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ON HOMOGENEOUS POLYNOMIALS ON A COMPLEX BALL
BY
J. RYLL AND P. WOJTASZCZYK

ABSTRACT. We prove that there exist n-homogeneous polynomials p, on a complex
d-dimensional ball such that || p,ll, =1 and |l p,ll, = v 2~% This enables us to
answer some questions about H, and Bloch spaces on a complex ball. We also
investigate interpolation by n-homogeneous polynomials on a 2-dimensional com-
plex ball.

Introduction. The starting point of our investigation was a question asked by S.
Waigner: Is the identity map from H_(B,) into H,(B,) (B, is a unit ball in C¥),
d > 1, a compact linear map. This question has a connection with the well-known
open problem (cf. [5]): does there exist a nonconstant inner function on B,, d > 17!
The existence of such an inner function would imply our Corollary 1.5, namely that
this operator is not compact. We obtain this result by exhibiting n-homogeneous
polynomials p, which in some respects resemble the monomials z” in the one-dimen-
sional case (Theorem 1.2). We give two proofs of this theorem, one in §1 and the
other at the end of §2. Those polynomials enable us to also answer a question of R.
Timoney (Corollary 1.9). We hope that they will find some other applications. In §2
we investigate interpolating n-homogeneous polynomials on the unit sphere in
two-dimensional complex space. The motivation for this study is the following
well-known open problem (cf. [6]): does there exist a function ¢(z), ¢ = 1, such that
for every finite-dimensional Banach space X we have d( X, I9™X) < @(A(X)) (for
the definitions, see below). To the best of our knowledge, the spaces W°(S;), of all
n-homogeneous polynomials on the unit ball in C2, are the first spaces known for
which A(W(S,)) is bounded independently of n, while d(W>(S,), I%*!) is not
known to be bounded. Thus the following problem naturally arises.

Problem. Compute or estimate d(W,°(S,), IX), k = dim W>(S),).

In our opinion, the results of §2 indicate that this problem may not be trivial.?

Apart from this Banach space motivation our results may be interesting as
interpolation results. They are very different from corresponding results for trigono-
metric polynomials on the unit circle, of degree at most n (cf. [8, Chapter X]).

Now let us fix some notations. We will work with C?, the complex d-dimensional
space equipped with the usual scalar product denoted by (-, - ). B, will stand for the
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unit ball in C% i.e. B, = {{ € C*% ({, {)< 1} and S, will stand for the unit sphere in
C%ie. S, = {£ € C% ({, ¢)=1}. The point (1,0,...,0) € S, will be denoted by 1.
On S, we have the natural rotation-invariant probability measure o. W,(S,) will
denote the space of all n-homogeneous polynomials on C¢ restricted to S,. On
W,(S,;) we will consider various norms. For f€& W,(S;) we put [lfll,=
(Js, | f)P da($))'/7 if 1 <p < o0 and || f I, = sup;eg,|f(§) | - The Banach space
(W, (S, I - 1I ) will be denoted by WF(S,). The symbols L,(S,) and L,(S,) have
natural meaning. The closure of all polynomials in L,(S,) will be denoted by H,(B,)
and H_(B,) will denote the space of all bounded analytic functions on B,.
Obviously for n = 0,1,2,..., WP?(S,) is naturally a subspace of Hp(Bd). For infor-
mation about H,(B,) the reader may consult [S].

1. In this section we prove the main result of the paper and give some applications
to the structure of H, spaces. We introduce the notation

a(d, p) = fs | (5, )P do(}).

It can be computed that a(d, p) = T'(1 + p)/2)T(d)/T(d + p/2).

PROPOSITION 1.1. The operator

(P,f)) = a(d,2n)”" /S f(n)<E, Y do(n)

”

is an orthogonal projection from L,(S,) onto W2(S,). The norm of this projection
considered as an operator from L_(S,) onto W>(S,) is smaller than 29~ ".

PrOOF. We will consider the natural representation of U(d) (the group of all
unitary operators on C?) on L,(S,) defined by g~ T,, T,f§) = f(g7%%). The
spaces W2(S,) are invariant, irreducible spaces for this representation. Since P,
commutes with this representation and Im P, C W,X(S,), we infer that P, | W,2(S,)
= AId. If we put f(n) = (n,1)" we obtain A f(1) = (P, f)(1) = f(1), so A = 1. This
means that P, is an orthogonal projection onto W,%(S,). Its norm as an operator on
L. (S,) equals a(d, n)a(d,2n)™" <241

THEOREM 1.2. For every n there exists p, € W,(S,) with |l p,Il, =1 and | p,|l,
=y 274

Before we start the proof of Theorem 1.2 let us recall some well-known notions
concerning finite-dimensional Banach spaces. Let X,Y be finite-dimensional Banach
spaces. We put

T s
AX) = inf{llTlI -IISll: X>L_—>X, TS =1dy, L_ is an arbitrary Lw(p)-space}

and
d(X,Y)=inf{lITIl - IT™"I: T: X > Yis 1-1 and onto}.
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The number A(X) is called a projection constant of X and d(X,Y) is called the
Banach-Mazur distance between X and Y. It is well known and easy to see that

(1) AMX)<d(X,Y)A(Y).
Moreover we have
(2) A(13) = a(n, Va(n,2)" =47 n.

More information on this can be found in [6] and [4, 22.1 and 28.1].
We will also use the following two lemmas.

LemMa 1.3.inf{ll pll,: p € W,(S,) and |l pll, = 1} = Va(d,2n).

PRrOOF. Since the spaces under consideration are finite dimensional, there exists a
polynomial p, realising the minimum. We can assume py(1) = 1= p,ll . It is
easily seen that

p(§) =

2m
@ )“-f f po(z1, ez, ez, ) dBy - db,_y = (S, 1)

Moreover, || pll, < Il pyll, and |l pll , = Il poll, = 1. Since p, was minimal we infer
Il pll, = Il poll,. This proves the lemma.
LEMMA 1.4. dim W,(S,) = a(d, 2n)"".

PROOF. It follows from Proposition 1.1 that dim W,(S,) = trace P,. Since P, is a
projection its trace equals the square of its Hilbert-Schmidt norm, which, as is well
known, equals

a(d,2n)-2fsfs|({,n)lz"do(f)do(n)=a(d,2n)_'.

Now we are ready to prove the theorem.
PROOF OF THEOREM 1.2. We apply (1) for X = WX(S,) and Y = W;(S,). Using
(2), Proposition 1.1 and Lemma 1.4 we obtain

3) d(W2(S,), W2(5,)) = MWAS)NW(S,)

> 2'"4(\fr /2)Va(d,2n)" .

Let I denote the identity map from W>(S,) into W,2(S,). By the definition of the
Banach-Mazur distance we have ||l - |17 = d(W2(S,), W>(S,)). Lemma 1.3

gives | 171l = ya(d,2n)™" so by (3) we have
11l =2'"%x /2.
This inequality proves the theorem.
REMARK. Actually d(W2A(S,), W>(S,;) = Il - II7']l. This follows from
[1, Lemma 4.6].
CoRrOLLARY 1.5. id: H_(B;) = H\(B,) is not a compact operator.

PROOF. Polynomials p, exhibited in Theorem 1.2 are orthogonal. Moreover by the
Schwartz inequality, v 274 < || p,Il, < {/ll p,Il, - I p,ll, , so Il p,Il, = w4 This im-
plies that id: H_(B,) —» H,(B,) is not a compact operator.
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PROPOSITION 1.6. Let (n,) be a lacunary sequence of natural numbers and let
Pn, € W,(S,) be such that || p, I, =1 and |l p, I, =c, k=0,12.... Then there
exist constants A and B such that

12 1/2
0 wlziar) 3] <z
k k 1 k
and for f € H\(B,),
(5) 2 <f’ P”k2>pnk <B"f“]
k |Ipnk||2 1

PROOF. Let %, be a complex projective space, i.e. ¥, = S,/T (T denotes the unit
circle). The space 9, has a natural invariant probability measure u. Moreover for
f € L (o) we have

(6) fs () do(§) = /@ fT f(t - £) dr du(£).

Using (6) and the Khintchine inequality we obtain

(7) L [ Saur§)

do(§) ~ [ [Z1a,F |2, (6) P du(®).
d
Since || p,, Il , = 1, (7) does not exceed Y2 | a, |*. On the other hand,

c% la, < f@dglak 1 pa(€) 2 dpe(£)

< sup 3l ac P2 (OF - [ Y3kl as 17 (€) P du(®)

< VSl al [l aP 12, (6)F du(8).

This implies

(Sl al < [Vl a1, (8) P du(®).

So by (7) we get (4).
To prove (5) we state the obvious

LemMa 1.7. Let A = (A,) be a continuous multiplier from H (D) into itself. Then
forf € H(B,),f = ZL-0fes fu € W(S,), the operator A defined as A(f) = 32_A, f,
is a continuous operator from H\(B,) into itself.

The proof follows immediately from (6). Using Lemma 1.7 and the classical
one-dimensional Paley theorem (cf. [3]) we obtain that the operator Q(Z, f,) = 2, f,,
is a continuous projection in H,(B,). Moreover as in (7) we obtain

[34) -1 3r)”
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Hence
(fs Py

2——— 5P
k ||p,,k||§ - \

» (o p"*>P,.k

2
PR

<%(§k“l|f,,kll.2)l/2<%f(%lﬁ,klz)l/2<3”f”r

5\ 1/2
sA(Z | fur Pu )| )
1

4
k ”pnk”2

Since Theorem 1.2 asserts that we can satisfy the assumptions of Proposition 1.6
we have

COROLLARY 1.8. The space H,(B,) contains a complemented copy of a Hilbert space.

REMARK. We do not know the isomorphic type of a Banach space Im Q.

Theorem 1.2 also gives some information about the space %B(B,) of all Bloch
functions on B,. Definitions and basic properties of the space ®(B,) are contained
in [7]. From Theorems 1.5 and 4.10 of [7] it follows that I, a, p,« € B(B,) for every
(ay) € l,. On the other hand Proposition 1.5 shows that I,a, p,x € H,(B,),
0 <p < o, if and only if (a,) € /,. These two facts yield

COROLLARY 1.9. The space B(B,) is not contained in H,(B,), 0 <p < oo.

This corollary answers the question from [7, p. 250].

We conclude this section with the following

ReMARk 1.10. In §7.2 of [S] W. Rudin uses certain n-homogeneous polynomials
E,(z) (cf. Proposition 7.2.8 of [5]) in order to construct examples that illustrate
possible boundary behavior of analytic functions in B, and B;. He remarks that
“similar examples undoubtedly exist when 4 > 3 but different constructions would
be required for them.” These “different constructions” are provided by Theorem 1.2.
When one applies arguments from [5,7.2.9,7.2.10 and 7.2.11] to polynomials p,
instead of polynomials F,, one obtains the same (or even stronger) results for the
ball of arbitrary dimension.

2. In this section we consider several natural operators between W,°(S,) and /',
and show that those operators do not give good estimates for d(W,*(S,), I!). Our
results, although nonconclusive from the Banach space point of view, give some new
information about interpolating polynomials in W, (S, ).

We will call a set 4 = {n4,ny,...,m,} C S, admissible if An; =, if and only if

i = jand A = 1. Itis clear that for every sequence of complex numbers (a,, a,,...,a,)
there exists a uniquely determined polynomial p € W,(S,) such that p(n;) = a,,
j=0,1,...,n. In particular for every admissible set 4 we have a set of polynomials

v, € W(S,),j =0,1,...,n, such that v(n;) = §; (§; being the Kronecker symbol).
If n; = (p;, q;) then polynomials v, are given as
Hjserqj‘z —pw

o(z,w)= .
(2,w) I,..9,p.— P;q,
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We start with the following easy

THEOREM 2.1. For an arbitrary admissible set A there exists a point §, € S, such that
n
2 1o&)[=3n+ 1.
r=0
PROOF. By suitable renumeration and rotation we can assume that

H |40 = P40 |= max Il 19,7, — pjq.|
j=1 JjFEr

and that n, = 1. Then

Hj=l | q;z — ijl
.19, — P4,

902 — Po¥

otz 1+ 3 | 2222
> oo(2,w) |1+ nlwl) = 1+ 1) w1 ooz, w)].

Since 2 [2™,(z, e®w) df = z" we infer that there exists a point {, = T=1/n,
e® /i) such that | v($,) |= (1 — +)"/?. For this point we have

1

n 1 1 n/2
EO |0,($) 1= ﬁ(n + 1)(1 - ;) = 5¢n +1.

n n
qoZ2 — Po¥
v(z,w)|=|vy(z,w)|+
EOI (2, w) | =] 0(z,w) | El 47 —pw

Let us introduce some geometric notions on S,. We will use the rotation-invariant
pseudometric p($, 1) = Y1 — | (&, 7)|*. In fact it is a natural metric on two-dlmen-
sional complex projective space. We will use the parametrisation of S, as z = Jpe
w=T—p e’ 0<p<1,0<y<27,0<6<2m Inthmparametnsauondo—
(1 /47r2)dpd1pd0 Using this parametrisation one sees that for small r, s(B(n, r)) ~

2. By P(n, r,, r,) we will denote the set {{ € S,: r; < p(§,m) <nr,}. Now we are
ready to consider the interpolating polynomials v,(z, w) in W)(S,). We have the
following

PROPOSITION 2.2. There exists a constant ¢ > 0 such that for every admissible set
A C S, thereexistsak,k =0,1,...,n, such that

flok(z w)|do(z,w)

ﬁlm

The proof of the following elementary lemma can be found in {2, Formula 2620].

LEMMA 2.3.

27 i0 _ 0 zf0<a<l
./(; In|1+ae |d0_{27rlna ifl<a.

Using this lemma we obtain
LEMMA 2.4. For givenn = (a,, a,) and { = (b, b,) in S, let
¢(z,w) = (zb, — wb,)/ (a\b, — a,b,).
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Then

6
In|p(z,w)|do(z,w) = —’;.

fP(m,/ﬂJ(‘Tn)
Ifp(n,$) <1/ Vn then

/ 1n|<p(z,w)|do(z,w)>‘—1
P(n,\/2/n \f4/n) n

for some constant d > 0 independent of the set A.

ProOF. For simplicity let us assume n = 8 and n = 1. Let us denote « =| b, /b, | .

In|o(z,w)|do(z,w)
f;»(l,m,m) | |

1 r1-2/n r27 ;
(8) =§;j; 4/"/(; In|p"/?+ ajl —pe™|dpdy
- n

1 r1-2/n 1 r1-2/n r2#
== Inpdp + — In dydp.
pdp /1 f vdp

12
1+ a( 1 p) eV
—4/n 70 p

Using Lemma 2.3 we see that (8) is greater than 3 //=7/,"In p dp = —6/n’.

If p(1,$) <1/ /n thena = yn — 1 so (8) is greater than

1 f1=2/n 1 f1=2/n r2n — l—-p)'/2 iv
lnpdp+2ﬂj; folnl+\/n 1(—p e

2 1—-4/n —4/n
1 f1-2/n 1-2/n 1—»p 172 d
== Inpdp + ln\/n—l(—) dp= —.

2 1—4/n 1—4/n p h

dydp

PROOF OF PROPOSITION 2.2. We define k by the condition
n
II 1pg — g;p|= min [T |pq,— q,p,1.
Jj*k T jEr
We may assume k = 0. We may also find a set M C {0,1,...,n} such that for
JE€M, B(n;,2/Vn) are disjoint and UjeMB(nj, 2/yn) contains at least
(n + 1)/100 points from A.
Let P, = P(n;,\/2/n,\/4/n),j € M. For (z,w) € P, we have
ij - qu
PoW — 4oz

1
|vg(2,w) |= |°j(Z,W)|>"‘/—nT|Uj(Z,W)|-

Using Lemma 2.4 we see that

Lln|vj(z,w)|do(z,w)= S / In

k=i F

A2 — Pp¥
9 P; — Pi4k

= -6(n+1-c;)/n*+cd/n

where ¢; denotes the number of points in 4 N B(n;,1/ vn'). Since

|

a(lP.) L|vj(z,w)|do(z,w)) >ﬁj;.lnlvj(z,w)|dg(z’w)
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we infer that

f|°|>°(P)exp(o(p) (Cd Mﬁ‘_ﬁ)))

n
2 -1
= L EXp ( 27¢;d —
Finally we obtain

Jyoutzw)1dotzw) = B foo(zw) | dofz,w)

jEM

f|v(z w)|do(z,w) = N P

1
JEM JEM \/_ " \/;

This completes the proof of the proposition.

THEOREM 2.5. There exists a constant ¢ > 0 such that for every admissible set

A = {ng,M,,-..,m,} there exists a sequence of numbers e,e,,...,€,, &= *1, such
that
“ c
sup | X &¢8,m)"|<—=.
{GSz i=0 ﬁ

PrOOF. Using the projection exhibited in Proposition 1.1 we can identify W(S,)*
with W/(S,) with the natural duality. Let T: I**!' > W>(S,) be defined by
T(e;) = (- ,m;)". We have to prove that IT~'|| = vn /c. But [Tl = II(T*)™'|l.
Since

" do(t) = (n+l) ifj =k,
J 2O nr do(6) = { ek

we see that (T*)™": [ —> W,(S,) is defined by (T*)"'(e;) = (n + 1)v;. Proposition
2.2 implies that ||(T*)™'|| = ¢ - v . This gives the proof of the theorem.

REMARK. Theorem 2.5 means that for every admissible set A the operator T:
171 - W>(S,) defined by T(e;) = (-, m;)" satisfies | T|| - IT'|| = cyn. On the
other hand Theorem 2.1 gives that an operator S: WX(S,) - IZ"! given by
S(f) = (f(m;))j= satisfies |S|| - [I.S ~!l = ¢yn . So those two natural operators give
very bad estimates for d(W>(S,), I%'").

In our next proposition we examine one more operator.

PROPOSITION 2.6. Let V: I2*! — W(S,) be given by
Vie)(z,w) =z/w"/llz/w" Il
Then |V = c/n.
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PrOOF. It is easily seen that ||z/w" /|l = ((n — j)/n)"D/%(j/n)//% So we
have
n J n—j
IVil= swp 3 ) 2] (I""_’J)/Z /2
(z.wEs, j=0 ((n — j)/n) (j/n)
.3 (1/12)
= . n—j;)/2, . j
j=0 ((n=j)/m)" 2 j/n)"?
n/2
= (n/%)vz %
—ny2<yn (R —j)"" ()’

To conclude our paper we will give a sketch of a direct proof of Theorem 1.2.

> 0.06/n .

LEMMA 2.7. Let A = {n¢, 0y5- . .,M,} be an admissible set such that
©) sup | (m;, )| <yl —¢/n.
i)
Then
sup 3| (5, ;)" < d(e)-

(€S, j
PrOOF. Our condition implies that for every { € S, the ball B({,/k/n) contains
at most b - k points from A. It implies that

"< k- _E n<
SI¢n <3k (1-5) <o),

Easy consideration involving measures of B(1, p) shows that, in fact, for some
constant ¢ one can find for arbitrary n an admissible set satisfying (9). For this set
we have (r,(¢) are Rademacher functions)

r

It implies that for some choice of signs (¢,) we have

é r()E )| = (n+ DI D= c.

2
k=0 2

n

D el =

k=0 2
and by Lemma 2.7 we also have

n

2 e <e.

k=0 o0

REMARK. Clearly the above proof can be adopted also for d > 2.
REMARK. The space W(S,) can be identified with certain weighted space of
polynomials in one variable. Namely we put z/w = v and we obtain

1
(1+ o)

This approach was not very illuminating for us.

n

k b

S a0t
k=0

wn—-k

n
2 a,z
k=0
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