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SMOOTH TYPE III DIFFEOMORPHISMS OF MANIFOLDS
BY
JANE HAWKINS

ABSTRACT. In this paper we prove that every smooth paracompact connected
manifold of dimension =3 admits a smooth type III, diffeomorphism for every
0 <A < 1. (Herman proved the result for A = 1 in [7].) The result follows from a
theorem which gives sufficient conditions for the existence of smooth ergodic real
line extensions of diffeomorphisms of manifolds.

1. Introduction. Let f be a nonsingular ergodic automorphism of a Lebesgue space
(X, S, p). The problem of describing the conditions under which p is equivalent to
an f-invariant measure has been the subject of much study [2, 3, 4, 6, 11, 13].
Herman and Katznelson have constructed examples of diffeomorphisms of the circle
which do not admit any invariant measure equivalent to Lebesgue measure [8, 11]. In
[6], some relationships between the rotation number of a diffeomorphism of 7' and
its measure theoretic properties are studied further. In [8] Herman proves the
existence of smooth type III, diffeomorphisms of every paracompact connected
manifold of dimension m = 3.

In this paper we study the more pathological types of non-measure-preserving
diffeomorphisms of manifolds. In particular we construct examples of smooth type
I1I, and III,, 0 <A < 1, diffeomorphisms of C* manifolds. The main theorem of
the paper is the following.

THEOREM 5.5. Every smooth paracompact connected manifold of dimension =3
admits a type 111, diffeomorphism for every 0 <A < 1.

We prove the theorem in a sequence of steps, following a general method
introduced by Anosov in [5] and used by Herman to construct type 111, diffeomor-
phisms. In order to obtain a type III, diffeomorphism on an m-dimensional
manifold M, we construct a flow with the desired property on 72 X R™"2 and
extend it to a globally defined flow with the same property on M.

§2 supplies some necessary definitions and notation. In §3, we prove that starting
with a type 111, diffeomorphism of the circle (which we know exists by [11]) we can
obtain a type III, flow and diffeomorphisms on higher dimensional tori. We prove
the following slightly more general assertion: if X is any smooth manifold which
admits a type 111, diffeomorphism f, then the diffeomorphism of X X T' given by
(x, ) (fx, y + t(mod 1)), x € X, y € T, is of type 11, for m-a.e. ¢ € (0, 1).
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626 JANE HAWKINS

§4 offers a proof that we can obtain real line extensions of type III, diffeomor-
phisms which preserve the ratio set (cf. §2). This result is not always true in the
measure-preserving case. In fact it is well known that for most irrational numbers a,
the diffeomorphism of the circle given by rotation through a admits no ergodic real
line extensions of the form: (y, z) > (y + @, z + ¢y), where ¢: T! - R is smooth.
(Using Fourier coefficients the equation y(y) = ¢(y) — ¢(y + a) has a C* solu-
tion for m-a.e. a, hence the extension by ¥ is not even ergodic.) However, Theorem
4.13 states that every type 111, diffeomorphism of a paracompact manifold (and type
III,, 0 <A <1, as well by a small modification) admits weakly equivalent real line
extensions.

The last section, §5, then applies the methods of Anosov and Herman to extend
the type III, flows we have constructed on 72 X R™"2 to arbitrary paracompact
connected manifolds of dimension m.

The contents of this paper form a part of the author’s Ph.D. thesis. Dr. Klaus
Schmidt, of Warwick University, is gratefully acknowledged for supervising this
work.

2. Ergodic theory preliminaries. Let (X, S, p) denote a Borel space where p is a
probability measure on (X, §). Let f denote a nonsingular ergodic transformation of
(X, S, p), i.e. every f-invariant set B € $ satisfies either u(B) = 0 or u(B) = 1. We
define the set Aut(X, S, p) = {T: (X,S) <« such that T is a nonsingular Borel
automorphism of (X, 5)}, and let

O(x)={f"x:n€Z}.
The full group of f is defined by
[7/1={VeEAu(X,S,p): Vx € O)(x) for pace. x € X}.

DEFINITION 2.1. Two transformations f, g € Aut( X, S, p) are weakly equivalent if
there exists a measurable invertible map y: X — X with ¢;'u ~ p and Y(O,(x)) =
O,(¥x) for p-a.e. x € X.

We now introduce an invariant of weak equivalence.

DEFINITION 2.2. Let f € Aut( X, S, p) be an invertible, ergodic transformation. A
nonnegative real number ¢ is said to lie in the ratio set of f, r*( f), if for every Borel
set B € S with p(B) > 0, and for every € > 0,

< s}) ) > 0.

u( U
n€ezl
Here dp.f =" /dp denotes the Radon-Nikodym derivative of f7u with respect to u. We
set r(f)=r*(f)\{0}. One can show that r(f) is a closed subgroup of the
multiplicative group of positive real numbers R*, and that f admits a o-finite
invariant measure if and only if r*(f) = {1} [13]. If f has no o-finite invariant
measure equivalent to p, there are three possibilities:

(1) r*(f) = {t € R: t = 0}, in which case f is said to be of type III,;

@) r*(f)={0} U {N: n € Z} for 0 <X < 1; in this case f is said to be of type
III,; or,

(3) r*(f) = {0, 1}; then fis of type III,.

n anf™" o\
anBﬂ{xEX.‘ m (x)—1t
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The ratio set is actually an example of the set of essential values for a particular
cocycle for f. We shall briefly introduce these more general concepts from the study
of nonsingular group actions on measure spaces. For the purposes of this paper, we
will give the definitions in the differentiable context; for the most general defini-
tions, we refer the reader to [16)].

Let (X, S, ) denote a compact Riemannian manifold with $ the o-algebra of
Borel sets, and let p denote a smooth probability measure. By Diff*(X) we will
denote the set of C* diffeomorphisms of X. We define the metric

S o-r_4/(f.8)
r§12 1+dr(f’g)

where d, denotes the usual C” metric. Clearly Diff °(X) is a Baire space.

Let f € Diff*( X) be p-ergodic and let H be a locally compact second countable
abelian group. The action (n, x) - f"(x) of Z on X is nonsingular since for every
n € Z, x - f"x is a Borel automorphism of X which leaves p quasi-invariant.

DEFINITION 2.3. A Borel map a: Z X X - H is called a cocycle for Z if the
following condition holds:

For every n, m € Z and for every x € X, we have

a(n, fmx) —a(n+m,x)+a(m,x)=0

d.(f,g)= for every f, g € Diff*( X),

A cocycle a: Z X X - H is called a coboundary if there exists a Borel map b: X - H
with a(n, x) = b(f"x) — b(x), n € Z, for p-a.e. x € X. Two cocycles a, and a, are
said to be cohomologous if their difference is a coboundary.

The following defines a cohomology invariant which generalises the concept of the
ratio set.

DEFINITION 2.4. Let (X, S, p) be as above, G a countable group which acts
nonsingularly and ergodically on (X, &, ) and let a: G X X - H be a cocycle for G.
Anelement a € H = H U {00} is called an essential value of a if, for every Borel set
B € S with p(B) > 0 and for every neighbourhood N(«) of a in H,

p(BNg'BN {x:a(g, x) € N(a)}) >0

for some g € G. The set of essential values is denoted by E(a), and we put
E(a)= E(a) N H. We will state a few well-known properties of E(a)

(1) E(a)isa nonempty closed subset of H;

(2) E(a) is a closed subgroup of H;

3) E(a) = {0} if and only if a is a coboundary;

(4) E(a,) = E(a,) whenever a, and a, are cohomologous.

DEFINITION 2.5. Let (X, §, p) be as above, G a countable group acting nonsingu-
larly and ergodically on X, and a: G X X - H a cocycle for G. The cocycle a is
recurrent if, for every B € § with p(B) > 0, and for every neighbourhood N(0) in H,

p.( UG (BNng'BN {x:a(g,x) €NO)} N {x: gx #x})) >

We will now recall some definitions relating to flows, or R-actions, on manifolds.
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DEFINITION 2.6. A C" flow on a manifold X is a C" map f: X X R - X such that
if we denote f(x) = f(x, t)Vx € X, t € R, then

@) fiis(x) =£f(x)Vt,s ER,Vx E X

(i) fo = Idx.

Then it follows that

(iii) £, = £~
A flow on (X, §, p) is p-ergodic if f(4) = A4 (A € S)Vt € R implies p(4) = 0 or
p(4°) =0.

DEFINITION 2.7. A nonsingular flow £, on (X, S, p) is of type III if it admits no
o-finite invariant measure equivalent to pu.

If f is any orientation-preserving diffeomorphism of a smooth manifold of
dimension n = 1, there exists a canonical method for obtaining a flow on an
(n + 1)-dimensional manifold, from f, called the suspension flow of f. We first
define a flow on X X R by G,(x, y) =(x,y +t)Vx € X, y € R, t € R. We next
consider the equivalence relation on X given by (x, y) ~(f"x, y + n)Vn € Z and
we see that G, induces a flow, F,, on X X R/~= X X T'. We call F, the suspension
flow of f.

The following lemma appears in [7 and 14].

LEMMA 2.8. Let (Y, B, ») be a Lebesgue space, v a positive o-finite measure and G, a
flow on Y preserving v and v-ergodic. If G, has no orbit of full v-measure, then there
exists a set B C[0,1), m(B) =1, such that for all t, € B, G, € Auu(Y,») is
v-ergodic.

Finally, we define type III, flows for 0 < X < 1, and give a definition for weak
equivalence of flows.

DEFINITION 2.9. A smooth flow G, on a C* manifold (X, S, p) is of type HI,
0 <A<1ifform-ae. 7y ER, G, € Aut(X, p) is of type III,.

Two flows g, and G, are weakly equivalent if there exists a measurable invertible
map ¢: X > X with ¢;'u ~ p and ¥(g,(x)) = G,(¢x) for p-a.e. x € X, and some
s, t €ER.

3. Type 111, flows and diffeomorphisms of 7". This section contains a crucial step
in the process of obtaining a type II1,, diffeomorphism on an arbitrary manifold; we
prove the existence of a flow with the desired property. In order to obtain a type III,
flow on T2, we start with a type III, diffeomorphism, f, of T' and then take the
suspension flow. We need to check that for m-a.e. 1 € (0, 1), the diffeomorphism
given by (x,w) (fx,w+t) is also of type IIl,. This involves proving that,
usually, the nontrivial ergodic decomposition of the skew product given by

apf
dp

is preserved when we pass to one higher dimension.

In Theorem 3.2 we prove that a type III, diffeomorphism of an arbitrary smooth
manifold X can be extended to a type III, flow on X X T'. As a corollary we obtain
type 111, diffeomorphisms of 7", for n = 2.

-1
(x,2) > | fx, z + log (x)]on X XR
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PROPOSITION 3.1. Let (X, S, p) be a smooth manifold with p a C® o-finite measure
on X. Suppose f € Aut( X, p) is a p-ergodic diffeomorphism of type 111, (0 < A < 1),
and there exists a B € [0, 1] satisfying:

(1) F: X X T' > X X T" defined by (x, w) > (fx,w + B) is p ® m-ergodic;

(2) (Y,9, p) and {q,: y € Y} are the Borel space and family of ergodic measures,
respectively, corresponding to the ergodic decomposition of S;: X X R - X X R given

by

(x,z) (fx z+ log (x))

(see [16]), and the ergodic decomposition of Sp, = Sﬁ: XXT'XR->XXT'XR
defined by

dp. ® mFy
(x,w, z)r—»(fx w+,B,z+log—-N—(x w))

has Borel space (Y,5, p) and ergodic measures {q;: j € Y} such that q; = q, ® m for
p-a.e.j € Yandp-a.e.y €Y.
Then Fy is also of type 111,.

ProOF. We prove the theorem by showing that r*(Fg) = r*(f) which is equiva-
lent to proving that E(a )= E(aB) where a, and ag are the following cocycles:

a;:Z®X->R, a;(n, x)=log Zf (x)

dp. ® mFg"
dp®m

ag:ZX X X T' >R, ag(n, x,w) = log

(x.w) = log 2 (x)

foreveryn€Z,x € X,w€ T

From (16, §5] we recall that I(a;) = {A € R: R\B = B(pmod0) for every B € &
X @ C XX R which is Srinvariant}, and I(ag) is defined analogously, where
Ry(x,z)=(x,z+A)forallx € X,z € R,A ER, and Ré(x,w, z) = (x,w, z + )
for every x € X, w € T', z € R, A € R. Now by Theorem 5.2 in [16] we have that
E(a) = I(a) for all cocycles a: Z X X - R (and for all a: Z X X X T! > R) so the
proposition is true for A > 0 if we show that I(a,) = I(ag), and if A =0, I(ag) C
I(a;) plus the uniqueness of ergodic decomposition suffice to prove the result. (This
will be discussed further later.)

Let7: X X T' X R - X X R denote the projection mapping defined by

(x,w,z)>(x,z) foreveryx € X,w € T', z €ER.

Clearly, S;o m = o S (as maps from X X T' X R to X X R), and also for every
AER R omr=moRE

We now prove that = defines an isomorphism (mod sets of u ® m-measure zero)
from Srinvariant sets of X X R to Sg-invariant sets of X X T ' X R. Suppose that
B €5 X € C XX Ris Sqinvariant. Then S;B = B implies that B = S; o m(7"'B) =
m o Sy(w™'B), hence 7™'B = Sp(m~'B) so 7 ~'B is Sg-invariant. Now let D € § X § X
€C XX T'XR satisfy gD =D. Then S;#7D=moS8D=nD, so 7D is S
invariant.



630 JANE HAWKINS

Now A € I(a,) implies for every Sg-invariant D, Ry(wD) = «D, which implies
that 7 ~'RywD = n~'zD. Equivalently, 7 ~'wR§D = D, so A € I(ag).

If X\ € I(ap), then for every Spinvariant B, R§z~'B=n"'B. Then R\B =
Rym(n~'B) = nR{n~'B = wn~'B = B, so A € I(a,). i

In the case A = 0, we have E(a,) = {0, 00}. Since Y = Y by hypothesis, and by
the one-to-one correspondence between S; and S invariant sets, F cannot be of type
IT (i.e. have r*(Fg) = {1} which would imply that Sg is conjugate to (Fs, 1d)), so it
must be of type III,.

Using Proposition 3.1, it is now an easy consequence to prove the following
theorem.

THEOREM 3.2. If X is any smooth manifold which admits a type 111, diffeomorphism,
then the suspension flow of that diffeomorphism is of type 111, on X X T' (i.e., for
m-a.e. t € (0,1), the diffeomorphism obtained by fixing the flow at t is of type 111,).

PROOF. Assume that fis a type 111, diffeomorphism of X. We consider the ergodic
decomposition of the skew product defined by

F: XXR-> XXR,

dpf
Uk

(x,z) | fx,z + log x € X,z ER,
which preserves the measure » = e~? dp. ® dz. By [16] there exists a Borel probability
space (Y, J, p) and o-finite measures g, on (T* X R, §, ») such that:

(i) y + q,(B) is Borel for every B € 5,.

(ii) (B) ~ Jrexn 4,(B) dp().

(iii) Every q,, y € Y, is invariant and ergodic under F, and g, and g, are mutually
singular when y # y’.

(iv) Let Z= {B €5,: F(B) = B}. Forevery BE Z, put B, = {y € Y: q,(B) >
0). Then £, = {By: B € Z} is equal to I mod sets of p-measure zero.

Foreachy € Y, themap F,: X X R X T' > X X R X T' defined by

-1
(x,z,w) > | fx,z + logd“'{t (x),w+1t

d
is g, ® m-ergodic for m-a.e. ¢ € [0, 1]. This can be shown by taking the suspension
flow of F and applying Lemma 2.8 for each y € Y. If we can prove that the set
0={n) E(YXLI XY, pXm): Fis q,®m-ergodic} is p ® m-measurable,
then by Fubini’s Theorem, since p ® m(Q) = 1 thereexistsaset C C [0, 1], m(C) = 1
such that if 1 € C for p-ae. y €Y, F is g, ® m-ergodic. By the uniqueness of
ergodic decomposition, this implies that F, is of type III,,.
We conclude the proof with the following lemma.

LEMMA 3.3. The set
0={(y,t) e(YXI1,9X9,p®m): F,is q, ® m-ergodic}

is measurable.
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PrOOF. Let X = X X R, and denote by X, the manifold defined by X, = X X
(-n, n). The skew product F defined in 3.1 is always conservative, so we can induce
on X,. Let F, denote the induced transformation on X,,, and we write F,, for the map

F;:X,XT > X,XT',
(x,z,w) > (F(x,z),w+1t) foreveryx € X,z € (-n,n),w e T".

We define, for every y € Y and n = 1, a normalised measure on X, equivalent to the
induced measure obtained from g, restricted to X,. Call these measures p{™; then
p{™(X,) =1 for n= 1. Clearly we have F, is g, ® m-ergodic if and only if F,, is
p}") ® m-ergodic for every n = 1. To show Q is measurable, we show that Q, =
{(y,t) EYXI|F,is pﬁ") ® m-ergodic} is p ® m-measurable for eachn € N.

To show Q, is measurable, we use the following claim, a different version of which
is proved in [7].

Claim. With the above notation, F,, is p}") ® m-ergodic if and only if

inf
m=1

:0,

1 m—1
~ S hoF,— [ hdp"®m
Xa 1 LA(X,X1,p{"®m)

j=0 n

where | | 2(x, x1, pom) denotes the relevant L2 norm and h; € {h, };cn and {h;}cen
is a countable dense sequence of Borel (L?) functions on X, X I (hence measurable
for p{ ® m, for everyy € Y).

Since the infimum of measurable functions is measurable, and since the countable
intersection of measurable sets is measurable, it suffices to show that for each fixed
m, i, and n € N, the map

(x,z,w, y,1) >

1 m—1
— D h;o F2(x,z,w) — h;dp{” ® m
mj§0 nt( ) '/:\’)(l Py

n

LA X, XI,p{m®m)

is measurable, for everyx € X,z € (-n, n),w € T,y € Y,andt €[0,1].

Using the definition of Lebesgue integral and elementary facts about measurable
functions, it is not difficult to see that the map ®,,, ,,: X X (-n,n) X T' X Y X I
- R given by

1S i
— J - (n)
> h;o F/(x,z,w) anTlh,.dpy ®m

Jj=0

X,Z,W, y,t)>
y

L2(X,XI)

is Borel for each fixed triplet (m, i, n) and hence the infimum map, denoted ®, ,, is
Borel also. _
Thus the set @ = N, .y N;cn Di2(0) is a measurable setin X X R X T X Y X [,

and by Fubini’s Theorem we have that the projection on Y X I of Q is measurable in
Y X I. Now we conclude by observing that

myxi(Q) = ((y, 1) € Y X I| F,is p ® m-ergodic} = 0,
so the lemma is proved.

COROLLARY 3.4. For every n = 1, there exist type 111, diffeomorphisms of T".
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PROOF. We use induction. For n = 1, the theorem is true by [11]. At the kth step
we take the suspension flow and apply Theorem 3.2.

4. Type 111, diffeomorphisms of 7' X R. In this section we prove the existence of
smooth, ergodic real line extensions for the Z-action of a type III, diffeomorphsim
on a smooth, paracompact manifold X, for any 0 < A < 1. It is not difficult to show
that in the type III, case, most of these ergodic extensions give type III,, diffeomor-
phisms of X X R. Our goal is to obtain type 111, diffeomorphisms of T' X R, so we
can complete our construction on arbitrary manifolds in §5. Special thanks are due
to Klaus Schmidt and Ralf Spatzier for helpful discussions on the construction given
in Theorem 4.8.

We begin with a theorem proved in [16].

THEOREM 4.1. Let (X, S, p) denote a C* manifold with smooth probability measure
i, and let f € Diff®(X) be p-ergodic. If H denotes a locally compact second countable
abelian group with Haar measure Ay, and if a: Z X X - H is a cocycle for the
Z-action of f on X, then the map S;: XX H—-> XX H given by (x,h)—
(fx, h-a(l, x)) is p ® A -ergodic if and only if E(a) = H.

Any real-valued function ¢ on a smooth manifold (X, S, p) gives rise to a cocycle
for the Z-action of any ergodic diffeomorphism, f, of X in the following way.
Using additive notation we have

n—1
Y o(fkx)  ifns1,
k=0

ifn=0,
-a(-n, f"x) ifn<-1

a,(n,x) =

for p-ae. x € X.

From the above definition one can check that a, is a coboundary if and only if ¢
can be written as ¢(x) = n — 7 o f(x) for p-a.e. x € X and for some Borel map 7:
X - R. We say that ¢ is a coboundary if a, is a coboundary and we will write
E(a,) = E(¢) unless confusion arises.

If V € [f], then recall that V(x) = f"*)(x) for p-a.e. x € X. Using the notation
of [16] we let a,(V, x) = a (n(x), x)if V(x) = f"X)(x).

We prove a result which is motivated by a result of Jones and Parry [10] for
continuous and compact extensions.

PROPOSITION 4.2. Let (X, S, u) be a smooth connected compact manifold with p a
C> probability measure on X. Let f € Diff*(X) be an ergodic diffeomorphism.
Suppose there exists an element which is not a coboundary in the set

C= {¢ € C*(X,R)| ¢ =mn—n o ffor some Borel map n: X—»R}

(where the closure is taken with respect to the C® topology). Then the set of
coboundaries is meagre in C.

PrOOF. The proof is similar to that of [10]. We consider C as a complete
topological group under pointwise addition and with respect to the C* topology. If
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we let
E={¢:X—> R|¢pisaBorelmapand ¢ — ¢ o f = h a.e. for some h € C},

and identify two functions in E if and only if they are equal p-a.e., then we see that
E is a group under pointwise addition.

We define the map L: E — C by setting L(¢) = ¢ — ¢ o f. We see that L is a
group homomorphism and ker L = constant maps = R. We now define a metric on
E by

_ |91 — ¢, |
(o) = T g

then we see that E is complete and separable with respect to 8, and that L is a
continuous group homomorphism.

Using the Open Mapping Theorem, and the assumption that there exists ¢ € ©
such that & image L, the proposition is proved.

REeEMARK 4.3. Under the assumption that there exists at least one element which is
not a coboundary in €, we will prove that there is in fact a dense G; of elements in C
which contain all of R in their essential range; i.e. there is a dense G; in C, call it be,
such that if ¢ € &, then the skew product given by F: X X R » X X R, where
(x, ) (fx, y + ¢x) is p ® m-ergodic. We begin with an easy lemma, whose proof
is similar to [16, 9.6].

LEMMA 4.4. Let (X, S, p) and f be as in 42. The set &= {¢ € C*(X, R)| F:
X - R defined in Remark 4.3 is p ® m-ergodic} is a Gy.

dp +|Lé, — Le,|,, forallg,,¢, € E;

PrOOF. By Theorem 4.1, &, = {¢ € C*(X, R)| E(¢) = R}. Let §, denote a
countable, dense subalgebra for X. Let {);},cn be a dense sequence in R. Fix any
element B € S, and any number B € {);};en. We claim that for every fixed 8 > 0
and & > 0 the set

U(B, B, ¢,9)
= {¢ € C*(X,R)| Vsu[;;]p.(B NVIBN {x:a,(V,x)€(B—¢ B+ s)}) >8}

is open in C*( X, R) with the C* topology.

(PROOF OF cLAIM. Clearly, for fixed n, the map ¢ > 37—/ ¢ o f' is continuous in
C*(X,R) with respect to the C* topology. We recall that Vx = f*"®x for some
n € Z and for p-a.e. x € X. By [16, 2.6], a,(V, x) = a,(n(x), x) = Z‘L;'L’f))_' ¢ o fi(x).
Therefore by continuity, we can find 8 > 0 small enough s.t. [l¢ — |, < § implies
that p{x: | a,(V, x)|< e} = p{x: |az(V, x)|< €}.) Then

N N U(B,B,%,M(—fz) = {¢ € C*(X, R)| B € E($)},

BES, m

and finally we have
=N N No(sr,~ 28 = (s e co(x. &) | E(o) = R),

which proves the proposition.
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REMARK 4.5. Since CC C®(X,R) is a closed subgroup, the set &, = {¢ €
C*(X, R)| E($) = R} is also a G;. It is easy to see that the set & is dense in Cif it
is not empty. For if there exists an element y € &g, then by adding a suitable
coboundary to ¢ we can find another element of &, arbitrarily close in the C®
topology to any ¢ € C.

In the next lemma we will prove that if there exists an element ¢ € © such that
E(¢) = {n)},cq for some A > 0, then there exists an element y € &,.

LEMMA 4.6. Let (X, S, p) and f be as in 4.2. Suppose there exists an element ¢ € C
such that E() = {nA},cq for some A > 0. Then & is a dense Gy in C.

PROOF. Since A € E(y), we have for all B € S, w(B) >0 and all ¢ > 0,

sup p(B NVIBN {x: la,(V, x) — A< e}) >E%,
Velf]
as proved in [16].

We can choose an irrational scalar ¢ € R, 0 < ¢ < 1, such that 8 = cA, and A and

B are rationally independent. Then for all x € {x: |a,(V, x) — A |< ¢}, we have

n(x)—1 n(x)—1
ay(V,x)= Z cbofi(x)=c X yofi(x),
i=0 i=0

for some n(x) € Z, so | a (V, x) — B|< e as well. Let ¥ = cy. Thus 8 € E(¥). By
adding suitable coboundaries to y/, we see that the set {¢p € C| E(¢) D {nB),c) is
dense in €, and the proof of Lemma 4.4 shows us that it is in fact a G. Similarly, we
have that U, = {¢ € C| E(¢) D {nA},cz} is a dense G,. Then Uy N Y is also a
dense G in C, and since the set of essential values for ¢ € € forms a closed additive
subgroup of R, A € E(¢) and B € E(¢) imply that E(¢) = R since A and B are
rationally independent. Therefore the proposition is proved.

We have verified the existence of a nonempty set & if there exists ¢ € € such that
E(¢) = R or {n\},cz. The only remaining possibility is that every element ¢ € C
which is not a coboundary satisfies E(¢) = {0, c0}. In Theorem 4.8 we will show
that even under this assumption we can construct elements in &,. This theorem is
sufficient to ensure that type III, diffeomorphisms of compact manifolds have
ergodic real line extensions, which is what is needed to extend type III,, diffeomor-
phisms to arbitrary manifolds.

We first prove a proposition which is necessary for the construction in Theorem
48.

PROPOSITION 4.7. Let (X, S, ) be a smooth paracompact connected manifold with p
a smooth o-finite measure on X. Let f € Diff°(X) be a p-ergodic diffeomorphism. We
denote by S a countable dense subalgebra of S, and Cis as in 4.2. Suppose there exists
¢ € C such that ¢ is recurrent and E(¢) = {0, 00}. Then there exists a set ¥ C C,
such that ¥ is a dense Gy in C with respect to the C* topology and every element
Y € ¥ satisfies the following condition:

For every € > 0, for every M € R* | and for every B € &), there exists ¢ € C with
l¢ll, <1and E(¢) = {0,0},and V € [ f] such that

p(BN VBN {x:|ay,(V,x)|<e) N {x:|a,(V,x)|>M})=>pu(B)/2.
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PrOOF. We choose a countable dense set {¢,};cn in the unit ball of G, where for
every i € N, E(¢;) = {0, c0} and ¢, is recurrent. We choose a countable dense set in
the full group of f, denoted {V,},cn. Let M € N denote a positive integer. We
define the set

A(B, M, ¢, 1, j, k,i)
= {xp € @lp.(B NV'BN {x: |a¢(Vk,x)|<e} N {x|a¢i/j(Vk,x)|> M})

>(1 —%)M(B)-Z".

By the continuity of y, and using techniques from 4.4 we can show that for each
fixed (B, M, ¢, 1, j, k, i) the set A(B, M, ¢, [, j, k, i) is open in C with respect to the
C* topology.

We also claim that I'(B, M, ¢, 1, j) = U, U,A(B, M, ¢, 1, j, k, i) is open and
dense in C. Clearly it is open, and it is dense because each I'(B, M, ¢, I, j) contains
the coboundaries. To show this, fix &,, M, B,, j, and /,. Suppose ¢ €C is a
coboundary. Then choose any ¢, € C which satisfies E(¢,) = {0, 00} and I, |l . /jo
< 1. Since ¢ is a coboundary we write ¢y =1 — 7 o f where 7 is a Borel function on
X, and we find a set D, C B, such that |n(x) —n(y)|<¢g,/4 for all x, y € D,.
Since o0 € E( ¢,), we can find an integer p such that

p(DO Nf?D,N {x: |ag, (P> x)|> MO}) > 0.

Using the exhaustion argument method of [15, 9.4], we can find an element V, € [ f]
such that

p.(B NV,'BN {x: la, (Ve x)| < so} n {x: |a¢0/jo(Vk, x)|>M0})

> (1 —%)p(BO)T'.

This proves that € T'(B,, My, &, Iy, Jjo)-

We now define ¥ = My Ny, N, N, N T(B, M, &1, j) (Where ¢ € {g,},cy is
a countable set such thate, < 1/r).

Clearly ¥ is a dense G, and it remains to show that ¢ € ¥ satisfies the
hypotheses of the proposition. If ¢ € ¥, then for every ¢, > 0, for every M € N, for
every B €S, and for every j,/ € N there exists ¢, € C, E(¢;) = {0, 0}, ¢, is
recurrent, and there exists V, € [ f] satisfying

w(B VB O (3 a7, 0l <} 0 {x: lay, (Vi 1) > M)

>(1 —%)u(B)-z".

This concludes the proof.
We make ¥ into a complete metric space by defining a metric on ¥ given by

D (61, 92) =llo1 = $allo + duo(91: $2),
where d(¢,, ¢,) is defined in the following way.
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Letd(¢, A) = inf,c4ll¢p — I, for any set 4 C C. We index the countable set of
sets I'(B, &, M, j, k) by s € N, say. Then we define
1 _ 1
d(¢,I7)  d(ey, TY) |
where I denotes the complement of the open set I, = I'(B, M, ¢, I, j).
Fma'uy we let doo(¢l9 ¢2) = 2?=l 2_sds(¢'l, ¢2)/(l + ds(¢l’ ¢2)) An casy calcula-

tion shows that D is a metric on ¥, and that ¥ is complete with respect to D, .
We are now ready for the main theorem of this section.

THEOREM 4.8. Let (X, S, p) and f € Diff*(X) be as in 4.7. Suppose there exists an
element ¢ € Cwhich is recurrent and not a coboundary. Then &, is a dense Gy in C with
the C* topology.

ds(¢l’¢2) =

PRrOOF. By 4.4-4.6 it suffices to assume that every element of C which is not a
coboundary satisfies E(¢) = {0, 00}.

Let 5, denote a countable, dense subalgebra of X. We fix an element B € §,
p(B) > 0, and we choose and fix any £ > 0.

We will construct ¢ € Cand V € [ f] such that

s(BNVIBN {x:]a,(V,x) - 1|<e}) = u(B)/2.

Then, using the notation and methods of Lemmas 4.4-4.6 we see that
U(B, 1, &, n(B)/2) is open, dense, and nonempty in € (in the C* topology) for each
B € §,and € > 0, and therefore the theorem is proved.

A. Setting up the construction. Let ¥ be defined as in 4.7. We start the induction
process by defining ¢, = 0, B, = B, M, = 1, and ¢, = ¢/2. Since ¢, € ¥ we apply
4.7 to obtain p, and ¢, satisfying
(4.1) p(BO NfPB,N {x: Ia%(pl, x)|< eo} n {x: |ag (py, x)|> Mo}) > 0.

Since the set ¥ is dense in C, we can perturb ¢, slightly if necessary so that ¢, € ¥,
and (4.1) still holds. We choose

B, CB,Nnf "B, N {x: |a¢0(pl, x)|< 80} N {x: |a¢l(p1, x)|> Mo}
such that B, N fP1B, = @. Choose ¢, < 1 satisfying
I‘(éo Nf7B,N [x: |a, (P, x)| < 80} n {x:
We define V| € [ f] by

ac,¢,(Pl’x) - 1|<90}) > 0.

fPx ifx €B,,
()= 1rox itxermB,
X otherwise,
and let B, = B)\(B, N f?'B,). We define {, = c,¢,.
B. The jth stage. We will~define inductively, ¢; € C, ll¢;ll,, <1, c; ERY, 5; EN,
M;ER",¢,>0,B,CB,B,CB,p;EN,{; € ¥and V, € f] satisfying:
(OF {j =29 EY,
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(02),- WB_\ NfPB_ N {x: |ae(p,x) —1<g} N {x: |ay_(p,x)|<e})
> 9
(3)j Doo(gj—l’gj)<£j’
@); lIZPL ¢l <e2/)'for0<i<j-—1,
(); p>Pi-1§ —"—‘(2”1)-l M=M,_,,
6), B; CB WNf- JB lﬁ{x |a, ¢(pj,x) =1|<¢}, p(B)>0, and B; N
fPB; = f'o’ We defmeB B N\(B, Uf”JB)
(7),~
Vi(x) ifxeB,k<j—1,
fP(x) ifx€B,,
f(x) ifx e B,
X otherwise.

v (x) =

C. The induction step. Assume we are at the jth stage. First we choose s;,; € N
large enough so that 3L, 27 <e(2/ *3)-1. Then we define Yo, = Vi1 =
mins<sj+l a;, Iy). Since {; € ¥, v,,, > 0.

Now we choose M, = max( ., €'v7218,412%p;). Using (1), and Proposition 4.7
we can find p;,; > p;and ¢ € @such that [l¢ll, <1, and fore;,, =¢;-27" we have
(4.2)

!"(EJ nf-p”'éjn { |a§(1’,+h x)l ,+1} n {x: |a¢(Pj+1a x)|>1”j+1}) >0.
Let ¢;,; = ¢. We choose c; | < 1/M, ., such that

(4.3) M(Ejnf_pjﬂﬁjn{ Iag(P,H’x)l 1+l}

[

,+1¢,+|(p.l+l’x) 1| J‘H}) >0.

We define the set
Bj+lgﬁj nrijEjn { |a§(pl+1,x)| ,+1}
N {’“ acj+|¢j+|(pj+l’ x) = 1|< ej+l}
such that p(B;,,) >0and B, , N fP*'1B;,, = &.

We can assume that §; + ¢;, ¢, € ¥, because if not we could have chosen ¢,
or ¢J+1 arbitrarily close by such that (4.2) still holds and §; + ¢, l¢/+l € ¥ (since ¥
is dense in C). Define §,,, = §; + ¢; 11, = 22 ¢;¢;.

We must now check to see if (1);4, through (7);,, hold.

For (7);,, we just define

Vi(x) ifx € B,k <},
fr(x)  ifx € B,
fo(x) ifx € [P,
X otherwise.

Vj+1(x) =

By our construction, (1), 1, (2);+1, (5),+1, and (6),., obviously are satisfied.
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To check (3),.., we proceed as follows:

B s ds(§j9§j+l)
Dw(g‘ja §j+l) _"gj - §j+l"°o + s§1 2 W}J"‘_l)

g ds(fwf'ﬂ) °° ds(fj’fjﬂ)
=8 =Gl + D 22— LN PR
Ry ) R JUC I Y ro o
Sj+1 d;(§‘$§‘+l) *
colol,+ S 228 g .
-’+1" "+1"°° sg, 1+ d_‘.(gj, §j+l) s=s;4+1

S d (§~,§'+l)
<. . + B s sV yRL
,+1"¢/+1"oo 2 1+ ds(fj,fjﬂ)

+e(273)7,

by our choice of s; . |

We have that
1 1
ds(fj, g'j"'l) ’ ({J, S) d(§j+1’ Fsc)
1 1

“lals ) " a(g )+l - Gaillo
since | d($;, IY) — d(§;11, TY) |[< I, — &4 1|, for each s, so the denominators can
vary by at most (I, — {;, Il ,, and now we have

||§j - §j+l"°° < j+|"¢j+1"w <Gy 1

P 2 o-5)
gej.yj’2+l'2_4j’pjl'sj—+l—l<8'7j+1'2 J . P] j+1

and recalling our choice of y;,; > 0, we have
Si+1 Yj2+l e~ 2_(j+6)sj_-il—l /1 N y}'2+l .- 2-(j+6)sj-il-l

Doo(gj’{j+l)<e.2_5j+ 2 2 2
s=1 Y+ Yj+1

+£ . 2-(I+3)
<e-27V+ sj+,(e . 2‘(f+6)sj‘l,) +e-2°U+d
<g-2% 4 ¢.2°0+6) 4 ¢.2-G+3)
< 2U) = ¢

41
We check (4),,., as follows. Clearly
pi—1 ‘
2 buof <0j+|'Pj'"¢j+|"w since 0 < /<,
i=0 .

2 -1 -1, 9-4j
<€V Sihp 2 J'Pj'"'f’jﬂ"w
<g:2°UTD . 2-() g g .2-(F1+2])

D. Taking the limit. We let y = 22, ¢;¢;. Since (3); holds for all j = 1, ¢ is the
limit of a Cauchy sequence in ¥. More precisely, given any § > 0 (we might as well
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assume 0 <& <e), we choose jo €N such that 37 27/ < §/e. Then for any
m > n = j, we have

m—n—1 m—n—1

Doo(g‘ru §m) < 2 D(§n+k’ n+k+l) < 2 Entk+1o by (3)1
k=0 k=0

Now

—n—1 m—n—1 0
S e <e 3 2UHkED < 3 27k < §,
k=0 k=0 k=j,

m

$0 D (§,, §,n) <.

Therefore Y € ¥, since ¥ is complete. We can apply 4.7 to ¢ and continue the
induction process. Then, using an exhaustion argument, we obtain a sequence of sets
B; such that B, N B, = B, N f%B;= B, N f?:B, = B; N fFiB, = B, N fP:B; = &, for
all i # j, and such that p(U,cN(B; U f?:B;)) > u(B)/2. We also obtain ¥V €[ f]
such that

1 P
(4.4) V(x) = {V"(x) x € B U f7By,
X otherwise.

For all x € B, we have V(x) = f?i(x), and this implies for x € B;,

|“¢(V’ x)| =|a¢(1’j’ x)l

Slai’j—l(pj’ x)l + ac,-«pj(Pj, x)l +

pjil ( § ci¢i) o f¥(x)

k=0 \i=j+1

0 pi—1
<gtl+te+| Y c,.( k§0¢i°fk(X))

i=j+1

by (2),, and now by (4);,

o0
<gtldegt %18(2”2(:'—1))—'
i=j

<gt+1l+e+e/8<1+(5/8)e.
From the above and (4.4), an easy calculation shows that
p(BN VBN {x:]|a,(V,x) — 1|<e}) = pu(B)/2,

and we are done.

We should point out that 4.4 is true for noncompact X, and the hypotheses on
(X, S, p) in 4.7 are sufficient for 4.8 to be true. We have proved the existence of a
dense G of C whose elements give ergodic extensions for f; we now need to see
which of these skew products have the same ratio sets as f. We will give a necessary
and sufficient condition, but first we will recall some easily proved facts.
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LEMMA 4.9. Let (X,5,n) be as in 4.7 and let f € Diff*(X) be any ergodic
diffeomorphism of X. If we consider the skew product F, defined by

Fi:XXR->XXR, (x,y)(fx,y+¢x) wherep €C,
then r*(F,) C r*(f).

PROOF. Let F = F,. By definition, r*(F) = E(log(dp. ® mF~' /dp. ® m)) where
(dp ® mF~! /dp. ® m)(x, y) denotes the Radon-Nikodym derivative of the measure
p ® m(F") with respect to p ® m at the point (x, y) € X X R. This implies

du ® mF™! df(x) 0’

n®m (x, y) = det DF(x, y) = det do(x) 1

_ _dpf!

= df(x) = H(x).
From this we see that A € r*(F) =X € r*(f).
- REMARK 4.10. Given two cocycles on X, ¢,, ¢, € C*(Z X X,R) we can define a
cocycle (¢, ¢,): Z X X = R by (¢, 6, )(n, x) = (94(n, x), dy(n, x))Vn €EZ, x €
X. We compactify R? by adding lines of the form (a, ©), (@, -), (0, ), (-, a)
for all « € R, plus four points at (-0, ), (00, ), (00, -0), (-0, -00). Then
(A, B) € E($,, ,) means that for every B € 5, p(B) > 0 and for every ¢ > 0, there
exists n € Z such that g(B N f "B N {x: |($y(n, x), do(n, x)) — (A, B) |< €}) >0,
or equivalently, (B N f"B N {x: |¢,(n, x) — A|<e} N {x: |dy(n, x) — B|<¢})
> 0.

It is clear that (A, B) € E(¢,, ¢,) implies that A € E(¢,) and B € E(¢,), but the

converse is not necessarily true. We give an example of the usefulness of considering
two cocycles together in the next proposition.

PROPOSITION 4.11. With (X, S, p) an m-dimensional manifold and f as in 4.7, we
assume further that f is of type 111, and that the map F, defined in 4.9 is p. ® m-ergodic.
Then (0, o) € E(¢,log(dpf "' /dp)) if and only if F, is of type 111,

PROOF. (=) Assume that (0, 00) € E(¢,log(duf ™" /du)). By 4.9 it suffices to show
that 00 € r*(F,). Let C €5 X 9 C X X R be such that p ® m(C) > 0. Choose ¢, to
be a point of density of C. Then there exists an m + 1-dimensional cube R C X X I
of volume & >0, centered at ¢, = (f,,¢,) such that p ® m(R N C) > .998. By
setting B = IT ,(R N C), we see that u(B) > 0. Since (0, ©) € E(¢,log(dpf " /dp)),
there exists n € Z such that

n—1 n
gl BNf"BN {x: 2 $o fi(x) <8l/('"+l)} N {x: log dl‘;’{ (x) >M}) > 0.
i=0
This implies that
n—1
p®m|{(RNC)N {(x,y)ERﬂC: f",y— 3 ¢o fi(x) EROC}
i=0

>0.

o)

d n
tog L (x)

2
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Therefore oo € r*(F).

(=) Suppose that F is of type III,, i.e. r*(F) = {0,00}. Then for every set
CCSXY u®m(C) > 0, and for every M € R*, we can find an integer n such
that

d}l. mF"

L®m log

CNF- "Cﬂ{(x y):

log 2 f (x)

n—1
p|BNfT"BN {x: 2 oo fi(x)
i=0

Since log(dpu ® mF"/dp ® m)(x, y) = log(dpf"/du)(x), and since F~"C =
{(f7"%, y = Z]=d ¢ ° f{(x)), (x, y) € C}, then for any B € §, p(B) >0, we just
choose C = B X (-¢/2, ¢/2).

Then clearly there exists n € Z such that

< e} { > M}) 0.

This implies that (0, o) € E(¢, log(duf ' /du)).

Finally we prove the existence of a dense G; of elements in © which satisfy the
hypotheses of 4.11. We assume X and f are as in 4.7.

PROPOSITION 4.12. Let §: X — R be a fixed (C*) cocycle for f with E(¢) = {0, ).
Then the set X = {¢ € C|(0, 00) € E(¢, §)} is a dense Gy in C.

PROOF. Let §) be a countable dense subalgebra for X. Choose any B € &g and fix
M € R* . Since o € E(¢), there exists V € [ f] such that

p.(B NV'BN {x:|a,V,x)|> M}) >u(B)/2.

If we define the set

@(B,M,¢) = {q& €C| sup p(BN VBN {x:]a,(V,x)|> M)}
VE[f]

N {x:|ay(V, x) <€) >u(B)/4},

using the same argument as in Lemma 4.4 we see that it is open for fixed B, M, and
e. Now

A= N ﬂéB(BM )—{¢e@|(ooo)eE(¢¢)}
Be$, meN MeN

Clearly this set is a G5. To show that it is dense, we observe that the coboundaries
are dense in C and obviously lie in .

THEOREM 4.13. With X and f as in 4.7, suppose further that f is of type 111,. Then the
set Cy = {¢ € C|(x, y) > (fx, y + ¢x) is of type 111} is a dense Gy in C.

PrOOF. By 4.8, we have that &g is a dense Gy. By 4.11 and 4.12, we have ¥ is a
dense Gj,. Then &g N U is a dense Gy of Cand Cy = &, N A.

COROLLARY 4.14. There are uncountably many C® type 111, diffeomorphisms on
X R?, for every n =1, p = 0.
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ProOOF. For n = 1, p = 0, we use Katznelson’s construction. By 4.2, the result is
true for all n = 1 when p = 0. By repeated applications of 4.4-4.13 and an induction
argument, the corollary is proved.

REMARK 4.15. All of the results from this section hold true for diffeomorphisms of
type III,, with 0 <A <1. In some sense, type III, transformations are better
behaved than type III,; there is only one type III, ergodic transformation, up to
weak equivalence, for each 0 < A < 1 which is not true in the III case. In particular,
using obvious modifications of the preceding theorems, we can prove the following.

THEOREM 4.16. For every A, 0 < X < 1, there exists a C* type 111, diffeomorphism
of T" X R?, for everyn=1,p=0.

5. Type I1I,, 0 < A < 1 diffeomorphisms of arbitrary manifolds. Herman proved in
[7] that every connected paracompact manifold of dimension = 3 has a C* type III,
diffeomorphism on it. He used a nice method for exending maps on T2 X R" 2 to
any connected paracompact m-dimensional manifold for m = 3; this procedure was
introduced by Anosov in 1974 [5]. We will outline the method here without proof,
also including some modifications for our particular circumstances.

LEMMA 5.1. Let X be an m-dimensional C* paracompact connected manifold and p. a
C> measure on X. Then there exists an open set V C X, diffeomorphic to R™ and
satisfying u(X — V) =0.

LEMMA 5.2. If m = 3, there exists an open set U of R™ diffeomorphic to T* X R™ 2
such that p(R™ — U) = 0.

LEMMA 5.3. There exists a C* type 111, (111, 0 < A < 1) flow on T? X R? for every
p EN.

ProOOF. We apply Corollary 4.14 (Theorem 4.16) to obtain a C* type II1, (III,,
0 < A < 1) diffeomorphism of T"' X R?, then take the suspension flow.

LEMMA 5.4. Let U be an open set of R™, and let f, be a C*® flow of type 1II,,
0 <X < 1, 0n U. Let x be the infinitesimal generator of f,, i.e., x is defined by

0
)| =xe 4,

Let ¢ € C2(U,R), ¢ > 0, be defined such that the vector field ¢ is globally integrable
and defines a flow g,. Then the flow g, is weakly equivalent to f,.

LEMMA 5.5. There exists a C* type 111, (I1II,, 0 <X < 1) flow on every paracom-
pact, connected manifold X of dimension m = 3.

PROOF. By 5.1 and 5.2 we have an open set U C X of full y-measure and such that
U is diffeomorphic to T2 X R™ 2 Let f, be a type III, (III,, 0 <A < 1) flow on U
with infinitesimal generator x; such a flow exists by 5.3. Let ¢ € C*( X, R) be such
that $ > 0on U, ¢ = 0 on X — U, and such that the vector field

Y(x) = [‘P(X)X(X), %fx ev,
0, fxeX—-U
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is C* on X and globally integrable, thus defining a flow, f, on X. The flow f is of
type III, (IIT, ) by 5.4.

COROLLARY 5.6. There exists a C* type 111, (III,, 0 < X < 1) diffeomorphism on
every connected paracompact manifold of dimension = 3.
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