TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 276, Number 2, April 1983

TOPOLOGICAL SEMICONJUGACY OF PIECEWISE
MONOTONE MAPS OF THE INTERVAL
BY
BILL BYERS

ABSTRACT. This paper establishes a topological semiconjugacy between two
piecewise monotone maps of the interval which have the same kneading sequences
and do not map one turning point into another, whenever itineraries under the
second map are given uniquely by their invariant coordinate. Various examples
are given and consequences obtained.

0. Introduction. In recent years there has been a great deal of interest in under-
standing the complicated asymptotic behaviour which arises in studying the iteration
of maps of the interval [1, 3-5, 7, 10]. In particular, Guckenheimer [4] classifies
maps with negative Schwarzian derivative and one critical point up to topological
equivalence by the systematic use of the Milnor-Thurston kneading theory.

In this paper we apply this kneading theory to piecewise monotone, continuous
maps and show that within a very general class of maps with the same kneading
sequences those maps 7 for which the invariant coordinate is injective serve as models
in the sense that there is a surjective, semiconjugacy from any map onto 7 (Theorem
5). It follows (Proposition 7) that any two of these maps (with injective invariant
coordinates and equivalent kneading sequences) are topologically equivalent. In
particular any two expanding maps with equivalent kneading sequences are topo-
logically conjugate. This result implies that (Proposition 8): A map with one turning
point and a kneading sequence which is not eventually periodic is topologically
semiconjugate to a map 7, of the form 7,(x) = ux(1 — x).

1. Preliminaries. All maps z: [0, 1] — [0, 1] will be continuous and piecewise mono-
tone, i.e. there exists a minimal partition0 =Cy<C; < :-- <C,,_1<C,, =1
of [0, 1] such that ¢|[C;_;, C/]]is strictly increasing or strictly decreasing.

For such maps the kneading theory of Milnor and Thurston [5] applies. Let I; =
[Co, CD, I, = (Cpp—y, Cpl and I, = (Cp_y, C), k = 2, ..., m — 1. Then, using the
notation of [4], associated to each point x €[0, 1] is a sequence A(x) = {4,(x)}20
called the itinerary of x, where 4,(x) = I, or C, according as 7%(x) € I, or z*(x) = C,.
The points ‘C,’ are called turning points for ¢ and their itineraries are called the
kneading sequences of 7. An orientation-preserving topological equivalence between
maps 7; and 7, must preserve kneading sequences.
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Define ¢(I,) = +1 if 7|I, is increasing, e(I,) = —1 if 7|I, is decreasing and ¢(C,) =
0. Then given a sequence @ = {a,}32, of symbols I, and C,, the invariant coordinate
0(a) = {0.(a)}, is defined by

0x(@) = e(ag)e(ar) - - - e(@n1)a, (@) = ao.

If x € [0, 1], write 0(x) = 0(4(x)).
If we order the symbols by

0-C
—I,< =Cpy < ~I,1< -+ < —Io<{ k}<10< Ci< .- <1
s 0 . Ik
and the sequences 6(a) by 0(a) < 0(b) if @ # b and 6,(a) < 0,(b) for the smallest n
for which a, # b,, we then have

LEMMA 1 [5]. x; < x5 implies that 6(x;) < 0(x,).

2. Construction of the semiconjugacy. In the following we shall always be consider-
ing pairs of continuous, piecewise monotone maps 7;, 7 With turning points C} and
Ci k=1, ...,m— 1, respectively, which are simultaneously increasing or decreas-
ing on the interval [0, Ci],i= 1,2 Let I} =(Ci_;, C)), i=1,2; k=1,..., m.
To avoid confusion we shall denote the itinerary of a point x under z; by 4(x) =
{A,(x)}s2, and of a point y under 7, by B(y) = {B,(y)}2, but we shall compare
0(4(x)) with 0(B(»)) by identifying I} with I and C} with C3.

Given x €0, 1]. Let L(x) = {y|0(y) = 60(B(»)) < 6(4(x)) = 0(x)} and U(x) =
{y10(y) = 6(x)}. Suppose 7, has the property that 6(y;) = 6(y) only if y; = y, (we
shall say that 6(y) is one-to-one for z,). Then L(x) intersects U(x) in at most one
point. If L(x) and U(x) are nonempty and disjoint then Lemma 1 implies that y; < y,
for any y; € L(x) and y, € U(x). Thus there exists a unique point y = supL(x) =
inf U(x). We define y = ¢(x) in this case and ¢(x) = L(x) (| U(x) in the case where
the intersection is nonempty. Thus ¢(x) is well defined whenever both L(x) and
U(x) are nonempty.

We collect the following observations in:

LEMMA 2. (2) §(x) is defined < 0(B(0)) < 6(A(x)) < 6(B(L)).
(b) If x € I} and () is defined then J(x) € I.

©HCH = CLk=1,...,m.

D ap<sihk=1,...,m

PRrOOF. (a) L(x) and U(x) are nonempty if and only if
6(B(0)) < 6(4(x)) < 6(B(1)).
(b) If 8(y) < 6(x) then By(y) < Ay(x) = I,. Thus L(x) < [0, C?) and ¢(x) < C%.
Similarly U(x) = (C2;, 1] and ¢(x) > CZ;. Thus ¢(x) € [CZ,, CF.
(©) ¢(Ch = sup{ylo(y) < 6(CH} = sup{yl6(y) < 6(CP} = C}.

(d) Suppose ¢(x) € IZ. If x = C} then ¢(x) = C?% by (c). Thus x € I} for some j.
Then ¢(x) € I? by (a) and therefore j = k.
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Let X = {x]|0(B(0)) < 6(4(x)) < 6(B(1))}, the domain of definition of ¢. Since
6 is nondecreasing for 7;, X is an interval. We proceed to show that ¢) conjugates 7,
and 7, and is continuous whenever 73(C?% # CZ%for any i, j, n.

PROPOSITION 3. ¢ is a nondecreasing function on X. Moreover if x, t1(x) € X then
gr1(x) = 72(X) if 71 and t, have the same kneading sequences.

Proor. If x; < x; then 6(x;) < 6(xp) and so L(x;) € L(x;). Thus ¢(x;) =
sup L(x;) < sup L(xp) = ¢)(x7).

Now fix x € X such that 7;(x) € X. If there exists a point y such that 6(4(x)) =
0(B(y)) then y = ¢(x) and either

(a) A(x)isanintervali = 0,1, ... and zi(x) e I} e ¢i(y) e I3,i = 0,1, ... ,or

(b) A(x) is an interval for i = 0, 1, ..., n— 1 and ¢f(x) e I} <> 74(y) e IZ, i = 0,
1, ...,n—1,and 7}(x) = C}, t4(y) = C%. In either case 0(r,x) = 0(zzy) or (z;x) =
72(x) unless n = 0 in (b), i.e. y = C¢and x = C} in which case 0(z,C}) = 0(z,C%)
if the kneading sequence of C} under 7, and of C7 under 7, are the same.

We now look at points x € X for which 6(y) # 6(x) for all y € [0, 1]. Thus y € L(x)
<> 0(y) < 0(x)and y € U(x) < 6(y) > 0(x).

For any point z, 0,(4(2)) = &(4(2)) - - - e(4,-1(2))4,(2) and 0,_1(A(z12)) = e(4(2))
-+ e(A,-1(2))A,(2). Thus 0,(z) = e(4¢(2))0,_1(z12) and similarly 0,(B(w)) = e(By(w))
0,-1(z2w). Thus 6,(w) is less than (greater than) 6,(z) < e(By(w))0,_;(w) is less than
(greater than) e(4y(2))0,-1(2) if n > 0.

Suppose that x € I} and ¢(x) € IZ where z|[CL_;, C}]is increasing. Then e(4y(x)) =
+1. (x) = sup{y e I{|0(y) < 6(x)} and since 7,|If is also increasing 7z,(x) =
sup{z2(»)ly € I} and 6(y) < 6(x)}. For such a y, if n is the smallest integer for
which 6,(y) < 0,(x) and n > 0 then by the above 0,_;(75)) < 0,_1(71x) since e(4y(x))
= +1 = e(By(y)). Note that » must be greater than 0 since By(y) = 4y(x). Thus
wo[L(x) N 1{] € L(z1x) and 72¢(x) < ¢(z1x). Similarly z,[U(x) N I7] = U(z;x) and
T2(x) = (71x). Thus zo(H(x)) = (z1x).

If x e I}, J(x) € I%, and 71|[C},, CZ ] is decreasing then e(4y(x)) = —1 and

T2(x) = zo(sup{y € I}|0(y) < 0(x)})
= inf{rzy|y € I} and 6(y) < 0(x)}

but for such a y 0,(y) < 0,(x) = 0,_1(z2y) > 0,_1(z1x) and 7x(y) € U(z1x). Thus
T2(x) > ¢r1(x). Considering ¢(x) = inf{y € IZ|6(y) > 6(x)} we get t2¢(x) < J(71(x)),
which completes the proof for such values of x.

Since (C}) = CZand 6(C}) = 6(C?) it remains to consider points for which ¢{(x) =
C? and x # C}. For such points if y # C?% then §(y) < (or >)6(x) if and only if y <
(or >) Cz.

Suppose 7, is decreasing on [CL_;, C}] and increasing on [C}, CL]. If xe I} (or
x €I}y then 7;x > 7,C} and (71x) > J(71C}) = 72(C}) = 72J(x). On the other
hand ¢{(x) = sup I = inf IZ,; and so 7,¢{(x) = inf 7,/% = inf 7,/%.,. However if
yelZ (yeli,) then 6(y) < 0(x) (6(y) > 6(x)) so that (z,y) > 6(zyx) if either x € I}
and yeIZor xe I}, and y € I},,. Thus 75(I3) = U(zyx) if x € I} and 75(1¢,,) < U(z1x)
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if x € I};,. This implies that 72¢{(x) > inf U(z1x) = (71x) in both cases and 5o 72¢(x)
=¢r1(x). This same reasoning applies if 7, is increasing on [CL_;, C}] which completes
the proof of the proposition.

We use Proposition 3 to show

PRrOPOSITION 4. If 71, 75 satisfy the conditions of Proposition 3, and 74(0) = 0 and
72(1) = 0 (or 1) in the case where we have an odd (or even) number of turning points.
Suppose t%(C?) # C3 for any n > 0; k, I =1, ...,m. Then ¢: [0, 11 - [0, 1] is
continuous.

PROOF. ¢(x) is defined for all x since 6(B(0)) < 6(4(0)) < 0(4(x)) < 6(4(1)) <
6(B(1)). Note that for points ‘x* for which z%(x) # C} and z3((x)) # C% for any
n=0,1,2...and k =1, ..., m we have ¢%(x) e I} if and only if 73((x)) € IZ.
(This follows from Lemma 2.) We begin by considering such points x;.

Let yy = ¢(xp). Then (\s277"(B,(»0)) = {»o} since 6(y) is one-to-one for r,.
Lemma 2 and the above comment imply that ¢{(4,(xo)) S B,(y,). Therefore

A () i) = () " B30,

since 73g(x) = ¢rt(x) € B,(yp) if 79(x) € 4,(xp). Let Dy = (X, 73”B,(yo) and set
D = (%= Dy. The Dy form a decreasing nested sequence of closed sets with inter-
section D. Suppose D = {y,}. Then if x,, — xo, we have x,, € (\Xoyr7" 4,(xo) and so
¢(x,,) € Dy for large m. Thus ¢{(x,) — yo. It is not difficult to show that D is an
interval. However if ze D, z # y,, then 7%(z) € B,(yo) and 74(2) ¢ B,(»,) for some n,
i.e. 7(z) = C%for some k. Since ; is at most m to 1 the set of such points is countable
and so D = {y,}.

We next consider points x, for which ¢(xo) = CZ for some k. Then x, € (CL,,
CLy). Let x,, - xo where x,, € (Ci_;, C},) and ((x,) € [CZ_,, CE,,]. Then 71x, = 71xo.
But 74(¢(z1x0)) # C?% and 7§(r1x0) # C} for any j since in either case we would have
75t1(C3) = C? contrary to assumption. Thus ¢ is continuous at 71xp and ¢ o 71(x,) —
¢oti(xo) 1.e. T30 lx,) = 720 f(Xp). If (x,,) > ¥ then 75(y) = 7o{Xo) and y € [CE,,
Ci) ie. ye[Chy, CEol N 7' (22CH = {C#}. Therefore ¢(x,) - CZ = J(xo).

Finally consider a point x; for which ¢r%(xg) = 7jd(xp) = C{and n > 0. Let U be
a neighbourhood of ¢y(xo) small enough so that C% ¢ | Jz=}c5(U) (such a neighbourhood
exists because 72(¢(xo)) # C?% for m < n). Then ¢3|U is a homeomorphism onto an
open neighbourhood of C%. But ¢is continuous at points like z%(x,) for which ¢zf(xo)
= C} by the previous result. Thus ¢~(U) =7z7"¢~1z§(U) is open. This completes the
proof.

What we have shown so far is summarized by

THEOREM 5. Let 7y, 72 be continuous and piecewise monotone maps of the interval
with the same number of turning points and equivalent kneading sequences. Suppose that
the invariant coordinate 0(y) is one-to-one for itineraries of points under t,, that 7,(0) =
7(1) = 0, and that no turning point is mapped into any other under an iterate of t,.
Then the map ¢ is a continuous, semiconjugacy from ¢, to tyi.e. go 71 = T30 ¢.
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REMARK. If 7;(0) = 0 = z(1) then ¢ is onto since in this case ¢(0) = 0 and ¢(1) =
1.

3. Examples and applications.
ExampLE 1. We show that the condition that ¢3(C% # C?% is essential. We begin
with the following example of Guckenheimer [4]:

_ 0<x<4,
i) {ﬂ—ﬂx, I<x<l,

We shall show in the next section that 6(y) is one-to-one for 75, but

wherey=#?——> 1.

{L 1+ /5§ —1+4/?}

2’ 4 ’ 4

is a periodic orbit so the kneading sequence of 7, is CI,[)CIL}], . . . . There is no point
‘x’ with itinerary @ = L) )1, 111 . .. [4].

Let 7; be any C! map with unique turning point C = } and the same kneading
sequence as 7, such that 7,(0) = 7,(1) = 0. There exists [4] a point ‘y’ with 4(y) = a.
If ¢ were continuous then it would be surjective and so there would exist a point ‘x’
with ¢(x) = y. Suppose 77(x) = 4 for some n, then 73(y) = 74(x) = ¢r7(x) = %
which contradicts the fact that a consists entirely of intervals. Thus 4(x) = @ which
is impossible. Thus ¢ is not continuous.

ExAMPLE 2. We give the following simple example to illustrate Theorem 5 (cf. [1]).
We modify the map 75(x) = 4x(1 — x) while keeping the same kneading sequence.
Define

J6x2, 0<x<i,
71(x) ={ 3 x-14%, i<x <4,
l4x(l -x), i<x<l1.

Then 7,(x) is the type of function which we have been describing for which 0(x) is
clearly not one-to-one since 7,([0, {]) = [0, {]. Thus ([0, ) = O and if I is any
interval such that z%(7) < [0, }] then 73J(J/) = Oandso ¢(J) = Oor 1. If

Z, = [0, 1] — W%0)
then ¢|X,, is onto since ¢(}) = 0 and
1 V30 \ _
fg+-) =1
where

1 1 V30
2712

el

and for x;, x; € ., f/(x) = () <> t%(x) = t%(y) = } for some n.
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To use Theorem 5, it is necessary to identify a class of maps with the property that
the invariant coordinate is injective on itineraries. In [4] it is shown that C3 maps ¢
with 7(0) = 7(1) = 0, a single turning point, and negative Schwarzian derivative and
no contracting periodic points have this property. The same is true for maps, one of
whose iterates is expanding.

DEFINITION. A piecewise monotone map 7 is expanding if there exists a constant
A > 1 such that |[z(x) — z(»)| = Alx — y| whenever both x and y lie in the same inter-
val [Cb Ci+l]'

PROPOSITION 6. Suppose t™ is expanding for some m. Then 0(x) = 6(y) only if x = y.

Proor. If 6(x) = 6(y) there are two possibilities:

@) A4,(x) = A(y) # C;,n=0,1,2, ..., 0r

(b) A (x) = A(y) # C;,n =0, ...,k — 1 and 7ké(x) = 7%(y) = C;.

In case (2) [7*#™(x) — 7*=(y)| = A*¥|x — y| and so z™(x) = ¢z™(y). Thus we are in case
(b) if we let k be the smallest integer such that z¥(x) = z#(y). Then either 7% 1(x) =
¥ 1(y) or A,_1(x) # A,_1(y). This is impossible unless x = y.

In [5] Milnor-Thurston show that for any map 7 with growth number s = s(z) > 1,
there is a semiconjugacy from 7 onto a map F, of constant slope s. Thus every such
map has a piecewise linear expanding ‘“model”. However the Milnor-Thurston model
is not unique in the sense that there may be semiconjugacies onto different maps of
constant slope, in particular the number of turning points may be reduced. If 7 has a
unique turning point and the turning point C of Fsatisfies F*(c) # cforn=1,2, ...
then the kneading sequences are identical [6].

A natural consequence of Theorem 5 is:

PROPOSITION 7. If 7: [0, 1] [0, 1] are as in Theorem S but 7,(0) = 7,(1) = 0 and
0(x) is one-to-one for t, then ¢ is a homeomorphism, i.e. t) and t, are topologically
conjugate.

Proor. From Theorem 5 we have nondecreasing, onto maps ¢, ¢, such that
$rom1 = t20¢n and gpoty = T1°¢. Then doodyory = ¢potaody = T10¢po¢y Where
¢z © ¢y is continuous, nondecreasing, and onto. Let ¢ = ¢, o ¢;. Then ¢{(x) = x for the
dense set of points for which z3¢(x) # C?for any n, i. By continuity ¢ is the identity.
Similarly ¢; o ¢» = identity and ¢, ¢, are homeomorphisms.

PROPOSITION 8. If 7 is any piecewise monotone map with 7(0) = ¢(1) = Oand a
unique turning point ‘C’ whose kneading sequence is not eventually periodic then t is
topologically semiconjugate to a member of the series t,(x) = ux(1 — x).

PROOF. 7 has the kneading sequence of some 7, [4]. Now the maps 7, have at most
one periodic attractor which (if it exists) always attracts the critical point x = 4 [8, 9].
This would make the kneading sequence of 7, eventually periodic. This is excluded
and therefore 7, has no periodic orbit and therefore 6(y) is 1-1 for 7. The result now
follows from Theorem 5. Of course if 6(x) is 1-1 for 7, then the 7 is conjugate to .
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