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ON WAVE FRONTS PROPAGATION
IN MULTICOMPONENT MEDIA
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M. L. FREIDLIN

ABSTRACT. The behavior as ¢t — oo of solutions of some parabolic systems of
differential equations of the Kolmogorov-Petrovskii-Piskunov type is investigated.
The present approach uses the Kac-Feynman formula and estimates on large
deviations.

The behavior as ¢ —» oo of solutions of some parabolic systems of differential
equations of the Kolmogorov-Petrovskii-Piskunov (KPP) type [1] is treated in this
paper. Our approach is based on the following two ideas: First, the solution of the
system under consideration satisfies some integral equation in the space of functions
with integration over the space of trajectories of an appropriate Markov process.
Secondly, we will make use of limit theorems for the probabilities of large deriva-
tions. A similar approach has been used in [2]. We shall formulate accurate
assertions and provide proof in the simplest nontrivial situation, and then indicate
possible generalizations.

So, let us consider the Cauchy problem

ou D 62u

(1 Ezfﬁﬂu(u,v)uﬂuv, u(0, x) = g(x),
v D, 3%
3= 3 g T T en(u0)o, 0(0,x) = gy(x).

We make the following hypotheses:

1. D,, D,, c,,, ¢, are positive constants.

2. The functions ¢,(%, v) and c¢,,(u, v) are bounded from above and Lipschitz
continuous.

3. The vector field (¢, (u, v)u + c,,v, c;u + c5(u, v)v) on the plane (u, v) has
an unstable equilibrium at the point (0,0) and a stable equilibrium at the point
(a, b), a>0, b> 0. All integral curves starting at the points of the set {(u, v):
u=0,0=0,u’+ v> # 0} are attracted to the point (a, b) as ¢ > .

4. ¢,,(0,0) = max ¢ ,>0 ¢;,(%, V), ¢5(0,0) = max, . >0 c2(u, v).

5. One can choose @, h =0 and a function' H(u, v) such that the following
conditions hold:
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182 M. 1. FREIDLIN

(a) H(a, b) = 0, H(u,v) >0 for (u,v) €4, ,, = {(u,0): u=0,v=>0;(u,v) #
(a,b);u+v>a/2}.
(b) The derivative dH /dt of the function H(u, v), by virtue of the system

du dv
o cn(u, 0)u+ cpyv, 7= Ca¥ + ¢,y(u, v)v,

satisfies the inequality

) < —p((u =) + (o - b)),

where p(z), z = 0, is an increasing continuous function, p(0) = 0.

(c) The function H(u, v) is convex downwards.

(d) ¢;,(u, ©) + ¢33 >0, cpp(u, ) + ¢}, >0 for (u,v) € B, = {(u,v): u=0,0=>
O,ut+v<aj.

Let »(t), t = 0, be a Markov process with two states, 1 and 2, for which

Plp(t+A)=j|v(t) =i} =¢,A+0(8), A-0,i+]
Consider the process X, defined by the equality
dxX, = D, aw,, t>0,X,=x€ER,

where W, is a Wiener process, D,, D, are the coefficients of system (1). It is easily
seen that the couple ( X,, »,) forms a Markov process in the state space R' X {1;2}.

The following theorem is based on an idea belonging, apparently, to M. Kac. This
is the idea of using the representation of some linear parabolic system via the process
(X, 7,).

THEOREM 1. Suppose that hypotheses 1 and 2 hold. Then the solution (u(t, x),
v(t, x)) of problem (1) obeys the following equations:

@) ult.x) = Eg(X)exp [lelrulr = 5. X,). ot =5, X)) s},

o(r, x) = Ex.zgv(,,(X,)exp{fOIC(vp u(t —s, X,),o(t — s, X,)) dS},

where c(1, u,v) = ¢; (¥, v) + ¢}, (2, u,v) = cyp(u, v) + cyy. System (2) has a
unique solution bounded in every band {x € R',0<t<T}, T < o0.

PRrOOF. If (u(t, x), v(t, x)) is a solution of problem (1), then equations (1) can be
looked upon as linear equations, where c,(u(t, x), v(¢, x)) = é(¢, x, i) are known
functions of r and x, i = 1, 2.

For the functions, smooth enough in the first argument, the infinitesimal genera-
tor A of the process ( X,, »,) has the form

. _ Di d? . . . L
Af(x,i) = 7# =, f(x,i) +¢c,;f(x,j); i, jE€(1,2},i#j,x ER.
So equalities (2) turn into a version of the Kac-Feynman formula for the equation

ow(t, x, i)

Y = Aw + &(t, x, i)w.
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The second assertion of Theorem 1 is straightforward from the fact that the
mapping
(«°(z, x), 0°(¢, x)) = (u'(2, x), 0'(2, x)),

(t3) = B Xexp| [l w0t =5, ), 0%~ 5. X)) a5,

t
vl(t’ x) = Ex,2gr(t)(&)exp{j(‘)c(ys’ uo(t -5 Xs)’ vo(t -, Xs)) dS}

is a contractive one in the space C,, (in the uniform norm) for sufficiently small
ty > 0 (cf. [3]). Here the constant ¢, depends only on the Lipschitz constant of the
functions c;(4, v), i = 1,2, and on sup, , ; ¢;,(u, v), sup, | g,(x)]|.

For the sake of simplicity, let g,(x) = ax,o(x), 8,(x) = bx,<o(x), where
X x<o(x) is the indicator function of the set {x <0} C R'. Just as in the case of the
KPP equation, one can expect that, for large ¢, the solution (u(z, x), v(¢, x)) of
system (1) has the form of a wave propagating from left to right with some velocity
c*:

(u(z, x), v(2, x)) = (U(x — c*t), V(x — c*t)).

This wave is determined by its profiles U(§), V(£) and by the propagation velocity
c*. Given c*, the profiles may be obtained as a solution of the system of ordinary
differential equations, which is derived from system (1) by setting u(¢, x) =
U(x — c*t),v(t, x) = V(x — c*t):

b,

5 U’ + c*U'+ ¢, )(U,V)U + ¢,V =0, lim U(¢) =a, lim V(¢) =b;
§- -0 §- -0

&V” + V' 4+ U+ cp,(U, V)V =0, lim U(¢) = lim V(¢) = 0.
2 £- 00 £- 0

A weaker version of this assertion is as follows: there is a ¢* such that

(3) lim u(z,(c* + h)t) =0, lim o(z, (c* + h)t) = 0;
t— o0 t— 00

(3”) lim u(t,(c* — h)t) = a, lim o(¢,(c* — h)t) =b
- 00 =00

uniformly in h = h, for every h, > 0. It is this assertion we shall be concerned with.
We shall evaluate ¢* and prove relations (3).

Let us consider the following matrix whose elements depend on a parameter
a € R

—c, T aD, Cia

Let A(a) be the largest eigenvalue of this matrix. It is not hard to verify that the
eigenvalues of this matrix are real. Moreover, it is readily checked that A(a) is a
nondecreasing, downward convex function. In addition, A(a) has an asymptote with
the slope min(D,, D,) as @ - + o0, and an asymptote with the slope max(D,, D,) as
a—> —o0.
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We will denote by /(8), B € R', the Legendre transform of the function A(a):
(4) I(B) = sup (aB — A(a)).

Let, for definiteness, D, < D,. From the above listed properties of the function
A(a) it follows that /(B) = oo outside, [D,, D,]. On the interval [D,, D,], the
function /(B) is finite, positive and convex downwards. It is differentiable on
(D,, D,), and its derivative tends to +oco as 8 — D,, and tends to —co as 8 - D,.

THEOREM 2. Suppose hypotheses 1-5 and the condition D, < D, to be valid. Then
relations (3) hold for
o M) + 8]

P(a* —4)

where
4= ot e —cn=cCn B = Dy(cyy + ¢1p) = Dilep + ¢3)
and a* is a root of the equation
A
Ma*) + B =2X(a*)(a* — 4),  N(a) = dd(a"‘)

ProoF. First, we shall prove that for every h > 0
lim u(¢, (c* + h)t) = lim o(z,(c* + h)t) = 0.
t— 00 =00

We shall find bounds for the function u(z, x); that the second limit is equal to zero
can be demonstrated in a similar way. Hypothesis 4 leads to

5) u(t, x) < B g X)exp | ['e(s,) ).

where c(»;) = ¢(7,,0,0). Next, we note that X, = W( JoD,(5) ds), where W, is a
proper Wiener process independent of »,. Relying on this, we get from (5) for x = ct,
c>0,

~ t t
O ltx) < B W[ D) oxe( [0 )
< max(a, b)- EP{W(¢,) > ct| ¢, }exp{A¢, + Bt}.
Here we designate ¢, = [;D,,, ds; the constants A and B being defined by condi-
tions ¢(i) = AD, + B fori = 1, 2. Since
- 242
P{W(£,) > ct|£,} < const- exp{——z—g—},
1

from (6) one can infer that

2,2
(7) u(t,ct) < C,Eexp{—%;— + A¢, + Bt},
t
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where c, is some positive constant. Let us show that, for ¢ > ¢*, the right-hand side
of (7) tends to zero as ¢ grows. To this end, we shall compute the logarithmic
asymptotics of the expectation as t — co. These asymptotics are determined by the
large deviations of the random process £, /¢ from its limit as ¢t — 0o0. According to [4]
(see also [5]), the deviations of order 1 as ¢t — oo for £, /¢ are described by the action
function /( B) defined by equality (4):

lim lim ¢~'In P[‘lg, - /3‘< 8} = _I(B).
50 1~ t

From this it follows that the logarithmic asymptotics of the expectation on the
right-hand side of bound (7) are as follows:

2 2

(8) tl_i.xgt‘lln Eexp{—t( 2;,/t - A%{, - B)} = _mxin(g_x —Ax — B+ I(x)].
Since the function /(x) is + oo outside [D,, D,], this minimum may be taken only
over [D,, D,]. The above properties of /’(x) imply that the minimum is attained
inside the interval (D,, D,). Let us show the right-hand side of equality (8) vanishes
for ¢ = c*. We will denote by & = @(x) the solution of the equation A’(&) = x. Such
&(x) is defined in a unique way for x € (D,, D,). Then /(x) = xa(x) — A(a&(x)),
x € (D,, D,). It is not hard to check that /'(x) = &@x). The minimum of the
function f(x) = (2x)'(¢*)* — Ax — B+ I(x) is attained at some point X €
(D,, D,). We will denote a = d@(x). Then remembering the definition of &, from the
condition f’(x) = 0, we derive the equations

(Ma*) + B)’

9 +4—-—a=0, MN(a)=x.
©) 4(a* — 4)x* * (@) =%
The equation for a*

Mo*)+B _ .,

should be joined to (9). From (9) and (10) follows that
AM(a)(a@a—A4) =N (a*)(a* — 4).
Since A*(a)(a — A) is an increasing function of a, the last relation yields
_ _ ., _Ma*)+ B
a= a*, x—)\(a*)—m.

Noting these equalities we arrive at

(Ma*) + B)

min f(x) = (%) = g s

Ax — B + xa* — AM(a*) = 0.

So the right-hand side of (8) vanishes for ¢ = c*. It is easily seen that the function

(11) y(c)=m;'n(%—Ax—B+l(x)
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increases with ¢ for ¢ > 0. Therefore, y(c) > 0 for ¢ > ¢*, and according to (7) and
(8), u(t, ct) < c,e~ for sufficiently large z. The second of relations (3) can be
verified in a similar way.

We proceed to prove (3”). The following assertion results from (3'): For any
8 > 0, if & is small enough and ¢ is sufficiently large, then the inequality

c(v(s), u(t —s, X,), 0(t = s, X)) > c(#,,0,0) — g, 0<s<t,

is valid, with probability close to 1, for the trajectories X starting from the point
X, = (¢* + h)t. On account of (8), this implies that, for sufficiently small »# > 0 and
sufficiently large ¢,

' 0 _
(1) (e (e + 10> Eeanaoep| [/ c0) = 3] &) > e,

' 6 _
o(t,(c* + h)t) > E(c‘+h)t,2gv(t)exP[j(; (C(Vs) - 5) ds} > e

First of all, we will show that, for any # > 0 and T sufficiently large,

(13) (u(t, x),0(1,x)) EAy)y={u>0,0>0,u+0v>a/2}

for t>T, x<(c—h)t. Let us denote Dg= {(f,x): -0 <t1<o0o, 0<x<
(c* + B)t, u(t, x) + o(t, x) < 3a/4}, = inf{s: (t — s, X;) € Dg}. Below, it will
be convenient for us to designate u,(t, x) = u(t, x), u,(t,x) = v(¢, x). Since
(X,, (s)) is a strong Markov process, and 7 is a Markov time, relations (2) yield the
equality

(14) ui(t’ x) = Ex.iuv('r)(t -7, XT)CXp{j(;TC(Vs, ul(t -5, Xs)’ “2(’ -9, Xs)) dS} .

Hypothesis 5(d) implies that there is k > 0 such that c(i, u,(t, x), u5(¢, x)) >k >0
everywhere in the domain D,. Suppose that x > (c¢* — h)t, h > 0. Then, the time
required for the “heat” process Z, = (¢t — s, X;) to reach the set I' = {(s, x):
s = max(0, x/(c* + B))}, starting from the point (¢, x), tends to infinity together
with ¢. By virtue of bounds (12), everywhere on the set I’

u,(t, x) = Kexp{-9t}, i=1,2,

for some K > 0. Choosing B involved in the definition of the set Dy sufficiently
small, one can ensure that § < /2. From these bounds, with the help of (14), we
conclude that (13) holds for some 7 > 0.

Now we will show that, no matter what the h;, > 0,

(15) (u(t,(e* = B)r), o(r,(c* = h))t)) > (a,b) ast— oo.
Let us choose & € (0, h;) and T = T(h) so that (13) should hold. We put
Dy, = {(s, x):s>T,0<x<(c*—h)s,
p((u(s, x) — a)2 + (v(s, x) — b)z) > 8},
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where 4 is a small positive number. By (13), Lyapunov’s function H(u(s, x), v(s, x))
is defined at the point (u(s, x), v(s, x)) for (s, x) € D; . We note that, for small A,
the transformation’

(u?’ “g) _)(uIA’ u?)s Er v(A)exp{fA ( s»u?, ug)dS]

is (up to an infinitesimal of a higher order) the translation along the trajectories of
the dynamical system

du du
(16) _]:Cn(“l’“z)“l + Uy, _2:021“1 +sz(“|’“2)“2-
dt dr

Let p and A = A(p) be positive numbers whose choice will be specified below. We
will designate by 7, the first exit time of the process (¢ —s, X,) from Ds T

=inf{s: (t — s, X,) & D6 r}- Let us introduce into consideration the Markov time
13 = min(4, 7,). From the strong Markov property of the process ( X,, »,) we get the
following equality:

(17) u(t,x) = u,(A)( —A, Xg)exp{j(;&c(vs, u(t—s,X,), uy(t—s,X,)) ds},

i = 1,2; t > A. Since the function H(u,, u,) is convex, fort > T + p, x < (¢* — h)t
— u, relation (17) yields

H(u,(t, x), uy(t, x)) = H( EXE,u,(g)eféc ds ExE2uv(Z)ef§c ds)
< ExH( Eyuy i e, Ezuy(z)ejgcds)
< E Xa—aH( By, a0/, By, p,e8e%)
+E"XZ=“H( El“v(f,)"f‘;ws’Ez“v(r.)ef‘wds),

where x3-, and x;-, are the indicator functions of the sets {A(w) = A} and
{A(w) = 7,} respectively. The above inequality implies that for fixed w and small A,

(18)  H(u(1, x), uy(1, x)) < E, x5 AH(EIu(A)e *, By, a ef°6ds) +o(4).

Next, noting that the functions c(i, #, v) and u,(¢, x) are uniformly continuous for
t>T,x € R',i = 1,2, inequality (18) can be rewritten in the form

(19)
H(uy(1, x), uy(t, x))

~ 4 — —_
<E x5=AH( By, (1 — A, Xy )e/beromt=0.Xa) (=8, X)) ds

X

Eyu, )t — A, XA)ef@c(v,.u.(z—A,xn,uz(:—A,XA»ds) +o(4).

2By E, we denote expectation supposing that »(0) = i; i = 1,2.
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As it was noted before, the argument of the function H(-, -) on the right-hand side
of inequality (19) is (up to o(A)) the translation of the point (u,(t — A, X,),
uy(t — A, X,)) in the time A along the trajectories of system (16). Hence, by
hypothesis 5(b) one can find a constant ¢, > 0 such that

(20) H( Ejuya)(t = A, Xy)el8ctrsmt=8.Xa (=8, Xy ds,
Eyu,a(t — A, XA)efécu,,ul(r—A,XA),uzu—A,xA»ds)
<H(u(t— A, X,),u,(t — A, X)) — q,A.
From (19) and (20) results that there is A > 0 so small that

sup H(u (1, x), uy(t, x)) < sup  H(u(t, x), uy(1, x)) — q,A.

1>T+p,x<(c*—h)t—p (1, x)ED; 1

For any 6, by selecting sufficiently small § and using this bound a sufficiently large
number of times, we obtain that H(u (¢, x), u,(t, x)) < 8 for the points (¢, x) € 1581
which are far enough from the boundary of the domain 15,”. Whence, remembering
that (a, b) is the only point where Lyapunov’s function H(u,, u,) vanishes, we
deduce (15). Our reasoning implies also that the convergence to the limit in (15) is
uniform in & > hy > 0. This completes the proof in Theorem 2.

REMARK 1. When proving relations (3’), we made use of the fact that ¢(i) = AD +
B, i = 1,2 (see inequality (6)). If D, = D,, then such 4 and B may not exist. The
argument used above cannot also be exploited for a system with more than two
unknown functions. In these cases one can act as follows (for brevity, we restrict
ourselves to the case of two equations): We will denote by A(a!, a?) (o', a®> € R"),
the maximum eigenvalue of the matrix

—cp, + a'Dy + a%c(1) 12
) ¢y +a'D, + a?%(2) |
It is established that the function A(a', a?) is downward convex. Let /(8,, B,) be the

Legendre transform of A(a', @?). Then the velocity c* of the wave front propagation
is the root of the equation

(21) I}l;ll)l}'l( (;?2 -y +I(x, y)) =0.

It should be borne in mind that usually the function /(8,, 8,) is finite only in some
interval in the plane (B,,8,). For example, let D, = D, =D, ¢ = ¢(1,0,0) =
¢(2,0,0). Then a simple calculation shows that A(a', a?) = a'D + a%c, (D, ¢) =0
and I(B,, B,) = too for (B, B,) # (D, c). In this case equation (21) yields c*
=y2Dc.

The proof of equation (21) is analogous to the reasoning in proving Theorem 2, if
one notes that /(8,, B,) is the action function describing the large deviations for the
two-dimensional process ( fgD,(,) ds, [g c(v,) ds) (see [4, 5]).
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REMARK 2. If, as the initial functions, one picks any nonnegative functions whose
support is bounded from above, then the wave front propagates with the velocity
indicated in Theorem 2. In the case when the initial functions are positive, the wave
front may propagate with a large velocity. For example, let g,(x), g,(x) > 0 and
8:(x) ~exp(-px), p >0, as x —» co. Then a simple modification of the argument
exploited in proving Theorem 2 shows that relations (3) hold for c*, defined by the
equation

———(c—y)2+l(x)—Ax—B =0
2x )

min|py +
x,y
The function /(x) is specified by equality (4).

REMARK 3. Wave front propagation in the process described by equations (1) is
the result of interaction of the two factors: first, diffusion, and secondly, multiplica-
tion and mutual conversion of particles. For the random process describing particle
motion in space, one need not take diffusion. For instance, particle motion may be
described by a homogeneous process with independent increments. In doing so,
generators (integro-differential) of the corresponding processes with independent
increments are involved in equations (1), rather than the operators D,(0?/9x?).
Under certain hypotheses on regularity of these processes, it is not difficult to write
down an equation for c*. Particle motion along the x-axis need not be described by a
Markov process necessarily. For example, let the motion X/ of the particle of ith
kind be described by the differential equation

X/ =b(Y/),

where Y, is a diffusion process on [-1, 1] governed by the operator (D,/2)(d?/dy?)
for y € (-1,1) and subject to reflection at the endpoints of the interval. We observe
that the couple (X/,Y,') forms a Markov process. Then, for the concentrations
u(t, x) and o(¢, x) of the particles of the first and second kind, we have the
equations

D. 32
______au(t, X y) ==t a_u + bl()’)% + Cn(“a '3)“ +¢),0,

ot 2 3y?
av(tax’y)_&& 2 @_
5 =72 57 + b*(y) ay T cat T cp(u, v)o,

x € (-0,0),y € (-1,1),1>0,
u(()’ X, y):gl(x)v U(O’ X, y) =g2(x)»

ou(t, x, y) _ ov(z, x, y) —0
ay y==1 ay y==1 '

We will assume hypotheses 1-5 to be fulfilled, and let g,(x), g,(x) > g, >0 for

x <0 and g,(x) = g,(x) = 0 for x > x, > 0. Moreover, for brevity, we will assume

that [!b'(y)dy = 0, i = 1,2. Then it is possible to establish that a wave propagates
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along the x-axis with some velocity c¢*. To determine this velocity, let us consider the
eigenvalue problem (a, B are real parameters)

%*P}} + [B(c“(0,0) + Clz) —cpt ab]()’)]‘P()’) + cp¥(y) = Ap(y),

22 gst +[B(e(0.0) + €)= ey + ab*(1)]¥(0) + env(y) = M(),

Y€ (L 1), g(=1) = ¢(=1) = 0.

Let A(a, B) be the eigenvalue having maximal real part. Such A(a, B) is single and
real. The wave velocity c* is the solution of the following equation:

inf sup[ac* + (B — 1)z — A(a, 8)] = 0.
z a’B

The parameters a, 8, z vary in the real line.

REMARK 4. Suppose that x € R” and let, in equations (1), the terms of the form
(D;/2)(8*u/dx?) be replaced by 1% ,_ af/(3%u/dx* 9x'), where a¥/, i = 1,2, are
constants, the matrices (af') and (a%’) being positive definite. The initial functions
are assumed to have the form g,(x) = axy(x), 8,(x) = bx(x), where x(x) is the
indicator function of some half-space. Since the diffusion is, generally speaking,
nonisotropic now, the velocity of the wave front propagation will depend on
direction. Simple calculation shows that the wave propagation velocity in the
direction e = (ey,...,e,) is assigned by the same formula as in R! (see Theorem 2), if
one puts D, = 3} ;_ aklee, i = 1,2.

REMARK 5. Theorem 2 may be slightly reformulated. We shall let u®(z, x) =
u(t/e, x/¢), v°(t, x) = v(t/¢, x/€). If u(t, x), v(¢, x) is the solution of problem (1),
then the functions u(¢, x), v’(¢, x) satisfy the system of equations:

dut _ Dy 3%ut | 1 . . .
(22) —E)T:ETI—-Q;{+;[C]|(“’U)“ +C|20],
v _ D, 9%*

l € € £ €
52 a2 +;[022(u , 0°)0° + cyuf].

Theorem 2 straightforwardly implies the following

THEOREM 2'. Suppose that the hypotheses of Theorem 2 are fulfilled. Then, no matter
what the h > 0,

limu(z, x) = limv*(¢, x) =0 for x > c*t
e-0 e—0
uniformly in {(t, x): x — ¢*t > h};
limu(t, x) = a, limo*(t, x) = b for x < c*t
e—~0 e—-0
uniformly in {(t, x): x — c*t < -h}.
In such a formulation, Theorem 2’ may be generalized to the case when the
coefficients of system (22) depend on x. In the nonhomogeneous case, such effects

as, for example, “appearance of new sources” may occur, analogously to what
happens in the case of one equation [2].
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