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BIHOLOMORPHIC INVARIANTS OF A HYPERBOLIC MANIFOLD
AND SOME APPLICATIONS
BY
B. L. FRIDMAN

ABSTRACT. A biholomorphically invariant real function 4, is defined for a hyper-
bolic manifold X. Properties of such functions are studied. These properties are
applied to prove the following theorem. If a hyperbolic manifold X can be exhausted
by biholomorphic images of a strictly pseudoconvex domain D C C" with 3D € C?3,
then X is biholomorphically equivalent either to D or to the unit ball in C". The
properties of hj are also applied to some questions concerning the group of
analytical automorphisms of a strictly pseudoconvex domain and to similar ques-
tions concerning polyhedra.

Introduction. Let X be a hyperbolic manifold of complex dimension n. Let
JC C C" be a bounded homogeneous domain. We denote by B(x,, r) the ball in
Kobayashi metric (see [9]) of radius > 0 with center at x, € X. By R we denote the
set of all r such that there exists a biholomorphic imbedding F: 3 - X, F(3() D
B(x,, r). We set

DEFINITION 0.1.

(0.1 hy(xq,IC) = inf 1/r.
req

Clearly this function is biholomorphically invariant: namely, if ®: X — Y is biholo-
morphic, then by = hy o ®.

Such functions with the property of being invariants could be defined for any
holomorphically invariant metric and any homogeneous domain JC. For the
Carathéodory metric and 3C = U™" the unit polydisk, these functions were defined
and studied in [4]. In this article we will consider these functions on strictly
pseudoconvex domains. The metric we will consider here is the Kobayashi metric, 3C
will generally be B”, the unit ball. We will prove that 4, is nonnegative and
continuous, and if hy(x,, () =0 at a point x, € X where X is a hyperbolic
manifold, then 4, = 0 and X is biholomorphically equivalent to JC.

Let {X,}, 1 < k < o0, be a sequence of subdomains of X.

DEFINITION 0.2. We will say that { X, } exhausts X if for any compact K C X there
exists a number N such that X, O K for any n > N.

One of the properties of hy is that hy — hy uniformly on compacta if X is
completely hyperbolic. (A hyperbolic manifold is said to be complete if all subsets
bounded in the Kobayashi metric are relatively compact in X.)

Received by the editors February 24, 1982. Portions of this paper were presented at 85th Summer
Meeting of the AMS, Pittsburgh, Pennsylvania, August 1981.
1980 Mathematics Subject Classification. Primary 32H20, 32F15.

©1983 American Mathematical Society
0002-9947 /82 /0000-0788 /$04.50

685



686 B. L. FRIDMAN

Let h(z) = h(z, B") where D is a bounded strictly pseudoconvex domain with
0D € C3. The main property of this function is

(0.2) hp(z) - 0.

z—0D
This property shows for instance that the only bounded strictly pseudoconvex
domain where &, is a constant is the unit ball.

We will apply the properties of these functions to several questions. The first one
is the following.

Let G be a bounded domain in C", X a manifold. We will say that X can be
exhausted by biholomorphic images of G (or shorter “by G”) if for any compact
K C X there is a biholomorphic imbedding F: G — X such that Fi(G) D K.

Suppose that X is a hyperbolic manifold and X can be exhausted by G. The
question is to describe X.

Questions similar to this one were studied in [1-4]. In [2] it was shown, in
particular, that if a hyperbolic manifold X admits an exhaustion by an increasing
sequence of biholomorphic images of the ball B” (or U"), then X is biholomorphi-
cally equivalent to B” (or U"). In this theorem B" may be replaced by any bounded
homogeneous domain (see Theorem 1.2 below). In [1] sharp estimates were obtained
for the best imbedding of a polydisc in a ball and a ball in a polydisc. In terms of
our functions these results are

hpn(x,U") = hya(x, B") = (Tn[(fn + 1)/ (fn = 1)])

In the direction of this question we obtain the following theorem.

-1

THEOREM 1. Let D C C" be a bounded strictly pseudoconvex domain with boundary
of class C3, and X is a completely hyperbolic manifold of complex dimension n. Suppose
it is possible to exhaust X by biholomorphic images of D. Then either X is biholomorphi-
cally equivalent to D or X is biholomorphically equivalent to B".

As a corollary we obtain

THEOREM II. Two bounded strictly pseudoconvex domains with boundaries of class
C? are biholomorphically equivalent if and only if each of them can be exhausted by the
other.

To put it another way, if two such domains are “approximately” equivalent they
are biholomorphically equivalent.

Theorems I and II were announced in [4].

Evidently any orbit of the group Aut(D) of analytical automorphisms of a domain
D lies on a level line of & ;. So h;, may give us some information about Aut(D). We
obtain a simple proof of the following theorem: if D is a bounded strictly pseudo-
convex domain such that Aut(D) is noncompact, then D is biholomorphically
equivalent to a ball. This theorem is very well known for 0D € C* (see [11]). We
prove it for 3D € C>. One more generalization of this theorem can be found in §4.
We prove there one theorem concerning Aut(G) where G is a polyhedron.

In §1 we prove Theorem 1.2 about exhausting a hyperbolic manifold by a
homogeneous domain. §2 is devoted to showing the relation between functions 4
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and hy when X is exhausted by {X,}. In §3 we prove property (0.2). In §4 we
present the proofs of Theorems I, II, theorems concerning Aut(D) and some
remarks.

I wish to express my deep gratitude to Robert Bix who gave me much help in
preparing this paper for publication.

1. Exhausting by biholomorphic images of a homogeneous domain. We begin with a
general lemma.

LemMMA 1.1. Let D C C” be a bounded domain, X a hyperbolic manifold of complex
dimension n. Suppose that there exist two relatively compact sets K, C D and K, C X
and a sequence { F,} of mappings F,: D — X that satisfy the following conditions:

(1) F,: D - F,(D) is biholomorphic for any k < oo.

(2) For any 1 < k < oo there exists a point z, € K, such that F,(z,) € K,.

(3) For any compact K C X there exists a number s = s(K) such that F(D) D K.

Then X is biholomorphically equivalent to D.

PrOOF. (1) We denote ®, = F;': F(D) - D, x, = F(z,). Let U, € U, ©
-++ € U, © --- be.a sequence of open sets such that U U, = X. One can see that
by passing to a subsequence if necessary we may assume that {®,} satisfies the
following condition: for each n = 1, there exists an N such that {®,},.  is defined
on U, and converges uniformly on compacta in U, to ®: U, > D. Evidently, ® is
defined on X.

(2) Evidently ®(X) C D. We want to show that ®(X) C D. Since {x,} CK, and
{2z} C K,, we may assume (by passing to a subsequence if necessary) that {x,}
converges to x, € K, and {z,} to z, € K,. One can easily see that ®(xy) = z,. Let
¢ > 0 be so small that the ball (in Kobayashi metric) By(x,, &¢) ©€ X, and Bz, €)
© D. Let z € Bz, ¢/2). For a large number k, F(Bp(zy, €/2)) C By(x,, €) (We
use here the important property of Kobayashi’s metric: p(F(x’), Fi(x")) <
p(x’, x")). So, for this number k, F,(z) = x}, € By(x,, €). If x’ is the limit point of
{x;} one can see that ®(x’) = z. This means that ®(X) D B,(z,, £/2). ® is a limit
of regular holomorphic mappings. Since X is connected ® may be either regular at
any point at X or the Jacobian of ® (in local coordinates) vanishes on X.

In the latter case ®( X)) could not contain any open set (by Sard’s theorem). Since
®(X) D By(2y,e/2), @ is regular on X. This implies that ®(X) is open, so
®(X)CD.

(3) We will show now that @ is one-to-one. Let x’, x” € X. For a large number k
and the Kobayashi metric p we have

p(x’, x”) = p(Fy o By (x), Fy o B,(x")) < p(®,(x"), 2.(x"))
< p(2,(x), ®(x)) + p(B(x"), B(x")) + p(B(x"), B,(x").
When k — oo we obtain
p(x', x) < p(®(x’), @(x")).
Hence, if ®(x") = ®(x"), then x’ = x".

(4) We will show that ®(X) D D. From all we have already proved, X is
biholomorphically equivalent to a domain ®(X) C D. From this point on we can
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consider X as a bounded domain in C". We may now assume that {F} converges
uniformly on compacta to F: D — X. It follows as in steps (1)-(3) that F(z,) = x,
and F(D) C X. For the mapping ® o F: D — D and any z € D we have

®oF(z)= klin:o ®, 0 F(z)=1:.

Hence ®(X) D D.
It follows from (1)-(4) that ®: X - D is a biholomorphism, completing the proof
of the lemma.

THEOREM 1.2. Let 3 C C" be a bounded homogeneous domain, and let X be a
hyperbolic manifold of complex dimension n. If X can be exhausted by biholomorphic
images of IC, then X is biholomorphically equivalent to 3C.

PrOOF. Let ®,: IC » X be a sequence of biholomorphic mappings such that for
any compact K C X there exists a number s such that ®(3() D K. Let x, € X and
z, € JC. Without loss of generality, we may suppose that x, € ®,(I() for any k,
1 < k < o0. Since our domain is homogeneous, we can find ¥, € Aut(J() such that
V(P '(xp)) = zo- Now the sequence F, = @, o ;' satisfies all the conditions of
Lemma 1.1 for K, = {z,} and K, = {x,}. Applying this lemma we find that X is
biholomorphically equivalent to JC.

THEOREM 1.3. Let X be a connected hyperbolic manifold, dims X = n, and let
IC C C" be a bounded homogeneous domain. Then

(1) hy(x) = hy(x, I) is continuous on X and h x = 0.

(2) If there is an x, € X such that hy(xy,) =0, then hy(x) =0 and X is
biholomorphically equivalent to JC.

PrOOF. (1) If there exists an x, € X such that 4 y(x,) = 0 by Definition 0.1, there
exists a sequence {®,}, ®,: IC > X, such that ®,(IC) D By(x,, k). Now applying
Theorem 1.2 we obtain that X is biholomorphically equivalent to I and, therefore,
hy=0.

(2) Let h y(x,) > 0 at any x, € X. Let us consider Hy(x,) = 1/h y(x) = sup,cq 7
(see Definition 0.1). It is enough to prove that H, is continuous. Let x,, x, € X be
so close that

2p(xy, x,) < Hy(x,).
Let ¢ > 0 be any number such that
Hy(x;) = 2p(x, x;) — 2¢>0.
Since p is a metric, one can obtain
By(x,, Hy(x,) — 5) D By(xy, Hy(x)) — e — po(x), x3))-

This means that

Hy(x,) = Hy(x)) — & — p(xy, x3).
So
(1.1) Hy(x,) — Hy(x;) < p(x,,x;) +¢
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and
Hy(x,) — e — p(x;, x;) >0.
Similarly
By(x,, Hy(x;) — €) D By(x,, Hy(x;) — & = p(x,, x2))
and
(1.2) Hy(x;) — Hy(x)) < p(x, x;) +e.

From (1.1) and (1.2), letting ¢ — 0 yields
| Hy(x;) — Hy(x))|< p(xy, ;).

This inequality shows that H, is continuous in the topology induced by the
Kobayashi metric. Since this topology is the usual one, we have finished the proof of
Theorem 1.3.

2. Exhaustion and the behaviour of /,. The main theorem we will prove in this
section is the following one. (&, below means h ,(x, B").)

THEOREM 2.1. Let X be a completely hyperbolic manifold and let {X,}, 1 <n < oo,
be a sequence of subdomains that exhausts X. Then, for any x, € X,

,,lg?o hx(xo) = hx(xo).

REMARK. By Definition 0.2 there exists an N such that x, € X, for any n = N.
The limit in the statement above is taken to mean n — oo forn = N.

Before proving Theorem 2.1, we recall the definition of Kobayashi’s metric [9].

Let M be a complex manifold, p, ¢ € M. Chain ¢ is a set of

(1) m holomorphic mappings f;: B' - M,f(B') €M,i=1,...,m, and

(2) m pairs of points z;, w; € B! such that f(z,) = p, f,(w,,) = ¢, and f(w) =
fivi(z;4y) forj=1,...,m — 1. Let d(z, w) denote the usual Lobachevsky-Poincare
distance between z and w.

DEFINITION 2.2.

m
PM(P’ q) = lilf 2 d(zj’ Wj)
j=1
where the inf is taken for all chains (m may be any number.)
The next property of this metric is particularly important. Let M, and M, be
hyperbolic manifolds. If F: M, — M, is holomorphic, then

(2.1) pMz(F(xl)’ F(xz)) < pM,(xl’ X;)-

As a corollary we obtain

(22) If M| C M,, then py,(x), X,) < pp (), X,) for x|, x, € M,.

If By, (xq, R) = {x|pp(xy, x) < R} is a ball in the Kobayashi metric on M, then
(2.2) is equivalent to the following statement: for any x, € M, and R > 0,

(2.3) M, C M, = By (xg, R) C By (x,, R).
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LeMMA 2.3. Let X be any complete hyperbolic manifold and let {X,}7_, be a
sequence of submanifolds that exhausts X. Let x, € X and R > 0. Then for any ¢ > 0
there exists an N such that By(x,, R) D By(x,, R — ¢) for alln > N.

ProoF. Let {U,}>_, be a sequence of open submanifolds in X such that
@ U, U, foralln,
@) U U, = X.
(1) Let x be a fixed element of X such that py(x,, x) < R — ¢. By Definition 2.2
there exists a chain o,, = {f, z;,w;|i = 1,...,m} such that

> d(z;,w) <R —¢/2.

i=1

Since UL, f(B') & X, we can find a number / such that
m
U U £(BY.
k=1

By Definition 2.2,
py(%e, Xx) <R —¢/2<R.
Thus for any point x € X satisfying py(x,, x) < R — ¢, we have found an / = I(x)

such that x € By(x,, R). Since B,(xy, R — €) is compact (because X is complete),
we can find a finite number of points {x;};_, such that

n
U By, (%0 R) D By(xo, R —¢),
i=1

where /(i) = I(x;). Since the sequence {U, }°L, is increasing (2.3) implies that
(2.4) By(x0, R) D By(xy, R —¢),
where L = max, ;< /(x;). There exists a number N such that X, D U, forn > N. It
follows from (2.3) and (2.4) that
By(x9, R) 2 By (x9, R) D B(xy, R —¢) .

The lemma is proved.

PROOF OF THEOREM 2.1. (1) Let h,(x,) <1/r. There exists a biholomorphic
mapping F: B" - X such that F(B") D By(x,, r).

For any & > 0, there exists a § > 0 such that F((1 — §)B") D By(x,, r — ¢€). Since

F((1 — 8)B™) C X, there exists a number N such that X, D F((1 — §)B") for any
K > N.Now

Xy D F((1 —8)B") D By(x,,r —€) D By (xo, 7 — ¢),
$O
hy (x0) <1/ (r—c¢).
We have proved that
limsup hy (x,) <1/r,
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whenever 4 ,(x,) < 1/r. Therefore

(2:5) lim sup hx,((xo) < hy(x,).
(2) Let
(2.6) liminf hy (x,) <1/R

for some R > 0. By Lemma 2.3, for any ¢ > 0 we can find an N such that
(2.7) By (x4, R) D By(xy, R —¢)
for any K > N. Now using (2.6) we can find a number / > N such that
hyx(x,) <1/R.
Hence there exists a biholomorphic mapping F: B" — X, suchthat F(B") D
By(x¢, R). Together with (2.7), this yields
F(B") D By(xy, R =€), so hy(x,) <1/(R —¢).
Since € > 0 was arbitrary,
hy(x,) <1/R.
Comparing this and the choice of R in (2.6), we see that
(2.8) hy(xo) <liminf hy (x,).
(3) From (2.5) and (2.8),
nlinolo hx(xo) = hy(xo).

The theorem is proved.

REMARK 1. From the proof of this theorem one can see that lim, , hy = hy
uniformly on compacta.

2. The proof can be repeated for h ,(x, JC), where Jis any bounded homogeneous
domain for which (1 — 8)JC € 9C for any 8 > 0. For instance, if 3C= U", the
theorem is true.

3. Behaviour of /;, near the boundary of a strictly pseudoconvex domain. In this
section h(z) means hp(z, B”). The main purpose of this section is to prove the
following.

THEOREM 3.1. Let D be a bounded strictly pseudoconvex domain, 9D € C>. Then
lim,_ ,php(z) =0.

The next example shows that the ball B" may be exhausted by biholomorphic
images of half of the ball. The idea of this example will be used to prove Theorem
3.1

ExampLE 3.2. Let D = B" N {z|Re z, > 0}. Let {A}¥-, C D be any sequence of
points with the properties A, = a,e, and lim,_, A, = e,, where o, ER, | a; |<]1,
e, = (1,0,...,0).

We will prove that there exists a sequence {F,}, 1 <k < oo, of mappings F:
D — B" with the properties:

(i) F,: D - F(D) is biholomorphic for any k < 0.
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(ii) F(A,) = 0 for any k < oo.

(iii) { F,(D)}¥~, exhausts B".

For this purpose let us put z’ = (z,,...,2,),z = (2}, z’), w = (w;, w’) and
wy = (z, — o)/ (1= z,a),

F,:

(3.1) w=\1-alz’/(1 - z,a,).

F, is an automorphism of the unit ball carrying A, to 0. F,: D » B”" and (i) and (ii)
evidently hold. Now let | w|< R < 1. From (3.1),
zp=(w + )/ (1 + way),
Fk—l .

Z=\l1—aiw/(1+ wa,).

Now
| w, |2+a,2(+ wa, + wa, + (1 —o(,%)|w’|2

|1+ way |2

32) [z =]z +]2 )=

— ("‘lzc|wl |2+W1ak+ wiay + 1) - (1 _alzc)(l —|w |2 - |W/|2)
|1+ Wl"‘k|2
=1—-(1—-a})(1-RY)/|1 +wea > <1

For Re z,, we have

- - _M)_ L+ wa, —w — o
I~ Rez Re(l 1+ wa, R 1+ we,
el a)( - w) _(1-a)(+R)
1+ we, 1—R ’
Thus
(3.3) Rez,=1—(1—a)(1+R)/(1—R).

From (3.2) and (3.3) one can see that, if «, is close enough to 1, then z € D. This
shows that, for a large number N, F,(D) D {w||w|< R} if k > N. This proves (iii).

The idea of the proof of Theorem 3.1 is as follows. We notice that it is enough to
show that for any sequence {A,} C D, if A, > z° € 3D, then lim,_, ,h,(A,) = 0.
First we reduce this statement to a similar one concerning Dy = D N Us, Us = {z|
|z — z°%|< 8} where 8 > 0 is any positive number. Then using the idea of Example
3.2 we find a sequence of mappings F,: D; — B" with the same properties. Using
then Theorem 2.1 we prove the statement lim_, . p(A,) = 0.

I. We will now use Royden’s definition of the Kobayashi metric (for details, see
[10]). Let p be a point on a complex manifold X and let v be a vector on the tangent
space T,( X) of X. Consider all holomorphic mappings /: Bz — X (By is a disk in C'
of radius R) satisfying the conditions f(0) = p, f(0) = v. Define the functional

B 1
G4 ) = R 3 e 8(Bh, X) /0) = f©) =)
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The distance p(x,, x,) can be obtained by the formula
. 1 ,
p(xi, x2) = inf [[@(x(1), v(1)) dt,

where the inf is taken over all piecewise smooth curves y: [0; 1] - X such that
¥(0) = x, and y(1) = x,.

The following estimate is a lemma of H. L. Royden (Lemma 2 in [10], a proof is
given in [6]). We will need it in the following form.

LEMMA 3.3. Let D C C” be any bounded domain, z, € 9D, U a neighbourhood of z,,
and d = U N D. There exists § > 0 such that, for any point p € d N Us, Us = {z|
|z —2¢|< 8} and any v € T,(D),

®5(p,0) = CO(p,0),

where C > 0 is a constant independent of p.

LEMMA 3.4. Let D C C" be a bounded strictly pseudoconvex domain with 9D € C?,
2o €D, andd = U N D, where U D z, is a neighbourhood of z,. If im,, ,, h,(z) =
0, then lim,_,, hp(z) = 0.

PROOF. (1) Let A € d N Us, where Uy is as in Lemma 3.3. Let B,(A, r) be a ball in
the Kobayashi metric such that B,(A, r) C U, and let z € [D\ B,(A, r)] N Us. One
can see from Lemma 3.3 and Royden’s definition of the Kobayashi metric that
pp(A, z) = Cr. Hence

(3.8) Bp(X,(C/2)r) C B,(A,r).

(2) Let {A,} C D be any sequence such that lim,_ A, = z,. Without loss of
generality we may assume that {A,}¥-, C U;. The condition lim,_ .k, (A,) =0
shows that there exists a sequence {R,}, where R, — oo as k - oo, such that each
ball B,(A,, R,) can be covered by the image of an appropriate biholomorphic
imbedding F,: B" — d. From the behaviour of the Kobayashi metric near the point
2z, (for details see [6]) one can deduce that there exists a sequence {r,} such that
r, <R,,r,— oo, and B,(A;, r,) C Us. Now, for each k = 1,2,...,(3.8) implies that

BD(Ak’(C/z)rk) C B,(Ay, ) CB(N\, RY),
and therefore
hp(A) < (2/C)(1 /7).

Since r, > oo, we have proved that lim, _,, hp(A,) = 0. Since the last statement
holds for any {A,} such that lim,_, , A, = z,, we have proved Lemma 3.4.

I1. D now means a fixed strictly pseudoconvex domain, D = {z|{(z) < 0}, where
¥(z) is a strictly plurisubharmonic function of class C* in a neighbourhood of D
with dy # 0 on D. Let z° € 9D, and let U be a neighbourhood of z°.

(1) First let T be a linear orthogonal transformation which carries z° onto the
origin. We will denote T(D) by D, T(U) by U, and ¢ o T~' by ¢.
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If U is small enough, we have the following Taylor formula for  in U:

PR 1 L%y

(3.9) ¥ =2Re gl 3, | 2 T Re 2_ 3797 | 2%

v= lo pr=1 v o
+3H(¢, z) + O(|z*),
where 1 Hy(y, z) is the Levy form.
Let us now introduce new coordinates

n n 24/

(3.10) § ol E Zz 92,02, . Zuty

and w’ = (w,,...,w,) where w,,...,w, are coordinates in the tangent space Ty(dD)
at 0. If U is small enough, this transformation is biholomorphic. In new coordinates
our function (which is denoted now as y,(w)) has the following representation:

¥)(w) =2Rew, + 3Hy(¢,,w) + 0(| W|3)’

where Hy(y, w) is the Levy form.

(2) Now we can find a linear transformation (we again use the letters z, for new
coordinates) z, = w; and z’ = /(w’) such that in these coordinates our function
#(2) = ¥,(z,, I7'(z2")) has the following representation:

(3.11) ¢ =2Rez, + 2Re[z,L(2)] + |2’ + R(2),
where L is a linear function, z’ = (z,,...,z,), and

(3.12) |R(z)|<C, |z,  C, = const.

We define a domain D; as the set of solutions of the following system:

(3.13) {2R°Zl +2Re[z,L(2)] + |2/ + R(z) <0,

|z|* <8.

Since ¢ is strictly pseudoconvex,

2Re[z,L(Z)] + |2 P=0|z’, o>0.
Taking (3.12) into account one can see that, for small enough & > 0,
(3.14) |z*< C(—2Rez,) foranyz € D;

where C, = const > 0. We assume that such a § > 0 is chosen and fixed.
(3) Let e > 0, and consider the transformation ®,: Dy — C” described by

_ 2z t¢ w1
N R T
: {113
(3.15) Qe‘ 2{8_2, e = \/; w’
w' = w, — 1

2z, — ¢’
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Y(w) = ®(®;'(w)) will have the following representation:

_ wm A D0w =D+ (W + Dw — 1)
(3.16) ¢(w)=c¢ T

w, +1 \/; — |W’ |2 -1
2(w| — 1) W| — lLl(w) + EW + R(‘I’e (W))

+2Rele

w2__l 12 _
Ll AN 17 S U

+ R(®(w)),
|W1"1|2 |W|_1|2 |W|_1|2 (8( ))

where s(w, w) is a polynomial. The representation of ®(D;s) can now be obtained
from (3.13) and (3.16):

G17) |wP =1+ fes(w,, w) + (1/e)R(®;'(w)) |w, — 1 <0,
' 48| w, — 12 >e(e|w, + 1P+ 4w ).

(4) We will need below the statement: for any ¢ > 0 small enough,

(3.18) |w|=|®,(z)|< C; = const foranyz € Dj.
To prove this we use the representation (3.15):
2e 2¢ 2e
= — < —_——< =
(3.19) [ wy | 1+2z|_€ 1+|2Rez,—s|<1+0+e 3,

2|2 <2\/;\/C2(—2Rezl) _

(3-20) |w|—|221_£|\ 2Rz 7 </c,.

(Here we have used the inequality 2 Re z, < 0 and (3.14).) From (3.19) and (3.20) we
get (3.18).

(5) Next we prove that
(3:21) | (1L/)R(8'(w)) [ w, — 12| < Cyfe .
Using (3.15), (3.12) and (3.14), we obtain
1. 1 2 [
SR Iw — 1P| <0G 2P|3Re, —

3/2
< 4C,C;/2M < C“/;'
(-2Rez, + &)’

The last inequality can easily be obtained by finding that the last but one expression
has its maximum (for -2 Re z;, > 0) when -2 Re z;, = 3e.
(6) ®(D;) now has the following description (from (3.17)):

622) {|w|2— 14 Jed(w) <0,

48| w, — l|>e(e|w|+ 1|+4|w'|2),
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where | A(w) |< C; = const. From (3.18) it follows that
(3.23) ®(D;) > B" ase— 0.

The first limit in (3.23) is understood as a limit of sets.

(7) Let us return now to the initial domain D. Let A, — z° € 9D. For each A, we
choose z¥ € 3D to be one of the points on 3D closest to A,. Without loss of
generality we may assume that for each A, such a point z* is unique. We can now
change the coordinate system so that the line joining z* and A is the Re z,-axis and
z* is the origin. Then we can obtain the representation (3.11). Let the image of A,
after all these transformations be —2¢.e, where g, > 0. Now we can consider the
transformation ®,, (see (3.15)). One can see that all the constants §, C,—-C; are
uniformly bounded for all kK = N for some N. Without loss of generality we may
assume that it holds for all k. Now from (3.23),

(3.24) ®,,(D;) — B" in the sense of a limit of sets.
From (3.15) with ¢ replaced by 2¢,,
(3.25) ®,.(A,) =0.

(8) We have obtained the following. There exist a neighbourhood U 3 z° and a
sequence { F } of biholomorphic transformations of d = D N U such that

(3.26) Fi(A,) = 0,

(3.27) F,(d) — B" uniformly in the sense of the limit of sets.

(9) It is clear from (3.27) that for each k there exists a number §, > 0, lim, _, 8,
= 0, such that if we set T, = (1 — §,)F, then

(i) T(d) C B" for each k,

(ii) {T,(d)} exhausts B".

Now (3.26) implies that T,(A,) = 0, and Theorem 2.1 yields
(3.28) klifg) hy(Ay) = k]f?o th(d)(O) = hg~(0) = 0.

(10) Theorem 3.1 now follows from (3.28) and Lemma 3.4. This completes the
proof of Theorem 3.1.

4. Proofs of Theorems I and II, and remarks.

1. PROOF OF THEOREM I. Let F,: D —» X, n = 1,2,..., be a sequence of biholo-
morphic imbeddings such that, for any compact K C X, there exists N such that
F(D) DK for all n> N. The existence of such a sequence follows from the
conditions of the theorem. Let x, € X. Without loss of generality we may assume
that F,(D) 3 x, for every n. We now consider the set A = {F,”'(x,)} C D. There
are two cases to be considered.

Case 1. A is relatively compact in D. Then by Lemma 1.1 X is biholomorphically
equivalent to D.

Case 2. A has at least one limit point z® € 9D. Without loss of generality (by
passing to a subsequence if necessary) we may suppose that lim,,_ ,, F,”'(x,) = z°
From Theorem 3.1 it follows that lim,,_, ., & ,( F,”'(x,)) = 0. Now Theorem 2.1 and
the fact that 4 is invariant imply that

hy(x) = nlinolo hF,,(D)(xO) = nlingo hD(F;l_l(XO)) =0.
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Theorem 1.3 (for JC = B™) now shows that X is biholomorphically equivalent to B".

2. PROOF OF THEOREM II. Let D, and D, be the two pseudoconvex domains. Since
D, can be exhausted by biholomorphic images of D, it follows from Theorem I that
either D, is biholomorphically equivalent to D,, or D, is biholomorphically equiva-
lent to B". In the latter case, since D, can be exhausted by D,, it follows from
Theorem I that D, is biholomorphically equivalent to B” and, therefore, to D,.
Theorem II is proved.

Let D C C" be a bounded domain. Let z° € 9D have a neighbourhood U such
that 3D N U is strictly pseudoconvex and of class C3. It follows as in the proof of
Theorem 3.1 that
(4.1) limOhD(z)=0.

(In fact this very statement was proved in section 3; it follows from Lemma 3.4 and
(3.28) for an appropriated C D N U.)

We now denote by Aut(D) the group of analytical automorphisms of D. If
2 € D,I(z) = {z|z = F(2'), F € Auy(D)} is the orbit of z’. If we assume that the
closure T'(z’) contains z°, then there exists a sequence {F,} C Aut(D) such that
lim,_, ., F,(z’) = z° Now using (4.1) we obtain

hp(2") = klinolo hp(F(z)) = 0.

Hence it follows from Theorem 1.3 that D is biholomorphically equivalent to B”. We
have proved the following statement.

LEMMA 4.1. Let D C C" be a bounded domain. Let z° € 3D have a neighbourhood
U such that 9D N U is strictly pseudoconvex and belongs to the class C3. If there exists
a point z' € D such that the closure of its orbit T(z') contains z° then D is
biholomorphically equivalent to B".

As a corollary of Lemma 4.1 we obtain a new proof of the following well-known
theorem (for dD € C*, see [11)):

THEOREM 4.2. Let D be a bounded strictly pseudoconvex domain with 9D € C3. If
Aut(D) is noncompact, then D is biholomorphically equivalent to B".

More information about Aut(D) can be found in [7].

If G is a bounded domain, z° € 9G, and z° has a neighbourhood on G which is
similar to a part of the boundary of the unit polydisk U”, we can prove an analogue
of Theorem 3.1. More precisely, let there be an analytic function f(z) in a
neighbourhood U of z° such that

(4.2) GNU={z||f(z)|=1}.

Using the functions hg(x, U") in place of the hg(x, B") we find that
lim,_ ,0hg(z, U") = 0. Analogously to Lemma 4.1 one can obtain

LEMMA 4.3. Let D C C" be a bounded domain. Let z° € 3G have a neighbourhood
U with property (4.2) ( for some analytic function f). If for some point z’ € G the
closure of the orbit (with respect to Aut G) of z’ contains z°, then G is biholomorphi-
cally equivalent to U™.
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Now let G C C” be a bounded polyhedron. Then G is a bounded domain such
that G = {z € C"||f,|< 1, s = 1,...,p}, where the functionsf,,...,fp are holomor-
phic in a neighbourhood of the closure of G. Then the (2n — 1)-dimensional
measure of all points having no neighbourhood U with property (4.2) is zero. Let

M(G) = U T(z) NG

ZEG

and let p,,_,(M) be the (2n — 1)-dimensional measure of M. If G is the polydisk
U™, then evidently M(G) = aU".
Lemma 4.3 yields

THEOREM 4.4. If G is a bounded polyhedron and p,,_,(M(G)) >0 then G is
biholomorphically equivalent to U".

Biholomorphic classification of polyhedra and Aut G were considered in [5).
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