of « is the
basepoint. Let y be an arc in b, running from the terminal point of « to the
basepoint. Then [J] = [ay]ly '8] = fg, where f € n(F,) and g € 7,(G,). Since
[J1=1,f=g !, hence by Lemma 4.2 f = (b,)*. Since f is represented by a simple
closed curve, k = 0 or = 1. It follows that « is parallel in F, to y or b, — y. Thus, D
can be isotoped so that J lies in G,. By the incompressibility of G,, D is boundary-
parallel.

Case 2. a joins b, to c¢}'. Isotop D and orient J so that a runs from the basepoint to
sNeand BN U =sNU.Lety=sNF,8§=s5sNG,, and e = B N G,. Then
[J] = [ay~']s[8 'e] = fsg, where f € m(F,) and g € m(G,). Since [J] =1, fs =
g~ . However, this is impossible by the first part of Lemma 4.3.

Case 3. a joins b, to c}. Using the second part of Lemma 4.3, the proof is similar
to that of the previous case.

Case 4. a joins cj to itself. Isotop D and orient J so that a ends at s N ¢}’ and
B N Uy has two components, one of whichiss N U}’. Lety =sN F|,§ =s N G,,
and e = B N G,. Let £ be an arc in ¢} joining the points of da, and let n be an arc in
d}’ joining the points of de. Then, referring J to the basepoint via y and orienting the
arcs properly, we have

(7] =[y£ay_']s[8_'en8]s" = fsgs™!,

where f € m,(F,) and g € ,(G,). Since [J] = 1, f = sg~'s™". By the first part of
Lemma 4.4, f = y™. Since f is represented by a simple closed curve, m = 0 or =1. It
follows that « is parallel in F, to £ or ¢’ — £ Thus, D can be isotoped so that J lies
in G, and the result follows.

Case 5. a joins c; to itself. Using the second part of Lemma 4.4, the proof is
similar to that of the previous case.

Case 6. a joins ¢} and c}’. Isotop D so that J misses a collar C on b, in F,. Regard
P, as embedded in S? in the manner shown in Figure 3. Let E be a 3-cell in S such
that EN P, = C. Then E U P, is the exterior of a trefoil knot in S* and J is a
simple closed curve in (£ U P,) which meets a meridian of the knot transversely in
a single point. Thus, [J] # 1 in E U P, and, hence, [J] # 1 in P,, a contradiction.

4.6. LEMMA. (P,, F)) has Property B’.

Proor. Clearly, P, contains no incompressible tori.

Let E be the disk in Figure 4. Regard E as [0,2] X [0, 1], where {0} X [0,1] = E
NU;, {2} X[0,1]=EN U, and ([0,1] X {0}) U ([1,2] X {1}) = E N F,. Sup-
pose A4 is an incompressible annulus in P, with 04 N 9F, = @ which is minimal
with respect to E. We may assume that 4 N (U] U U;") = @. Then A4 N E consists
of spanning arcs of 4 each of which is either parallel to an arc in [0,2] X {0,1} or
joins the components of [0,2] X {0,1}. These arcs will be called, respectively,
end-parallel and spanning arcs of E.
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FIGURE 4

Case 1. 94 lies in F.

Suppose 34 N ([0, 1] X {0}) = @. Then every component of 4 N E is parallel in
E to an arc in [1,2] X {1}. It follows that A4 is F;-compressible and, hence
F,-parallel. A similar argument handles the case 94 N ([1,2] X {1}) = @.

Suppose 4 meets both components of E N F,. For homological reasons, the
components of 34 are parallel in F, to b,. Hence, 04 = d4’, where 4’ is an annulus
in F,. Since 4 is minimal with respect to E, 4’ N E consists of two arcs. Thus,
A N E consists of two arcs which are either both end-parallel or both spanning in E.
If both are end-parallel, then A4 is F}-compressible and, hence F,-parallel. If both are
spanning, then consider the torus 7= A4 U A’. Referring loops to the basepoint, we
have that a component of 94 is homotopic to b,. The existence of a spanning arc in
A N E implies that of a simple closed curve J in T which is homotopic to ¢. Hence ¢
and b, commute. But this is easily seen to be impossible.

Case 2. 04 liesin G,.

By a proof similar to that of the previous case, 4 is G -parallel.

Case 3. One component a of 34 lies in F,; the other component S lies in G,.

Suppose « is parallel to ¢} in F;. Then B is parallel to d; in G,. Let C and D be the
respective parallelisms. By minimality, 4 N E is a single spanning arc y. Let E’ be
the disk in E joining y with U]. Then E’ is a (U, U C U D)-compressing disk for 4.
It follows that A4 is parallel to U.

If a is parallel to ¢}’ in F,, then a similar argument shows that A4 is parallel to U}".

Suppose a is parallel to b, in F,. Then B is parallel to b, in G,. Let A’ be the
annulus in 0P, bounded by d4. If A N E contains a spanning arc of E, then as in
Case 1, ¢ and b, commute, which is impossible. Hence, 4 N E consists of end-paral-
lel arcs, and thus A4 is A’-compressible and so 4A’-parallel. This completes the proof.

Now consider (P, F), shown in Figure 5. Note that P = H X [1,2], where H is a
punctured torus and H X {i} = (F, U U,), i = 1,2. This implies that F, U U, is
incompressible in P and hence that F,, U,, and G are incompressible in P. Clearly P
is irreducible and has no incompressible tori.
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FIGURE §

4.7. LEMMA. (P, F) has Property A.

PROOF. Suppose D is a disk in P which meets F in the arc a and P — F in the arc
B. We may assume « lies in F,. By the incompressibility of F, U U,, 8 must be a
boundary-parallel arc in U, or G. Thus D can be isotoped so that dD lies in F,. The
result now follows from the incompressibility of F.

4.8. LEMMA. (P, F) has Property B'.

PROOF. Suppose 4 is an incompressible annulus in P such that 94 N dF = J.
Isotop A4 so that 94 lies in F. For homological reasons both components of 94 lie in
the same component of F, say F,. Thus, 94 lies in H X {1}, and hence, by Corollary
3.2 of [15], A4 is parallel to an annulus in H X {1}.

4.9. LEMMA. (P, F) has Property C'.

PROOF. Suppose D is a disk in P which meets F in the disjoint arcs «, and «,.

If DN F,= & or 9D N F;, = &, then D can be isotoped so that 0D lies in
F, U U, for some i. The incompressibility of F, U U, implies that D is boundary-
parallel. :

Suppose «, lies in F;, i = 1,2. We may assume neither a; is boundary-parallel in F,.
But this implies that 3D is homologous in P to ¢| = c3, which is absurd.

5. Special handle decompeositions. For the definition of a handle decomposition of a
compact 3-manifold we refer to [19]. A handle of index k is denoted by #*. Note that
our O-handles, 1-handles, and 2-handles are, respectively, the balls, beams, and
plates of [19]. Let H’ be the union of the 0-handles and 1-handles, and let H” be the
union of the 2-handles and 3-handles.

A handle decomposition {h¥} of a compact, orientable 3-manifold N is special if:

(1) The intersection of any handle with any other handle or with dN is either
empty or connected.

(2) Each 0-handle meets exactly four 1-handles and six 2-handles.
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(3) Each 1-handle meets exactly two 0-handles and three 2-handles.
(4) Each pair of 2-handles either
(a) meets no common 0-handle or 1-handle, or
(b) meets exactly one common 0-handle and no common 1-handle, or
(c) meets exactly one common 1-handle and two common 0-handles.
(5) The complement of any 0-handle in H’ is connected.
(6) The union of any 0-handle with H” is a cube-with-handles which meets dN in
a disjoint collection of disks.

5.1. LEMMA. Every compact orientable 3-manifold N has a special handle decomposi-
tion.

PROOF. Let (K, L;) be a triangulation of (N,dN). Let (K, L) be the second
barycentric subdivision of (K, L,). Note that L is a full subcomplex of K and hence
that each 3-simplex of K meets L in at most one 2-simplex. Let (K*, L*) be the dual
cell complex of (K, L). A k-cell of K* is the dual o} of either a 3 — k simplex 03~ %
in K or a 2 — k simplex 62 % in L, ie. f = M _st(v), where v ranges over the
vertices of o3~ ¥ (respectively 627 %) and st(v) is the star of v in the first barycentric
subdivision of K (respectively L).

We now associate a handle decomposition to (K*, L*) in the usual way: the
0-handles are regular neighborhoods of the 0-cells, the 1-handles are regular neigh-
borhoods of the intersections of the 1-cells with the closure of the complement of the
0-handles, and so on.

Properties (1)-(4) are easily checked.

Since L is a full subcomplex of K, the complement of any 3-simplex of K is
connected. This implies (5).

Let G be the graph (K — L"), where K™ and L(" are the 1-skeleta of K and L,
respectively. Then H" is a regular neighborhood of G in N and hence is a
cube-with-handles. The core of a 0-handle 4? is the barycenter of some k-simplex o*,
where either k = 3 and 0% € K or k = 2 and o* € L. Let G’ be the graph obtained
from G by replacing G N o* with the star on the vertices of 6% from the barycenter
of o* Then H” U h? is a regular neighborhood of G’ in N and hence is a
cube-with-handles. Its intersection with dN clearly consists of disks. This establishes
(6) and completes the proof.

Now let M be a compact, orientable 3-manifold and let C be a collar on dM. Let
N =M — C. Choose a special handle decomposition for N, with H’ and H” as
above. Let Z = H” U C. For each O-handle h?, let R, = h? N Z. Let R= U, R,.
For each 1-handle 4}, let S, = h} N Z. Let S = U,s,.

5.2. LEMMA. If M contains no 2-spheres, then (Z, R) has Property A.

PROOF. Since H” is a cube-with-handles, C = (dM) X I, no component of dM is a
2-sphere, and H” N C consists of disks, Z is irreducible and 9M is incompressible in
Z. '

Suppose D is a compressing disk for R, in Z. Then 3D = 9D’ for a disk D’ in 9h?.
H” U h? is a cube-with-handles which meets C in disks. Therefore, Z U h? is
irreducible. Thus, D U D’ bounds a 3-cell B in M. Since the complement of h? in H’
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is connected, it lies either in B or M — B. This implies that (Bh? — R,) lies either in
D’ or in (3h® — D). In either case 3D bounds a disk in R,. Thus R, is incompressi-
blein Z.

The incompressibility of S follows from that of R.

Let D be a disk in Z such that D N R; is a single arc a. Let B =8D — a. Then a
meets exactly one 1-handle h}, and B is boundary-parallel in S;. Isotop D so that dD
lies in R,. By the incompressibility of R;, D is boundary-parallel.

5.3. LEMMA. If M contains no 2-spheres, then (Z, R) has Property B’.

PROOF. Let F be any incompressible surface in Z such that either 0F = @ or oF
lies in M. We may assume F is minimal with respect to H” N C. Then F lies in C
and so, by Corollary 3.2 of [19], is parallel to a surface in dM. Thus, every
incompressible torus in Z and every incompressible annulus 4 in Z with 94 N H’' =
@ is boundary-parallel.

Let 4 be an incompressible annulus in Z such that 34 N R = & and 94 N dH’
# . Then at least one component « of 34 lies in R or S. We may assume « lies in
some R,. Let 8 be the other component of 94.

Let C denote the core of the 2-handle 7. We may assume that 4 is minimal with
respect to C> = U, C2. It follows from the fact that R is incompressible and Z is
irreducible that 4 N C? consists of spanning arcs of 4.

Case 1. a is boundary-parallel in R;.

Then « is parallel in R, to 3(h) N h}) for some j. Let A} and h} be two distinct
2-handles meeting k). Then A N C # @. Let y be a component of A N CZ. y is a
spanning arc of A which runs from R, to some R, or S,,. Thus B lies in R, or S,,,.
We may assume S liesin R .

If R, = R, then vy is parallel in C} to an arc in R, N CZ. Thus 4 is R,-compressi-
ble and hence R -parallel in Z.

If R, # R,, let 8 be a component of A N C2. § is a spanning arc of A which runs
from R, to R,,. Thus, A} and k] meet the common 0-handle R,,. This implies that h}
joins h? and k. Suppose B is not parallel in R,, to 3(h2, N h}). Then 4 meets some
C? which does not meet h}. Let ¢ be a component of A N C2. ¢ is a spanning arc of
A which joins R, to R,, where we may assume R, # R,. But since C? does not
meet h}, R, # R, hence a does not lie in R;, a contradiction. Therefore, B is parallel
in R,, to d(h), N h;). Thus 4 is S/-compressible, where S is the union of S; with the
boundary-parallelisms of a and B in R; and R,,, respectively. Therefore A4 is
boundary-parallel.

Case 2. a is not boundary-parallel in R;,.

Then a partitions dR; into two groups of two components each. It follows that a
must meet the cores of at least four distinct 2-handles which meet 4°. Let v,, v,, v3,
and vy, be arcs in the intersection of 4 with the cores of these 2-handles. They are all
spanning arcs of 4. Each y, joins R; with the same R, or S,,. So f lies in R,, or S,,.
We may assume B lies in R,,. If R, = R, then A4 is R,-compressible and hence
R-parallel. If R, # R,,, then each of the four distinct 2-handles meets both #? and
hY,. Therefore, h{ and k), are joined by a 1-handle A} and each of the four distinct
2-handles meets h}. This contradicts the fact that each 1-handle meets exactly three
distinct 2-handles.

m°®
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6. Simple knots.

6.1. THEOREM. Let M be a compact, orientable 3-manifold whose boundary contains
no 2-spheres. Then M contains a simple knot.

PROOF. Let (A}, A) be a copy of the true lover’s tangle in a 3-cell B;. Let Q; be the
associated tangle space. Let C be a collar on dM. Choose a special handle
decomposition of N =M — C. Let Z and R be as in Lemma 5.2.

Identify each O-handle 4? with B, in such a way that 9(A; U A7) is identified with
the intersection of 4% with the cores Cj' of the four 1-handles meeting 4°. Do this in
such a manner that J = U,(A{UX/) U U, C! is a simple closed curve, where the
unions are taken over all the 0-handles and 1-handles of the handle decomposition.

Let Q = U, Q,. Then the exterior X of J is Q U Z. Note that Q N Z = R. By
Proposition 4.1 Q is irreducible, boundary-irreducible, and simple. Since R and
0Q — Rare clearly incompressible in Q, (Q, R) has Property C'. By Lemma 5.3
(Z, R) has Property B’. Thus by Lemma 3.3 X, and hence J, is simple. This
completes the proof.

We now quote

6.2. THURSTON’S THEOREM. Every simple Haken manifold is hyperbolic.

in order to prove

6.3. COROLLARY. Let M be a compact, orientable 3-manifold whose boundary
contains no 2-spheres. Then M contains a hyperbolic knot.

7. Some technical lemmas. Let (V, V) be the pair of solid tori in Figure 6. Let L be
the core of V. Let T =3V, T = dV’, and W =V — V. Note that W is the exterior
of the Whitehead link in S3. Let 7 be a simple twist of V, i.e. 7 is a self-homeomor-
phism of ¥ such that 7(s) is homologous to s and 7(¢) is homologous to s + ¢ in T.

FIGURE 6
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W can be obtained from the cube-with-handles P in Figure 5 by identifying F,
and F, to obtain the surface F’ in Figure 6. Since m,(P) is free on x and y (the
basepoint is on F,), 7,(W) has the presentation

(x,y,trext™ =y, o™ = 2).

1

Noting thatw = xy~'x " 'yx~'and z = xy~'x !, we use the first relation to eliminate

the generator y and obtain the presentation
(x,t:ts =st),
where s = wx =[x, t][x" ', t]. (a, b] = aba”'b7"))
Now let W’( p, q) be the manifold obtained from W by adding a 2-handle to T
along a simple closed curve homotopic to 759, where (p,q) = 1. Then G, , =
7 (W'( p, q)) has the presentation

X, tits=st,tPs9=1).
( )

Let / be the oriented longitude of V7, referred to the basepoint as shown in Figure 6.
Then [ =[x, t '] x, t].

7.1. LEMMA. T’ is compressible in W'(p, q) if and only if p = =1 and g = 0.

PROOF. Suppose p = =1 and ¢ = 0. Then clearly there is a compressing disk D
for T" in W’(=1,0) with 3D homotopic to /.

Suppose T” is compressible in W’( p, q). Let D be a compressing disk. Then 9D is
homotopic to / because every other noncontractible simple closed curve on T” is
homologically nontrivial in W’( p, q). We first show that p = =1 by proving that
otherwise / # 1.

Assume p ¥ = 1. We may assume p = 0.

Casel.p =2m,m= 0.

Define ¢: G, , — S; by setting ¢(x) = (1,2, 3) and ¢(¢) = (1,2). Then ¢([x, 1]) =
o([x, ™' =(1,3,2) and ¢([x ', t]) = (1,2, 3). This implies ¢(s) = ¢(¢2) = 1, s0 ¢
is well defined. Since ¢(/) = (1,2,3),/ # 1.

Case2.p=2m—1,m=2.

Define ¢: G, ,— S,,, by setting ¢(x) = (1, m + 1)2,m + 2)...(m,2m) and
o(1)=(1,2,...,2m — 1). Then o([x,t]) =¢(x ' t) =(m— 1, m)2m — 1,2m)
and ¢([x, t"']) = (1,2m)(m, m + 1). This implies ¢(s) = 1 and ¢(z?) = 1, so ¢ is
well defined. Since ¢(/) = (1, 3)(2,4) for m = 2 and

o()=(1,2m—=1,2m)(m—1,m,m+ 1)

form>2,1% 1.

Thus p = *1. Suppose g # 0. Then W’( p, ¢) is homeomorphic to the manifold
obtained from (V — r~%(V"’)) by attaching a 2-handle to T along a simple closed
curve homotopic to ¢. But 7~ 9(7T") is the boundary of a regular neighborhood of a
nontrivial twist knot 779( L) in the 3-cell formed by the union of ¥ and the 2-handle.
Therefore T’ is incompressible, a contradiction.

Now let W( p, q) be the 3-manifold obtained from W by adding a 2-handle to 7"
along a simple closed curve homotopic to x”/9.

7.2. LEMMA. T is compressible in W( p, q) if and only if p = *1 and q = 0.
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PrOOF. This follows from Lemma 7.1 and the fact that the Whitehead link is
interchangeable: there is a self-homeomorphism of W which interchanges T and 77,
interchanging / with s™! and x with ¢~".

7.3. LEMMA. W is simple.

ProOF. Following Whitten [20], this can be deduced from work of Seifert [16] and
Schubert [15] on doubled knots. Alternatively, it follows from the fact, due to
Thurston [17], that W is hyperbolic. However, it also can easily be deduced from
Lemmas 3.1-3.3, as follows.

Regard W as the union of the cube-with-handles P in Figure 5 and a regular
neighborhood N = F’ X [1,2] of the planar surface F’ in Figure 6, where F; is
identified with F’ X {i}, i = 1,2. By Lemma 4.9, (P, F') has Property C'. (N, F) has
Property A by the incompressibility of F in N. Property B’ of (N, F) follows from
Corollary 3.2 and Lemma 3.4 of [19].

8. An algebraic determination of compact, orientable 3-manifolds.

8.1. THEOREM. Let M and N be compact, orientable 3-manifolds whose boundaries
contain no 2-spheres. Then (M) = H(N) if and only if M is homeomorphic to N.

The main tool used to prove this theorem will be

8.2. JOHANNSON’S THEOREM [9]. Let X and Y be Haken manifolds. Suppose X is
semisimple. If m/( X) and = (Y') are isomorphic, then X and Y are homeomorphic.

PrROOF OF THEOREM 8.1. Suppose H(M) = H(N). By Theorem 6.1 M contains a
simple knot K. Let U be a regular neighborhood of K in M, and let M' =M — U.
Let n be the torus Haken number [3] of N, i.e. n is a positive integer such that if
(T,,...,T,} is a collection of disjoint, incompressible tori in N or dN and m > n,
then at least two of the tori are parallel in N.

Let (V,,V)), | <i<n + 2, be copies of (V,V’). Identify V', with U. Identify V,
with V] so that s, is homotopic to x; and ¢, is homotopic to x{/,, where ¢ # 0. For
3<i<n+2, identify ¥, with V/_, so that s, is homotopic to x;,_, and ¢, is
homotopicto/,_,. Let Ty = oV, and T, = V/, | <i<n + 2.

Let J be the core of V), ,. Let X be the exterior of J in M. X = M’ U Uf’:,z W..
Since M’ and the W, are simple, (M’, Ty), (W;, T,_,), and (W,, T;) all have Property
C. So by Lemma 3.2, X is semisimple.

By hypothesis there is a knot J in N such that #(M — J) is isomorphic to
7(N — J). Let Y be the exterior of J in N. Let T be the component of 3Y which
bounds a regular neighborhood of Jin N. a,(X) is isomorphic to w,(f’). Since X is
irreducible and boundary-irreducible, «,( X) is not an infinite cyclic group or a
nontrivial free product [4, 5]. It follows that Y = Y#3, where Y is a Haken
manifold and = a homotopy 3-sphere [4). Let N be the union of Y with a regular
neighborhood of J. By Johannson’s theorem there is a homeomorphism f: X — Y.
Let T, = f(T,) and W, = f(W,).

Suppose T,,, 5 T. Since the W, are simple, none of the T, are parallel in N.
Therefore, some of the 7, are compressible in N. Since the W, are boundary
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irreducible, T;, T, and 7, are compressible in N. Let E, be a regular _neighborhood
ofa compressmg disk DO for T,,. Since T is compressible in N and B(W U EO) TI
is a 2-sphere, T, is compressxble in W, U E,. By Lemma 7.1 3D, is homotoplc n f‘o
to £='. Moreover, if E, is a regular neighborhood of a compressing disk D, for T,
then 3D, = /,. But since ¢ # 0, W, U E, is homeomorphic to the exterior of a
nontrivial twist knot in a 3-cell. Therefore 7, is incompressible in W, U E, and
hence in N, a contradiction.

Thus, T,,, = T. Let % be a meridian of a regular neighborhood of J.

Note that both 7, , and 7, , are compressible in N. By Lemma 7.2 this implies
that ¥ = x7,.

Thus f carries a meridian of a regular neighborhood of J to a meridian of a regular
neighborhood of J. Therefore, f can be extended to a homeomorphism f: M — N.

We therefore have that N is homeomorphic to M#3. By a symmetrical argument
we have that M is homeomorphic to N#Z’. The uniqueness theorem for connected
sums of compact, orientable 3-manifolds [4, 11] now implies that £ = 3’ = 3 and
thus that M is homeomorphic to N.

9. A characterization of S°. Recall that a graph manifold [18] is a compact,
orientable 3-manifold containing a disjoint collection of tori, the closures of whose
complementary domains are S'-bundles. Clearly any finite union of graph manifolds
along their boundaries is again a graph manifold.

9.1. THEOREM. Let M be a closed, orientable 3-manifold such that every knot in M
shrinks to a point inside a connected sum of graph manifolds and 3-cells. Then M is
homeomorphic to S>.

Proor. By Theorem 6.1 M contains a simple knot J. By hypothesis J shrinks to a
point inside a connected sum X of graph manifolds and 3-cells. Assume that among
all such manifolds 9.X has a minimal number of components. Let V be a regular
neighborhood of Jin X. Let X’ =X — Vand M’ =M — V.

If 9X contains a 2-sphere S, then S bounds a 3-cell B in M — X. Replacing X by
X U B produces a connected sum of graph manifolds and 3-cells in which J shrinks
to a point and which has fewer boundary components, contradicting minimality.
Therefore 3 X contains no 2-spheres.

If 0.X contains a torus T, then either T is compressible in M’ or T is boundary-
parallel in M’. Suppose T is compressible in M’, with compressing disk D. We may
assume that D lies either in X" or M — X'.

Suppose D lies in X'. Let E be a regular neighborhood of D in X’, and let S be the
2-sphere T — 9EUOJE — T. S bounds a 3-cell Bin M — X U E. It follows from Satz
6.3 and Lemma 7.2 of [18] that X — E is the connected sum of some graph
manifolds and one 3-cell. Thus, X — EU B is a connected sum of graph manifolds
which contains J and has fewer boundary components than did X. This contradicts
minimality, so D must liein M — X.

Let E be a regular neighborhood of D in M — X. Let S be the 2-sphere T — 0E
UQJE — T Then S bounds a 3-cell Bin M — (X U E). Therefore, E U B is a solid
torus. Replacing X by X U E U B gives a connected sum of graph manifolds which
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contains J and has fewer boundary components. This contradicts minimality, so T is
incompressible in M’.

Thus T is parallel to dV in M’. Since d X contains no 2-spheres or compressible tori
it follows from Corollary 3.2 of [19] that T is parallel to 9V in X’. However, this
implies that X is a solid torus with core J, contradicting the fact that J shrinks to a
point in X.

Therefore dX = @ and so M is a connected sum of graph manifolds. The
conclusion now follows from the theorem of Montesinos [12] that every simply
connected graph manifold is homeomorphic to S°.

9.2. COROLLARY (MCMILLAN [10]). Let M be a closed 3-manifold such that every
knot in M shrinks to a point inside a connected sum of solid tori and 3-cells. Then M is
homeomorphic to S°.
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