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SIMPLE EVEN-DIMENSIONAL KNOTS
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C. KEARTON!

ABSTRACT. The simple 2 g-knots, g = 4, for which H, o K ) contains no Z-torsion, are
classified by means of Hermitian duality pairings on their homology and homotopy
modules.

0. Introduction. An n-knot k is a locally flat pair (S"*2, $") in the piecewise-linear
category, where S” denotes the n-dimensional sphere. The exterior K of k is the
closure of the complement of a regular neighbourhood of $” in $”*2, and k is simple
if K has the homotopy [(n — 1)/2]-type of a circle. By Alexander-Poincaré duality,
K has the homology of a circle, and so the kernel of the Hurewicz map #,(K) -
H\(K) = (t:) corresponds to a covering space K of K which has the infinite cyclic
group (t:) as its group of covering transformations. In the case of a simple knot
(n>1), K is the universal cover of K. The homology groups H (K) are modules
over A = Z|¢, t™'], and are finitely generated because K is a finite complex. They are
also A-torsion modules.

The simple (2¢ — 1)-knots have just one nonzero module Hq(IE' ), and there is a
nonsingular (-1)7”'-Hermitian pairing [ , ]: H/(K) X Hq(K ) = Ay/A, known as
the Blanchfield pairing. Here A, denotes the field of fractions of A, and conjugation
is the linear extension of ¢+ ¢t~!. For g > 1, the simple (2g — 1)-knots are classified
by the pair (Hq(IE' ),[ , D; see [KS]. There is an alternative classification of these
knots, due to Levine, in terms of their Seifert matrices modulo S-equivalence; see
[L3].

The simple 2g-knots have proved more difficult to classify. There are two nonzero
homology modules, H, q(Ig ) and H,,(K). In the case when H,(K) is a Z-torsion-
modgle, we ha~ve H,,(K) =0 and the knots are classified by the Levine pairing
H(K) X H(K) - Q/Z together with an isqmetry (see [Ko2] for details), provided
g =4. This result requires also that H,(K) has no 2-torsion. Some progress
analogous to Levine’s results on the odd-dimensional case has also been made. In
[K6), the simple 2g-knots, g = 4, are classified in terms of certain pairings over Z
and Z,, modulo an equivalence relation, provided that H, q(K ) has no 2-torsion. Such
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knots are called odd simple 2g-knots. Kojima [Ko] has classified fibred odd simple
2g-knots, g = 4, where H, q(K ) is Z-torsion-free, in terms of Seifert matrices over Z
and Z,, modulo an equivalence relation.

M. S. Faber [Fa] has classified the n-knots bounding r-connected Seifert surfaces,
where 6 < n + 1 < 3r, in terms of stable homotopy theory and Spanier-Whitehead
duality. As in [L3], this involves an equivalence relation induced by ambient surgery
on the Seifert surface.

In this paper we obtain results in the spirit of [K5] and [Ko2], by classifying the
simple 2¢-knots, g = 4, for which H (K ) is Z-torsion-free, in terms of the homology
and homotopy modules of K, together with certain Hermitian pairings obtained
from Blanchfield duality and an analogous version of homotopy linking. The plan of
the paper is as follows.

In §1 the invariants used to classify the knots are described and their properties
proved. We define 3,(K) = H(K)/2H(K), 1 ;. (K) = =, (K)/27,, (K), and
obtain a short exact sequence

. . 2 . H .
6(K): H(K) I, (K) = 3,0 (K)

of T-modules, where I' = Z,[t, t™']. The map H is induced by the Hurewicz map

. 7, (K) - A H, . (K), and the map © is induced by the composite of the inverse of
the Hurewicz isomorphism . (K )-H (K ) with the map 7 (K) - 7, (K) ob-
tained by composition with the nonzero element of m, ,(S9). There are nonsingular
Hermitian pairings

[z Hq+l(K~) X Hq+l(K~) - Iy/T,
ok %q+l(1€) X %q(K) - Io/T
where I}, is the field of fractions of I', related by
[u,@(v)] =%H(u),v) forallu e, (K),veEXK J(K).

The quotxent map H (K ) - 3 (K ) is denoted by pq(K ). The quintuple
(&(K), H (K), pq(K) [,1z.%, )K) is called an F-form.

In §2 the main results of the paper are stated. These amount to the assertion that
there is a bijection between the set of simple Z-torsion-free 2g-knots, ¢ = 6, and the
set of F-forms.

In order to show that isometric F-forms come from isotopic knots, the first step is
to reconstruct from an F-form ((K), H(K), p(K),[,1.%,)z) the A-modules
H (K ), H q+,(K ), qH(K ), the Hurewicz and other maps, and the Blanchfield and
homotopy pairings between them. This is accomplished in §3.

A presentation of an n-knot is an embedding of $” in $"*' X I together with a
collared handle decomposition of S” such that each handle is embedded in a level
S"*1 and each collar is embedded productwise along the I direction. Each r-handle
of S” is associated with an (r + 1)-handle of K. A simple 2¢-knot, ¢ = 4, has a
presentation with one 0O-handle, some g — 1, g, and (g + 1)-handles, and a 2g¢-
handle of S$29. Via the associated handle decomposition of K, we obtain matrices
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over A and I' which present the F-form of the knot. That is to say, we obtain a
A-matrix which presents H q(K ), an Hermitian I';-matrix representing [ , ], and so
on. The strategy of the proof is to show that two sets of matrices presenting
isometric F-forms are equivalent in the sense that one set can be transformed into
the other by a sequence of elementary matrix moves (such as adding one row to
another). Then we show that any such matrix move can be realised geometrically by
a handle move (such as isotoping one handle over another). Finally we show that if
two knots give rise to the same set of matrices, then they are isotopic, by invoking
theorems of the “homotopy implies isotopy” type.

The g, g + 1, and (g + 2)-handles of K give rise to a sequence of free A-modules,
Gyl I{' ) - Cq+,(K )~ C( K), which gives rise to the homology modules Hq(K ),
H,, (K) in the usual way. In §4 we show, in a purely algebrai~c setting, that we can
split this sequence up into two presentations A" - A" — H,(K)fori=gq,q+ 1.

The (¢ — 1)-handles of S?7 are unknotted in their level, in the sense that they are
ambient isotopic to a standard embedding. We are then faced with the problem of
isotoping the g-handles about in their level; unfortunately the classical “homotopy
implies isotopy” theorems are not sufficient for the purpose because the ambient
manifold is not simply-connected, so §5 is devoted to proving the isotopy results that
will be needed later in the paper.

Because of the algebraic results proved in §4, it is possible to obtain for the knot a
presentation with one 0-handle, m (¢ — 1) and n g-handles, m ¢ and n (g + 1)-
handles, and a 2g¢-handle, and moreover we may assume that the m (¢ — 1) and n
g-handles are unknotted. Thus §6 is devoted to a description of K N (a level between
the m (¢ — 1) and n g-handles, and the m g-handles and n (g + 1)-handles), and of
its homology and homotopy modules. The embeddings of the latter set of handles
determine elements of these modules, and hence we obtain the matrices which
present the F-form of the knot. In §7 we justify some of the assertions above about
handles being unknotted.

In §8 we look more closely at the relationship between the handles of $27 and the
handles of K, and justify the assertions made about handle moves inducing matric
moves, and the relationships with the presentation of the F-form.

In §§9 and 10 we prove the main theorems of the paper. In §11 we consider a
(g — 1)-connected Seifert surface of the knot, and show how the F-form can be
presented in terms of matrices obtained from the surface in the usual way by means
of linking numbers and “homotopy linking”. This technique enables us to extend
the range of dimensions for which the main theorems are valid to ¢ = 4.

We conclude with §12 in which an example is given of two knots which have
isomorphic modules but are distinguished by their Hermitian pairings.

1. The invariants. Let A = Z[z,¢"'] and S = {f(1) € A: f(1) = +1}. Let Ag
denote A localised at S, so that Ag = {f/g: f € A, g € S}, and consider A;/A as a
A-module. If Z, denotes the field with two elements, set I' = Z,[¢, t~']; thus ' may
be regarded as A with coefficients reduced mod 2. Let T}, denote the field of fractions
of I.
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The map @: A - I' obtained by reducing coefficients mod2 extends to a ring
homomorphism A g — I, and the composition A - Iy — I\, /T of A-module homo-
morphisms contains A in its kernel. Thus there is a well-defined A-module homo-
morphism 8: Ag/A - I,/T, withker§ = 2Ag/A.

Conjugation in A and T is the linear extension of 7+ ¢~!, and is denoted by ~.
This induces a conjugation on Ag/A and on I, /T, also denoted by ~.

If M and N are A-modules, then a pairing

()M XN-Ag/A
is Hermitian if it is linear in the first variable and conjugate linear in the second. If
M = N, then we also require ( , )* = (, ), where in general

(O NXM- Ag/A

is defined by (n, m)* = (m, n).
The Hermitian pairing { , ) defines an adjoint map

a: M > Hom (N, Ag/A)

by a(m)(n) = (m, n). We say that the pairing ( , ) is nonsingular if the adjoint
maps of (, ) and of (, )* are isomorphisms.

Similar definitions hold with I" in place of A and I}, in place of Ag.

Consider now a simple Z-torsion-free 2¢-knot with exterior K. Thus H,(K) is
zero except in dimensions ¢, ¢ + 1, where it is Z-torsion-free. By Blanchfield duality
[B] there is a nonsingular Hermitian pairing of A-modules

H,, (K,90K) X H(K) > Ag/A

where A is the field of fractions of A. Since there is a canonical isomorphism
HqH(I{') = HqH(K, dK), and the Alexander polynomials satisfy A a()==1=
A (1), this induces a nonsingular Hermitian pairing

() Hq+l(I€) X Hq(K~) - Ag/A.

Because K is simply-connected we do not need a base-point in discussing the
higher homoto;zy groups 19(15 )and 7, (K); see [Hu, Chapter IV] for details.

Let h,: 7 (K) - H,(K) denote the Hurewicz homomorphism, and let { denote
the nonzero element of 7, ,(S9) = Z, (g > 3). Define the map s: 7,(K) - =, (K)
by s(x) = x{; clearly s is a homomorphism of A-modules. By Hurewicz’s theorem,
h, is an isomorphism, so we can define w = sh;‘.

LEMMA 1.1. Provided q = 3, the sequence
~ow ~ hq+| ~
Hq(K) —"”q+l(K) - Hq+1(K) - O
is exact.

PROOF. By a result of G. W. Whitehead, ., , is onto since ¢ = 2 [Hu, p. 167].
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Let K9 denote the g-skeleton of K in some triangulation and consider the
commutative ladder:

~ J ~ o~
Wq+l(K) - Wq+l(K’ Kq)

l\.

7rq+l(I€q)
! Vi VR
_ J, o J -
Hq+1(Kq) - Hq+I(K) - Hq+l(K’ K9)

The map k7, is an isomorphism by the Hurewicz theorem, since (K, K9) is
g-connected and K7 is simply-connected. Since H, (K% =0,h,.,j=0,and since
Im j =Imswehaveh ;s =0andhenceh 0 =0.

Suppose x € kerh,,,. Then ki, \J(x) =J,h, . (x) =0, whence J(x) =0 as
h,+ is an isomorphism. Thus x € kerJ = Im j = Ims. Sokerh ,, C Ims = Imw.
d

COROLLARY 1.2. Imw = ker k.| = Z-torsion submodule of 7, (K).

PRrROOF. Since H q+,(15 ) is Z-torsion-free, the Z-torsion submodule of wq+,(K ) C
kerh, ., = Imw C 2-torsion submodule of 7, (K). O

_CoROLLARY 1.3. If A is the Alexander polynomial of the knot in dimension q, then
AA annihilates m,, (K).

ProOF. The Alexander polynomial in dimension ¢ + 1 is A, by Blanchfield
duality. Thus A annihilates H, q(K' ), A annihilates H o ((K), and the result follows at
once. [

We next define a pairing

{,}: "q+|(K) X "q+1(1€) - Io/T

where g = 3. Letu, v € qu(IE' ); by Irwin’s theorem, there exist embeddings x, y:
S9*1 - K representing u, v respectively. The Blanchfield intersection pairing

S: Hq+I(I€) X Hq+](12) - A

is zero [B], because H, (K) is a A-torsion module, and so we may isotop x so that
x and t"y are disjoint for every integer r, where (t'y)(z) = t'(¥(z)) for z € §9*!,
This is essentially an application of the Whitney Lemma (compare [K1, Theorem
2.1]), and uses g = 3.

Suppose that a is an element of A such that ©(a) # 0 and ax = d¢, where c:
B9? - K. Such an a exists by Corollary 1.3. As in [K1], we may arrange that for
each integer 7, there are sets X,, Y,, Z, satisfying:

(i) the X, are disjoint subsets of int BY*2, finitely many of which are (g + 2)-balls
and the rest are empty;

(ii) the Y, are disjoint subsets of S9*', finitely many of which are (g + 1)-balls
and the rest are empty;

(iii) the Z, are disjoint subsets of K, finitely many of which are (2¢ + 2)-balls and
the rest are empty;

(V) X, = ¢'Z,, ¥, = (t'y)"Z,;
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V) ImcNImty Cint Z,;
V) S(e)N X, = 2.

This too requires g = 3.
The map

c|9X,: 90X, > 3Z, — 1'y(3Y,) ~ §¢
gives an element I(c, t'y) € 7' = 7,4+1(89) = Z,, and we define
T(c,y)= X I(c,t'y)t"€T.

—0<r<oo

LeMMA 1.4. T(c, y) is independent of the choice of c.

PROOF. Let ¢’: B97% > K be another map with d¢’ = ax. Then T(c — ¢/, y) =
T(c, y) — T(c', y), and ¢ — ¢’ represents an element of 'rrq+2(I§' )- By Corollary 1.3,
there exists 8 € A such that ©(B8) # 0 and Bv=10. Thus 0 = T(c — ¢/, By) =
O(B) T(c—c, y)andsoT(c—c,y)=0. O

Suppose that x’ is another representative of u. Then x — x’ = da, for some a:
S9t1 % I - K. If we take ¢’: B9*2 > K as the union of ¢ and aa, so that ax’ = ¢/,
then T(¢’, y) = T(c + aa, y) = T(c, y) + O(a)T(a, y). Defining

(.0} = gay - T(e: ) ET/T
we see that {u, v} is independent of the choice of ¢ and x.

Suppose now that 8 € A is such that ®(8) # 0 and Bv = 0. Then By = dd for
some d: B9*2 > K, and we can form T(x, d). As in [K1], T(x, d) =T(d, x), and so
is independent of the choice of y and d.

LEMMA 1.5. Let ¢, d: B*? - int K be maps with 3c = c¢| B2, 9d = d|9B7*?
such that Imdc N Imdd = B. Then I(dc, d) = I(c, dd), provided q > 4.

PrROOF. The dimension of Im(3d) is at most ¢ + 1, and so K — Im(3d) is
(g — 1)-connected. Thus by Irwin’s Theorem we may homotop dc in K — Im(3d) to
be an embedding, and this extends to a homotopy of c¢. The same procedure then
applies with ¢ and d interchanged, and so we may assume that dc, 9d are disjoint
embeddings. By general position we may assume that dim(Imdc NImd) <1,
dim(Imc N Imdd) < 1, and that the map ¢ U d: BY"2 U B9"% - K has no triple
points. In particular, the last requirement implies that the self-intersections of Im ¢
do not meet Im d, and vice-versa.

By engulfing, there exist collapsible sets C,, D, C S9! = 9B7*2 such that

(3c)'(Imdc NImd) C C,, dimC, <2,
(3d)'(Imc N Imdd) C D,, dim D, <2.

Let S(f) denote the singular set of the map f. By general position we can arrange
that dim S(c U d) < 2, and so by engulfing there exist C, D C B9*?2 such that

S(c)Uc(ImeNImd) CC\NC, =CN ST dimC <3,
S(d) Ud(Ime N Imd) C D\ND, =D N S, dim D <3.
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Furthermore, there exists a collapsible E C Int K such that ¢(C) U d(D) C E,
dim E < 4,
dim(E N ¢(B7*? — C))

dim(Eﬂd(B"“—D))}<4+"+2“(24+2)=4—q<o.

Since C is collapsible and dim B9*? — dimC=¢— 1>3, BI*2\C; and as
S(c) C C, this means that Im ¢ \y¢(C). Similarly Im d\;d(D). Since Imc N Imd C
¢(C) N ¢(D), we see that

ImcU ImdU ENe(C) U c(D) U E = E\point.

Thus a regular neighbourhood of Imc U Imd U E is a ball, B29*2. I(dc, d) is
given by an element of 7 (S7 ~1) which under the suspension homomorphism goes to
the linking element of dc and dd in B*?*?, L(dc,dd) € m,,(S7). A similar
statement is true of I(c, 3d), and so the two terms are equal as members of #'. [

COROLLARY 1.6. T(dc, d) = T(c¢,0d). O

Returning to the definition of {u, o} we have

o} =50 )T(c y) = 9( B) - T(c, By) = @( B) - T(c,8d)
1
~ 0(aB) G(aB) O(B)

This shows that {u, v} is independent of the choice of x and of the choice of y,
and of « and B, and of ¢ and d; and hence is well defined.

- T(dc,d) = - T(ax,d) = - T(x,d).

PROPOSITION 1.7. {, } is Hermitian. That is,
{au + Bo,w} = B(a){u,w} + O(B){v,w},
{u, a0 + Bw} = O(&){u, v} + O(B ){u,w),
(u,0} = {v,u},
for allu,v,w € wq“(l{') and all a, B € A.

PrOOF. The first two assertions follow easily from the definition (compare
[K1, Proposition 3.1]). The last assertion is proved by

(w0) = gray e ) = giay T070) = gy Tne) = (oo O

LEMMA 1.8. For allu € m,, (K ) and all v € H(K ), we have
{u, 0(v)} = 0¢h, 1 (u), v).

PROOF. Let x: S9°' = K represent u, and let ¢: BY"? — K be such that dc = ax,
for some a € A with ©(a) # 0. Let y: S9*' = K represent v, withIm x N Im y = @.
We may assume that Imc¢ N Im y consists of isolated points. Since w(v) is repre-
sented by y¢, the result follows from the construction in [K1, Proposition 3.2]. O
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COROLLARY 1.9. {, } vanishes on Imw X Im w.
PROOF. Imw = kerh . O
LemMa 1.10. ker w = 2H (K).

PROOF. If x € 27 (K), then x =2y and s(x) = sQ2y) = 2s(y) = 2y¢ = 0. Thus
kerw D 2H (K)
Converscly, suppose that v € ker w. Then

0¢h g4 i(u), 0)= {u,w(v)} =0, forallu €m, , \(K).

Thus (hq+,(u), v)E2Ag/Aforallu e +1(K) Since k., is an eplmorphlsm
and (, ) is nonsingular, this implies that v € 2H (K ), and sokerw C 2H, (K ). O
Now we define IT (K) = ﬂq+1(K)/2 +1(K) with quotient map 7, so that
o+ ((K) is a T-torsion module. Moreover, { , } induces a pairing

[.]: Hq+](K) X Hq+l(K) - Io/T,

since {, } vanishes on 2, H(K) X @ H(K)

Define X, (K) = H(K)/2H(K) for i=gq,q+ 1, and let p; denote the quotient
map in each case. We define a map Q: IC (K ) - qH(K ) as follows. Given
veEX (K) there exists v, € H, (K) with pq(v,) =v. Let Q(v) =nw(v,). By
Lemma 1.10, € is well defined.

Next we define a map H: l'IqH(K) - +1(K) Given v € HqH(K) there
exists u; € +1(K) with () = u. Define H(u) Pg+1hgei(uy). This is well
defined because h q+,(27rq+,(K )) C 2Hq+l(K ) =kerp,,. Clearly H is an epimor-
phism.

LEMMA 1.11. ker H = Im .

PROOF. H(u) =0 =p,, h,,\(u,) = 0 where u, € 7, (K) and n(u,) = u.
Pq+1hq+|(“|) =0= hq+1(“1) € 2Hq+|(K)

= h, (1) =2k, (v,), somev, €7, (K) (Lemma l.1)

=u, — 20, €EImw (Lemma l.1)

=u, — 20, = w(w)

=u=n(u;) =no(w) = (w).
Therefore ker H C Im Q. Conversely,

u=Q(w)=u=nw(w), wherep(w)=w,

= H(u) =p s hyr@(w;) =0 (Lemma 1.1).

Therefore Im © C ker H. I:l
Forx € 3, (K),y € JC(K), define

%x, yy=0(u, v))
where p, (1) = x, p(v) = y. Clearly this pairing is well defined.
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PROPOSITION 1.12. For all u € T, (K) and all v € 3 (K),
[u, 2(0)] =*CH(u), v).

ProoOF. Follows easily from Lemma 1.8. O
L=mmMa 1.13. %, is nonsingular.
ProoF. Let x € I, (K), and p,, (u) = x. Then
“x,yy=0 forally € ¥ (K)
= 0((u,v)) =0 forallv € H(K)
= (u,0)€2Ag/A forallv € H(K)
=u €2H,(K) since (,) is nonsingular
x=p(u) =0
Now let f EHom(‘JC (K), I,/T), and define f; EHom(H (K), T,/T) by fi(v) =
f(p,(v))forallv € H (K ). The short exact sequence
ker@>—> Ag/A - I,,/T
gives rise to an exact sequence
Hom (H,(K), As/A) - Hom (H,(K), T,/T) > Ext (H,(K),ker§).

As we remarked above, ker@ = 2A /A, and of course multiplication by 2 yields
an isomorphism Ag/A S2Ag/A. By [K2,Lemma 23], it follows that

Ext(H (K),ker6) =0, since H, (K ) has a presentauon by a square matrix
[Ke, Lemma I1.12]. Thus there exists f, € Hom(H (K ), Ag/A) such that 6f, = f,.
Since ( ) is nonsingular, there exists u € H, +1(K) such that (u, v)= f,(v) for all
vEH (K) Thus 6(u, v)= 0f,(v) = f(v) —f(pq(v)) and so setting x = p,_, ,(u),
y= pq(v), we have *(x, y) = f(y) for ally € IC(K).
We have thus shown that the adjoint map ‘JCqH(K ) > Hom(‘JC (K), T,/T) is an
isomorphism. The proof that the adjoint of %, }* is an 1somorph1sm is similar. O

LEMMA 1.14. Q is a monomorphism.

PrOOF. Suppose that Q(u) = 0. Then nw(u,) = 0, where u, € H (K) and u =
P(uy). So w(u,) € kern =27 +I(K) But Im w C 2-torsion of +,(K) = Z-torsion
of w H(K), see the proof of Corollary 1.2; and so Imw N 27, +|(K) = {0}. Thus
w(u, ) =0, and by Lemma 1.10, 4, € 2Hq(K) =kerp,, sou=p (u)=0 0

COROLLARY 1.15. The sequence
Y . H o
0- %q(K) _)Hq+l(K) ——’(}Cq+l(K) -0
is exact.

PrOOF. Lemmas 1.11 and 1.14. O
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PROPOSITION 1.16. The pairing [ ,] is nonsingular and Hermitian.

PrOOF. It is Hermitian because {, } is Hermitian.

Suppose that [u,v] =0 for all v €Il q+,(I€' ). Then by Proposition 1.12,
8 H(u), x)= 0 for all x € K (K) and so by Lemma 1.13 H(u) = 0. Thus by
Lemma 1.11, u = Q(u’) for some u’ € I (K ), and by Proposition 1.12,

%(H(v), w)=[v,2w)] = [u,0] =0 forallv €, (K).

So by Lemma 1.13, 4’ = 0 since H is an epimorphism, and hence u = 0. The adjoint
of [,]is thus a monomorphism

Let f €Hom(II q+,(K ), Ip/T). Since %,) is nonsingular, there exists u’ €

10, (K such that [u’, ()] =*CH(w), y)= f(2(y)) for all y € I(K).

Set g(v) = [u/, v] — f(v), so that g EHom(Hq+,(K) I,/T). Then g(Q2(y)) =
for all y € IC (K) and so g induces an element g; EHom(‘JCqH(K) I,/T) such
that gl(H(o)) = g(v) for all v € I1, +1(K). Since %, ) is nonsingular, there exists
x € f}Cq(K ) such that

%x, yyr =%y, x)y =&(»)
forally € 3, ,(K). Then
[2(x), o] = To. 8(x)] = X H(v), x) = gi(H(v)) = g(v),
and so setting u = u’ — Q(x) we have [u, v] = f(v) for all v € Hq+,(K). The
adjoint of [,] is therefore an isomorphism. [

2. The main theorems. Before stating the main theorems of the paper, we review
some of the results of the previous section. Following Levine [L], we say that a
A-module is of type K if it is finitely generated and multiplication by ¢ — 1 induces
an automorphism.

An F-form (6, H,, p,,[,1,%,)) consists of the following.

(i) A short exact sequence of I-modules

Q H
b: I, >, > Iy,
(ii) A nonsingular Hermitian form
[]: M,y XMy - /T
(iii) A nonsingular Hermitian form
%) 31 X K, = Ty/T
related to [ , ] by
[u,Q(v)] =%H(u),v) forallu€Il ,,v€IK,.

(iv) A Z-torsion-free A-module H, of type K.
(v) A short exact sequence of A-modules
Pq
2H P H, - I .

where J(_ is regarded as a A-module via the ring homomorphism ©: A — T
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Two F-forms (&, H,, p,,[,1.%,)) and (&, H}, p,,[,1,%,)) are isometric if
there exist isomorphisms a, a, 8, y such that

Q H
b: X > I, > ¥,

q

(i) | 12e | 127 |1

z

QI
. ’ 4 ’
§: K, > M, - ¥,

commutes;
(i) [B(u), B(v)) = [u, v] forall u, v €11 ;
(iii) u, vy =¥ y(u), a(v)) forallu € I _, |, v € I;

Pq

H‘l > 3C‘I

(iv) | L2° | L°
2q

H - %

commutes.

If (i) and (iv) hold, we say that the two F-forms are isomorphic.

Let 8(K ) denote the short exact sequence of the last section: I (K )>—>

7 I, (K)—>% +1(K ) Similarly, let [, ]z denote the Hermitian pairing and pq(K )
the quotient map H, (K ) > I (K )- Then the work of the last section proves the
following result.

THEOREM 2.1. A Z-torsion-free simple 2q-knot, q = 5, with exterior K, gives rise to
an F-form (&(K), H(K), Pq(K),[,]i,0< 3K

The next two results will be established in subsequent sections.

THEOREM 2.2. For q = 6, two Z-torsion-free simple 2 q-knots with isometric F-forms
are ambient isotopic.

THEOREM 2.3. Let (&, H,p,l,] 0( , ) be an F-form. Then for q = 5, there exists a
Z-torsion-free simple 2q-knot with F-form (6(K), H q(K ), P K)l, ]15,.0( DOK)
isometric to the given one.

3. Algebra. An augmented F-form (&, D, [, ], {, )) consists of the following.
(i) A short exact sequence of I'-modules
Q H
&: I, > > I,
(i) Two Z-torsion-free A-modules of type K, H, and H_,,, together with a
nonsingular Hermitian pairing

< ’ >:Hq+l ><IJ(]_)I\S/IX
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(iii) A commutative diagram ) of A-modules

2H, 27, 2H,,,
£ £ £
w hq+|
(3.1) 2H,»> H, - Ty - H,.,
&pq i"l ipq+l
Q H

SC > Hq+| - ch-hl

q

where the modules in the bottom row are regarded as A-modules via the ring
homomorphism : A — I'. Each row and column is exact.
(iv) A nonsingular Hermitian pairing of I'-modules

[, M XTIy - T/T
which is related to (, ) by
[u, Q(0)] =%H(u),v) foralluecIl,,,ve€ XK,
where
%,y 9ypy X I, > To/T
is defined by
(Pgr1(x), P(¥)) = 0((x, ¥)).

Two augmented F-forms A, A’ are isomorphic if there exist isomorphisms a, b, c, a,
B, v, making the following diagram commute.

h
H, © CRE N 7

Ta+1 > gy
c
w \I: " ‘ \
H W' ’ q+1 Ty

Pq q Ma+1 g+
Q

H_ 5
¥Hq Moyy — | /s
’ ’ p'
y Pq Nﬂ n W q+1
Q H'
‘3(:1 n:;+1 “9(:1+1

If in addition

(c(x),a(y)y =(x,y) forallx € H,,,y € H,,
[B(u), B(v)]) =[u,v] forallu,o€Il,,,

then 4 and A’ are isometric.
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From the definitions, it is clear that each augmented F-form has associated with it
an F-form, and that isometric (isomorphic) augmented F-forms have associated with
them isometric (isomorphic) F-forms.

PROPOSITION 3.1. Let B, B’ be F-forms associated with augmented F-forms A, A’
respectively. If B is isometric (isomorphic) to B’, then A is isometric (isomorphic) to A'.

PROPOSITION 3.2. Let B be an F-form. Then there exists an augmented F-form A
such that B is associated with A.

The rest of this section is devoted to the proof of these two propositions.

We begin by considering an F-form B = (b, H, p,l,] "( ,)). By [Ma, p. 90], we
can regard & as a short exact sequence of A-modules, via the ring homomorphism ©:
A-T. Let H,,, =Hom(H,, Ag/A), and let (,): H,,, X H,~ Ag/A be the
associated Hermitian form. By [Ke,Lemma II.12], H, is presented by a square
nonsingular matrix, and it follows from results of Blanchfield [B, p. 351] that the
pairing (,) is nonsingular. Since ?(,) is nonsingular, there is a uniquely defined
homomorphismp,, ,: H,,, - 3, such that

% pgr1(u), p(0))=0((u,v)) forallu € H, v € H,.
LEMMA 3.1. p, ., is an epimorphism and kerp, ., = 2H .

PrOOF. Let w € I, ,, and define f € Hom(H,, T,/T) by f(v) = Xw, p(v)).
The short exact sequence of A-modules 2Ag/A = Ag/A - °T,/T induces an
exact sequence

- 0, —— —_
- Hom (H,, Ag/A) = Hom (H,, T,/T) - Ext (H,,ker8) - .

By [K2, Lemma 2.3], Ext( H, ker ) = 0, since Z-torsion-free A-modules of type K
can be presented by square matrices. Thus there is an element g € Hom(H,, Ag/A)
such that 6,(g) = f. Since (,) is nonsingular, there exists u € H,,, such that
(u,v)=g(v) forallv € H,, and so

W pgr(u), py(0))y= 0(Cu, v)) = 6(g(v)) = f(v) = %w, p,(v))
for all v € H,. Since p, is an epimorphim and %,y is nonsingular, we have
Pg+1(#) = w, and 50 p, | is an epimorphism.

It is clear that 2H, ,, C ker p,,,, because ©(2) = 0. Suppose that p,,(u) = 0.
Then for all v € H,, 8(Cu, v)) =% p,, \(u), p,(v))=0, and so (u,v)€E kerf =
2Ag/A. If a, b€ Ag and 2a =2b (mod A), then 2(a —b)=c E A. But a =
f(t)/g(t), b= h(t)/k(t) where f, g, h,k € A and g(1) = =1 = k(1). So 24g(?)
and 2}k(¢), which means that 2|c, and so a — b € A. Therefore a = b (mod A).
Thus (u, v)/2 is well defined in Ag/A and since (, ) is nonsingular, there exists
w' € H,,, with (u’,0)=(u,v)/2 for all v € H,, and hence u =2u’ € 2H ,,.
|

Assume that B and B’ are isometric F-forms; then we can define an isomorphism
c: H,., — H, . by the equation {c(u), a(v))’ = (u, v); this follows from the fact
that a is an isomorphism and (, ), {, )’ are nonsingular.
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LEMMA 3.2. The following diagram commutes:

<

- ’
H, - Hy
&Pqﬂ ip.';ﬂ

Y

- ’
(‘}Cq+l :) ‘ch“'l

PRrOOF. For every u € H,,;, v € H,, we have
% pysrc(u), pra(v)y = 8((c(u), a(v))) = 6((u, v))
=X pgs1(u), P(0))=*(¥Pgs1(u), apy(u))’
=%yp,(u), pha(v))y
since ap, = pa. As p;a is an epimorphism and 8, is nonsingular, this implies that
Pg+1€ = YPg- O

The short exact sequence & of A-modules and the epimorphism p, . ,:

H, ., > ¥, yield a commutative diagram

o hoen

E: X, > @, >  H,.,

“ i" *pq‘l—l

Q H
6 K, — M, — %,

where E is a short exact sequence and, in the notation of [Ma), E = &p,, ;. An easy
diagram chase shows that 7 is surjective.

LEMMA 3.3. ker n = 2m_ ;.

PROOF. If x € 7 |, then n(2x) = 27(x) = 0, since II,,, can be regarded as a
I-module. Thus 27, C ker n. Conversely, suppose x € ker 1. Then Pgr1hgii(x)
= Hn(x) =0, and by Lemma 3.1, h , (x) € 2H_,,. Since h ., is onto, there
exists y € m ., such that h, (x) = 2h, (), andsox — 2y E kerh ,, = Imw,.
Thus there exists u € ‘JCq such that x — 2y = w,(u). Applying 7, we obtain 0 =
n(x) — 29(y) = Q(u), and since £ is a monomorphism, 4 = 0. Therefore x = 2y,
andsokern C 27, ,,. O

We say that two short exact sequences E and E’ are isomorphic if there is a
commutative diagram

T

E: A v B > C
IS |12 8 N

E: A > B c’

e

and write this as £ = E’.
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LEMMA 34. Let E=6bp,,,, E'=6'p,,,, where (6, H, p,[,1,%,)) and
(6',H o P51 ‘9( )") are isometric F- forms Then E = E’.
PrOOF. We have a commutative diagram:

Q H
b: X > Hq+| > (ch+|

q
|12 | A | Y
@ H
& (JC; - H:,+| et (ch+|
In the notation of [Ma] this translates into ab = &'y, andso a«E = abp, ., =

&"Ypg41 = &'Pyyic = E'c, using the fact that yp,,, = p;, c. Thus there is a com-
mutative diagram

o B
E: X, > @, > Hy,
la b le
] hg+
’. ’ ’
E’: %q > my > H,

as required. O

LEMMA 3.5. The isomorphism b can be chosen so that the diagram

h

w, q+1
-—
ch Ta+1 H, .y
a
\\ ’ \\b ‘ \
) Wy ) q+1
Tg+1 q+l
Q H
g > || — gy — K+
’ ’
Q Ak X Pass
Q' ' H
X, >Ug+1 Hoe

commutes.

ProOOF. The diagram commutes if we can choose b so that n’b = 7. First note
that H'n'b = pyy hyy b = ppiichyry = YPgirhgry = YHn = H'Bn, and so
H'(n'b — Bn) = 0. Thus there is a map A: 7, > J(; such that @A = n'b — Bn.
Nowsetb, = b — w'A; thenn'b, — By =79b — WA —Bnp=9b— QYN —Bn=0
It remains to check that when b, is substituted for b, the other parts of the diagram
above still commute: the five-lemma will then imply that b, is an isomorphism.
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First note that
horby = Ry \b — By wIA =R \b=ch,,,.

In particular, by(kerh,,,) C ker k., and so Im(b,w,) C Im(w}a) = Im w}. Since
7w} = &, 1’ restricted to Im w] is a monomorphism. But b,w, — wja = b,w, — bw,,
so Im(bw, — bw;) C Imw]. Moreover, 7'bw, = nwia = Ya = B = Bnw, =
n'byw,, so n'(bw; — bw;) = 0. Since 7’ | Im w is a monomorphism, we have b,w, =
bw, = wia. O

Define w: H, >, | by w = w, p,; since w, is a monomorphism, ker & = ker P,
= 2H,. Starting from an F-form, we have now constructed a commutative diagram
%) as in (3.1), in which the rows and columns are exact.

The A-module H has a presentation by a square matrix M say [Ke, Lemma I1.12],

and so by [B,§4], H,,, =Hom(H,, Ag/A) has a presentation by M*, and so H,.,
is a Z-torsion-free A-module of type K. We have therefore proved Proposition 3.2
and Proposition 3.1.

Finally we define a pairing

{, }im X > L/T
by
{x, y} =[n(x),n(»)].

LEMMA 3.6. The isomorphism b is an isometry of { , }.

PROOF.  {b(x), b(»)}’ = [n'b(x), n'b(p) = [Bn(x), Ba(»)] = [n(x), n(y)] =
{x,y}. O

LEMMA 3.7. For all x € Ter1, 0 € Hy, we have
{x,0(v)} = 0(<hq+|(“), v)).

PROOF.  {x, w(v)} = [n(x), nw(v)] = [n(x), nw, p(v)] = [n(x), Lp(v)] =
CHN(x), P(0)) =X pysrhgea(), PL0))= 0((hysi(x), 0)). O

4. Matrix presentations. We begin this section by considering a sequence of
A-modules

d; 4,
(4.1) A" A" S A > H,
which is exact at A”, with d,d, = 0, and the short exact sequence
d
(4.2) A" >Skerd, — H,,,.

We assume that H, and H_,, are A-torsion-modules, and shall make further
assumptions later in the section.
LEMMA 4.1. ker d, is projective.

ProOOF. The sequence

d
kerd,>> A"*" > A" — H,
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is exact. Now A = Z[t]; where S = {t': 0 <i < o0}, and so by [N, §9.2, Theorem 8]
we have gl.dim A < gl.dim Z[¢] = 2. Therefore ker d, is projective. [
LEMMA 4.2. Every finitely-generated projective A-module is stably-free.

PROOF. By [Ba, p. 636], Ko(A) = K(Z[t, t™']) = K((Z), and by [M, p. 7], K(Z) =
Z, since Z is a principal ideal domain. Thus every finitely-generated projective
A-module is stably-free. [

COROLLARY 4.3. After stabilising, we may assume that ker d, is free in the sequences
(4.1) and (4.2).

1 d
Proor. By adding A" - A" to A">5 A™Fn for sufficiently large r we obtain a
sequence

’ n'd/2 m+n’di m
4.1) A" >— A A" > H,

wheren’ =n+r,d;=d, ® 1, kerd] = kerd, ® A" = A™*". This sequence is exact
except at A™*"', and (4.2) is replaced by

’ d,
(4.2) A" >Skerd] - H,,,. O
From now on we assume that H, and H_,, are Z-torsion-free A-modules of type
K.

LEMMA 4.4. After stabilising, we may assume that ker d, is a free direct summand of
Am+{

PrROOF. By the previous result, we may take kerd, to be free. By [Ke, Lemma
I1.12], there is a short exact sequence
N>N - H,
and so the homological dimension of H, is at most 1. Alternatively, see [L, Proposi-
tion 3.5]. But we have an exact sequence
(4.3) A"*"/kerd, > A" - H,,

and so A™*"/ker d, is projective. By Lemma 4.2, it is therefore stably-free. So there
is an exact sequence

kerd,>> A"*" — A™""/kerd,

with the first two modules free and the third stably-free.

d

Adding A¥ LAk to At S pAm keeps the original sequence (4.1) exact at A™, and
for sufficiently large k makes A™*"/kerd, free. The sequence (4.2) is not affected,
and (4.3) becomes

7D1
kerd,>> A"*"" @ A¥ - (A™*"/kerd,) ® A*
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which is a short exact sequence of free A-modules, and hence is split. This proves the
result. O

COROLLARY 4.5. Writing A™"" = A™ ® A", we can arrange that the sequence (4.1)
decomposes into the short exact sequences

dl dZ
N>AN > H,,, A">A"->H. O

Let A be an n X n matrix over A. We shall be concerned with the following
operations on A4.

(i) Multiply a row (or column) of 4 by +¢'.

(ii) Permute the rows (or columns) of 4.

(iii) Add one row (or column) to another row (or column).

(iv) Replace 4 by the (n + 1) X (n + 1) matrix (¢ ?).

(v) The inverse of (iv).

An n X n matrix N over A is called elementary if either (a) all the diagonal entries
are 1, except for one which is =+, and all off-diagonal entries are 0; or (b) all the
diagonal entries are 1 and there is just one nonzero off-diagonal entry, which is 1.
Note that an elementary matrix N is invertible over A, for det N = *¢' which is a
unit in A.

LEMMA 4.6. Let N be an invertible matrix over A. Then (} ?) can be written as a
product of elementary matrices, for some identity matrix 1.

PROOF. A is the group ring of the infinite cyclic group (¢:), of which the
Whitehead group Wh((¢:)) is trivial. The result follows at once. [J

Elementary matrices are of interest here because they correspond to the operations
(i) and (iii) listed above. For example, if N is an elementary matrix of type (b), then
A — AN corresponds to a column operation of type (iii). The matrix operation (ii) is
redundant, being a consequence of operations (i) and (iii), but it is convenient in
practice.

Two A-matrices A and B are equivalent (A ~ B) if one can pass from 4 to B by a
finite sequence of operations (i)—(v). Clearly ~ is an equivalence relation.

The matrix 4 presents the A-module M if there is an exact sequence

®

(4.4) A" SA - M
where the map « is represented by 4 with respect to some bases x,,...,x, of A” and
zy,...,z,, of A™; thatis,
n
a(z;) = EIA,ijj, 1<i<m.
j:

LEMMA 4.7. Let the matrix A present the A-module M, and the matrix B present the
A-module N. Assume that both matrices are square, with nonzero determinants. Then
M=NsA~B.
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PROOF. The operations (i)—(iii) on 4 correspond to changes of basis in the free
modules of (4.4), whilst (iv) corresponds to replacing (4.4) by

a®l (9,0
A"®&A > AN"OA > M.

ThusA ~B=M =N.
Conversely, suppose that f: M — N is an isomorphism. We have short exact
sequences

a ¢ B ¥
F>G - M, H>L - N

with F = G = A", H = L = A". The map a is a monomorphism because det 4 # 0,
and similarly for 8. Let x,,...,x,, be the basis of G and x,,, |,...,x,,,, the basis of

m+n

L. By moves of type (iv), these exact sequences may be replaced by

a®l (¢.0)
FOL - GOL - M,

188 ©.y)
G®H - GO®L - N
where G ® L has basis x,,...,x,,,,. To save notation, we write these as
¢
a

F > G - M,

B ¥
H > L - N

where F=G=H =L =A""", x,,...,X,,,, is the basis of G; y,,...,y,,,, is the
basis of L, and

¢ox;, =0, m<is<m-+n,
Yy, =0, i<ism.
As ¢ is surjective, and Yy, = 0, there exist k,,,, |,...,k,,,, € A such that

f¢xl = \Pyl + km+|¢ym+l + e +km+n¢ym+n‘

Replacing y, by y; + ks 1Vme1 + - T KppinVmen In the basis of L, we may
arrange that f¢x, = ¢y,. Continuing in this way, we change basis in L so that

fox, =Yy, l<ism.
Similarly, by changing basis in G we may arrange that
fox; = ¥y, m<i<m-+n,
and hence fox;, = Yy, 1 <i<m+ n.
Note that this is achieved by means of column operations of type (iii) on 4 and B.
Let g: G —» L be the A-module isomorphism defined by gx;, = y,for1 <i<m + n.
Then f¢ = yg, and in particular g restricts to an isomorphism from ker¢ = Ima

onto ker ¢ = Im 8. Thus g determines a unique isomorphism 4 such that the
following diagram commutes.
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F > G - M

& | 108 | w0/
B

H > L -~ N

Changing basis in H so that (basis of H) = h (basis of F) gives an invertible
matrix E such that 4 = EB. By Lemma 4.6 we can, after operations of type (iv) if
necessary, assume that E is a product of elementary matrices, and so 4 and B are
connected by a sequence of operations of types (i), (iii), (iv) and (v). Thus 4 ~ B.
O

5. Isotopy. In this section, Q is a compact manifold of dimension 2¢ + 1, with
00 = M X S'. Let r be an integer satisfying 3¢ < 3r < 49 — 3.

Let f: B X B?9"" - Q be an embedding which takes dB” X B?9~"into M = M
X 0 C 9Q, for some fixed point 0 € S', and the rest of B” X B9~ " into int Q. Such
an embedding is called permissible. An ambient isotopy of f is permissible if it is an
isotopy through permissible embeddings. Let M X B' C 9Q; then a permissible
embedding f extends to an embedding f": B” X B297" X B' - Q such that Im f’ is
a regular neighbourhood of Im frel f(B" X dB%9™") meeting dQ regularly, with
f|9B" X B*" " X B': 9B" X B**" "X B' > M X B' being (f|9B" X B?47") X
identity. A permissible ambient isotopy of f extends to a permissible ambient isotopy
of f’; that is, an isotopy of f’ through embeddings of the same form as f’.

Let f” = f"| B" X 0 X {0, 1}; for convenience we write this as f”: B" X a1 - Q.
Let g, g’, g”’ be similarly defined, with g = f on the subset

(B" X 0) U (dB" X B297"),

Then g’ = f” on the subset (B” X 0 X 0) U (dB" X B29~" X B'), and we can take
Im g” = Im f’ by the uniqueness of regular neighbourhoods. A permissible ambient
isotopy F” of f” to g” is one which

(1) restricts to a permissible ambient isotopy of | B” X 0 to g” | B" X 0;

(ii) for every ¢ € I, has pF"(x, 1) = F"(x,0) where p: M X B' - M X 0 is projec-
tion along B';

(iii) F”(B" X 1 X I') is contained in a regular neighbourhood of F”(B” X 0 X I)
which meets Q X 9/ in Im f’ U Im g’, and meets 3(Q X I') regularly.

In practice we shall take the regular neighbourhood in (iii) to be the trace of an
isotopy of Im f” to Im g’; this is possible by the uniqueness of regular neighbour-
hoods up to ambient isotopy.

A permissible homotopy F'': B" X 81 X I — Q X I is one in which the conditions
(i), (i1) and (iti) hold; so that F” is an isotopy on B” X 0 and on dB" X d1.

Let #° denote the stable s-stem of the sphere, so that #* ==, (S") for large n.

LEMMA 5.1. The permissible homotopy F" of f" to g” is homotopic (rel d) to a
permissible isotopy of f" to g” if and only if an obstruction d(f", g"; F"') € g%/~
vanishes.
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PROOF. Let N be the regular neighbourhood of F”(B" X 0 X I') in Q X I referred
to in (iii). Then N is a (2¢g + 2)-ball since F’|B" X 0 X I is an embedding, and
F’|B"X 1X1I:B"X1X1I- N is an embedding on the boundary by (ii). This is
homotopic (reld) to a proper embedding, and so we have a proper map G:
B" X 8I X I - N which is an embedding on each component. The results of [K1, §2]
yield an obstruction in 72%"~% to homotoping G (rel d) to an embedding, and this
obstruction we denote by d( f”, g”; F”'). (Strictly speaking, the obstruction is a

matrix
0 X
(_1)r+l 0 )

and we are taking d( f”, g”’; F"') = =x. The sign will not be important here, and we
shall not trouble to keep track of it.)

If d(f”,g”, F’)=0, then as in [K1,§2] we may homotop G (reld) to an
embedding. Since the codimensionis2g +2 —(r+ 1)=2g—r+1=2(r —q) +
6 > 3, Hudson’s theorems on “concordance implies isotopy” enable us to homotop
G (rel 9) to a permissible isotopy. The converse is implied by [K1,§2]. O

LeEMMA 5.2. If d(f”, g”; F") = 0, then f is permissibly ambient isotopic to g.

PROOF. By the previous lemma, we may take F” to be a permissible ambient
isotopy. Since

X =cl(dN N (Int(Q X I)))

is a deformation retract of N — F”(B" X 0 X I'), we can homotop F"|B" X 1 X I
(rel 9) to a map into X. Now X = $297" X B"*! and so by Irwin’s Theorem this
map is homotopic (rel 9) to an embedding of B” X 1 X I in X; the inequalities to
check are

2r+1)—Qq¢g+1)+1<2g—r—1,

that is 3r <49 — 3, and 2¢g + 1 — (r + 1) = 3, that is 2¢ — r = 3, both of which
are satisfied. Using Hudson’s results on “concordance implies isotopy” again, this
embedding can be moved to a permissible isotopy, so we can assume that F”’ keeps
B’ X 1 in the boundary of a regular neighbourhood of B" X 0. By the Alexander
trick, F”’ extends to an isotopy F’ taking f'| B” X 0 X [0,1] to g’| B" X 0 X [0, 1].
Since f/(B” X B?97" X [0,1]) is a regular neighbourhood of f(B" X 0 X [0, 1])
rel 3f(B” X 0 X [0,1]), and so is g'(B" X B297" X [0, 1]), there is an ambient iso-
topy F extending F’ and taking the one set onto the other. The Alexander trick then
shows that f’| B” X B?97" X [0,1] is ambient isotopic to g’| B" X B277" X [0, 1],
and hence that f is permissibly ambient isotopic to g. O

LEMMA 5.3. Let f, g: B X B*%~" > Q be permissible embeddings which agree on
(B” X 0) U (3B” X B?97"). Assume that there is a ball B*7~"*" properly embedded in
Q, with 9B*97 "1 C M X 0 C 9Q, such that 9B*7~"*" meets f(B" X 0) transversely
in M in a single point, and that this is the only point of intersection of B2~ "*' and
f(B"). Then there is a permissible ambient isotopy taking f to g.
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PrOOF. With the notation above, let F’: B" X 0l X I — Q X I be a permissible
homotopy of f” to g”, and let v = d( f”, g”; F’). We shall alter F” to a permissible
homotopy G” such that d( f”, g"”; G”) = 0.

Let F= F”|B" X 0 X I Let k: B2*""*' - Q X § be the inclusion map, and let
x € k(dB*7~"*1)y N F(B" X 0 X }). We can assume that F” is the constant homo-
topy on [0,2] X I, and hence that x = Imk N Im F. Let T = B?7"? be a regular
neighbourhoood of x in Q X I, meeting dQ X I, Im k and Im F regularly, and
missing Q X 0. Let P=T N (M X 0 X I)C TN (dQ X I), which we may assume
to be a 2g-ball. Then F|F~'(dP) is an embedding of S"~' in 9P = S9! and
k|k7'(dP) is an embedding of S?9~"~! in dP. The linking number of these two
embeddings is = 1, because of the single transverse intersection point x in P.

Letu € m,_ (S*97 ") correspond to v € 7%"~ 9, and let

Bl =dl[ B2 — k7Y(T)].

Note that k"'(dP) is a (2¢ — r — 1)-sphere in B2 "*!. Let h: "' - 9P N Im k
= §297~ ! represent u. By suspending, extend A to h: S” - k(3B?97"*!), and then
extend to i: B™*! - k(B9 "*!) by coning. Note that A~'(3T') is an r-ball in B"*!.

Consider 4| S”~ ! as a map into a regular neighbourhood of 9P N Im k in 9P; this
is homeomorphic to $297"~! X B’. By Irwin’s Theorem, this map is homotopic to an
embedding; the inequalities to check are 2(r — 1) — (2¢— 1)+ 1<2g—r—2,
that is 3r <4q — 2, and 2¢ — 1 — (r — 1) = 3, that is 2¢q — r = 3. By suspension
and coning we can extend this to a homotopy which takes A: B"*! - Q X I — int T
to an embedding. We now have disjoint embeddings F|F~'(9P): S"' - 9P =
S22~ and h|S""": S"7' > 9P, and the linking element of these is *u €
7,._,(S$297"""). This embedding of S"~' U $"~! in 0P extends to an embedding a of
S"~!' X I in 9P, for we can certainly find an embedding a of S"~' X I in 9P such
that a(S" "' X 0) and a(S"~! X 1) have linking element *u, and in these dimen-
sions homotopy implies isotopy (the inequalities needed are 2q —r — 1) — (r — 1)
=3, thatis2(¢—r)=3,2(r—1)—Q2q—r—1)+1<r—2 thatis2qg —r =2,
and2(r—1)— Qg —r—1)+2<2qg—r— 2, thatis 3r < 4¢q — 3). Thus we have
an embedding of

S'=B"U(S"'XI)UB
into 9T given by a, the restriction of 4 to h~'(dT) = B" and the restriction of F to
F~'(0T) = B". By coning, this extends to an embedding of B"*! into T, and hence
we have an embedding G of (B” X I)#,B ! into Q X I, where #, denotes the
boundary connected sum.

Now (B” X I)#,B""' = B" X I, and G|dB" X I: 3B" X I > M X I is a concor-
dance of f|0B” X 0 and g|9B" X 0. Keeping the ends fixed, we can by Hudson’s
results straighten this up to be an isotopy. By a collaring argument, we obtain a
concordance G: B” X I - Q X I which restricts to an isotopy of dB" X I - M X I.
Again using Hudson’s results, we can straighten G up so that it is an isotopy of
f|B" X 0tog|B" X 0 without disturbing the boundary.

The map k: B?97"*! - Q X 1 extends to an embedding k: B>?""*! X B! - Q
X 1 such that k|9B*7 "' X B': 3B? "*! X B' 5 M X B' X } is of the form
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(k|9B297"*1) X identity. We can arrange that k(3(B*7~"*' X B')) meets Im F in
just two points, one of these being x.

The boundary connected sum operation can be repeated on F/| B” X 1 X I and
k|B*77"*!' X 1 to yield a permissible homotopy G” from f” to g”. From the
remarks above, the set F(B" X 1 X I) U k(B*?7 ! X 1) meets F""(B" X 0 X I)
U k(B297*1 X 0) transversely in a single point. As in the proof of [K1, Proposition
3.2), it follows that d(f”, g”; G") =d(f", g"; F"’) = v, and so by choosing the
orientation of k correctly we can ensure that d(f”, g”;G”’) =0. Lemma 5.2
completes the proof. [

6. Geometry. Suppose that 1 < r < n, and consider a handle decomposition of S”
with one 0-handle B, k (r — 1)-handles 27! (1 <i < k), k r-handles h! (1 <i < k),
and one n-handle. Assume that 7 cancels A7~' for each i, and that the n-balls
h7~' U h! are pairwise disjoint. Let X = B" U U!_, h7~'. Then 9X has a regular
neighbourhood in S” of the form 9X X B!, and from the handle decomposition
above we obtain a handle decomposition of S” on 3X X B' with k r-handles, k
(n — r + 1)-handles, and two n-handles.

Embed S” in S"*! as the equatorial n-sphere. Then S” has a regular neighbour-
hood of the form S” X B!, and so 9X has a regular neighbourhood in $"*! of the
form X X B' X B! = 39X X B2. Moreover, we obtain a handle decomposition of
S" X B! on dX X B? with k r-handles, k (n — r + 1)-handles and two n-handles;
each handle is of the form (handle of S” on d.X X B') X B'. The attaching tube of
each r-handle may be taken as contained in 39X X —1 X 0 C 3X X o(B' X B'), and
the attaching tube of each (n — r + 1)-handle as contained in X X 1 X 0.

If P=cl[S""! — 3X X B?], then by adding two (n + 1)-handles to S” X B' we
obtain a handle decomposition of P on 9X X B2,

In these circumstances, we say that X and 0X are unknotted in S"*'. From now
on, we shall be concerned with the casesn = 2¢q,andr = qorgq + 1, w1th q=3.

If ~ denotes the universal (= infinite cyclic) cover, then 3P = 8P and in each
dimension H*(P) and H*(P, dP) are finitely-generated A-modules. The following
results are immediate consequences of the handle decomposition of P on 9P, taking
r=gqand k = m.

LEMMA 6.1. (P, 0P) is (q — 1)-connected. O

LEmMMA 6.2. H, (P dP) = " A with basis [%,],. . ,[x ], where x, is the core of the
ith q-handle, and H +,(P aP) = @A with basis [X*] ,[)?,’,",], where X* is the
core of the ith (q + 1) -handle, corresponding to the cocore of h4~'. O

Note that % denotes a fixed lift of x C P to P.
Let S;: H(P,9P) X Hagi1- J(P) - A denote the Blanchfield intersection pairing
[B] We shall take %,,...,%,, as a basis for C, (P ap), and X;", .., X} as a basis for
Cos (P, 3P), and let S5 dcnote the intersection pairing at the cham level, C(P, dP)
X Cygi1- _(P) - A. As in [B], S; has the following propertxes where x, y €
H(P,dP), v,w € Hy,p - (P),u E H(P), a,B € A, and i,: H(P) - H(P,dP)
is the usual map.
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(1) S(x +y,v) = S(x,v) + S(y, v).

2) S(x, v+ w) = S(x,0v) + S(x, w).

(3) S(ax, Bv) = aBS(x, v).

(@) S(iu, 0) = (17?7 08(i,0, u) = S(i 0, u).

Let S?9 and S%9%! be oriented so that ¢ in (¢:) = m(P) corresponds to the
negative normal of X.

The g-ball x, is contained in a (g + 1)-ball (1 + ¢)x, X B' which meets X
transversely in (1 + €)x, (here ¢ is a small positive number), and the boundary of this
(g + 1)-ball is a g-sphere X; embedded in P. Similarly the (g + 1)-ball X} yields a
(g + 1)-sphere x* embedded in P. Their properties are summarised in the following
lemma; see [K3] for details. Square brackets denote homology class.

LEMMA 6.3. H(P) =@ A with basis [X,),...,[X,,], and H,, (P) =& A with
basis [%¥),...,[%X] For1<i<m,1<j<m:

BW[X] =0 -0lx), Ll5]=0-")[x];

(%, £1) = 8, S{Xx. X)) =8, O

Recall that we started with a handle decomposition of $24, with a single 0-handle,
m trivial pairs of (¢ — 1) and g-handles, and a 2¢-handle. Now augment this handle
decomposition by adding n trivial pairs of ¢ and (¢ + 1)-handles, and set Y = B4
U U™ k91U UTZ0 hY, where the new handle pairs are (hf, h{*'), m + 1<)
< m + n. The construction above carries through with Y in place of X, and we set
Q = cl[S?9*' — 3Y X B?). Y and dY are unknotted in S*7*'. Note that Q has a
handle decomposition on Y X B? consisting of ¢ and (g + 1)-handles, and two 24
and (2q + 1)-handles. The attaching tubes of the first m g-handles, with cores
corresponding to the cores of h? (1 < i < m), and those of the final n (¢ + 1)-handles,
with cores corresponding to the cores of "' (m + 1 <i < m + n), are contained
in 3Y X -1 X 0 C 8Y X 9(B' X B') = 9Q, whilst the attaching tubes of the final n
g-handles, with cores corresponding to the cocores of hf (m + 1 <i<m + n), and
those of the first m (¢ + 1)-handles, with cores corresponding to the cocores of A7~
(1 < i< m), are contained in 3Y X 1 X 0 C 3Q.

LEMMA 6.4. (Q,0Q) is (¢ — 1)-connected. U
LEMMA 6.5. H (Q,00) = @*" A with basis [ 7)), .., Jn+n] where for 1 <i<m,

y; = %;, and for m < i< m + n, y, corresponds to the cocore of h}.
Hq+,(Q, 30) = @ " A with basis [Y}],. .. J(P*., 1 where for | <i<m, Y* = X*,

and for m < i <m + n, Y* corresponds to the core of h9*'. O

Note that here we are regarding Q as a subset of P: we could equally well have
described y, as corresponding to the core of h{ (1 < i < m), and Y* as corresponding
to the cocore of ™' (1 <i<m).

LEMMA 6.6. H(Q) = @p*" A with basis [Y\),...,[Y,.,] where i[¥]=

(1= DI} Heoi(Q) = @p*n with basis (57} .. [Fas,] where i[57) =
(1= NP and Sx(5, 57) = 8, = Sa(¥#. ¥). O
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LEMMA 6.7. Let [ 7] = [l form <i<m + n, [Y*] = [Y*]for | <i<m,and
[)_7'] = E uij[)jj] + 2 Oij[y~m+j]’ l<i<m
j=1 j=1

m n
[E:-H] =2 "i,‘[’?] + 2 Bij[Yr:+j]’ I<i<n;
j=1 j=1
so that [ 3}, [ 7¥), [Y,), (Y] are related in the same way as [ ), [ 5], [Y], [Y*]. Then
u=1,B=1,a*+ V=0
PROOF. Let C = (1), v = ([»3); so that
m+n . m+n .
[)_7,] = 2 c;[5] and [X:*] =2 Yij[)j'*]-
j=1 J=1
Then

8, = S5{L5). [77])
m+n m+n
=SQ~( 2 Cik[)}'k]’ 2 ‘le[)."[*])
k=1 =1
m+n m+n m+n

= 2 2 atibu= 2 cu¥y = (Cy¥)i,.
k=1 I=1 k=1

Therefore Cy* = I, and so

(0 )

n
whence U=1,,8=1,a*+V=0. O
Now suppose that we start with another handle decomposition of S24, involving
B?4, trivial pairs (9™, h9) for | <i < m, trivial pairs (h?, k7" ") form <i<m + n,
and a 2g-handle. Let y,, etc., be defined in the same way as in y,. Thus y, = y, for
m<i<m+n. Thus we have another handle decomposition of (Q,dQ), and
another set of bases for H *(Q, 30) and H,(Q).

LEMMA 6.8. Let [ )_1,.] be related to [ y;] as in Lemma 6.7. Then there is an ambient
isotopy F of S such that F, = id, F(Y) =Y, and F\(y;) =y for 1 <i<m + n.

PrOOF. As we remarked above, y,=y, for m<i<m+n. Let Z= B* U
Umtn k9, with R denoting the exterior of Z. Then for 1 <i<m, y, and y, are
g-balls embedded in R such that y, N dR =0y, N 0R is a (¢ — 1)-ball contained
within 8Z X -1 X 0 C9Z X 9(B' X B') = dR. There is an ambient isotopy of
9Z X -1 X 0 taking 9y, N dR onto 9y, N 0R, and this extends to an ambient
isotopy of dR, and then to an ambient isotopy of R taking y, onto y,, keeping
dy, N 3R within 3Z X —1 X 0. Since y, is a spine of the 2g-ball A" U hY, we can
assume that this isotopy extends to an ambient isotopy of S2¢*! taking Y onto itself.
Form <i<m+ n,y, C int Z, and so we can assume that the isotopy leaves y, = y,
fixed. O
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COROLLARY 6.9. For 1 < i< m, let u; be a g-ball properly embedded in Q, such that
[4,] =27 a1 7] + Z}=y 5, Jms;). Let F be the isotopy of Lemma 6.8: then [ F(i,)]

2Ty a [ y] + Z5-i(s;; + e Jns;] where E = AV and V is the matrix of Lemma
6.7.

PROOF.

[F(ai)] = g au[F(yj)] _ ij[F(ﬁm+j)]

J =1

= g "ij[

Jj=1

= 3001+ S oulmnsl] + Tl

n

s+ 2 su[)’mﬂ]

=3 a,-j[)'/}] + (sij+ 2 aikvkj)[ym+j]' a
j=1 j=1 k=1

So far we have considered y; as an oriented g-ball properly embedded in Q; it will
now be convenient to regard it as a proper embedding y,: B? —» Q, and to denote its
homotopy class rel 3 by (y,). Of course, y; will denote a lift yi: B9 » 0, and | y.lits
homology class in H ( 0,90). Similar remarks apply to Y, etc. Recall that ¢
represents the nonzero element of «_, ,(S7), and let § = i, () where i, T, 1(S7) -
7,+1(B%, dB7) is the canonical isomorpmsm

Let M =Y, so that 3Q = M X S'. The next result gives a necessary and
sufficient condition for m + n singular (¢ + 1)-balls Y*: B/*! » Q to be homotopic
to the cores of (¢ + 1)-handles in a handle decomposition of (Q, 3Q). For the rest of
this section, we assume that g = 5.

LEMMA 6.10. Let Y = Y*, 1 <i<m, and

n

(f,’,“,+,-) (Y;+1) ; aij(.)‘).m+j) o§, l<i<n,

Jj=1

and i (y¥)=( — t")(Y*) for 1 <i<m+ n. Assume that 3Y*: dB9 > M X x C
M X S"'=9Q is an embedding for each i, as for 3Y*, for some point x € S'. Then
U7 " Y* can be homotoped (rel 3) to be a set of cores of (q + 1)-handles in a handle
decomposition of (Q, 9Q) if and only if a = ta*.

ProOF. By [K1] there is an (m + n) X (m + n) matrix @ over I' which is the
obstruction to homotoping U’.\"Y* to an embedding (rel 9), and since i (7 7=

=1 =

(1 — ¢7)(Y*), it follows at once from the definition of @ that

T5((7%). (57)) = 1 — 1)@,

Thus U7 "Y* can be homotoped (reld) to an embedding if and only if

1

T5(X¥),(j¥)) = 0 for all i, j.
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Note that the following intersections hold for all i, j.
[75((%2). (7)) = 0,
T5((Y* ) Y*) o =86,
Té((Yi) ° g’(yj*)) = 81,',
T5l(3) 0 £.(%) o%) =o.

The middle two identities follow from the correspoﬁding equations for S5( , ), and

the last identity is true from dimensional considerations. Thus only the first identity
is of independent interest.

Moreover, for 1 <i<n,

i (Imei) = (1= ) (¥rs)

= (1 - t_l)( m+,) + (1 - "I) ﬁ: aij(ym-f-j) o

j=1
= i*(ir:+i) -t 2 a;;l *( ) of

and so ()_7I:+l) = (y'r:+1) - t—lzn Iau( m+j) {
Forl<i<m,(j*) = ().
Considerl <isn, 1<k<m.

n
TQ(( ) (Yk )) TQ((Ym+z) + ‘21 “ij(fmﬂ) ° 5,()7/’:)) =0
J
using the intersection properues above. Similarly, Ti5((Y *),( JE) =0forl<i<m,
1 <k<m,and T5(Y, )(ym+k)) =0 for 1 <i<m, 1<k < n. Thus the condition

Q~((Y*) () =0 for all i, J, is equivalent to the condition TQ~((_m+,) (Im+)) =0
forl<i<n,1<j<n. But

Té((fm+i)’ ()_’m+j))

n n

= TQ ( m+1) + 2 aik(y~m+k) ° ¢, (fr:ﬁ) -t 2 ajl( ~m+1) of

k=1 =1

Il
I M=

ikTé((fm+k) °§, ()7,:+j)) t 2 "‘ITQ((Ym+,) (Ym+l) °§)

k=1

I
|M=

n
ikskj > a6,
k= =1

=a;; — ta.

Thus U7 "Y* can be homotoped (rel 9) to an embedding if and only if a = ta*.

In fact, since U | Y¥ = U™ Y* is already embedded, the homotopy can be chosen
to keep this fixed (compare [Kl]).

Assume that the condition is satisfied, and that U”""Y* is embedded. Since

i

[Y*] = [Y*] for each i, we have SQ(_f’,.*, )71») = §;; for each i, j. By the Whitney lemma
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(or by adapting the arguments of [K1]), we can isotop U”"\" Y* to be disjoint from
U™m*" 5. Let N be a regular neighbourhood in Q of 3Q U U\ j; U UM yr.

1

Because (Q,9Q) is (g — 1)-connected, and U7y, UZ'"Y* are bases of

Hq(Q, 30), q+,(Q 90) respectively represented by balls properly and disjointly
embedded in Q, it follows that Q — N is a ball, whence the desired conclusion. [

LEMMA 6.11. Let Y, be related to Y, as in Lemma 6.10, and assume that U7"Y, is
embedded. Then there is an ambient isotopy F of S*7*! such that F, = id, F(Y) = Y,
and F(Y*) =Y forl<i<m+n.

PrOOF. The proof is similar to that of Lemma 6.8. O

LEMMA 6.12. Let
(I}m*+i) = 2 cU( ) 2 ( m+/) 21 dij(.).;j) o§+ 21 eij(y~m+j) o
j=1 j=1 j= j=

for 1 <i < n,and let F be the isotopy of the previous lemma. Then

(FU2.) = B () + 3 b,(05,) + $ a,(5) ¢

3

—

+ 2 {eij+ 2 bikakj}(.};m+j) o§.
=1 k=1

PROOF.

J
- g e () + g bij(f’f:ﬂ) + g d,(5) ¢

lé: { é 'kakj}(;'nﬂ') °f. O

Consider now possibly singular g-balls v;,, 1 <i<m + n, and (g + 1)-balls V}*,
1 <i<m + n, properly contained in Q. Furthermore if 30 = M X S', we assume
that U’ do, U U'?_lan*+j is embedded in M X -1 and that U]_,9v, U

UL 9V} is embedded in M X 1. We shall analyse the conditions under which
U,"'J“l" U'”+" V* can be homotoped (rel 9) to be properly embedded in Q.

i
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Assume that

[:]= él a,[y] + élsu[fmﬁ]’ I<i<m;

2 5]+ 2 W], 1<i<n
(6.2) (V) = élmu(fﬂ*) + é]”u’(f’;ﬁ) + é] fi(5)o¢

+ 3 am) ot 1<ism

U2:)= 3 e(7)+ 3 0,005) + $a,09) ¢

n
+ 3 eij(fm+j) °§, I<i<n.
=1

Define (V,), (5¢) by the equations i,(V)) = (1 — 1)(8)), i,(5¥) = (1 — "' \(P*).

LEMMA 6.13.
m n
(o) = Zm,(5)+ 2 n,(p,) -1 2 f,,(Y,)
j=1 j=1
> gij(?m+j)°§’ I<i<m;
k=1
( m+1) = 2 Cij()7j*) + 2 bij(y~r:+j) -t 2 dij(f;') of
j=1 j=1 j=1

—t"' Y e (V)08 1<is<n
j=1
PrOOF. For 1 <i<m,
i(81) = (1— ") ()

= S m, (1= () + S (- ()

j=1 j=1
+ 2 j;j(l - t_l)(fj) of+ X gij(l - fl)(fmﬂ) °§
J=1 J=1
=, 2 mij( 3*) +i, 2 nij(y~t:+j)
J=1 J=1

it S 4 (5) et = i 3 g (Fay) o,

j=1 Jj=1

29
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from which the result follows as i, is a monomorphism (because the map qu(aQ')
7,.1(Q) induced by inclusion is the zero map, from the handle decomposition of
Q) The proof for (v}, ;) is similar. [
Of course, the expression for [17,.] in terms of the [)7;] is the same as that for [¢;] in
terms of the [ y,].
LeMMA 6.14. S5(V*), [Vi]) = 8y for all i, ke = (X Y W& 5D = (7).

PrOOF. For 1 <i<m, 1 <k < m, we have

([ ] [Vk]) [Y*] u[ m+/]

n

akl ~1] + [2 skl[ ~m+1]
=1

||Ms

m

m
2 Emij5k16j1+ 2 znij§k18j1

j=1.1=1 j=11=1
= (MA* + NS*),,

and so for i, k in this range,
So([7#1.[7]) = . = Ma= + Ns* =1,

The other identities are proved in a similar manner. [
Define a}; = a thusif 4 = (a;)), then A* = (a};). Assume now that

I"
M N\[A* p*)_ I, 0
(c B)(S* o*] " \o )

and that

for some matrices H, K, L, R over I.

LEMMA 6.15.
(6:3) (7). (7)) =0, T5((V2). () = ¢) = 8,
T5((8) 2 & (57) =8, Tg((5) £ (V) =5) =0,

for all i, j, implies that (¥ X) = (E. 20).

a3
—
Il

Note. These identities are similar to (6.1) in the proof of Lemma 6.10, and again
only the first identity is of independent interest.
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PROOF.
(1=, =0 = r)TH((7), (5¢)) by (6.1) and (6.2)

(
= T5((1 = )7), (57)) = Tl ia(81), (57))
= T5(i,(57). (87)) = T5((1 = ) (TF), (7))
= (1 =0 T5((%). (51) = (1 =) (thy;) = (1 =1y,

and so F = H*. The remaining identities are proved in a similar manner. [
The proof of the following lemma is similar to that of Lemma 6.13, and is omitted.

LEMMA 6.16.

(7 (U*) + 2 P (Bnsy) + § hij(ﬁj) °f

Jj= l j=1

+ é kij(Viy) o8 1<i<m
j=1

(72,) = z “(67) + zq,,< )+ S 4,(7) o8

J= Jj=1
n ~

+ 3 r,.j(Vm_H)o;', 1<i<n.
LEMMA 6.17.

A*F + P*D — tHA — tKP = 0,

A*G + P*E — tHS — tKQ = 0,

S*F+ Q*D — tLA — tRP =0,

S$*G + Q*E — tLS — tRQ = 0.
PrOOF. For 1 <i<m,

(Y;*) g ( ) Epu( 'n+1)

Jj=1

(1) + 3 {ﬁf,k(yk) T FACHNE s}

J

||Ms

hi'(ﬁ‘) -1 E k:,( m+/) §

+
J

N E

—_—

p,,{§ dp(50) o+ ie,k(y-m+k)os}

k= k=1

—

h

B3
"i

t

uMs
uM:

ajk(yk) o§+ 2 Sjk(y~m+k) ° 5}
k=1

t

IlM:
||M§

ij(fk) °of+ 2 qjk(fm+k) ° 5}

k=1

(A*F + P*D — tHA — tKP),,(9,) o ¢

= (%) +

n
+ X (A4*G + P*E — tHS — 1KQ) i (Fpii) &,
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and this gives the first two equations. The last two are proved similarly by
considering (Y*, ) for 1 <i<n. O

LEMMA 6.18. The converse of Lemma 6.15 is true.

PRrOOF. The first and third equations of Lemma 6.17 yield
CA*F + CP*D — tCHA — tCKP = 0,
BS*F + BQ*D — tBLA — tBRP =0
and hence
(CA4* + BS*)F + (CP* + BQ*)D — t(CH + BL)A — t(CK + BR)P = 0.
But CA* + BS* = 0, CP* + BQ* = I, and so we have
D —t(CH + BL)A — t(CK + BR)P = 0.
Similarly
E—t(CH + BL)S — t(CK+ BR)Q =0,
F—1t(MH+ NL)A — t(MK + NR)P =0,
G — t(MH + NL)S — t(MK + NR)Q = 0.
Substituting for H, K, L and R gives
(1) D — t(CF* + BG*)A — t(CD* + BE*)P = 0,
(2) E — t(CF* + BG*)S — t(CD* + BE*)Q =0,
(3) F — t(MF* + NG*)A — t(MD* + NE*)P =0,
4 G — t(MF* + NG*)S — t(MD* + NE*)Q = 0.
Adding (1)C* to (2)B* gives
DC* + EB* — t(CF* + BG*)(AC* + SB*) — t(CD* + BE*)(PC* + QB*) =0,
which since AC* + SB* = 0 and PC* + QB* = I gives
(5) DC* + EB* — t(CD* + BE*) = 0.
Similarly we can obtain
(6) DM* + EN* — t(CF* + BG*) =0,
(7) FC* + GB* — t(MD* + NE*) = (0,
(8) FM* + GN* — t(MF* + NG*) = 0.
Forl <i<m,1 <k < m, we have

T((V). (81)) = T gm,-j(fj*) + él"u(ﬁ:ﬂ) + glfu(fj) °§

n m
+ 2 gij(ﬁmﬁ) °§, 2 mkj(y'j*)
j=1 j=1

+ 2 nij(fr:+j) -1 2 fk/(fj) of —11 3y gkj(Ym+j) of
j=1 Jj=1 Jj=1
= —t(MF*); — t(NG*);. + (FM*),, + (GN*),,
=0 by (8).
Similar computations, involving (5), (6), and (7), show that T5(V*), (8})) = 0 for
all i, k.
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As noted above, the identities involving §,; follow at once from the corresponding
identities for Ss( 5 ) and the remaining identities are true from dimensional
considerations. [

LemMMA 6.19. U7"v, U U;”: | V}* is homotopic (1€l ) to a set of cores of handles in
a handle decomposition of (Q, 0Q) if and only if

Ss([721[7]) =8, and T5((P*), (%)) =0 foralli, ;.

PRrOOF. The “only if” has already been noted (6.1). Conversely, if these equations
are satisfied, then as in the proof of Lemma 6.10, UZ\"v, U U”"V* can be
homotoped (rel 3) to an embedded set of balls, and these form the cores of handles

in a handle decomposition of (Q,9Q). O

7. Presentations of knots. We can regard an n-knot as an embedding of S” in
S"T1 X I. A presentation of the knot is one in which S” = handle + collar +
handle + collar + - - -, each handle being embedded in a level $"*! X x and each
collar being embedded productwise along the I direction. In the classical case, n = 1,
the 0-handles appear as underpasses and the 1-handles as overpasses. The case n = 2
is just Fox’s method of drawing 2-knots [F]. For further details, see [K3 and K-L)].

Each r-handle 4" in the handle decomposition of S” induces an (r + 1)-handle
H"*!in a handle decomposition of K; see Lemma 2.1 of [K3] and [K4] for details. In
fact, let B” X B""" be the image of h” projected into a higher level $”*!, and let
B" X B" " X B' be a regular neighbourhood of B” X B" "rel 3(B” X B"™") in
S"*!. Let B{ be a slightly larger ball containing B” in its interior; then the proofs of
[K3, Lemma 2.1 and K-L, Lemma 1] show that the core C’*! of H"*! can be taken
as B{ X 0 X B! together with a vertical collar of its boundary. The casen = 2, r = 1,
is illustrated in Figure 1; the cases n = 1, r = 0, 1, are illustrated in [K4].

Cl

X
L}
+

O O Cr—

FIGURE 1
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In the case of a simple 2¢-knot, g = 2, we can apply Corollary 10.1 of [K3] to
obtain a presentation of the knot which contains only one 0-handle of S29, handles
of index ¢ — 1, ¢, and g + 1, and one 2¢-handle. Moreover, the handles are added in
order of increasing index, handles of the same index being added simultaneously.

Suppose that there are m (¢ — 1)-handles of S29, n (¢ + 1)-handles, and hence
(m + n) g-handles. Denote the ith r-handle by A/, and the induced (r + 1)-handle of
Kby H/*'. Setting X = h® U U™ h?~ !, it is shown in [K3] that the 27~ ' can all be
added at the same level as 4°, and that X is unknotted in S29%!, in the sense of §6.
Moving up to a level between the 29~ and the hY, there is a copy of 9 X unknotted
in $%9%!: let P be its exterior, as in §6. Let K7 denote the union of an embedded
loop in P representing ¢ € 7,(P) = m(K), the g-spheres X,,...,X,,, together with
embedded arcs joining the basepoint to each X, determined by the lift X,. Then K7
serves as a g-skeleton of K, for X, can be regarded as the core of H? with its
attaching sphere deformation retracted into the 1-skeleton of K.

Let P X I be embedded productwise in $29*! X I, with P X 0 identified with P,
and P X 1 contained in a level between P and the h¢. Let N(K7) denote a regular
neighbourhood of K7 in P, and note that (P, N(K?)) is g-connected. The attaching
sphere S; of H7*! can be taken as lying in P X 1, and by engulfing we can arrange
that U7""S, C N(K7) X 1. Let F: N(K%) X I— N(K9) X I be a deformation
retraction of N(K?) onto K9, so that F|, = identity, Fy(N(K9)) = K9. Then F:
Umins, X I > N(K9) X I is an embedding except on UZ'"S; X 0. Let C7*!
denote the union of the core of H*! with F(S; X I). Then K%' = K9 U U/ "Co+!
is a CW-complex which will serve as a (g + 1)-skeleton of K.

If the handle A{ is projected into the level containing P, then its image meets P in
a ball k¥ = (B? X B?),, with (dB? X B7), C 9P, and so choosing a lift (0B7 X 0), of
(3B7 X 0), yields an element 27, a, [%;] of H (P, dP). The choice of lift induces a
choice of C4*', and we have the following result.

LEMMA 7.1. The boundary map Hq+,(I€"+‘, K9) - Hq(Kq) is given by [CI'] >
2 a,l X))

PROOF. Recall the way in which the attaching sphere of H7*! is related to the core
of h?; arguing as in the proof of [K3, Lemma 6.4], we have

wlocr) = S a0 - 0fs] =1, 3 a[7).

Jj=1
and since i, is a monomorphism, this establishes the result. [0

LEMMA 7.2. Suppose that [C}"“], m <i<m+ n, are annihilated by the boundary
map. Then the h!, m < i< m + n, are unknotted.

PROOF. Let k7 C P be a handle as above, and ¢/ its core. Since ¢/, m < i <m + n,
represents the zero element of = (P,dP) = Hq(ﬁ, dP) by the hypothesis, we can
homotop U*" | ¢f (rel 3) by a homotopy G until it is unknotted; that is, until each

¢/ forms part of the boundary of a (¢ + 1)-ball embedded in P, the rest of the
boundary being in 3X X * C 39X X S' = 3P for some point * € S', and these balls
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being disjoint. We can assume that the homotopy G has only transverse self-intersec-
tions, regarded as a map G: U™"", B3 X I - P X I C K. In an obvious way, G

i=m+1
induces a homotopy of U”*", k¢ and hence a homotopy of U7*" S (recall that

i=m+1

S, is the attaching sphere of H?*'). The handles k%, m <i<m +";1, are unknotted
now, except possibly for some twists, and so the homotopy of U”'" S may be
finished off by a null-homotopy of each component, the only new singularities being
self-intersections of each component corresponding to the number d; of twists in the
k.

Let f: UZ'"  B7 - P represent the initial embedding of U™'", ¢4, and g
the final embedding under the homotopy G. From [K1], there is an obstruction
d(f, g G) to isotoping f to g (reld), in the form of an n X n matrix over A,
measured by the self-intersections of G. Let S¢*' be the singular sphere formed by
the union of the core of Hf"! with the homotopy of S; and the final null-homotopy

of S;. Let G, = G| B? X I. Then choosing the lifts determined by C7*', we have
Sg(8e+1, 8§941) = (1 — )1 — 17)8%(G,, G;) + 26,,d,

g LA
=(1—-0)(1—-1")d(f, g G)i;+28,d,.
But S771,...,847) is a (singular) set of generators for H,, ,(K); in fact, it is a set

of generators for the free A-module H, (K7*1). By the Blanchfield duality theorem
[B] the intersection pairing on Hq+,(K ) is zero, so Sg(S7T, S7+1) = 0 for each i
andjfromm + 1tom + n. Hence d(f, g:G) =0andd,=0form+ 1<i<m+
n. Thus f is isotopic to g (rel 3), by [K1], and so the ¢{ are unknotted, and since
d, = 0, the k7 are unknotted. O

8. Intersections and linking. Suppose that we have a simple presentation of a
simple Z-torsion-free 2g-knot, g = 6. The associated handle decomposition of K
yields a chain complex 0 - C,, ,(K) - C,, (K) » C,(K) - 0 in which C(K) is a
free A-module with basis given by the cores of the H;. Corollary 4.5 shows that after
stabilising this chain complex decomposes into two short exact sequences. This
decomposition corresponds to a new choice of basis. The maps in the original chain
complex are represented by matrices with respect to the bases mentioned above, and
to get from these matrices to the matrices in the new sequence (with respect to the
new bases), we must apply a sequence of matrix operations. These are the operations
(i)—(iv) listed in §4, together with:

(vi) Add a column of zeros to A: A > (A40).

(vii) Add a row of zeros to A: A - ().

It is shown in [K3] that these matrix operations can be induced by handle moves
of the knot presentation; that is, introducing trivial handle pairs and moving one
handle over another of the same index. Thus we can arrange that the presentation
has m (q — 1)-handles h9~' (1 <i<m), (m+ n) g-handles h? (1 <i<m + n),

and n (g + 1)-handles A7} (1 < i < n); moreover, the chain complex

0 - Cq+2(I€) - Cq+](k) - Cq(k) - 0

IR PR IR
(o) (04)
0 N An _(_)_) Am+n N Am . 0
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decomposes into the short exact sequences
n B n
A - A - q+ l(K )’
A" A A" s H(K)
A(K).

In particular, by Lemma 7.2, the h? _; (1 <i < n) are unknotted. Assume that
hi"' (1<i<m) and h%,, (1 <i<n) are added at the same level, and that A{
(1 <i<m) are added at a higher level. Let S29*! be a level between these two, and
Q C §%9*! the complement of the knot in that level. Then Q has the properties
described in §6, and we shall use the notation developed there.

Consider now the dual presentation of the knot, in which the presentation is
turned upside down and r-handles become (2q — r)-handles. Let k7' be dual to
hitt (1 <i<n), kfdualtoh?, (1 <i<n), ki, dualtoh?(l <i<m), andki}}
dual to A9~ (1 <i <m). It is shown below that the corresponding chain complex
yields short exact sequences

A* ~
A" > A" > q+1(K)’

B* -
N> A > H(K)
where A* denotes the conjugate transpose of A. Thus the kf,., (1 <i<m) are
unknotted, and may be added at the same level as the k¢~ . In other words, we can
add the 71! at the same level as the h? (1 < i < m).

Recall that H/*! is the handle of K induced by A’, and C/*' the core of H/*!. Let
K!*! be the handle of K induced by k[, and D’“ the core of K;*!. Consider a
general presentation of S” C S"*!, with all the handles of the same index being
added at the same level. Let R be the level midway between the A7 and the A7*'. The
following description is inherent in [K-L], and is illustrated in Figure 2 for the case
n=1r=0.

Writing 7 = (B” X B"~"),, we can take as cocore of H;*' the ball

IX((O0X(1—¢e)B" "), =IXE'"
which meets R in E/"""=1 X (0 X (1 — ¢)B"™"),. Note that the attaching sphere
of Kr ! is D! "*! which is 3((0 X (1 + €)B"""), X B') projected into R.
Similarly, write A7"' = (B"*' X B"7""'), and take as cocore of K" the ball
I X ((1—¢)B"™*' X 0),=1X B/*" which meets R in
BT =0X((1-¢)B™"' x0),.

The attaching sphere of H/*? is 9C/*2, which is 3(((1 + €)B""' X 0); X B')
projected into R.

Let K denote the s-skeleton of K in the handle decomposition of the H/; that is,

the union of all the H/ for / < 5. Similarly, let K, denote the s-skeleton of K in the
handle decomposition of the K. Let

3% H, (1‘("(.:+1) ]Z(:)) N HS(K"(”, K(s—l)),
9,: HH‘( (s+1)> K(s)) - Hs(K(s)» K(x—l))

denote the boundary maps.
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r+t
C.
13

FIGURE 2

Choose lifts and orientations so that

ar+l[c~'ir+2] - (1 _ tn)[B'ir+l],

an—r[ljin—r-*-l] = (1 - t_")[Ein_r]9

Slz(c'vir+l, I X Ejn—r) — aij’

SE(D"in—r’ I X Bjr+l) = 8ij

where n = =1, depending on r and n. Then

S (Cr+l Dn r+|) . (1 —t )8‘1’
Sg(Dr=r, €)= (1— 18,

Definea,;, B, (1 <i<k,1 <j<I[)by

1
ar+I[C~ir+2] — 2 aij C}r+]], 1<i <k,
j=1

ij?

)
an—r[D‘.i"_r‘H] = 2 Bij[ﬁjn_’]’ 1 < i < l
Jj=1

Then for ¢, ¢ = =1, depending on n, r, but not on i, j, we have
Sk_(ar+l[éir+2] , [Ejn—r]) — Eaij’
Sls( a"_r[l'jin—r+l]’ [B'jr+l]) — E'Bij-
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Thus
e(1 — "), = Sg(0'[¢/+2),(1 — e[ E7))
=5 o)
= (1) SR'( a"_r[D"jn—r-#—l], ar+1[éir+2])
= ()7 5@, [ o] (0= [Br)

— (_1)(r+ l)(n—r)(1 _ tn)e,_

jis

— II—
a,; =B,

where ¢’ = =1 is independent of i, j.

Returning to the simple presentation of our 2g-knot, it follows easily that the dual
presentation yields (up to sign) the short exact sequences as asserted above.

Computing the homology modules H,(K), i =gq,q + 1, is a relatively simple
matter, for the handle decomposition of K in terms of the H;" yields a presentation as
above. In order to compute the Blanchfield duality pairing, the usual procedure
would be to look at the dual handle decomposition of (K, 9K ). Instead, we shall
consider the handle decomposition { K/} obtained from the dual presentation of the
knot.

Thus we have

N

(63,...,C8: ) — <c,q,...,c;g: 3 a G i<m>qu(K)
where 39[Cf*'] = 37_,a,,[CF);

Yy n
Aq+1 Ag+l. g+l A+l Ag+1 ; ~ %
(Gt Gl ) > <Cm"+1,---,Crﬁ+n- 2 b, Cavjs 1 <l<m>=Hq+l(K)
Jj=1

where 371 '[Ca12] = 5", b, [Cat)];

m+i m+j b
-~ ~ ¢, ~ ~ n ~ ~
(D{,...,D3:y - ( Df,...,Dg: gbfm,lsisn =H,(K)

where 3,[ D7+'] = 37, [ D7), and b, = b;

¢’ m
Ng+1 Ng+1. Ng+1 Ng+1. 5} 1 . ~ %
(DIFL....DIFL Yy - <D,,"+1,...,D,:’+m. 2 arDit' 1 <1<m>=Hq+,(K)
j=1
where 3, , [ D7) = ¢S aX[D?/'). Note that e, ¢ = *1, depending on ¢ but not
oni, j.
The intersection relations are

Si(d“', D"q+l) =(1-1)5,, 1<i<

n+j

Se(Catl, Dp+t) = (1 =178

ijo
and zero otherwise;

Sg(D7,Ca2)=(1 -8, 1<isnl<j<n
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Lemma 8.1. (¢'DIF), ¢CaY= (1 — t71)(A* "), (YCaT1, 6DgY=e(1 — t™")B;.
PROOF. (y'Df}}, Sm ,a,quc Y= 8D, Cathy =1 — ™8, so

S (WD, Coan, = (1 = )3,
j=1
and hence (y'D7}!, ¢CIY= (1 — t7')(A*7Y),,.

The second identity is proved similarly. [

Recall the discussion in §7, where we used the g-spheres X; embedded in P as part
of a g-skeleton K: by Lemma 7.1, there is a presentation ( X,,...,X : 3" 2 14X X
I<i< m) of H (K ), obtained in essentially the same way as (C{,...,CJ:
27 a;,;,CH 1 <i<m), for X; is just the core of H with its attaching sphere
deformatlon retracted to a point. In a similar manner we can use the spheres Y, y*
embedded in Q to obtain presentations

Vo ¥ >ﬁ<, R §af, ,<m>;Hq(12),

(Imatsee s Tmant ) f’ <)7,:+1’- B Vi 2 bjjymijp1<i<n > = Hq+l(K)'
j=1
The use of ¢ and ¢ is deliberate here, as for example Y; is essentially C? with its
boundary deformed to a point.

The core of h?, 1 <i < m, when projected into level 0, gives a g-ball v; properly
embedded in Q. Arguing as in Lemma 7.1, [§;] = 2L, a,;[ 7] + 2L ls,j[ymﬂ] for
some matrix § = (s;,). Let ¥, be 3C#*! _projected mto Q, 1 <i<m; then i [V]=
a- t)_[v] (27 [Y] + 27 1s,j[ m+]]), and since i, is a monomorphism, we
have [V]] = 371 a;; [Y] + 21 1 ,j[ m+,] forl <i<m.

The core of h?,f;‘,, when projected into level Q, yields a (¢ + 1)-ball V¥ . properly
(and permissibly) embedded in Q. An argument similar to that of Lemma 7.1 shows
that for a suitable choice of lift,

[vx,] = ,J[Y*] + 2 b, [ m+,] for some matrix C = (¢;;),
j=1
where orientations and lifts are chosen so that [dC912] = (1 — t™H[V*, ,].

Because the dual handles k™', 1 <i<n, and k7, ,, 1 <i<m, are unknotted,
we can choose g-balls v,,,;,, | <i=<n, and (g + 1)-balls V*, 1 <i < m, properly
(and permissibly) embedded in Q, and suitable lifts so that, defining i (V,) =
(1 = 0)(8,), iy(5F) = (1 — ¢7')(V*), the homology classes [5,], [V*], [6¥], [V]] are
related as in §6.

Looking at the dual presentation of the knot, we have presentations

w ¢’ ~ . -~
< mt1se e m+n:>_) <Vm+l’ ° m+n 2 b'! m+j? ! Slgn>;liq(1{),

* ok : ~ %
ayor, 1 <1<m>=Hq+l(K)
1

N

(o1}

—%

E3

N

RS
/\

_Cz

5
IVl 3
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where ¥, ; corresponds to D¢ with its boundary shrunk to a point, and 5* to D} 4.
Note that since ¥, , ; is null-homologous in K, we could add these as generators, with

4/ m+l

Thus Lemma 8.1 becomes
LeEmMMA 8.1".
Wor, oYy =(1— 1) (A" )u,
Wi OV = (1 — ) B
LeMMA 8.2.
(Wmris 8Ty = (1 — 17)(S*4* ).
PrROOF. By Lemma 6.16 we have

<‘Pfr:+i, ¢Yk>E <‘Pl( 2 * + 2 qu m+j)’¢Yk>
Jj=1

Jj=1
m ~
= 3 sivs o)
=

=(1 - ) (S*4* ). O
LEMMA 8.3. Let y; be altered 10 y,, as in Lemma 6.7, and let A, S be the matrices
corresponding to A, S respectively with the new basis. Then A = A and S = S — AV.

PROOF. [ 7] = [5;] + 27=1 ;[ Jm4;) 1 <i<m, by Lemma 6.7.

[

m n
i] = 2 ‘_11_[[.21] + I_[[ym+j] I<i< m,
Jj=1 Jj=

[51'] = 21 a,l[y,] + u[ym+1] 1<

1S

!
3

By the hypothesis, [ J,,+;] = [ Ju+;] for 1 <i < n, and since [;] = [&;] for each i,
we obtain

0= 2 (‘_‘ij_ aij)[)"}] + 2 a;; 2 Ujk[fm+k]
j=1 j=1 k=1

+ 2 (s:;— sij)[fmﬁ], I<i<m.
j=1

Equating coeffients gives 4 = 4, and AV + S—S=0. O

9. Proof of Theorem 2.2. Assume that we are given two 2g-knots k|, k,, each of
which is a simple Z-torsion-free knot. Assume also that g = 6 and that the two knots
have isometric F-forms. Take a simple presentation of each knot &, giving rise as in
§8 to the matrices A4,, B;, which present Hq(IE',), Hq+,(13,-). By Proposition 3.1, the
augmented F-forms of k, and k, are isometric. By Lemma 4.7, after a sequence of
matrix moves we can assume A, = A, = A, B, = B, = B; moreover, if Rt
A" > H(K) Y A" > Hq+,(K)are the quotient maps, and a: H(Kl) - H (Kz)

+,(K ) - q+,(K2) are the isomorphisms of the isometry, then we may
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assume that a¢;, = ¢,, cy; = ¢,. Since the matrix moves involved can be induced by
handle moves in the knot presentation (compare [K3]), we obtain presentations of
k,, k,, in which the O-handles coincide, the (¢ — 1)-handles h9™' (1 <i<m)
coincide, and the hZ, ,; (1 <i < n) coincide. Next we show that the h? (1 <i<m)
may be isotoped until they coincide.

Since the pairings { , ): H,, (( K)X H o K) - A,/A are isometric, we know from
Lemma 8.2 that

(1= )8*a* ' =(1 — 17')S¢4*" (mod A),
and so (1 — t7")8¥4*' = (1 — +7")S¥4*"' + M where M is an n X m matrix over
A. Thus
(1 — 1) = (1 — 17)S} + Ma*,
(1—1)S, = (1—1)S, + AM*.

Now det A is the Alexander polynomial of k, in dimension ¢, so (1 — ¢) is prime
to det A. But we have an equation AM* = (1 — ¢)(S, — S,), from which

adj A
M*=(1—1) 5 (5= S,).

Because (1 — ¢) does not divide det A, det 4 must divide adj 4 - (S, — S,), and so
(1 —¢t) divides M*. Write M* = (1 — )N, and we have S, = S, + AN. Taking

= —N in Lemma 8.3, we can by a change of basis arrange that S, = S,. Note that
such a change of basis does not affect 4, B, ¢, . Corollary 6.9 shows that there is an
ambient isotopy F such that in the presentation of F(k,), the (¢ — 1)-handles of
F(k,) coincide with those of k,, the last n g-handles of F(k,) coincide with those of
ki,and S, =S, =S.

Recalling the definition of 4 and S in terms of the handles A (1 <i<m), it
follows that the cores of the handles of k, represent the same elements of 7,(Q, 3Q)
as the corresponding cores for k,. By the proof of Lemma 7.3 in [K3], quoting
Irwin’s Theorem in place of general position, we may by an ambient isotopy arrange
that corresponding cores coincide on 9Q and are homotopic rel d.

But the cores of the h¢ (1 <i < m) form part of a basis for Hq(Q, 90) (consider
the dual presentation of the knot), and so the results of §5 and [K1] show that k, can
be ambient isotoped until all its (¢ — 1) and g-handles coincide with those of k.

Let the (¢ + 1)-handles of k be h2%),,...,h%"! . when projected into level Q, the

m+n>

core of h71! yields a ball V* ; permissibly embedded in Q, with

m+i
m
Val=2 e[ 7]+ 2 [T ]-
e

3

j=

If the knot k; gives rise to the matric C;, then by the results of §6, and in particular
Lemma 6.14, each C; satisfies the equation CA* + BS* = 0. Since 4* is nonsingular,
C,=¢G=C

We adopt the notation of §8 with regard to ¥;, V*, etc., without further comment.
Recall that (Y) denotes the homotopy class of the ball Y properly embedded in 0.
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For 1 <i < n, we have
- m - n n
(Vr:+i) = 2 cij(y;'*) + 2 bi ( m+/) 2 du(yj) §+ 2 eij(fmﬁ) o§
j=1 j=1 j=1
where D, E are matrices over A, defined mod 2.
Then

( C;ZLZ) =(1- t-l)( m+t)
= 2 c,(5r) + 2 by(Fmsy) =17 2 d,-j(f’j) of -t Y e,.j(Y,,,+j) °f.
j=1 j=1 j=1 j=1

Arguing as in §8, there is a presentation of 7, (K) as a A-module:

m
<Y,,...,Ym,y~;+,,...,y,:+,,: 2Y,,...,2%,, S a,;¥,(1<i<m),
j=1

m n

-t X d;Y, + 2 b ym+j (1< ’<”)>
y=1 Jj=1

Let k;: (Y., Y, 5% e Pk ) > m,.1(K;) be the quotient maps, for

i=1,2, and let b: qu(I? ) > wq+,(K2) be the isometry. Since a¢, = ¢,, we

know that bk,(Y;) = k(¥,) for 1<i<m. Similarly, since cy; = y,, we know
that bk(Jn.)) — Ko(Jmei) € w(H(Kz)) = k,((¥y,...,Y,)). Say br(j*.,) =
Ko(Tmai T z}"_IOUYJ) Then

|G + S a(F) - ) = =)+ (-0 B a(3) o8

Jj=1

=072~ § a(5) o = (1= (2.
j=1
Consider the q-handles h? ., (1 <i<n) projected into level P: then the sets
{(¥*,)}1<i<n and {(¥*, )} 1<i<n can each be represented by a set of (¢ + 1)-balls
which “cancel” the A? . ,, and there is a permissible ambient isotopy of P which
takes hZ . ; back to its starting position, and Y%, onto Y, .. In other words, we can
by temporarily adding the h?~' before the A, isotop the g-handles of k, so as to
make bi)(J ;) = ky(Jm+,), thatis br, = k.
Let k, give rise to D, k, to D™ : then for 1 < i <n:

m . m

bn,(—t" 2d Y+ 3 b,.jy;+,) =0,
. m

(_t_l 2 d}; Y+ 2 bijfm*+j) =0
j=1

and so

nz(él(d,., —dj; )ffj) = 0.
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Since B is nonsingular, and D is only defined mod 2, there exist p;; € A such that
m m m
2 (dij_d;'-j)y_'i: 2 2 i@ Y, I<i<n;
Jj=1 j=1k=1
and so D — D" = MA.

LEMMA 9.3. The (q + 1)-handles of k, can be isotoped to make D* = D.

PROOF. Move the (g + 1)-handles 24}, to a higher level than the 49, and let R be
a level between these two. Let Bf*! be ((1 + €)B? X 0 X B'"), projected into level R,
where (B? X B9),is hf N Q. Let {;: S7*! > 9B7*! represent the nontrivial element
of m,(S9). Let w: B! - R correspond to V3, 1<i<n. For 1<i<n,
1 <j<m, we can choose an arc joining Imw; and Im¢; in R, and by taking the
interior connected sum obtain a new embedding w,; : B9"! - R which projects to a
map T, B! 5 Q. It is clear that w;, and w;; are isotopic rel d, since ¢; is
null-homotopic as a map S9! - R, but 7 represents V) + t"‘(V) =r)t+
t%(1 — t)(%;) o § where a depends on the ch01ce of the arc mentioned above. Thus,
by the construction, we can isotop hZ'! reld in level R so that its core when

m+i

projected down to level Q, instead of representing (V*. ,), represents
(V*m+i) +5(1 - t)(”j) o§

= (72,) + o1 - ,){ S a5 £+ S su(Gmre) o 5}.

k=1 k=1
Thus by isotopies of this kind we may move the hZ%! of k, until M is a matrix over

m+i
Z.
A similar argument, allowing the attaching tubes of the AZ%' to move within

m+i
[#7(STX ST™H] X » C[#7(S7 X §771)] X S! = 3R, completes the proof. [
Let Q' be a level just above Q, but below the level of the h¢ (1 <i < m), and let
y/* (1<i<m+ n) be copies of y* embedded in Q’. In order to compute the
homotopy pairing { , } we shall need to look at the intersection of C*? and J* in
K, and since G2 meets Q' in (1 — 17')( V’*) this can be done by looking at the
intersection of (1 — t“)(V’*) and (j/*) in 0’ or equivalently the intersection of
(1 = ') (V) and () in Q.
Recall from §1 the way in which the pairings { , } and T are defined.
m n
-t .21 dij{KY;" "y":+k} + E bij{Kﬁr:+j’ ”)7’:+k}
j= j=1
= (0G0 ki) = Te(Ciil, wka)

= Tp((1 = ) V%.). (5k0))

afa- oSt

j=1
+ (1 — t‘l) 2 d'l(-j}’!) o g + (1 - t-l) 2 eij()'/',,,ﬂ) oga(ﬁm-t—k)
j=1 /=1

= (1=t ")ey,
using the equations (6.1).
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Set u;, = {kJm+j> KJm+x) and note from Lemma 8.2 that
{"Y}, 'Cfp:+k} = 0<hq+|"?p BosikImiry=0(1 = 1)(A7'S) .
From the calculation above we obtain
~t'(1=¢)DA'S+BU=(1 —-t")E,

the matrices having entries in I,.

Let E;, U; be the matrices E, U arising from the presentation of k;. Since the
pairings are isometric, we have U, = U, (mod I'). It follows that

(1-t")BYE -E)=U-U=

where F has entries in I'. Since B~! = adj B/det B, and (1 — ¢) is prime to det B, we
have B™'(E, — E,) = G where G is a matrix over I. Thus E, — E, = BG. Taking
G = —-a in Lemma 6.12, which we may do becuase the V* are embedded for each
knot, we can isotop the g-handles of k, to make E, = E,. Then k, and k, coincide
up to and including their g-handles, and the cores of their (g + 1)-handles are
homotopic rel 3. Since they form part of a basis for H,, (0, 30), they are isotopic
rel 3 by Proposition 5.1 of [K1]. By Lemma 5.3, the (¢ + 1)-handles of k, are
permissibly isotopic to those of k|, and so it only remains to isotop the 2g-handle of
k, onto that of k,. If the 2¢-handle of each knot is added in level S29%' X 1 C
S§29%1 X I, then we can push the interior of the 2¢-handle into the interior of the
B?9%2 which must be attached to S2¢*! X 1. Thus we have two unknotted ball pairs
(B?9%2, B29) which agree along the boundary, and these are ambient isotopic rel 9
by the Alexander trick.

10. Proof of Theorem 2.3. Assume the data of the theorem: by Propositions 3.1
and 3.2, there is an augmented F-form associated to the given F-form, and this is
unique up to isometry. We shall construct a knot which realises the augmented
F-form.

By Lemma IL.12 of [Ke], the modules H,, H, ., are presented by nonsingular
matrices A, B respectively, where 4 is aa m X m matrix over A and Bisann X n
matrix over A. In this context, nonsingular means that the matrix has nonzero
determinant.

Let (Y,,...,Y,: 271a;;Y, 1<i<m) be the presentation of H, and
mstse e s Tmant 2h=1 b,jym+j, 1 <i < n) the presentation of H_, |, with

¢ (Y., V) = H, and i (G, 0k, ) > Hyy
the quotient maps.
Recall that (1 — ¢): H, — H, is an isomorphism, and set ¢Y, = (1 — t)¢$Z,. For

each i, k, choose lifts of (\p * . 0Z,)E Ag/A to Ag. Define the m X n matrix S
by the equation

m

st = 2 G(Wimeis $Z,)E As.

k=1
Note that (mod A)

(1"’_')37}5< Ylmsis 2 ¢( jkYk)>EO
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and so S has entries in A. Comparison with Lemma 8.2 shows that
Wymris dY)=(1— ¢! )(S*A*_I )ik-
Next we define the matrix C by the equation
CA* + BS* = 0;
since det 4 # 0, this determines C as a matrix over A,. In fact, C is a matrix over A,
for

(1 =t"e,; =-(1 — ") (BS*4A*"),;

= (1= 1) S bu(sta),
k=1

=- 3 bul¥iks ¢Yj>
k=1

n
—<¢ ) biky”;+k,¢1;>
k=1
which is zero as an element of Ag/A because the left-hand element in the pairing is
zeroin H, . Since (1 — ¢) does not divide det 4 (or because (1 — 1): H,- H,is an
isomorphism), C is a matrix over A.
Now we begin the construction of the requisite 2¢g-knot k. Take a presentation
with a single O-handle, m (g — 1)-handles A¢~! (1 <i<m), and n unknotted
g-handles kY, ., (1 <i < n). Choose bases for H(Q, 3Q), etc., as in §6, and embed
further m g-handles h} (1 <i<m) so that the core of h? represents [5,] =

E?:l a,'j[)?,‘] + 2;=1S,~j[)7m+j].

LEMMA 10.1. There is a presentation

m
< [ ’Ym’ yr:+l""’y~r:+l:2Yl" 2 ); lgm)’

of m,yy, for some d,;; € A.

ProOF. Consider the exact sequence
w h
0-2H,>H,—>m~H,, -0

which occurs as part of the augmented F-form, and define a homomorphism of
A-modules

VA % * sk .
Kk: (Yy,.. ’Ym’ym+l’ym+n'>_)wq+l

as follows. For 1 <i<n, let kj;,, be some element of 7, , such that hxj},, =
¥ Jm+i: some such ch01ce is possible because # is an epimorphism. For 1 <i < m, set
Y, = woY,. Since « is defined on a free A-module, this extends to a homomorphism.
If x €m ., there is an element y such that hky = hx, since ¢ is an epimorphism.



46 C. KEARTON

Thus x — ky Ekerh = Imw = Imw¢. Hence there is an element z such that
x — ky = wdz = kz, and so x = k(y + z), and « is an epimorphism.
It remains to identify the kernel of k. Note that

k(27,) = 0(2Y;) = w2¢¥, =0,

and
~ m -~
aij);‘) - wqb( 2 aUYI)
Also
hK( 2 bijy'r:+j) - ( 2 bz_[ym+_,) - O’

=1
and so there exist d;; such that k(Z}_, b, ;) = 1~ K(E d; j) This uses the
fact that «|(Y,,.. Y ) maps onto Imw = ker h. Thus kerx contains all the
elements listed as relatlons in the statement of the lemma: we must now show that
these elements span the kernel.

Suppose that y € ker k. Then hky = 0; but A« is defined by hx¥, = 0 (1 <i < m)
and hky* ., = yy% .. (1 < i< n), so there exist A, such that

n n m
y= 2 Atk 2 bkjyr:+j+ 2 AY.
k=1 j=1 k=1

Thus

n m n
y— 2 }‘m+k(_t_l 2 dgY, + 2 bkjf:.ﬂ)
k=1 j=1 j=1

m

m
=2 (}\k"' ! 2 A _,k) Y.= Y B.Y,, say.
k=1 k=1
Applying k to both sides of this equation, we obtain x(Zy_,8,Y,) =0, and so
wo(Zr_ B ¥,) = 0. But ker w is spanned by 2Y,,...,2Y,,3™ a,,¥, (1 <i<m),
and so the result is established. O

Define the matrix U over I, by u;, = {«J,,,;, KV }; of course some choice is
involved here because the pairing { , } takes values in I,/T. Define E by the
equation (1 — ¢t ")E=BU — t7'(1 — t)DA“S' I claim that E has entries in . For

(1 - t_l)exk E bljujk - t_l(l - t) 2 dx_,(A lS)Jk
1

2 bljym+_] ’ Kym+k} _I 2 d:_/0<¢ ¢y~;+k>

Jj=1

J=
{K
m
K 2 bl/ym+_/ > Kym+k} 2 Kym+k}
Jj=1 Jj=1
{K

3
<
Il 3
~————
z
I
+
~
—

2‘ bijyr:-ﬁ =1 2 dinj

Jj=
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which is zero in I,/T because the left-hand element in the pairing is zero, and hence
(1 — ¢t™")E has entries in T. But (1 — t): 7, | - 7, is an isomorphism (by the five
lemma), and so E has entries in I'.

LEMMA 10.2. There exist matrices M, N, P, Q over A such that

(2 3)(a o)=[o 7

Proor. Note that

(M N)(A* P*): MA* + NS* MP* + NQ*
C BJ\S* 0o CA* + BS* CP* + BQ*

and as CA* + BS* = 0, we already have one of the required identities.
From the work of Blanchfield [B,p. 351], there is a presentation (&%,...,5%:

2L, af0f, 1 <i<m) of H}, with quotient map y*: (&%,...,5:) — Hy such that

(y*or, %, )=(1 — 17")(4*");; (mod A),

using the fact that (1 — ¢): H, » H_ is an isomorphism. ‘
Since the pairing ( , ) is nonsingular, we may identify H,,, and H}; thus there
exists a matrix N over A such that
YO = 2 N T I<i<m.
1

I =

J
Substituting for ¢* &} gives
(1= ) (4 = (9757, 0% )
= < 2 nimi ¢)7k>
J

=1

n
D on (1 =) (S* A ) e
Jj=1

Thus there exists a matrix M over A such that
A=t Na'=Q - ")NS*A* '+ (1 —1")M
(this uses the fact that (1 — ¢) does not divide det 4) and hence
I = NS* + MA*,
which is another of the identities we require.
Appealing again to [B, p. 351], there is a presentation

<Vm+l?""l7m+n: 2 bij}m+j, 1 <i <n>
Jj=1
of H, such that

(YYmsis ¢*Vm+k>E(l —t7")(B™")y (mod A).
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From the identification of H,,, and Hy, there exists P over A such that
¢*Vm+k = _27=| ¢ijY}. Then

(1=t (B = WPk 9 Vpir) = <‘Pf’:+n— 2 ¢ijYj>
j=1

-3 Pii{¥Pmsis ¢Yj>5 -2 pii(1— ) (S*a* ),
j=1 j=1

= (1= )(S* AP
and so there exists a matrix Q over A such that
B = _S*4*"'p* + Q*,
I = -BS*A*"'P* + BQ*,
I = CP* + BQ*,
which is another of the identities needed.

Note that P is not unique; since ¢(27.,a, jf’j) =0, we could replace p,; by

1

Pi; + 27 ma;;. Thus P can be replaced by P + I1 4. It follows from the equation
B! = —S*A*'(P* + A*I1*) + Q* + S*II*
that QO* must then be replaced by Q* + S*IT*.
We then have
C(P* + A*IT*) + B(Q* + S*II*) = CP* + BQ* + (CA* + BS*)II* = I,
and

M(P* + A*II*) + N(Q* + S*II*) = MP* + NQ* + (MA* + NS*)II*
= MP* + NQ* + II*.

Choosing II so that MP* + NQ* + II* = 0 completes the proof. [

LeMMA 10.3. DC* + tCD* = BTB* for some matrix T over T, such that T* = (T.
ProoF. Recall that

(1—tNey=— <"I’ 2 b Im+j> ¢Yk> (mod A).
j=1

j=

This implies that

(%ﬂﬂmz—%é

bijy'r:+j’x?k} (mod T'),
Jj=1

(l - t-l)(B-]C)ik = _{x}‘;r:+i, K?k}a
m

(1= t")(B7'CD*) = - {")7:;“, k2 dkji;}'
j=1

j=
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Since k(—1 "2, d,; Y, + 27, by §%4;) = 0, this gives
n
(l - t_|)(B_1CD*)ik = {"ﬁ;:ﬁ’ Kt 2 bkjy~r:+j}’
j=1
(t = 1)(B'CD*B* )ik = {KJksi» KTin}
and so (™' — 1(B'DC*B*™),, = {kJpis, kKTpsi}-
But {kx, ky} = {Kky, kx}, and so
(7' = 1)(B'DC*B*' — (t — 1)B'CD*B*"' =0 (modT),
(1 —=¢")B(DC* + tCD*)B*' =0 (modT).
Since (1 — ¢) does not divide det B, this implies that
B (DC* + tCD*)B*"' =T

for some matrix T over T, as desired. Finally, BT*B* = (BTB*)* = CD* + ¢t 'DC*
= tBTB*, and since B is nonsingular, this gives T* = (T. O

LeEMMA 10.4. E can be chosen so that DC* + EB* — t(CD* + BE*) = (.
PROOF. Substituting (1 — ¢t ')E = BU + (1 — t7')DA"'S gives
(1 —¢")[DC* + EB* — t(CD* + BE*)]
=(1—-1¢")(DC* — tCD*) + BUB* + (1 — t"')DA"'SB*
+BU*B* + (1 — t)BS*A*"'D*
= (1 —=¢")(DC* — tCD*)
+B(U + U*)B* + (1 —t')DC* + (1 — t)CD*
= B(U + U*)B*
since we are working mod2. Recall that from the proof of Lemma 10.3, U=
(t — 1)B'CD*B~! (mod T'). Thus we can set
U= (t—1)B'CD*B*' + (1! — 1)K,
where K is a matrix over I' to be chosen later. Thus
B(U+ U*)B* = (t— 1)CD* + (¢! = 1)DC* + (¢! — 1)B(K + tK*)B*
= (¢+7' = 1)[tCD* + DC* + B(K + tK*)B*]
=(t'"=1)B(T+ K + tK*)B*

by Lemma 10.3. The argument of [KS, pp. 157-158] shows that K may be chosen so
that T+ K + tK* = 0, and this completes the proof. [

Now we construct the required 2g-knot k. Take a presentation with a single
0-handle, m (g — 1)-handles #9~' (1 <i<m), and n unknotted g-handles A%,
(1 < i <n). This gives an exterior Q as i~n §§, and we choose bases for Hq(Q, 30),
etc., as in that section. Define [5;] € H (Q, 3Q) by

m n
[6]= 2 aij[fj] + 2\ sij[y~m+_j]’ I<ism.

/=l Jj=
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By Lemma 10.2, the matrix (4 ) is invertible over A, and hence the [&,],
1 <i<m, form part of a basis for the free A-module H, (Q, 30). By the Hurewicz
theorem, = (Q 0)=H (Q d0), and each [#,] may be represented by a map f;:
(B9,0BY) - (Q, 0Q). Recallmg that 30 = M X S', we see that = _,(3Q)=

_(M)®x,_(S")=m,_,(M), and so f; may be homotoped until f,(aB") C M,
for some M, = M X x C M X S'. By general position, homotop f; until f;: B¢ - M,
are disjoint embeddings, and then by general position homotop U, f; rel 9 until it
is an embedding. We can then take f,(BY) as the core of a g-handle 4¢ with its
attaching tube in M,, and hence obtain a g-handle h? of k.

Next defme( Vr ) ET +,(Q", 30) by

(Vr:+1) = El ij ( ) 2 bu( m+;) ‘Eldij(}‘;j) of+ zleij(}’mﬁ) °§,
J j= j=
and represent (V*,,) by amap g,,.;: (B7",9B7"") > (Q,3Q). As above, we can
homotop g,,., until g, ,(3B*") C M,. The algebraic intersection of g,,, J(dBITY)
with f(0B?) is easily seen to be Sp ([0 v [85,]) = Sall m+,], [6;D=1 =
(C(1)A*(1) + B(1)S*(1));; = 0 by Lemma 6.14. Here C(1) denotes C with z = 1. By
the Whitney trick, we can homotop the g, ., untl U’ g,..(dB7"") N
U™, f(0B7%) = &. In a similar spirit,

T, ((372,.), (a72,)) =[D(1)C*(1) + E(1)B*(1) + C(1)D*(1) + B(1)E*(1)],;.

(Compare the proof of Lemma 6.18.) Since the matrix on the right is zero, the results
of [K1] show that U, g,,, may be homotoped to be an embedding on the
boundary. As in Lemma 6.19, U"_, g, ., can be homotoped rel d to an embedding,
and then g, , (B9 ") yields a (¢ + 1)- -handle hat) of k corresponding to (V% ).

By the homology properties of [4;] and 10 ;] (compare §6), after adding in all the
handles of k constructed so far, we obtain an unknotted S297', which may be

capped off to complete the construction of k.

11. The Seifert surface. Let k be a simple Z-torsion-free 2g-knot, ¢ = 4. By
Lemma II.11 of [Ke), there exists a Seifert surface V of k which is (¢ — 1)-connected
and has H (V) torsion-free.

Choose a basis af, ..., af of H(V): this gives rise to a dual basis af "',...,a?*" of
H, . (V) by the imersectlon. pairing I: H, (V) X H(V) - Z, by Pomcare duality.
There is also a basis B¢*!,...,89"" of H‘]J,,(Sz‘“2 — V), dual to af,...,a? under

the linking pairing L: H(V)) X H,, (8*?*? — V) > Z by Alexander duality. Thus
I(oc?+l )—8 —L(a" B"“)
Similarly there is a basis 87,.. ., 87 of H(8?7*? — V) such that L(af*', B7) = §,,.
Leti.: H(V) - H,S?"? — V) be induced by translating cycles off ¥ in the
positive /negative direction, and define the integer matrices 4, B by

r r
iyaf= 2 a;;Bf, iaf= 2 b,;B.

Then H, (K ) is presented as a A module by the matrix t4 — B. As in [L2], the
correspondmg matrix for H +l(K) is (-1)99*Vy(t7'4 — BY = A" — tB’. Let ¢%:
(Bi,.... B~ HS(IE' ) be the quotient map. Then arguing as in [K5], the Blanchfield
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pairing is given by
<¢q+lBiq+l, ¢qqu>E(1 — t)(A' _ tB')i_jl (mod A).

Just as Hq(IE' ) is presented by t4 — B, so ﬂq+1(K ) has a presentation as a
A-module:

r
< GBS BI BT 2B0,.. 289, D (14— B) Bl (1 <i<r),
j=1

r

2 (t C - D ),' jﬁjq + 2
j=1 j=1
where the matrices C, D are defined as follows.

(4~ B),B7 (1 <z<r>>

r r
ip(af)=3 - bji(Bf'H) + 3 c;(B7) o,
j=1 j=1
i(aft) =3 —a,(B") + T d,(B7)o8

where as before () denotes a homotopy class and { represents the nonzero element
of m,,(S).

Recalling that I, (K) = =, (K)/2m,, (K, we obtain the following presenta-
tion for IT_, ((K) as a T-module:

r

<,3i’,---, BB B (14 — B)Bf (1 <i<r),
j=1

j=

Er: (t«C—D),;B7 + é (4 —1B) B (1<i< r)>.
j=1 =

Jj=1

Letn: (Bf,....B% Bi*,....B7 " )~ l'IqH(IE') denote the quotient map, and £:

7, (V) X 7, (§*9*2 — V) > Z, the homotopy linking. We can alter (87"') by
elements (B7) © { until ((af "), (B7*.')) = 0 for all i, j. Then

Cir = E((“ZH)’ iy (aft')) =2(i_(ag"'), 0‘?“) =dy;
and so D = C’. Then we can compute the pairing [, ]:

[nﬁi"“, n( é
j=

(tC = CYiBf + 2 (4~ tB’h;B,-"“)] =0,
1 j=1

3 (17'C = Cy[ BT mBf] + T (A — 7B [nBet mBe ] =0,
= /=1

r

S (4 =B [nBr mB | = 3 (17'C - €)1 — 1) (A — 1B,
j=1 =1

Jj=

[, 085 =1 - 1) S 3 ('c - C)ij(A' — tB');; (A — t7'B'),,
j=1k=1

== )(4 —BY (e - )4 - B)],
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At this point we wish to use the results of [K6)]. But first we must point out that
Theorems 3.1, 3.2 and 13.1 of that paper are only valid for ¢ = 4. There is an
assumption in the proof of Lemma 6.1 of [K6] that certain normal bundles are
trivial, which I am unable to justify. However, the lemma can be proved (for ¢ = 4)
by appealing to [Ko, Lemma 3] or to the techniques of [K1].

As indicated in [K6,§13], the matrices 4, B and C can be obtained from a
(-1)?-form associated with the knot k, where g = 4, by a choice of bases. Thus, via
the geometrical theorems of the present paper and [K6], for g = 6, we obtain

THEOREM 11.1. Two Z-torsion-free (—1)?-forms are T-equivalent if and only if they
present isometric F-forms.

COROLLARY 11.2. Theorem 2.1 is true for q = 4.
COROLLARY 11.3. Theorem 2.2 is true for q = 4.
COROLLARY 11.4. Theorem 2.3 is true for q = 4.

12. An example. Some of the invariants studied in this paper are not new; for
examplg H q(K ) and its associated ideals and polynomials. On the other hand
IT,,(K) and the associated Hermitian form [, ] ; are new, although it has arisen in
another form as a Z, homotopy pairing in [K6 and Ko]. So far as I am aware, no
example has yet been given to show that this Z,-pairing is necessary, and the reason
for this is that it is difficult to find an invariant of the knot which depends on the
Z,-pairing. The explanation for this is as follows. Being a I'-module, we can apply
the analysis of [M1] (as modified in [K4]) to (IT . (K] £)- Thatis, II | (K) can
be written as the orthogonal direct sum

1 1

20 ooy
where (p(1)) = (p(t™")) and M,,,, is the p(¢)-primary component, (g(?)) 7 (g(z7"y)
and N, is the direct sum of the g(¢) and q(t~")-primary components. Concentrat-
ing on the former case, each M, can be written as the orthogonal direct sum
M, LM, L .- 1L M, where each M, is the direct sum of modules of the form
T/(p(t)'). Then M,/p(t)M, is a vector space over the finite field T /( p(1)), and in
fact it is a Hermitian vector space by ((x),(y)) = [p(¢)' " 'x, y]. But a Hermitian
vector space over a finite field is determined by its rank (cf. [M1]), so we obtain no
new invariants by this means. Worse still, it is not hard to show that the Hermitian
vector spaces so defined determine the original I'-module and pairing, so that it
looks as though [ , ] z contributes nothing.

Consider the following examples. Let H, = A/(1 — ¢ + YO A/(1— 3t + 1?)
with generators a, b. Then ‘JCq =T/(01—t+3)OT/(1 —t+ %), and we define
M, =T/(0 -1+ ®T/(1 — 1+ 1)’ with generators a, 8. We define
Hermitian forms [, Jand (, ) onII ., by

L= (8.8, [ah]=0,
(1—1t+1¢?)

(a,0)=0=(B,B), (a,B)=

N

q()

[a,a] =

_
(1 — 1+ 12)
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Let p(a) = (1 —t+t*)a, p(b) = (1 — ¢+ 1*)B, where I, is identified with
(1—t+ I, . Then 3, I » II /¥, defines a ses. &, and setting
WKy =14,y /3, itis clear that [, ] and (, ) each define a nonsingular Hermitian
form I, , X I, - T,/T. Hence we have two F-forms, which correspond to two
knots k and / say. Although it is not hard to see that (II_,,, [, ]) is isometric to
(11,41, ¢, )), by changing basis, it is equally clear that the F-forms are not isometric,
for the form of H, means that the change of basis permitted in II_, is restricted to
one of the form ar>ea + (1 —t+ t?)B, B> €eB + (1 —t + t?)a, where ¢, ¢ are
units of T mod(1 — ¢ + ¢*)* and this is not sufficient to transform (IT,, [, ]) into
(IT,51,< ) Thus k # 1.
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