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ON THE GROSSENCHARACTER OF AN ABELIAN VARIETY
IN A PARAMETRIZED FAMILY
BY
ROBERT S. RUMELY

ABSTRACT. We consider families of abelian varieties parametrized by classical
theta-functions, and show that specifying the family and a CM point in Siegel space
determines the grossencharacter of the corresponding CM abelian variety. We
associate an adelic group to the family, and describe the kernel of the gros-
sencharacter as the pull-back of the group under the map in Shimura’s Reciprocity
Law.

The purpose of this paper is to give a formula for the grossencharacter of an
abelian variety with complex multiplication, belonging to a family parametrized over
the moduli space by theta-functions. In a previous paper [7] we have given a special
case of the formula for elliptic curves, focusing on applications. Here we present the
general case.

It has long been known that the grossencharacter determines the zeta-function of
the variety (Deuring [3] for elliptic curves; Shimura and Taniyama [16], with later
contributions by Serre and Tate [17], for higher-dimensional abelian varieties). The
grossencharacter controls other arithmetic properties of the variety as well [17, 15].
However, it has been difficult to approach directly. The Jacobians of Fermat Curves
(implicitly, in Weil [21]) are one class where it can be independently studied. This
paper provides another class.

We study families % of abelian varieties, parametrized over Siegel space by maps
F(u, z): C" X &, —» P™ constructed from classical theta-functions. Arithmetic infor-
mation about F(u, z) provides arithmetic information about the abelian varieties.
Each variety %(z) is isomorphic to a complex torus C"/L(z) with L(z) C (z1)Q?",
so if z is a CM point, the corresponding variety has complex multiplication. The
grossencharacter indirectly comes from the functional equation of theta-functions
under the symplectic group.

Our approach is based on the complementary relationship between abelian variety
and modular functions, and uses Shimura’s reciprocity laws for modular functions
and theta-functions. We associate a certain adelic group to the family (its “ projective
group”), and describe the kernel of the grossencharacter as the pull-back of the
group under the reciprocity law map. Thus, the data

Family + CM point in moduli space

is enough to specify both variety and grossencharacter.

Received by the editors February 18, 1982.
1980 Mathematics Subject Classification. Primary 10D25, 14K22; Secondary 10D20, 14K25.
Key words and phrases. Abelian variety, theta-function, complex multiplication, grossencharacter.

© 1983 American Mathematical Society
0002-9947 /82 /0000-0924 /$05.75

213



214 R. S. RUMELY

The paper is divided into three sections. In the first we review facts about modular
functions and complex multiplication. In the second we prove our main theorem,
and in the third we illustrate it for one-, two-, and n-dimensional families. As was
noted in [7], our results apply to the classical Legendre, Jacobi, and Hesse curves

yr=x(x—1)(x—A),
yr= (1= x*)(1 - k%?),
x>+ 3+ 1= 3uxy.

We determine the projective groups of each of these families. In the case of abelian
surfaces, we give a family parametrized by functions which generalize the Jacobian
elliptic functions, determine its projective group, and work out some numerical
examples. In the n-dimensional case we reformulate a result of Shimura to give a
subgroup of the projective group for a family with arbitrary polarization type.
Really, we have barely touched the higher-dimensional case; these results may
perhaps serve as a guide to interesting families for study.

This is a revised version of the author’s doctoral thesis under Professor Goro
Shimura at Princeton University. The author is very grateful to Professor Shimura
for his kindness and generous help.

Notations and conventions. Z,Q,R and C mean as usual the ring of rational
integers, and fields of rational, real, and complex numbers respectively. A will be the
ring of rational adeles, A, its finite part, and Zf =1I ,,Zp the closure of Z in A 7+ Xop
will be the archimedean component of an adele x; x,, its component at the prime p.
Similar notations will apply to other adelic objects.

Throughout the paper, n is reserved for the dimension of the abelian varieties
under consideration. All vectors will be column vectors. The transpose of a matrix x
is written ‘x, and 1 will denote the appropriate-dimensional identity matrix. Y™
means the group of invertible elements of a ring Y.

All number fields are taken to be subfields of C. If K is a number field, K,
denotes the maximal abelian extension of K, and K the idele group of K; we regard
K> as embedded in K3 . The Artin map will be written [s, K] for s € K .

1. Preliminaries on abelian varieties, modular functions, and theta-functions. Siegel’s
upper half-space , is the set of complex symmetric matrices of degree n, with
positive definite imaginary part. The symplectic group Sp(n, R) acts on § , by

y(z) = (az + b)(cz +d)”" forzE@n,}':(Z Z)ESp(n,R).

A Siegel modular form of weight k (k € Z) is a holomorphic function f(z) on &,
(finite at the cusps, if n = 1), satisfying
f(z) = (flar)(z) = det(ez + )" /(x(2))

for all y in some congruence subgroup I'(N) of Sp(n,Z). Such a function has a
Fourier expansion of the type

f(z)= 2 celt(az)/N)  (e(w) =e>™).
aeallj::Z)
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The arithmetic modular forms are those with cyclotomic Fourier coefficients. One
defines the space @,(Q,,) of arithmetic automorphic forms of weight k to be the set
of quotients g(z)/h(z), where g(z) and 0 # h(z) are arithmetic modular forms of
weights k + m and m respectively, with arbitrary m.
Let J be the 2n X 2n matrix
0 -1
7= ( 1 0 )

and define the groups of restricted symplectic similitudes
Gp+ = {y € GL,,(A) |'vJy = »(y)J, where »(y) € A and »(v),, >0},
Go+ = G4+ NGL,,(Q).
There is an associative right action of G,+ on the €,(Q,,), written f — f“ for
f€ &,Q,,) and u € G,+, characterized by the properties (see [12])
L fY=fl,y = det(cz + d)*f(y(z)) for y = (2}) € Gy (note that the factor
»(v)*/? one frequently sees is omitted here).
IL f*® = f(4Ql with

1 0
10 =[0 t“l] forte Z;,

where for a modular form, f!“?) means the modular form obtained by letting [z, Q]
act on the Fourier coefficients.

III1. The subgroup of G, fixing f is open.

The quotient of §, by an appropriate congruence subgroup of Sp(n,Z) is the
moduli space for abelian varieties with given polarization type. To construct the
point corresponding to an abelian variety 4 with a nondegenerate polarization P,
take an isomorphism A from a complex torus C”/L onto A, and let E(u, v) be the
alternating Riemann form corresponding to a basic polar divisor in P. If P
determines the matrix of elementary divisors ¢ = diag(e,, ¢,,...,¢,), where ¢ = 1,
e|e,, and 0 <g €Z, then there is an n X 2n complex matrix Q(which we
decompose as & = (w,w,) with square matrices w,, w,) whose columns form a basis
for QL, such that

E(Qx,Qy) ='xJy forx, y € R*",

_of1 0),2
LQ(O e)Z'

The point corresponding to (4, P)is z, = w;'w,; z, is unique up to translation by

st (3 ovsofy 2)

Assume from now on that 4 has many complex mutiplications, that is, A is
isogenous to a product [[ 4] of simple abelian varieties 4,, where each End(4,) ® Q
is a CM field K; of degree 2 - dim(4,). Fix an anti-isomorphism

T Y=M(K)® - ®M,(K,) - End(4) ® Q.
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(The choice of an anti-isomorphism rather than an isomorphism is made for
compatibility with Shimura’s Reciprocity Law.) Then the formula

(y)A(Rx) = A(2%¢(y)x) forx R, y €Y,

determines a representation £ of Y in M,,(Q). There is an involution 8: Y - Y such
that foru,v ER?", y € Y,

E(%(y)u, Qv) = E(Qu, 2¢(y?)v);
8 coincides with complex conjugation on each of the fields K.

7 also determines an anti-representation ¢ of Y in M,(C) via the complex structure
provided by A. Write K for the center of Y, and e, for the identity element of
M,(K;), so K= @Ke,. The restriction of ¢ to K; is equivalent to r; copies of a
representation ¢;, where the pair (K, ¢;) is a CM type in the sense of [16, p. 44]:
when diagonalized, ¢; is the direct sum of embeddings o,,...,0, of K; into C, such
that from each pair of conjugate embeddings o and &, precisely one appears among
the 0;. Let (K, ¢)) be the reflex to (K|, ¢,) (called the dual in [16, p. 70]), and let K’
be the composite of the K: K’ is a field, even though K is in general not. There is a
homomorphism

n: K™ > KX,
d
n(k’) = 21 det ¢;(NK’/K,'(k/))ei-
Since 8 is the complex conjugation on K, n(k) - n(k")® € Q.

It is not hard to see that for any y € Y™ satisfying y-y® € Q, £(y) belongs to

Gq+, and

£(»)(20) = 2.
For this reason ¢ is called the embedding at the fixed point z,. £ o 7 takes K'* to
Ggo+, and K A< to G,+; it is the higher-dimensional “Reciprocity Law Map”.
Shimura’s Reciprocity Law for Siegel modular functions [9,1,2.7.3, 11, 6.2.3] says
that for any f € @,(Q,,) finite at z,, f(z,) belongs to K, ; and for any s € K*,

(1) f(zo)" " = 15070 2).
Shimura’s Reciprocity Law corresponds to the Fundamental Theorem of Complex

Multiplication in the theory of abelian varieties. The following version of the
Fundamental Theorem may be found in [10, Proposition 2.3]; see also [9,1,4.3].

PROPOSITION 1. Let (A, P) be a polarized abelian variety with many complex
multiplications, with isomorphisms 7: Y - End(4) ® Q,A: C"/L - A, and a Rie-
mann form E(u, v) as above. For any automorphism o of C over K', let s € K, be
such that o| K}, = s, K']. Then there is an isomorphism N': C"/q(s)"'L —» A° such
that A(v)° = N(n(s)™'v) for all v € QL/L, and P° determines the Riemann form
N - E(u, v), where N is the absolute norm of the ideal of K’ associated to s.

If k is a field of definition for A, denote by Y, the subalgebra of all y € Y rational
over k (more properly, such that for some m € Z, 7(my) € End(A) is rational over
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k) and let C, be the center of Y,. The following proposition asserts the existence of
the grossencharacter of an abelian variety with many complex multiplications,
assumptions being as in Proposition 1.

PROPOSITION 2. Suppose A and its polarization P are rational over a number field k,
and there is a maximal commutative semisimple subalgebra D of Y contained in Y.
Then K’ C Kk, and every torsion point of A is rational over k ,,. Further

1. For each x € Kk , writing p(x) = N(Ny k(X)) there is a unique element a(x) of
Y™ such that a(x)u(x)'L = L and, for allv € QL/L,

A(a(x)p,(x)_lv) = Ao)™M.
The elements a(x) generate C,, and Y, is the commutor of C\ in Y.
2. The matrices $(C\) can be simultaneously diagonalized, giving linear representa-
tions X ;: C,~C,j=1,...,n For each j, if X, is extended to a homomorphism
(Cx,®R) - C, then

a(x)
x[z»(x)=x.( ) for x € kX
’ N\ p(x)e *
is a grossencharacter of k; the 1-dimensional part of {(s, A/K) and 11’} L(s, ;) L(s, 47!.)

coincide up to finitely many Euler factors, with equality if C, is a field.

PrOOF. This is a mild generalization of results in Shimura [8, §7.8] to the case of
nonsimple abelian varieties, based on the version of the Fundamental Theorem given
above. The condition K® = K assumed in [8, §7.8] is automatic, since K is the center
of Y; and the fact that K’ C kis noted in [9, 1,4.2.1].

All the assertions except those about the rationality of the a(x) are proved
word-for-word as in [8, 7.40-7.42}, with the algebra D replacing the field K there.

As for the rationality, first note that y € Y commutes with all the a(x) iff y € Y.
Indeed, for each 0 € Aut(C/k) choose x € k} such that o | k,, = [x,k]; p(x) lies in
the center K, of Y,. Hence for any y which commutes with all the a(x), and for all
vEQL/L,

r(y)"Ma(x)u(x)"0) = 7(y)"A(v)" = A(y0)”
= Ma(x)r(x)"y0) = M ya(x)u(x) ")
= r(»)M(alx)n(x)"0)

so that 7(y)° = 7(y); conversely, if 7(y) is fixed by Aut(C/k) the same circle of
equalities shows that y commutes with the a(x).

By the uniqueness of a(x), if x = k € k, then a(x) = (k). Now, by the same
method as in [9, I, Proposition 1.9.2] it can be shown that p(k*) generates K over Q.
Hence, letting C be the subalgebra of Y generated by the a(x), we have shown that
KCCCC,CY and Y, is the commutor of C in Y. It is well known that in this
situation C = C,. 0O

Classical theta-functions provide specific examples of projective embeddings of
abelian varieties. Writing e(w) for 2™, the classical theta-function 8(u, z; r, s),
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with fixed r, s € R"” and arbitrary u € C", z € 9, is defined by
(2) 0(u,z;r,s)= 3 e(%'(m +r)z(m+r)+ (m+r)(u+ s))

mezL”

Let ¢ be a given matrix of elementary divisors, and w an integer = 3. Then, taking ¢
to be a set of representatives for (we)™'Z" /Z",

Ow(, 2) = (8(wu, wz; j,0)) ¢4

embeds C"/(ze)Z*" into projective space, and the polarization induced by hyper-
plane sections is of type & (cf. [10, p. 676]). Other examples will be given later.

Classical theta-functions satisfy many identities, of which we note only a few; [10]
is a good reference for these and others. Let {m} denote the diagonal vector of a
square matrix m, and put

I, = {y = (‘({ Z) € Sp(n,2)| {'ac} = {'bd} = Omod2Z"}.

Then
3) O6(u+zk+1,z;r,5)= e(— (%’kzk +’ku) + ('rk —’sl))-0(u, z;r,s)
fork,l € Z".
(42)  O("(cz + d)'u,y(2);r, s) = Ae(4(rs —'r's"))det(cz + d)"?
ce(4'u(cz + d)_]cu)-l?(u, z;r',s")
for y € T, where (7)) ='y(’), and A, is an 8th root of unity depending only on y
and the choice of branch of square-root.
(4b)
0(’(cz + d)_'u, v(z);r, s) = ¢ det(cz + d)'/ze(%'u(cz + d)"'cu)ﬂ(u, z;r’, s”

for y € Sp(n,Z), where { is a constant of absolute value 1 depending on r, s and v,

and
” 1| {‘ac}
Y —e(ry o 1
(s”) Y(S)+2({lbd}
(5) 6(u+zp+gq,z;r,5)= e(—%'pzp —'p(u+q+ s))-0(u, z;r+p,s+gq)
forp,q €R".
(6) 0(u, z;r+k,s+1)=e('rl)0(u, z; r,s) fork,l€Z".

Equation (4a) provides the connection between classical theta-functions and
modular forms of half-integral weight: for r, s € (1/m)Z" and y € T(2m?), by (4a)
and (6)

8(0,v(z); r,s) =\, det(cz + d)'%6(0, z; r, 5).

Arithmetic automorphic forms of weight k/2 are defined to be elements of
6(0, z;0,0)*@(Q,), for k € Z. 1t can be shown that when k /2 € Z, this definition
coincides with the earlier one.
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Any theory of modular forms of half-integral weight must take into account the
indeterminateness of det(cz + d)!/2. In [12], Shimura enlarged G, to a group S, +
modeled on Weil’s metaplectic group, containing “all possible” holomorphic branches
of det(cz + d)'/?. He defined an action of it on the @, ,,(Q,,) and distinguished
subgroups S+ and ¢(Z;") in it, such that with respect to these groups, the analogues
of properties (I)-(III) hold. We recall only briefly that G, may be identified with
the set of all pairs (a, Y(z)) where a € G+ and Y(z) = {-det(cz + d)'/? with a
root of unity { and a holomorphic branch of square-root; and that ¢,(Z; ) acts as
usual on the Fourier coefficients. There is a natural surjective map #: §,+ > G,+
which is open and continuous; conversely, there is a natural lifting of I to G-,
defined by

a - (a,8(0,a(z);0,0)/6(0, z;0,0)).

A congruence subgroup of QQ+ is one containing the lift of some I'(m), with finite
index.

Shimura then studied functions f(u, z) on C* X &, which generalize the classical
theta-functions. Fix k € Z,0 < w € Q, take y = (a, ¥(z)) € G5+ , and put

(f|k/2,wy)(u, z) =y(z _ke(—%v(a)w’u(cz + d)_lcu)f(’(cz +d) 'y, a(z)).

He defined an arithmetic theta-function of weight (k/2,w) to be a holomorphic
function on C"” X &, such that

(7 (f|k/2,wY)(“’Z) =f(u, z)
for all y in some congruence subgroup of G, ,
(8) flutza+b,z)= e(—w(%'aza +’au))f(u,z)

for all (¢) in some lattice in Q?”, and
9) the Fourier coefficients of f(u, z) belong to Q.

(The existence of a Fourier expansion is implied by (7) and (8). If n = 1, one must
also assume that the f,(f,v,z) defined below are finite at the cusps.) The
O(wu,wz; r, s) with r, s € Q" provide examples of arithmetic theta-functions of
weight (1, w); the Fourier expansion of a classical theta-function is essentially given
by its defining series.

For such a function, put

folu, 2) = e(3w(u—a)(z — 2)'u) f(u, 2)

and write £, for the matrix (z1,). If n>1, it can be verified that for each
x € Q?", f,(2,x, z) is an arithmetic modular form in @, ,2(Qgp)- When n = 1, this
is also true, except one must assume the finiteness at the cusps. Further, whenever
x, y € Q*" approximate v = Azf" closely enough, £, (Q,x, z) = f (Q,y, z). Conse-
quently, for adelic v, f,(§,v, z) can be defined to be this common value.

There is an action of 8, on the arithmetic theta-functions such that f* = f|, ,
for y € 84+, t,(Z}) acts on the Fourier coefficients, and the subgroup fixing a given
f is open. This action is compatible with the action on the &, ,,(Q,,) in the sense
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that the following “Generic Reciprocity Law for Theta-functions” holds [12, Theo-
rem 3.10, p. 54}

PROPOSITION 3. Given an arithmetic theta-function f(u, z), for any y € 65+ with
x = n(y) € G+, and any v € A?",

f*(ﬂzv’ Z)y = (fy)*(gztxv’ Z)‘

It will be convenient for us to broaden the above notion of an arithmetic
theta-function slightly, allowing it to be meromorphic instead of holomorphic in the
variable z: we will call an arithmetic theta-function of weight (k/2,w) a function
g(2)f(u, z), with g(z) € &, ,2(Qa) and f(u, z) an arithmetic theta-function in
Shimura’s sense of weight (h/2, w), where j + h = k. Proposition 3 remains valid
for these functions.

2. The main theorem. Let fy(u, z),...,f,(u, z) be arithmetic theta-functions of the
same weight (k /2, w), and suppose the map

F(u, Z) = (f,'(u’ z))0<j<m

parametrizes a family of abelian varieties ¥ that is, for all z in an open subset of &,
the map F,(u) = F(u,z): C" - P™ is a nonsingular projective embedding of a
complex torus. Because of the functional equation (8) satisfied by arithmetic
theta-functions, the kernel of F, is a lattice L(z) C €,Q2"; in fact there will be a
matrix M € GL, (Q) independent of z, such that L(z) = @, MZ?>". Hence hyper-
plane sections induce the same type of polarization in each member of the family,
and if z is a CM point in §,, the corresponding abelian variety %(z) has many
complex multiplications.

DEFINITION 1. Such a map F is said to parametrize the family of abelian varieties
% by arithmetic theta-functions.

Consider the subgroup & of all p € §,+ which fix F, that is, for which fP(u, z) =
fi(u, 2), 0 < j < m. Since the subgroup fixing each f;(u, z) is open, % is open, and so
is its canonical projection P = #(?) C G,+. We will shortly see that the finite part
of P is compact.

DEFINITION 2. P = (%) is called the projective group of the family %.

We now give the main theorem, determining a field of rationality for %(z) and
deriving a formula for its grossencharacters, if it has many complex multiplications.
Write £, for the subfield of f = €,(Q,,) fixed by P, and let  ,[z] (resp. f[z]) be the
subfields of C obtained by evaluating the functions at z. The first part of the
theorem is similar to {11, Theorem 1.1, p. 368].

THEOREM 1. Suppose z is a point for which there is an abelian variety %(z) in the
family parametrized by F, and take %(z) to be polarized by the hyperplane sections.
Then

(1) 9(z) and its origin are rational over t p[z), and the smallest field of rationality for
all the torsion points on %(z) is ¥[z].
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(2) If z =z, is a CM point, then every element of End(%(z,)) is rational over
k = £,[z,] K’, which is the classfield to K'* - (& o n)™\(P) C K ; all torsion points
of %(z,) are rational over K}, ; and the grossencharacters Y, of 5(z,)/k are given by

x)=x. & X X 1<j<n
K x’((n(Nk/x'(x)))w)’ Sk t=s=n

where N, ,(x) = k’-u, with k' € K" and u € (§ ° )"'(P). k' is unique iff n = 1.

PRrOOF. In the following, we use z to denote a free variable in § ,, and regard z and
z, as fixed. Let F (u,z): C" X §, —» P™ be the map obtained from F by applying
the =-operator to the coordinates of F. Since these all have the same weight, F,(u, z)
gives the same projective embedding as F(u, z). Adelizing the functions (f;), as
above, we obtain a homomorphism

F,: A7 - 3(2),

(10) o ((£)u(220, 2))

0<j<m

parametrizing the torsion points of ¥(z). Now f is the union of the fields of moduli
for abelian varieties with level N structure, for all N, so certainly any field of
rationality for the torsion points of ¥(z) will contain f[z]. In our case, since the
quotients of the ( £;),(%,v,2) belong to £, the torsion points are actually rational over
f[z]. Hence %(z) itself is also rational over f[z].

Given x € P, let x be a lift of x to ?. Then, for any v € A:’f”, and for any indices
i, j such that (2,0, z) # 0,

(£)u(2,0,2) |” :'(f:.*),,(sz;xv,z)
(fj)*(ﬂzv,z) { (f/«")*(ﬂz’xv,z)

_ [ (/)4(8,%0.2)
| (1)2(25x0,2)

by Proposition 3 and the definition of the projective group. We can write this as
(11) F,(Qu0,2)"|, = F,(R,xv,z) forx € P.

First suppose z is a generic point for f in the sense of [8, p. 137]. By definition, all
automorphisms of £[z] over f,[z] are induced by elements of P, and by formula
(11), ¥(z) and its origin are stable under P, so f ,[z] is a field of rationality for them.
We also see that the finite part of P is compact, since otherwise formula (11) would
provide a torsion point of %(z) with infinitely many images under Gal(¥[z]/f [z]).

Now again let z be arbitrary. Since the finite part of P is compact, f[z] is galois
over ,[z], and as in [11, Theorem 1.1,p. 368] to each o € Gal(f[z]/f[z]) there
corresponds an x € P such that h(z)° = h*(z) for all h € f with h(z) finite. Thus, as
before, %(z) and its origin are rational over f p[z].
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Next, suppose %(z,) has many complex multiplications. By Shimura’s Reciprocity
Law (see [9,1,2.5.5]), k = £,[z]- K’ is the classfield to K’ - (£ o 7)”'(P). Further-
more ¥[z,] C K/, , and KX acts on it by the formula h(zy)l* K1 = p° M6 (),
Consider an element y € Y with 7(y) € End(%(z,)). Given o € Gal(K}, /k), choose
s € (£ o n)"'(P) such that 0 = [s, K’]. By the definition of £, for all v € A?",

(V) Fu(R.0. 20)) = Fu(2.06(0)v. 20)-

Applying o to both sides, using Shimura’s Reciprocity Law, formula (11), and the
fact that n(s) is in the center of Y,, we obtain

F,(2.8(9)0, 20)" = F,(2.£(n(s™)) €(»)0, 20)
= F,(2,/4(») (n(s ™)), z)

= () Fu(28(n(s )0, 20))
while
1(1)°(Fu(R.0. 20))" = 7(3)° (Fu( 2.4(n(s™))v, 7))
Thus 7(y)° = 7(y).
Lastly, to determine the grossencharacter of %(z,)/k, note that in terms of the

map F,, Proposition 2 asserts the existence of a unique a € Y corresponding to
each x € k such that the following diagram commutes:

F.
Ay - %F(z,)
‘£(a'n(Nu/xf(X)-'))l Y x, K]
A s F(z,)

In view of Proposition 2 and the fact just proved that Y = Y., a belongs to the
center K of Y. Now fix x € ki and decompose Ny ,x(x) = k’- u as in the statement
of the theorem. All torsion points of %(z,) are rational over f[z,] C K., and
[x,k] | Kz, = [u, K’]. Traversing the diagram in two ways, we find first
x.k N -
F*(onv’ ZO)[ = F*(on%(a “n(k’) ]n(u l))v’ ZO)
but also
[u,K’] _
F*(onv’ ZO) = F*(onlg(n(u l))v’ ZO)

by Shimura’s Reciprocity Law and formula (11), since §(n(u«)) € P. Since this holds
forallv € Azf” and £ is an injection, a = n(k’).

When n = 1, we have Y = K, and the isomorphism 7: K — End(%(z,)) ® Q can
be choosen so that the CM type (K, ¢) is (K, id); in this case 7 is said to be
normalized. K’ coincides with K, and 7 is the identity map. Since £ is injective, k' is
unique.

When n 5 1, (£ o 1)"!(P) contains N,;'/Q(l), where F’ is the totally real subfield
of K’, so k’ is not unique. [
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In the special case n = 1, with r normalized, the embedding §: K — M,(Q) at the
fixed point z, is just the map g, defined by

Zo\ _ 2
K(l)_qZO(K)(l)’ kK € K.
We isolate this special case as

THEOREM 2. Let ¥ be a family of elliptic curves parametrized by arithmetic
theta-functions. The curve %(z) corresponding to z € § has complex multiplication iff
z = z, lies in a quadratic imaginary field K, and if A C GL,(A), is the projective
group of F, then for every CM point z, where 5(z,) is defined,

(1) The classfield k to K> - q;'(U ) is a field of definition for 3(z,);k = K -£q,_[2,].

(2) For each s € K , there is a unique decomposition Ny ,x(s) = k- u with k = k(s)
€KX, u € q;(Up)

(3) The grossencharacter of %(z,) /K is given by

x(s) = (%)oo fors €k} .

3. Examples. In this section we will compute the projective groups of some specific
families. The following corollary of the Strong Approximation Theorem is useful in
this regard. Recall that for x € G,+, »(x) is the multiplier such that ‘xJx = »(x)J;
when n = 1, »(x) is just det(x).

PROPOSITION 4. Let V be an open subgroup of G,+. Then V is generated over any
smaller open subgroup by elements of Go+ NV and a set of representatives for
v '(»(V)). If V.C W are two open subgroups such that Go+ NV = Go+ NW and
v(V)Y=v(W), then V = W.

Proor. The second assertion follows immediately from the first. Suppose, then,
that U is a given small open subgroup of V. Put S = G_+- {x € U|»(x) = 1}; note
S C V. By the Strong Approximation Theorem (as stated in [12, Lemma 1.1, p. 39]),
Gp+ = Go+-u(Zf )-S. If v € V is given, let r be the representative for »~'(»(v)),
and decompose v-r~' = y-u(t)-s withy € Go+, 1 € fo , § € S as asserted. Apply-
ing v to both sides, we find that

v(y™) = »(u(t)-s) €Q* N (R, XZ) ) = {1}

sothaty(s)=landt=l,andy=v-r'-s"' € Gop+ NV. O
In the following, we write A for the subgroup of G, +

U = G+ NGL,,(R) X [[GL,,(Z,),
p

and QL(N) for the group

W(N)={u€U|u,=1mod N-M,(Z,) forall p}.
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A. ONE-DIMENSIONAL EXAMPLES. (1) The Legendre curve y2 = x(x — 1)(x — A)
and the Jacobi curve y% = (1 — x2)(1 — k2x?2) are 2-isogenous over Q(A) to a third
curve, parametrized by the Jacobian elliptic functions

x = sn(u,k*(z)),

y = cn(u,k*(z)),
w = dn(u,k*(z)).

g [0 =1=
“lw2=1-K2%(z2)x2,

Here A(z) = k?(z) is the modular function of level 2 satisfying
J(2) =25 =N+ 1) /R(A — 1),

with values (1, o0, 0) at the cusps (0, 1, 00). It is fixed by precisely the subgroup U(2)
of GL,(A), .

Since curves having complex multiplication, isogenous over their field of defini-
tion, determine the same grossencharacter, to find the projective group of the
Legendre and Jacobi families it suffices to find the projective group P; of the family
g.

The modular function and the Jacobian elliptic functions can be expressed in
terms of theta-functions as follows, writing 3,, = #,,(z) for 6(0, z, r, s).

3 mo(2)?
K2(z) = —4/20
=) '900(2)4

sn(u,k?(z2)) = Yoo (u/ﬂoo, 2,
’ 0(1/2)09(u/19§0, ; 0,

})
2
1\ °
2

)

200 — '90(1/2> 0(u/3%, z; 3,0)
on(u,k3(2)) = %20 0(u/9%, 230, )’

)

1)

u/ 00,zOO

(
00* 52

For our purposes the factor 9% dividing the u-variable is irrelevant; a convenient
equivalent form of the map parametrizing the family ¢, in projective coordinates, is

J(u, z):CX.{)—»P3,

J(u,z) =10(u, z,0,0), —— {} ®—0(u, z,1;0),
(1/20
Boo P
0(u, z;0,%), % D _4(u,z;1,4)]|.
Yoz 2 a0 Boa o ( 31)

Since the projective group of the family ¢ must fix k?(z), we have that GL,(Q).
NPy C GL,(Q) 4 NAL(2) = I'(2). Now we require a transformation formula, which
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is a consequence of (4a), (5) and (6); for future use we state it for arbitrary-dimen-
sional theta-functions: for r, s € $Z" and y = (?§) € T(2),

(12) 0(’(cz+d)’lu,y(z); r,s)
= )\ye(‘r(-azi)r —'r(a—1)s —’s(%‘—i)s)det(cz +d)"?
-e(%’u(cz + d)_lcu)'O(u, z;r,s).

Applying this in the case n = 1, we see that I'(4) and the elements (}, 2),(}9) of T'(2)
belong to Py.

0(u, z;0,0), 6(u, z; 5,0) and 8(u, z; 0, }) are even functions of u and have rational
Fourier coefficients, while 8(u, z; 1, 1) is odd and is i times a function with rational
Fourier coefficients. From formula (12) one sees that —1 fixes the even thetas and
takes 8(u, z; 3, 3) to its negative. Hence, with a slight abuse of notation,

J(u, z)" = J(-u, 2)
and fort € 77,
J(u, 2)” = J(e,u, z)

where =1 =¢, = il"®/i =t mod4. Combining these, we have that for t € Z},
W) € Pyif t = 1 mod4, and —(¢) € Py if t = 3mod 4. Thus »(P) =R, XZ}.On
the other hand P contains an open subgroup of GL,(A), . Hence

THEOREM 3. The projective group of the Legendre and Jacobi families is the group

P, = {u = ((cl Z) € U|u, =1mod2M,(Z,),d, = 1mod4Z2].

Furthermore the field £ p_is just Q(X) = Q(k?).

PROOF. Indeed, Py has the same intersection with G+ as this group, and shares a
common set of representatives of »~'(R} X Z}< ), so by Proposition 4 the two
groups are equal. Since now QU (2) = *1- P, and all modular functions are fixed by
*1, f,,’ = Q(A). The index [ : Pg] = 12, the smallest possible value for a family
defined at all points of §. O

(2) The Hesse curves, in homogeneous coordinates, are defined by the equation

IC: x3 + y3 + w? = 3pxyw.

It is classical (see Bobek [2,p. 251]) that these curves can be parametrized by
products of translates of any theta-function with a single zero in each period lattice;
to obtain the largest possible projective group we will choose the particular basic
theta

o(u,z) = m’l'l'[:oﬂ(u, z; %, %)
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As a function of u, ¢(u, z) is a theta-function for the lattice 3[z, 1] with a simple
zero at each lattice point. For k = -1,0, 1 put

o (u,z) =i-e($z)-o(u—3z+3k,z) o(u+3k,z)-o(u+3z+ 3k, z).
Then from (3), (5) and (6) one finds the functional equations
(13) o (u+3,2) = (u,z), ¢ (u+iz,z)=-e(-3z—6u)¢(u,z),
(14) b (-u, z) = —¢_i(u, 2),
(15) o (u+3z,2) =¢85 e(-52 — 8u) ¢, (u, 2).
From these, in turn, it can be shown that
¢ 1(u, 2) + $3(u, z) + i(u, 2)

b_1(u, 2) do(u, 2) ¢,(u, 2)

is doubly periodic in u for the lattice [¢z,3] and has no poles; hence it is
independent of u. The projective embedding

x(u, z) =

H(u,z):CX $ - P2,
H(u’ Z) = (d’-l(u’ Z)’ ¢0(u’ Z)’ ¢1(u’ Z))

is a holomorphic isomorphism of C/ 3[z, 1] onto the curve J((z), where p = p(z)
= 5x(u, 2).
We will now determine the projective group Py of H(u, z). From (5) and (6) and
the definition of classical theta-functions,
“)

L
(16) ¢e(u,z) =i 11 I 9(u,2;—';1+%1,%+

I=-1 m,n=0

w|

(17)
! ! nxe_kx 1 m 2 2 m 2
- IEI m,l:;[:Ong(_l) §3ke(§(x+_2-+31) Z+(X+?+—3-l)u)

A calculation using (4), (5) and (6) now shows that I'(6) C Py.. Actually I'(3) is
contained in Py. To see this, we need the following supplement to formula (4b).
Recall formula (4b):

(18)
@('(cz +d) " u,y(2);r, s) = {det(cz + d)l/ze(%'u(cz + d)_]cu)G(u, z,r”,s").

LEMMA 1. The quantity ¢-det(cz + d)'/? in (18) can be made explicit in the
following cases:

(19) ify:((l) {) ¢-det(cz + d)7 = A, e(-3(r? + 1))z + d)2,

(20) if‘y=(i (l))’ §-det(cz+d)'/z=7\y-e(—%s2)(cz+d)'/2,

where A is an 8th root of unity depending only on y.



GROSSENCHARACTER OF AN ABELIAN VARIETY 227

To obtain (19), expand 6(u, z + 1; r, s) using the definition of classical theta-
function; to obtain (20), use (4a), (19), and the decomposition

-6 0 T )
1 1 1 0/\0 1 1 0 ’
Now a lengthy calculation using (16), (5), (6), (8),(19) and (20) shows that ({3) and

(39) belong to Py; these generate I'(3) over I'(6).
From (17) it is evident that for ¢ € Z],

21 o (u,2) =¢ ,(u,z) where £1 =¢ = rmod3.
k €k

From this it follows that p(z) is a modular function with rational Fourier coeffi-
cients belonging to I'(3). Igusa [4, p. 456] gives the formula
(@ +2)
ey = LD
(v —1)
and a careful analysis of the ¢,(u, z) shows that p(z) takes values ({;', o0, {;,1) at
cusps (-1,0,1, c0). We see that [Q(p): Q(j)] = 12 =[U: A(3)], so A(3) is the
group fixing Q(p).
Combining (14) and (21), we have that for ¢ € Z}(, «(t) € Py if t = 1 mod 3, and
—1(t) € Py if t =2 mod 3.

THEOREM 4. The projective group of the family of Hesse curves is
Py= [u € U u, z( x1 0) mod3M2(Z3)}

0 1
and tp = Q(p).

PrOOF. Again by Proposition 4, we see that this group P is contained in Pqy.
However, A(3) = =1- P, and Py fixes Q(p), which is fixed by precisely 9 (3). Since
-1 & Py we conclude that P = Py, and also that f, = Q(p). U

B. A TWO-DIMENSIONAL EXAMPLE. We now turn to the case n = 2 and consider
abelian varieties parametrized by the 8(u, z; r, s) with r, s € $Z2 If § is a set of
representatives for 1Z? X Z2/Z* X Z?, then it is known [10,p. 682] that for any
ZEY,,

u> (0(u, z;r,5)) 0, sye8
gives a nonsingular projective embedding of C2/2(z 1)Z*. Unfortunately this family
has a relatively small projective group: one sees, using (12) above, that the largest
subgroup of Sp(2, Z) contained in itis {(¢5) € T(4)| b = ¢ = 0mod 8M,(Z)}.

To obtain a larger projective group, we use an embedding modeled on the one
obtained above from the Jacobian elliptic functions. Of the sixteen 8(u, z; r, s) with
(r, s) €4, ten are even functions of u and six are odd. Suppose z is a point where all
ten even thetas are nonvanishing at ¥ = 0 (this is the generic case) and consider the
embedding ®(u, z) given by the functions ¢(u, z; r, s) in Table 1 below. (For
compactness of notation, we have written

rospy s Sy AT R N 5
0(’2 Sz)_o(o’z’(’z)’(sz)) and 0(u’z”2 sz)—o(u’z’(’z)’(%))’
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The first ten ¢(u, z; r, s) arise from the even theta-functions, and the last six from
the odd ones.)

Since the even thetas have rational Fourier coefficients, while each odd theta is i
times a function with rational Fourier coefficients (as can be seen from their
definition), L(Z}( ) is contained in the projective group P of ®(u, z). P also contains
the following subgroup of Sp(2, Z), which has index 2 in I'(2):

a a
T, = {y= (‘c’ Z) ET(Q)|a= (a; a;) = 1mod2, with a,, = lmod4}.

Indeed, if ¢(u, z) is any one of the functions in Table 1, and y € T, then
(22) o("(cz +d) 'u,v(2)) =, det(cz + d)"*e($ u(cz + d) cu)d(u, 2).

This follows from equation (12): the essential point is that the modifying factors
have been chosen so that every parameter r = (;!) or s = (i) which occurs in a theta
in the numerator also occurs in one in the denominator. Hence all terms of the type
e(‘r(a'b/2)r) and e(’s(c'd/2)s) from equation (12) cancel. If ¢(u, z) is derived from
one of the even thetas, (22) obviously holds for all y € I'(2). The modifying factors
for the odd thetas have been chosen so that the terms e(—‘r(a — 1)s) cancel as much
as possible.

Since the abelian varieties parametrized by ®(u, z) are principally polarized, it
follows that P C 9L; and also by the transformation formula (4b), any y € Sp(2, Z)
which belongs to P must belong to I'(2). Hence Go+ NP = T, and by Proposition 4,

THEOREM 5. The projective group of the family of Table 1 is

P= {u= (‘c’ Z) € A|u, = 1mod 2 M,(Z,),
a a ) _
a2=( 1 a;)wztha”=1mod4zz}.

The index [ : P] = 2°325.
TABLE 1. MODIFIED THETA-FUNCTIONS

.0 0)

5~
—
x
N
S N
N—- O
~——

0 0 0% 0
0
0 0 0 0
o3 9. o3 8,0 o s
? 0 0(u,z;5 0) 0 ? ﬂ(u,z;, 2)
0(3 0) 0 0 s[0 7 3 0
0 0 i 0
0 0 0 0
L TR O
0 0 G(u,z;O 7) 0 0 B(u,z;f )
1?(o %) 0 0 0% 0 10
0 0 10
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We will now determine the fields of definition and grossencharacters given by
Theorem 1 for two specific varieties in this family. In both cases the ten even

0(u, z; r, s) are numerically found to be nonzero.
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Recall [16,p. 50] that if we are given a CM field K of degree 2n, embeddings
6,,...,0, of K into C no two of which are complex conjugate, and a lattice L C X,
then putting

ko
u(k) = | : fork € K,
kO
the torus C"/u(L) is an abelian variety 4 having CM type (K, {7,,...,0,}). Every
polarization P of A4 is induced by an element 8 of K whose image under each of
0,,-...,0, lies on the positive imaginary axis: namely, its associated Riemann form is
E(u(a), u(b)) = Trg,o(Bab?) fora,b €K,

where p is the complex conjugation.

If such a B is given, and x,,...,x,, is an ordered basis of L such that the 2n X 2n
matrix (Trg,o(Bx;x})) is J, then P is principal. Moreover, by the recipe at the
beginning of this section, if € = (w,w,) is the matrix whose columns are
u(x,),...,u(x,,), the point in §, corresponding to (4, P) is z, = w;'w,, and the
embedding §: K - M, ,(Q) at the fixed point z, is determined by

ke
Q=Q%k) fork€EeK.
k°n

(1) Our family contains a twisted form of the Jacobian of y? = 1 — x>, which
admits complex multiplication by the maximal order of Q({s) and is canonically
principally polarized. It is isomorphic to C2/u(0,) and has CM type (K, {0, 0,}),
where 0;: K = Q(§5) — C takes { = {5 to e(j/5). One checks that B = ({ — {™")/5
and the ordered basis {2, {*, ¢, & + ¢ of O satisfy the conditions above, giving

o o0 -1 1

I SRk SO O X S -1 -1 0o -1
Zy = C+ 84 ¢ ’ £§¢) = 1 0 0 0
1 1 0 0

(K, {o,,0,}) is its own reflex, that is, K’ = K. K’ = Q(£5) and its totally real
subfield F’ = Q(Y5) have class number 1. All units of K’ are of the form ={‘w?
where w = 1(1 + V/5) is the fundamental unit of F’; w has norm —1. The prime (2) is
inert in K’ /Q; we write p, for 20,.

We want to find (£ o 7)7'(P) where n: K{* > K is given by n(k) = k°'k°2. By
direct calculation the part of (¢ o )~'( P) contained in the unit subgroup of K;* is

So=C* XC*X[{-1,0?, 1+ 2¢2,1 4+ 2¢ + 28} (1 + p3)] X [[,.
bf2

Here the quantity in brackets means the subgroup of K* generated over 1 + p2by
the given elements. S; has index 10 in C* X C* XI,Q, and coset representatives are
given by the {‘w? hence K;* -S,. Decomposing an arbitrary x € (£ o ) (P) as
x=k'-swithk’ €K',s € S,, we find (e n) (k) EP N (§on)(K'™) = {1}. As ¢
is injective, n(k") = 1. Let (k’) be the ideal of K’ generated by k’: so (k") - (k') =
(1). Examination of the galois action on primes in K’/Q shows that (k') is an ideal
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of F': k' = {*fwithsomec €EZ, f€ F'.But ]l = (k') = {3CNF,/Q(f) forces k’ = f;

(§01)"'(P) = Nr)o(1)- Sp.
In the course of the analysis we have shown that the variety is defined over

= Q(¢,) itself, the classfield to K. By the theorem, the grossencharacters
¥y, ¥ K3 > C* belonging to it are

n(k’)”" n(k’)”
x) = , o (x) = ——=—
W) = ) ? 1(x)eo,
for x € K}*, where x = k’-s with some k' € K’* and s € (¢ > 7)"'(P), and oo,
and oo, are the archimedean primes of K corresponding to the embeddings o, and o,
respectively.
(2) For a second example, take

k=0q(3+fi),

and consider the torus C2/u(0;) with CM type (X, {o,, 0,}), where o, and o, are
chosen so that

Im(( 3+ \/Ei)dj) > 0.

This is a “dihedral” example: K is not normal over Q; the galois group of its galois
closure is the dihedral group with 8 elements. The torus is principally polarized by

2
B_28 (2+—)‘/3+/—
and through the ordered basis

2-2)3+2i(-1+2)3+ 2012

of O, we obtain the point and embedding

0 0 -4 1
2441 -4 . 00 1 -2
zy = _%_%7 1+|‘/_)\/3—71, (\/3+\/51)~ } ; g g

The reflex to (K, {0,, 6,}) is (K’, {v,, »,}) where K’ = Q(Y3 — V7 i) and », and »,
take V3 — V/7 i to the positive imaginary axis. K’ has class number 2; its totally real
subfield F* = Q(/7) has class number 1. (2) is totally ramified in K’; the prime p,
above it is principal: Y3 — 7 i is a generator.

By direct computation, the subgroup of the unit group of K, contained in
(&€ o 7)”'(P) may be found to be

Sp=C*xC*x (1+p3)x [[u,,
b2
and an argument similar to the previous one, based on [13, Proposition A.7, p. 84]
gives

(§°"1) (P) F/Q(l) So-
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The variety is defined over the classfield to K’* - (& o 1) '(P), which can be

shown to be
k=K’(‘/2— f+23- );

it is a cyclic extension of K’ of degree 4. The grossencharacters ¢, ¢,: ki —» C* are
(k)" n(k’)
n(Nk/K'(x))oo| n(Nk/K’(x))ooz

for x €k} , where Ny .(x) = k-5, with k’ € K", 5 € (£ o m)”'(P) as above.

C. THE STANDARD EMBEDDINGS. For theoretical purposes, it may be useful to
know (a subgroup of) the projective group for a family of abelian varieties with
specified dimension and polarization type. Using different terminology, Shimura
[11, Theorem 1.1, p. 368] has determined such a subgroup for the families

0, ., (u, z) = (0(wu,wz; j,0)),eq
mentioned after Proposition 2 above; here ¢ is the specified matrix of elementary
divisors, w = 3 is an integer, and ¢ is a set of representatives for 8 -1Z"/Z", where

= w-¢&. We reformulate his result in the context of Theorem 3.
First, writing x € G,+ as x = (%), let

Sy = {x € Gy+|x, € GL,,(Z,) Vp; {a,'h,} ={c,d,} =0mod2M,(Z,)},

$(x) = Yy(x) =

8§ 0 -1
Ss={x€S00(0 8_1)50(30 g)|ap—l€Mn(Zp)forallp}.

THEOREM 6. The projective group of ©, ,(u, z) contains the subgroup of G+

_ (w1l 0\ (wl 0)
Tw_(o 1) Ss{o 1)

PROOF. By general facts about conjugation of subgroups, it suffices to show that
S; is contained in the projective group Py of
0, ,.(u, z) = (6(u, z; j,0)) je-
Now S; is generated over any open subgroup by t(Z,X ) and Iy = S5 N Sp(n, Z), and
c(Z}() C Py since the 0(u, z; j,0) have rational Fourier coefficients, so it suffices to

show Iy C P;.
Note that I}, is stable under transposes. Writing y € I'; as

f{a b)_ 8a,87! ob,8 ) a, b,
Y_(C d)_(S"qS" 8-'d,8 with ¢ 4 <To,

by equations (4) and (6) we have
0(‘(cz + d)_lu, v(z); j,O)

= )\ye(—%'ja’bj)dct(cz + d)l/ze(%'u(cz + d)—lcu)ﬂ(u, z; ‘aj,'bj)

= )\ye(—%'(Sj)a,‘bl(Sj))e(’j(a —1)8'b,8j)det(cz + d)

eftfuer = ) ) o 2.0

1/2
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The first exponential term is trivial since §j € Z" and a,’b, is a symmetric matrix
with even diagonal; the second is trivial since @ — 1 and 6b,6 belong to 8M,(Z).
This means that y lifts to an element of §, + fixing all the 6(u, z; j,0)forj € $. O

We remark that T, , need not be the full projective group even in the simplest
cases: for example, if n = 2, ¢ = 1, and w = 4, then it is easily seen that

1 0 16 8
_10 1 8 16

" lo 0 1 o € Py\ S;.
0 0 0 1

The conclusions of Theorem 1 remain valid with T, , replacing the full projective
group, but the fields of definition produced may be larger than necessary.
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