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THE ASYMPTOTIC EXPANSION FOR THE TRACE OF THE HEAT
KERNEL ON A GENERALIZED SURFACE OF REVOLUTION
BY
PING-CHARNG LUE

ABSTRACT. Let M be a smooth compact Riemannian manifold without boundary.
Let 7 be an open interval. Let A(r) be a smooth positive function. Let g be the metric
on M. Consider the fundamental solution E(x, y, ry, ry: t) of the heat equation on
M X I with metric h2(r)g + dr ® dr (when E exists globally we call it the heat
kernel on M X I). The coefficients of the asymptotic expansion of the trace E are
studied and expressed in terms of corresponding coefficients on the basis M. It is
fulfilled by means of constructing a parametrix for E which is different from a
parametrix in the standard form. One important result is that each of the former
coefficients is a linear combination of the latter coefficients.

0. Introduction. We shall present here a relation between the coefficients of
pointwise asymptotic expansion for the trace of the heat kernel on a generalized
surface of revolution and the corresponding coefficients on its cross section. Let
(M, g) be a compact Riemannian manifold with metric g and I be an open interval,
h(r): I - R* a smooth positive function. Then we call M X I with metric h*(r)g +
dr ® dr a generalized surface of revolution with section M. The asymptotic expan-
sion for the heat kernel on M had been introduced and studied by Minakshi-
sundaram and Pleijel [7]. Then the first author in a short paper [8] gave another
proof and wrote the expansion in the following form:

1

0.1 E(x,x,t) ~ ———
=
Here E(x, x,t) denotes the pointwise trace of the heat kernel on M”". The heat
kernel E(x, y, t) can be written as E(x, y, t) = Se Mo (x)p,(y) [1] where 0 < A <
A, --- 1 oo are the eigenvalues of the Laplacian on M and {¢,} are corresponding
orthonormal eigenfunctions. If we integrate (0, 1) with respect to the volume form we
obtain [1]

(0.2) 3 e M
i=0

The coefficients {a,} have geometric meaning; for example a,, is the volume of the
manifold, and when n = 2, a, = mx(M)/3 (where x(M?) is the Euler characteristic
of M?). While it is known that the {a,;} depend on the curvature tensor R and its

1771+ ay(x)t + ay(x)e2 + ).

> (4mt) " *(ag + ajt + ayt* +--+).
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94 P.-C. LUE

successive covariant derivatives [1], it is very difficult to calculate them explicitly. In
fact, only the first few of them have been calculated for general manifolds. For some
special manifold, such as compact symmetric spaces of rank one, Cahn and Wolf [2]
have found an explicit formula for all the coefficients.

The method used by Minakshisundaram-Pleijel [7] to study the asymptotic expan-
sion was to construct a sufficiently good parametrix. The properties of the heat
kernel at the diagonal are determined by the parametrix. Therefore it might appear
that the most natural way of studying our problems would be to start with a
parametrix of the following form:

(0.3)
1

’ u 7 —_—
Wep P4 ag(ry, s X, y) F (1, 1y X, Y0y, 1y X, Y20,

Here (x, y) denotes points on the cross section, r,, r, € R and p denotes the distance
between (r,, x) and (r,, y) on M X R. But even though it is possible to express p in
terms of the distance function on M and the warping function h(r), this approach
does not lead to a formula for the coefficients on M X [ in terms of the correspond-
ing coefficients on M (see §IV). Instead we construct a parametrix of nonstandard
form. The idea of constructing such a parametrix was initially suggested by the
following considerations. By using separation of variables we can express the heat
kernel on M X R in the form 22 fi(r,, ry, 1)$;(x)$;(y). Then the Laplace trans-
form of each f, will be a parametrix for the kernel of the resolvent of the associated
1-dimensional Sturm-Liouville problem. Gel’fand and Dikii have studied the
asymptotic expansions for the trace of these kernels [4]. This leads to an asymptotic
expansion for the f;. The construction of our parametrix was motivated in part by a
certain formal procedure for “adding” these asymptotic expansions. Here the
following difficulty arises: the asymptotic expansion of each f; starts with the term
772, But the asymptotic expansion we want must start with 1="*1/2 In fact we
have infinitely many asymptotic expansions starting with ¢~'/? and not holding
uniformly. We want to “add” these in such a way to obtain an expansion starting
with ¢~ D/2,

In concluding this introduction, the author would like to thank his advisor, Jeff
Cheeger, who patiently guided the work.

1. Preliminaries.

1.1. The Laplacian on M X I. Let M X I be the generalized surface of revolution
as we defined it in the introduction. If we denote the Laplacians on M X I and M by
A and A respectively then a standard computation shows

I.1.1. PROPOSITION.

s= (5] =505 % e
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1.2. Asymptotic expansions. We will use the following result.

1.2.1. THEOREM. If f(z) is analytic in -« <8 <a, 0<r<b, z=re’ and if
f(2) ~02Z°:00k2k uniformly in 6 then f'(z) -~ 3% ka,_,z*"" uniformly in any

small sector -a < a; <l <a,<a.
PROOF. See [6].

1.2.2. COROLLARY. IfE;";Oe‘*f',:Ot‘"/z(a0 +a;t+--)then

[e o}
DA e ™M ~0%t'”/2_‘a0 + (% - l)t'"/zal + .-
i=0 Lind

PROOF. 32 e ™! is analytic in —a <0 <a. a <7/2 [1] so this follows from
Theorem 1.2.1.
We also need

1.2.3. THEOREM. Suppose F(s) is the Laplace transform of f(t) and F(s) has a
half-plane of convergence. If f(t) = 32 ¢, t" (where -1 < RA\y < R\, -*) then
11—

© T(A, +1
F(S) ~ zcy—(?:l—).

S70 =0
RA,; denotes the real part of \,.

PRrROOF. See [9].

1.3. Heat kernels and their parametrices.

1.3.1. DErFINITION. A fundamental solution of the heat equation on a smooth
Riemannian manifold N is defined as a function F on N X N X R* which satisfies
the following;:

(1) Fis C° in the three variables, C? in the second variable, C' in the third
variable.

(2) (A, + 9/3t)F = 0. Here A, is the Laplacian applied to the second variable.

(3)lim,_o F(x, -,t) = & _for any x € N.!

1.3.2. DEFINITION. When N is compact the fundamental solution is unique. We
call it the heat kernel of N.

REMARK. Since we are interested in the case of pointwise asymptotic expansion,
we can regard M X I as a portion of a larger compact smooth manifold.

1.3.3. DEFINITION. We call H a parametrix of 0 = A + 9 /9t if it satisfies:

() H € C*(N X N X R%).

(i) O H can be extended to become a function in C(N X N X R_).

(iii) lim,_o H(x, -, t) = 8, for all x € N.

In the definition, R, denotes the nonnegative real numbers, R* denotes the
positive reals and &, denotes the Dirac function at the point x.

'"For R% , &, see Definition 1.3.3.
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I1. Construction of a parametrix. We will construct a parametrix of the following
nonstandard form:

= S 2 (r — 2) At
(2.1) 2 § 72(r)h/ (rz)exp( 4t )exP (-W)
. goaj(rl, 1y, Ao (x) e, ()i~ 1/2.

Apply the heat operator 0, = A, + 9/9¢ to the above expansion with respect to
the second variable (r,, y). Collect those terms with the same power of ¢ and set the
resulting expression equal to 0. In particular by setting the coefficient of ¢/~ 1/2
equal to zero we get

A i 2a —(r )\h(’z)
(22) u(r) - h(r|)h("2)) (arz) -~ (n = )h(r,)hz( 5) e

Ai(h(r)h"(r,) — 2(h (’2)) )

N P TP T T
_ A (ry) —a—a. __( A'(r) )Za —
2h(rl)hz(rz) ar, 772\ n(r)n(ry ] 0

wherej=0,a ;=a_,=a_, =0.

_n(n K (r) ”h”(r) A,
(2.3) u(r) = 5(“ ) K(r) 2 h(r) +h2(r)'

We can then solve a; successively: a, = const. Here we use the following normal-
izing conditions; let ¢, = 1.

(2.4) a=; 1 . jr”u,.(r)dr+h—(7|;‘—,;?5.
2.5)
1 1 2 A
= 2r,—n) ('/ ulr) dr) * rnTn (j;, ui(r) dr) h(r))h(r,)
2 2 1 1 A
_-(rl——rz)3‘/r. u,(r) dr — m(ui(n) T ) * 3 )
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The lower limit is so chosen in order to avoid the singularities which would arise
when r, = r, if we did otherwise. In general,
(2.6)

1 (ARG VL ARG
KA (n —rz)ij { (n=n) (h(" )h(’)) Ar =) h(r))h*(r)

py MO () = 20 ()
h(r)h(r)

KB
arz

o= (n -

—(rl_’) a+(rl r)( i(r) = ;(7]})‘,,—(,_))

—(r — ) Ak (ry) .
oy }d

Let H, denote the expression (2.1) with the second summation replaced by the
finite sum ZX_,

I1.1. MAIN THEOREM. H, is a parametrix for O if: [£] > % + 3. More precisely we
multiply H, by a C* cut off function

1a(0((r1, %), (13, 32)) = {31 R

in order to get a parametrix in the sense we have defined.

A

R2 R
In order to prove the theorem we need to check the conditions for a parametrix
(1.3.3). For the first condition we need the following lemma.
IL2. LEMMA. a; . ((ry, 1y, ;) is C* in the variables ry, r,.

PROOF. We prove it by induction. Write

1 ry .
aj+|:_(T)j+]/ (r,—r)j@j,,,l(rl,r,)\i)dr.
17— 2 n
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Here @, is C* in ry, r, from the induction hypothesis. In order to show that a, | is
C= it is then sufficient to check that (3,/0r,)*(3,/9r,)a,,, exists for r, = r,. By
Taylor’s theorem

@j+l(rl’ raA;) = @j+1("1» r ) — (a/arZ)@j+l(rl’ r, A)(r —r)
oo (DS (R + DN0/3n) @ (s £ A (n = 1)

£ is a number between r; and r. Therefore,

_ @j+l(rl’rl’)\i) _ (a/arz)@ﬁl("n’l’)\i)("l — )
T T J+2

k+1 " k+1 e
+'”+—Lll-~—f (_?—) j+|("|’§ A)(r )J "k gr.

("1'“"2)j+l n \ On,

Each term of the right-hand side of the above expression is C* in r,, r, except
possibly the last term. But, after applying (3,/0r,)%(d /dr,)’ to it then taking the limit
r, > ry we will get const - (3/9r,)**'@ , , which shows (3,/9r)¥(3,/0r,)'@, | exists
for r; = r,. This completes the proof.

For condition (iii) we need the following lemma. From (2.6) the degree of A; in
a;,, increases at most with each increase of index. Therefore degA;a;,, <j + 1,

J
which we will need in the proof.

I1.3. LEMMA. lim,_oH,(ry, x; -, 1) = §, .

PROOF. Let f(r,, y) be a smooth function with compact support which contains
the point (r,, x). Then

lim Hk(r“x,rz,y;t)f(’z,)’)dV
I

-0 YMx

= lim H(r, x,ry, y; 1)f(ry, y)h"(ry) dry dy

-0 M
: 1 -n/2 -n/2 ( l r2) —1/2
= }E‘(") ,{Eﬁh 72(r)h (rz)exp( 4 ) /
7 § [fM EOeXP (—m};ﬁ;)@(x)%(y)f(rz, y)

“a;(ry, ry, }‘i)tjd)’]h"(’z)} dr,

~ lim 2/ S exp -2 | 00010 D) Ay

t—0

At
h*(ry)
=f(r],x).
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The second from the last equality holds since deg, a;(r,, r,, A;) is finite. In fact,
whenj # 0

lim [ 2 exp |5 | X8 ) ) |0 = im0 =
=0 |[M;= )
Hence only the term containing ¢, = 1 remains. Q.E.D.

For condition (ii) we need the following:

11.4. LEMMA. For given T > 0
| OH, |< const tlk/31=n/2-3/2 [<T.

The constant in the above estimate depends on A(r). For the proof of Lemma 11.4
some inequalities about the degree of A, in a, are essential. The need to control the
degree arises from the fact that each increase in the degree of A; in the expression
32 ,Ae~ will lower by 1 the degree of ¢ in the asymptotic expression. This follows
easily from Theorem 1.2.1.

IL5. LEMMA. (i) degy a,(r, r, A;) <[21/3].
(ii) deg,\l_((a/arz)"a,)(r rnA)<[QI+k—1)/3,0<k=<I
(iii) deg, ((3/3r)'a)(r, r,A) <l k=1

PROOF. By induction on /, suppose the above inequalities hold for all // < /. Then

(2.8) deg, a/(r,r, ;) < max{[ig], 1 +[2(L;2_)]’

l+[2(1—2)+1—1],2+[y_§—__3_)”

3

which proves the first inequality. Consider
9 \* 3
(29) [(a—) (la,—(r.—rz)a—,za,)] )
n=r;

S (o

= ((,+k)(air2)ka,)(,, . \)

n=ra
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and
(2.10)
3 A, 3\’
Iaz.— (rl_rZ)a—rzaIZ_(ui(r2)_m)al—l+(a_r2) ar-1
U AK(R) AN(h(r)H"(ry) = 2(H'(r))")
O T T R

Ak'(ry) ia Aih'(ry)
+2h(rl)h(r2)2 ar, 1~ +(h("|)h(’2))

If we want to know the degree of A, in ((3/3r,)*a,)(r, r, A,;) we need only know the
degree of the k th derivation w.r.t. r, of the r.h.s. of the above expression:

(2.11)

(a2 (4 = i | = () - iy ) () e
= (8o (40 s o) o
+---+<::,>( ) (5~ s () e

Therefore

o 35 [t - iy -

(2.12) <max{1,+[2(1_ ) +3k_ L+ 1],...,l
+[2(1— l)+3k—-m— 1]’.”,1 +[M]}

ko)
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Similarly we have

(2.13) deg;\i((%)k(al)a, l) ) <[2’+_§“1]
degx{ [(r. rz)h?rlh)i?r)z) a, ”rl:rf[—zH;(_l],

degh{(i)k[xi(h(r.)h"(rz) —2((n))’) 01_2‘} <[21+ k— 1],

h(rl)B(’z) -, 3

e (i E I

1=

(e o I

n=r;

Combining the above inequalities we get

(2.14) degx,.((a%)k“t)(” rA;) s[z_l%:‘l]

so we have proved (ii). (iii) is trivial since deg, a,(r), r,, A;) is never greater than /.
Q.E.D.

Now let us return to the proof of Lemma I1.4. Consider that
(2.15)

I:Isz = § [("| - rz)airzak.H(r., r, Ai) — (k + l)ak+|("|, r, }\i)]Gitk—l/z
2 [ () (1) = 2((1)))
h("l)h("z)

_y AR (r) kB
h(r,)h3(ry)

a,(ry, n, \)

Aihl("z) )2

alr> o M) = (h(r.)hZ(rz)

'ak—l(rl’ r, )\i) Gitk‘H/2

bt Aih,(rz) ? o k+3/2
+.~§o['(h(r.)h2(rz)) alr s M) G

where

= S e (-2 o Jesoe
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Since we know that

(2.16) 2 e Mo (x)p,(y) <comst-t "2  t<T,

(2.17)* 2 Ne Mo (x)p;(y) <comst-t"/27s,  t<T,
=0

and

2.18 <const-t7 %2 k0,
(2.18)

exp( (r 4t’2) )(r2 ~r)*

it is easy to see that

[*2)

(r— r2)2 (r,— rl)k 9k
igoexp(— 4t k! arzka’(rl’ r, >‘i)

(2.19)

n=r,

.exp(-ﬁrz—))¢i(x)¢,.<y)

< const -¢"/2Tk/2-[Q@IHK=D /3]

Now, we expand a,(r), r,, A;) into a Taylor series at , = r| with r, as variable. If we
denote the sum of all terms with power of (r, — r,) greater than / by a,(r,, r;, A;)
then

(2.20)  a/(r;,n,N)=alr, r,N) +(r,— rl)( a,(r,r, A\ ))

n=r,

4+ .. 4

n=ry

( "1) —
i a,(ry, s A;).

Note that deg, a,(r;, r,, A;) < [; we have pointed this out in the remark following
I1.2. In order to estimate G;, we multiply each term of the Taylor series expansion by
G,, and then use the above inequalities to obtain

(2.21) |a,(ry, r, \;)G;|< const - ¢="/27[2/3],

See Corollary 1.2.2. Similarly we can estimate (J, H, since we can estimate each term
of it.
(2.22)

| O,H, |< const -t%x 71/ 27n/27 AT /3] o (oot gk /20 /20 /2= [2k/3] -]
+ const -tk 1/27n/2=[2k=1/31-2 4 const -tk +3/27n/27[2k/3]172
< const -¢k/317n/273/2

S i S VA

This completes the proof of Lemma II.4 and shows that H, does represent a
parametrix for the heat kernel on M X I when [£]> %+ 3. Since the heat
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kernel is symmetric w.r.t. its variables (r, x), (r,, y), if we represent it as
220/, ry, 1)9,(x)d,(y) we can see that f(r,, r,, t) is also symmetric w.r.t. r, and
r,. For some special functions 4(r) (for example; h(r) = sin r),

0
fi(rsns 0)¢(x)ei(x)e(y) = X aj(r]a ry, A)G /712
Jj=0
is convergent for each i. Since G, is symmetric w.r.t. r, and r,, in these special cases
Aj(ry, 1y, A;) is also symmetric w.r.t. r; and r,. But if we look at the construction of
a,; more carefully we find that the form of a; in terms of h(r) is universal? so that we
get the following

I1.6. COROLLARY. a,(ry, 1y, A;) is symmetric w.r.t. ry, r,.

In proving H, represents a parametrix we also get the following asymptotic
expansion:

I1.7. COROLLARY.

(2.23) Trace E ot 2 L e "(r) X exp( ﬁ)a,(r, o) (x )12,

i=0 2ym i=0

IIL. An explicit formula for the asymptotic expansion. In this section we relate the
result of §II to the result of Gel'fand and Dikii [4] in order to get an explicit
formula. They have studied the asymptotic expansion of the resolvent kernel for the
Sturm-Liouville equation and obtained recursive formulas for the coefficients of the
expansion. Moreover they also have a generating function for the recursive formulas.
Let us start with some formal considerations.

Consider E(ry, 1y, X, y,t) = 22, fi(ry, 1y, )$;(x)9;(y) since the Laplace trans-
form of the heat kernel is the kernel of the resolvent of A [5].

(3.1) fooe'A’e‘"dt =(A+s)",
0

the Laplace transform of each f;, should satisfy the following differential equation:

3 \* nh'(r) 9 A,
2 [(a‘) hn) By )=
or
(3.3)

h¥(r,) 2 h(r)
= _Shn/z(rz)f(rl’ r, S).

[_ (1)2 +2(% B 1) h'(r,) o h'(r,) n hz}(\:,z)]hn/z(rzv(r" ry,s)

24 ; is the summation of (r, — r,)~" to some power multiplied by the integral of a rational function of

h(r), h'(r),...; the coefficients of the denominator and numerator of the rational function are indepen-
dent of h(r). See (2.5) forj =
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This in turn suggests that h"/2(r))h"/?(r,)f(r,, 1,, s) is the kernel of the resolvent of
-d?/dx? + (u,(r) + s) where u,(r) is defined as in (2.3).
Applying the result of Gel’fand and Dikii [4] we have
< Rilu]

W) ) B

where R, = R,[u, u’, u”,...] is a polynomial in u, ¥’, u”,. .. and satisfies
— 1 — 1
RO - 2> Rl - —3u,
-1

' -1
(3.4) 4R, =2 2 RyRY_, — 2 R R}
k=0 k=1

i i
~4u 3 RyR_;—4 2 RyRy_ 4.
k=0 k=1
From 1.2.3 we see that if f; has an asymptotic expansion it is in the following form:
S _Rfu]
(3.5) h(r)f(r,r, t)t~ 3

-0 So (1 +13)

The following proposition tells us that it is possible to factor e "“ out of the above
asymptotic expansion.

1-1/2

I11.1. PROPOSITION. Summing up those terms in 232 o( R, [u,;1/T(1 + )t'~'/2 which
contain a fixed monomial of derivatives of u; of the form u{*Vu*? ... u{), k, # 0,
gives the sum as Ay e ""u; - - u(Pt* A, . is a constant, k is the power of t in
the first monomial of such a form.

ProOF. From (3.4) a straightforward proof by induction shows (cf. [3])
(3/9u,)R,[u;] = —(I — H)R,_,[u;] which in turn implies
3 R/[u] R,_[u]

(3.6) WTUTD) - TU—11])" Q.ED.

If we compare the expression after factoring e~ out of (3.5) with the asymptotic
expansion in the end of the last section, we find that we should multiply some part
of e * back into the expression. Split u; into the following two parts:

u;(r) = q(r) + \;/h*(r).
Then multiplying e ~9" back into the expression, we obtain

1 At .
(3.7  f(r,r,t) ~ —h""/*(r)exp (— . ) > ar, A)t/7V2
t—0 2\/‘7; hz(r) j=0 4
Therefore @,(r, A;) is nothing but (R [q, u/, u/,...]/T(j + 1)) - 2vm, i.e. replace u;
(but not its derivatives) in R, by q.
The following theorem is essential for the purpose of this section.

II1.2. THEOREM. a;(r, r, A;) = a,(r, ;).




TRACE OF THE HEAT KERNEL 105

PRrOOF. Consider the expression

(3.8)
3 A, 1 A, 2
Ki(r,r,\)= ui(rZ)[al—-l - al—zm + Eal—s(m)

4o (21) (,_‘ 01 (h(r,;i(rz) )]

DY _A_I
it O i)

9 A
+ — —_— — —_
(rl "2)ar2 [a, al_lh(’l)h("z)

ot (- 1) (h(r,;\h("z))’ ]
A
3_1'2 a,_, _a/-z(m)

1 1 }\i a
+ -+ (-1) (-1 (h(rl)h(rz)) aO].

We can express the right-hand side of the above as the sum of terms of the following
form:

(3.9)

S ey )[((’ e L (2] e

—(r,-—rz)-}-l-%f'—)( ‘ )Ia,_k_‘+(l—k)a,_k

(r, = 1) 2 +L(L)Ha
IREE PR TCYLVICY) A

+%(h_(lr3),a—ar§“""‘2 h(Ari. ((h(lrz)),)z H]'

Since q, satisfies (2.2) of the last section, each term of this form must be zero and so
is their sum, i.e. K\(r|, r,, A;) = 0. Similarly, if we denote by K,(r,, r,, A;) the
expression which comes from K (r,, r,, A;) by interchanging the roles played by r,
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and r,, then we also have K,(r,, r,, A;) = 0. Moreover,
9 (]
(3.10) "a—rz'Kl(r|, r2, A’) =O, 3a_rlKl(rl, r2, Al) :0,

9

a_rle(rl’ r, Ai) =0

9
35‘;K2(r,, r, A)=0

Combining these identities, and letting r; = r,, we get

y 1(A )
(3.11) (1— )a, Pa,_,+§ o a,_,+---

’

”r

_1 A,
=2 a/—l’al—l‘h—z"‘ﬁ w2 a3+

Now, since by construction of &, we have

Y (=1 R,
(3.12) [a—a,_lﬁ+- T a(hz)} I’_(1+_%)2‘/;

and from (3.4) by induction we have R, =iR,_, — uR)_, — 3u'R,_,, then by
substitution we will see that g, satisfies the same differential equation as above. Since
both of them satisfy the same differential equation of first order they may differ by a
constant. But because this constant is universal,? it is sufficient to check the special
case h = const. Then we will get that it must be zero, so that a (r, 1y A)=ad (r, A).
Q.E.D.

I11.3. COROLLARY.

(3.13) Trace E i E 1 - "(r) Y exp(

_j04 i=

a,(r A2 (x) 2,
o )) (r A0

This proves the legitimacy of the addition of the infinitely many asymptotic
expansions to form the asymptotic expansion we wanted.
Now we are ready to calculate the coefficients. Now if we let

[e¢]
(3.14) Y e Mip(x) ~ ! —(Cot™/? + Cyt7"/?

i=0 =0 \fgg

+ o H Gt 4 G P+ )

3From the constructions of both a, and d , we see that the coefficients involved in them are independent
of h(r).
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then
(3.15)

go)v,-e-x,-@?(x),jo ,/Zlﬂ'" [Co(g)(g + 1) (% - 1)t-n/2—/

— 1)% (% +1_2)t-n/2—1+1

(.;i_s) (% +l—s)t‘”/2_’+’+---]

O

where /= 1 and

616 3 nom (-2 i)

i=0 h*(r)
n\(n n /2
Ll ) (3 )

+--~+Cs(5—s)'-- (§+l—s)

foil ™|

Suppose we denote the coefficients of X, in aj(r, A,) by aj(r), and then consider
those terms containing ¢ ~("*V/2*k which come from a,r,\, )

tJ—1/2

—h"(r)

)n/2+s—l

(3.17) ‘/_ ‘/__ a}(r)Cf(%—S)'“ (%”—S)(hzz,)

with -/ + s + j = k. But since deg, d; = deg, a,(r,r,A;) <[2,/3] and s = 0 then
j < 3k. Now let j vary and collect all those terms containing ¢ ~("*D/2+k We will
have

2//3]1 3k 1

G18) X 2

a.C,_ k+j—1
IOJOWn+|IkI+l(2 )

k
n_ P J 2j
(2 k+j 1)(h2(r)) h2(r).
If we denote
[2//31 3k

(3.19) d, = EO ,anc"_’“( —k+j=1) (%—k+j—1)h2f(r)
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then
) 1 1 k
(3.20) TraceE ~ d ( ) .
=0 k=0 z;7n+l k h2(r)

REMARK. When /= 0,(5 —k+j— 1) ---(§ — k +j— 1) will be replaced by 1.

IV. The significance of the approach and applications of the result. In the end of
the last section we got a formula for the coefficients d, on M X I in terms of
coefficients ¢; and a} where a! are the coefficients of X;. When we write a; into the
polynomial of A;, we should know a;. Although the a; can be constructed by the
recursive formula which we have derived in §II, a generating function for them will
be more helpful. Gel'fand and Dikii have a generating function for R, which can be
exploited to construct g, as a polynomial in », ¥’, u”,... and then to translate R, into
the so-called symbolic polynomial, which in turn has a generating function. Judging
from the sophisticated way they derived the function, we expect that a generating or
even a more directly recursive formula for d, than the one we got is unlikely.

Now we will give some arguments to show why we cannot start from (0.3), the
standard parametrix, and get a reasonable result. Let us consider first the case of the
metric cone, A(r) = r. Since the first coefficient of the asymptotic expansion of the
heat kernel is the reciprocal of the square root of the determinant of the exponential
map, we should find the relation between the determinant of the exponential map on
the cone and the determinant of the exponential map on the base.*

A straightforward calculation leads us to

(1 o(p. ). (0.0) =0(P,0)57)

sin /

where 6(( p, 7),(Q, «)) denotes the determinant of the exponential map from tangent
space M X 1, ., to M X I evaluated at (exp p,,))"(Q, k), (P, Q) denotes the
corresponding notion on M, and / denotes the distance between P and Q on M. In
order to find the coefficients of the asymptotic expansion of the heat kernel we
should apply A to 6'/2 [1,p. 208]. From the relation A = A/r? — (n/r)(d/9r) —
9?/0r* and the fact that the right-hand side of the above relation is independent of r
we have

Ag-1V/2 = %(é +2n—2.3)(A +4n — 4.5)
r

] (D2
(At (2k = 2)n — (2k — 2)(2k — 1))0-'/2(;&—1)
This formula shows the complication of a direct computation. There is the difficulty
not only of writing out explicitly the operator in the right-hand side into a

“More generally, the k th coefficients are something like A*0~'/2 on the trace (i.e. r, = ry, x = y) [1,p.
208].
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polynomial of A but also of applying each term to a product of two functions.
Moreover the expression does not lead immediately to the formula of correct type,
i.e. coefficients on M X I are a linear combination of coefficients on base M. Thus
our result implies some interesting cancellation. In the case of more general A(r) it
becomes even more hopeless since the relation between the determinant of the
exponential maps must involve . This involvement of r will make the application of
A to the determinant even more complicated and it will be unlikely there is any
expression as the above one.

For the first application, if we set h(r) = r and d,, = 0 in formula (3.19) this will
give us a recursive formula for C; which is just the coefficient of the asymptotic
expansion of the trace of the heat kernel on S”. The formula so obtained is no more
complicated than the corresponding formula obtained by Cahn and Wolf [2]. In
their formula they have two cases, when n is even or odd. We have a single formula
for all n. However their approach is more general and they apply it to the cases of
compact symmetric spaces of rank one.

For the second application, let us consider the special case when M is flat. In this
case all the coefficients c; in the expansion for trace of the heat kernel of M except ¢,
are zero. Then

do=al (5)(5+1) o (5 +1- )R,

Here, as before (5)(53 + 1) --- (5§ + / — 1) will be repaced by 1 when / = 0.
Let us list below the first two nontrivial coefficients:

_nn=1),, 2 _n "
dy = -————"H(r)" = 3h(r)h"(r),

n(n — 1)(5n2 + 17n — 66)
360 w(r)

(2= 36 80y (P (r)

D 2 (r () () — TR )R(r)
n(n - 9) 2 24, 2
—Th (r) h (I‘) .

d, =

n(2n

In general d, is a polynomial of A(r) and its derivatives with homogeneous
differential order 2k.
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