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CONJUGATE FOURIER SERIES ON CERTAIN SOLENOIDS
BY
EDWIN HEWITT AND GUNTER RITTER'

ABSTRACT. We consider an arbitrary noncyclic subgroup of the additive group Q of
rational numbers, denoted by Q,, and its compact character group Z,. For 1 <p <
00, an abstract form of Marcel Riesz’s theorem on conjugate series is known. For fin

{,(Z,), there is a function fing »(Za) whose Fourier transform ( (@) atainQ,
is —i sgn af(a). We show in this paper how to construct f explicitly as a pointwise
limit almost everywhere on Z, of certain harmonic functions, as was done by Riesz
for the circle group. Some extensions of this result are also presented.

1. Introduction

(1.1) Notation. This paper may be regarded as a sequel to [7], in which we
established convergence and divergence theorems for Fourier series on a class of
compact Abelian groups. The symbols N, Z* ,Z,Q,R, and C denote the positive
integers, nonnegative integers, integers, rational numbers, real numbers, and com-
plex numbers, respectively. The symbol T denotes the circle group. We will parame-
trize T as {exp(2mit): —3 <t < %}. The symbols [a, b] and ]a, b[ denote the closed
interval {t € R: a <t < b} and the open interval {t € R: a <t < b}, respectively.
Intervals [a, b[ and ]a, b] are defined similarly. For z € C, we write sgn z = z/| z | if
2z 0 and sgn0 = 0. For ¢ € R, [¢] denotes the greatest integer not exceeding z.

Letters ¢, ¢/, ¢/, ... denote positive constants, which may vary from one occurrence
to another.

We have to deal with integrals over four different measure spaces. To keep track,
we will frequently write expressions like || f |, x, which means the & , norm of the
function f over the measure space X. The symbol Qlog* Q(X) denotes the set of all
measurable functions f on the measure space X such that | f| max(log(| ), 0) is in
2(X).

All notation not explained here is as in [8].

(1.2) The groups Q, and Z,. We will study conjugate Fourier series on the
character group of an arbitrary noncyclic subgroup of the additive group Q. Up to
isomorphisms, all such groups are described as follows. Let a =
(ag, ay, a,,...,a,,...) be a fixed infinite sequence of integers all greater than 1. Let
(1) Ay=1, A =a,, A,=apay,..., A,=aqa, --a

n—1se---

Received by the editors April 5, 1982.

1980 Mathematics Subject Classification. Primary 43A70; Secondary 43A15.

Key words and phrases. Conjugate functions, conjugate Fourier series, compact solenoidal groups.

'Both authors gratefully acknowledge partial finanical support from the National Science Foundation
(USA), Grant #MCS-8002329, and for Hewitt from Universitat Erlangen-Nirnberg (Federal Republic of
Germany). They also record their gratitude to Professors John B. Garnett, Irving L. Glicksberg, and
Misha Zafran for valuable counsel.

©1983 American Mathematical Society
0002-9947 /82 /0000-0597 /$11.50

817



818 EDWIN HEWITT AND GUNTER RITTER

Let Q, be the set of all rational numbers //4, for / € Z and k € Z* . Plainly Q, is a
noncyclic additive subgroup of Q. We will write Q; for the semigroup of nonnega-
tive numbers in Q,.

According to the Pontrjagin-van Kampen duality theory, the character group of
Q, is a compact Abelian group, which we denote by . The (continuous) character
group of =, is again Q,. We require a specific presentation of Z,. First consider the
group A, of a-adic integers. This group consists of all infinite sequences x =
(Xgs X1, X35- -+, X,,...) Where each x; belongs to the set {0,1,...,a; — 1}. The sum
x +y is defined by adding coordinatewise and carrying quotients. See [8, Chapter
11, §10, (10.2), p. 108] for details. Let u be the element (1,0,0,...,0,...) and 0 the
element (0,0,0,...,0,...)in A,.

We will later use the subgroups Ay, A, A,,... of A,, defined by A, = {x € A;:
Xo=x,=---=x,_,=0}. Thus A, is 4, itself, and Ay 2 Al;: A2 -
Normalized Haar measure A, on A, is thc product of the measures g;(A4) =
(1/a;)card(A) on the factors {0 1,. — 1} of A,.

We present the group =, as the set [— 5.3l X A4, w1th addition defined by

(2) (5,x) + (t,y)=(s+t—[s+t+1i],x+y+[s+ 1+ 1]u).

The sets

(3) U(0,0) = {(¢,x) €Z,:|7|<1/2kand xy = x; = -+ = x;,_, = 0}

(k € N) are a complete family of neighborhoods of the neutral element (0,0) of Z,.
Normalized Haar measure g on =, is the product of Lebesgue measure A on [- 3, 3]
and normalized Haar measure A, on A, = A,,.

Now consider any element a = //4; of Q,. We define x, as the complex-valued
function on Z, such that

4) Xa(#,%) = exp

I o0
2171’7(! + 3 x,,A,,) ,

J v=0

where we agree that 3% x, 4, means 2/_}x,A4,. It is easy to see that each x, is a

continuous character of =,, that the characters x, separate the points of =, that
Xa+g = XaXgp> and that x,, is the function identically 1 if and only if « = 0. Thus Q,
is the character group of 2, and Z, is the character group of Q,.

We will consider A, as being thc subgroup {(0,x): x € A,} of Z,. The measures
Aos Ap, A,,... are thus singular probability measures in M(Z,). The characters x,
defined in (4) are characters of A, as well as of =, (simply compute x (0, x)). It is
clear that the x, comprise all of the continuous characters of A, and that the
character group of A, is isomorphic with Q,/Z. Thus we have a specific presentation
of 2, and its characters, and are in a position to study in detail the behavior of
Fourier and other trigonometric series on 2.

(1.3) Conjugate Fourier series on T. In this paper, we extend to the groups Z, the
principal facts about conjugate Fourier series on T. We briefly recall these facts.
Given fin (T) and n € Z, we write as usual

(1) fmy=f 'li 22f(exp(27rit))exp(—27rint) dt.
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THEOREM A (PrivaLovV [10, 11]). Let f be a function in  (T). Then
o0

() lim Y -isgnkf(k)rMexp(2mikt) = f(exp(2mit))

Ml g=—o

exists for almost all t € [~ %, 1[. The function f is called the conjugate function of f.

THEOREM B (MARCEL RIESZ [12)). Let p be a number in the interval )1, o[ and let f
be a function in & ,(T). The function fisinQ (1), and there is a constant A, depending
only on p such that

(3) HFl, <471,

(As Titchmarsh [15] observed, we have A, ~ cp as pt oo and A,~c/(p — 1) as
pil)

THEOREM C (ZYGMUND [18]). Suppose that f is in Rlog™ (T). Then f is in LD
and there are absolute constants ¢ and ¢’ such that

(4) 1fllr<c / ‘l; 22| f(exp(2mit)) |log* | f(exp(2mit)) | dt + ¢'.

(1.4) Conjugate functions on compact Abelian groups with ordered duals. Let X be a
torsion-free infinite Abelian group, written additively and with the discrete topology.
The group X contains a subset P such that P N (-P) = {0}, P U (-P) = X, and
P + P = P. Defining x < ¢ and y = x to mean that ¢y — x € P, we see that < is an
order in X compatible with group addition. For details, see Rudin [13, pp. 193-195].
The ordering in X is never unique (-P will serve as well as P), and frequently X can
be ordered in many quite different ways. Given X and P, we define the function sgn
on X by

1 forx € P\{0},
(1) sgnx =<0 forx =0,
-1 forx € - (P\{0}).

Let G be the (compact) character group of X. A complex-valued function f on G of
the form
) f= 2 alx)x.

XEX

where a is a complex-valued function on X with finite support, is called a trigonomet-
ric polynomial on G, and the set of all trigonometric polynomials on G is denoted by
Z(G).

There is an abstract version of Marcel Riesz’s Theorem B.

THEOREM D (RUDIN [13, pp. 216-220] AND HELSON [6]). Let f be a trigonometric
polynomial on G, written in the form (2). The polynomial
3) f= 2 -isgnxa(x)x

XEX
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has the property that
(4) ||f~||p,G SAfH, 6

for all p € ]1, co|. The constants A, are the same as in Theorem B supra.

THEOREM E. Let f be a function in & (G) (1 <p < o). There is a function fin
R (G) such that

(5) (FY(x) = -isgnxf(x)
for all x € X. The inequality (4) holds for f and f.

The function fis called the conjugate function of f. Theorem E follows at once from
Theorem D if one notes that T(G) is an & -dense linear subspace of & ,(G). The
conjugate function f is defined only as the limit of a certain sequence of trigonomet-
ric polynomials. Theorem E does not represent f in any concrete way, as does
Theorem A for the case G = T and X = Z.

(1.5) The aim of this paper. The group Q, admits exactly one order under which 1
is in P. We take this ordering for Q, and then have Theorems D and E. Our goal is
to prove an analogue of Privalov’s Theorem A for the group 2, and so to obtain the
conjugate function of Theorem E explicitly almost everywhere on =,. As we will see,
the existence of the analogue of (1.3)(2) is known only for functions in Qlog* L(Z,).

2. The structure space of a certain commutative Banach algebra.

(2.1) The classical case. In their fundamental paper [1], Arens and Singer pointed
out the group-theoretic interpretation of the Poisson kernel for trigonometric series.
The group T is the character group of Z and the closed disc D = {z € C: |z|< 1} is
the semicharacter semigroup of the semigroup Z*. The Banach algebra /(Z")
(under convolution) has D as its structure space and can be identified with the
algebra of all functions 2% a,z" on D with £7°_,| a, |< oo. The Poisson kernel can
be thought of as the measure on T which, for all fin /,(Z*), can be convolved on T
with the Gel'fand transform f to give the value of f at an arbitrary point of the
structure space D of /,(Z™).

(2.2) A certain structure space. Let H be a commutative semigroup, written
additively. The set of all complex-valued functions f on H such that

Il =2 [f(x)|< e
xE€EH
is denoted by /,( H). Plainly /,(H) is a complex Banach space with pointwise linear
operations and the norm just described. With multiplication f * g defined by
(1) frex)= 2 flu)g(v),
u,v:utv=x
l,(H) is a commutative Banach algebra.

A semicharacter of H is a bounded complex-valued function { on H that is not the
zero function and has the property that {(x + y) = {(x){(y) for all x, y in H. The
multiplicative linear functionals on /,(H) are all defined by mappings 7, for
semicharacters ¢ of H, where

() nf= 2 f(x)§(x).

x€EH
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These facts, by now familiar, are found (along with other matters) in Hewitt and
Zuckerman [9]. Thus the structure space of /,( H) can be identified with the set of all
semicharacters of H. The Gel'fand topology of this space is in general rather
complicated, but is simple enough in the case we are concerned with.

To construct the Poisson kernel and the conjugate Poisson function (it is not a
kernel, as we shall see) for the group Z,, we need to find the structure space of the
Banach algebra /,(Q; ). We omit the proofs of the next assertions, as they are
straightforward. The semicharacters of Q; are the following functions:

(3) Yo, where 5(0) =1 and yy(a) = 0 fora > 0;

(4) a +> exp(-27ua)x (1,X) = ¥, x(a),

where u is a nonnegative real number and (¢, x) is a fixed element of =,. (That is, the
function a b x (¢, x) is a character of Q, restricted to the subsemigroup Q; .) The
functions y, ,, obviously reproduce the group =,. Under our parametrization, the
numbers # run through [0, co[, the numbers ¢ through [- 3, 3[, and the sequences x
through A,, all independently.

Let ¥, denote the set consisting of the function (3) and all of the functions (4). As
observed in the last paragraph but one, we can (and henceforth will) identify ¥, with
the structure space of the commutative Banach algebra /,(Q; ).

For f € 1,(Q} ), we define its Gel’ fand transform as the function f on ¥, such that

(5) 1(4o) = 1(0)
and
(6) f(Wuix) = EQ+f(a)¢u,,,x(a)-

The Gel'fand topology, which is the weakest topology on ¥, under which all of the
functions f are continuous, is the following. A generic neighborhood V() of ¥,
consists of Y, and all ,, ,, with u = n (n € N). A generic neighborhood V,({,, , ) of
¥,..x consists of all y, . such that v € [0, oo[ and |4 — v |< 1/n and (¢,x) = (v,y)
€ U,(0,0) in Z,. Plainly ¥, is a compact Hausdorff space. It can be pictured as the
Cartesian product [0, c0] X Z,, where all of the points {00} X (¢,x) are identified
with each other.

The Silov boundary of ¥, is the set of all semicharacters ¥o,.x- Thus it can be
identified with the compact group Z,. This is proved, for example, in [1, Theorem
4.6).

3. The Poisson kernel for /,(Q; ).

(3.1) Specifications for the Poisson kernel. For typographical convenience, we will
in the sequel write ¢, ,, as (u, ¢,x) for u >0 and y,,, as (¢,x). We will continue to
write y, as y,. The Poisson kernel is a probability measure P, on Z, for each
u € [0, oo] with the property that

(1) P, f(1,%) = f(u, 1,%)
for all (u, 1,x) (0 < u < o0) and
) P, + f(1,x) = f(4) = £(0)

for all f € 1,(Q] ).
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(3.2) P, for 0 <u < . The group Z, is the quotient group of R X A, by the
subgroup (1, -u)Z. Let ¢ be the canonical mapping of R X A, onto =,. The image
under ¢ of the subgroup R X {0} is the subgroup S of 2, consisting of all elements
(t — [t + %],[¢ + 3]u). Plainly ¢ is a continuous group isomorphism of R X {0} onto
S. Of course @ is not a homeomorphism. Note also that p(S) = 0 and that S is dense
in 2,. We think of S as a sort of “spiral” lying densely in Z,.

Given a measure » in M(R) and a continuous complex-valued function f on 2,
the integral

1) [ 1o 0(0)dr(o) =5 (1)

exists and defines a measure in M(Z,). Clearly all subsets of Z\S have |, |
measure 0. For a positive real number u, let P, be the measure in M(Z,) such that
u

(2) fzf(t,x) dP,(1,x) = %/Zf v(v) 1

for f € €(2,). Clearly P, is a probability measure singular with respect to Haar
measure g on 2.

To verify (3.1)(1) for all functions in il(Q: ), it suffices to verify (3.1)(1) for
functions of the form i(a) (a = 0). We compute:

(3)
La)(5,9) dPU(5,¥) = = [ 1) ° #(0)
-/; Yo

dv

u

u? + v?
u

u? + 0?

dv

=2 [ xo(o)

L

dv

1 00 oo
=— i —Jo+1
w./: exp(2ma(v [o+3] + lE()x,,A,,)

dv,

u
u? + v?

where x = (x,)®, is the a-adic expansion of the integer [v + 3]. The last line of (3)
is equal to
u

1 oo 2
(4) ;j:ooexp( Tiav) e

This can be proved by a calculation, or more easily by observing that the function
v b x,(p(v)) is a continuous character of R and so has the form v - exp(2isv) for
some s €ER. For -1 <v <1, expQmia(v —[v + 3] + 22,x,4,)) is equal to
exp(2miav), which shows that the last line of (3) is equal to (4).

The integral (4) is of course equal to exp(-27 | a | u) = exp(-2mau). Thus we have

(5)

Pur (60 = [ xul(6%) = (5,9) dPs.)

dv.

= Xa(:%) [ Xal(s,) dB5,y) = exp(-27a)xo(1,%) = Y x(@)-

Therefore (3.1)(1) holds for all fin /,(Q; ) and all u in ]0, oo[.
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(3.3) The measures P, and P,,. The Dirac measure §, o, is the multiplicative unit of
M(Z,) and so for u = 0, (3.1)(1) holds with P, = §, . Haar measure p on =, has
the property that

po* i(a)(t,x) = an(t,x) = (S,Y)) du(s,y)

= Xa(1,%) fz Xo(5,¥) du(s,y)

— {Xa(t,x) = 1 fora = 0,
0 fora > 0.

With P = p, the equality (3.1)(2) follows at once. Therefore P, is Haar measure p
onZ,.

(3.4) The Gleason parts of ¥,. A theorem of Errett Bishop (see [2] or, for a detailed
exposition, [14, p. 165, Theorem 16.6]) makes it easy to determine the Gleason parts
of ¥,. Namely, two points of ¥, lie in the same Gleason part if and only if their
representing measures are mutually absolutely continuous. The representing measure
of (¢,x) in , is plainly the Dirac measure §, . The representing measure of (4, ¢, x)
with 0 <u < o0 is P, * §, ). The representing measure of y, is Haar measure p.
Bishops’s theorem shows that y, and the individual points of 2, are Gleason parts of
¥,, each consisting of a single point.

The Gleason parts containing the points (u, ¢,x) of ¥, with 0 < u < co are more
interesting, and in fact are the sets on which we will carry out our detailed analysis.
The measure P, * §,,, is concentrated on the coset S 4+ (2,x) of the subgroup S, and
every Lebesgue measurable subset 4 of S with positive Lebesgue measure has the
property that P, * §,,,(4 + (2,x)) is positive. Therefore two representing measures
P,*8,yand P,x§,, (0<u<o00,0<v<o0,(sXx) €2, (s,y) €Z,) are mutu-
ally absolutely continuous if and only if (z,x) and (s,y) are in the same coset of S.
That is, the nontrivial Gleason parts of ¥, are in one-to-one correspondence with the
elements of the quotient group 2,/S. It is easy to see that the cardinal number of
this group is r. Its group-theoretic structure is complicated and does not concern us
here. The quotient group topology is the trivial topology with exactly two open sets,
and it too does not concern us. The point of interest to us is that the representing
measures P, * §, ,, lie in a single Gleason part for fixed (,x) and all positive real
numbers u.

4. The Poisson integral for £ ,(2,).

(4.1) Remarks. In the hands of classical analysts, the Poisson integral is defined
ab ovo for all functions in &(T) (indeed, for all measures in M(T)). This, for
example, is Zygmund’s point of view [19, Chapter II,8§§ 6-9 and infra]. We have
followed Arens and Singer [1] and so have defined the Poisson integral as an integral
over 2, only for functions in /,(Q; ), which is a very small subspace of ¢,(Z,).

(4.2) Construction. To define the Poisson integral for all functions in £,(Z,), we
use a theorem of abstract harmonic analysis. Given a locally compact group G, every
measure p in M(G) can be convolved with every function f in 2,(G) to produce a
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function p * fin &,(G). This function can be written in the form

() pr f(x) = [1(yx) do(y),

the integral in (1) being a Lebesgue integral for almost all x in G (with respect to
Haar measure on G). This is set forth in detail in Hewitt and Ross [8, Chapter
V, Theorem (20.9), p. 290]. Applied to the group 2, and the measure P, (0 < u < o0),
(1) gives us

@) Byx f(1%) = [ S(1%) = (5,)) dP.(s.y)

for p-almost all (¢,x) in Z,. Standard theorems from integration theory and
calculation in 2, lead from the integral (3.2)(2) to the equality

(3) P+ f(2,x) = %/::f(t—v—[t—o+ [t—o+ %]u+x)u2102dv.

A simple change of variable in (3) gives us

| u
O PS030 = [ flo(o.0) e,

Suppose that the integral (4) exists as a Lebesgue integral for a certain choice of x
in A,, ugy in ]0, oof, and ¢, in R. It is an elementary exercise to show that the integral
I, f(p(v,x))w(v) dv exists as a Lebesgue integral for all bounded measurable
functions @ on R for which w(v) = O(v™2) (Jv |~ 00). In particular, we have the
following useful fact.

(4.3) THEOREM. Suppose that the integral (4.2)(4) exists as a Lebesgue integral for
some X in A, some uy, in |0, o[, and some t, in R. Then the integral (4.2)(4) exists for
this x and for all u in 10, oo and all t in R.

(4.4) REMARK. From (4.2) and (4.3), we see that for each f € Q,(Z,), there is a
subset E; of A, such that Ay(A,\ E;) = 0 and such that the integral (4.2)(4) exists as
a Lebesgue integral for all  in ]0, oo, all #in R, and all x in E,.

(4.5) REMARK. A simple calculation shows that

(1) P, x f(o(t + k,x = ku)) = P, * f(¢(1,x))
for all k € Z and all u, ¢, x for which (4.2)(4) exists.

(4.6) DEFINITION AND REMARKS. For all x € E, the integral (4.2)(4) is defined as
the Poisson integral of f. It is defined for all u >0 and all t € R and so may be
regarded as a complex-valued function defined in the upper half-plane U = {r + iu:

u >0} in the complex plane C. We write this function on U as P, f(z,x) to
distinguish it from P, * f(¢,x), which is a function defined on Z,.

(4.7) THEOREM. The Poisson integral P, f(t,X) is a harmonic function of t + iu in the
upper half-plane U.
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PROOF. An elementary theorem on differentiating integrals that depend upon a
real parameter shows that

u

ur+ (¢t —

AP, f(t,x) = %j::fﬁp(v,x))A( 0)2) dv=0 0

(4.8) THEOREM. For all a € Q,, the Fourier transform of P,  f is given by
(1) (P, * f) (@) = exp(-27u|a|) f(a).
PrOOF. We have
£(@) = [ Xt x)dP(t.%)

u
u? + v?

= —l—fwexp(—Zvriav) dv = exp(-27|a|u).
™ —00

Now use the fact that the Fourier transform carries convolutions into pointwise
products. O

(4.9) THEOREM. For every x € E,, we have
(1) limP, f(¢(1,%)) = f(9(z,x))

for almost all t € R.

PROOF. The function v - f(@(v,x))/(1 + v?) is in &,(R), as Theorem (4.3) shows.
The representation (4.2)(4) makes the validity of (1) a classical fact. See, for example,
Titchmarsh [16, Chapter I, Theorem 1.17, pp. 30-31]. O

5. The conjugate Poisson function on ¥,.
(5.1) Preliminaries. The subgroups A, of A,, defined in (1.2), will now be regarded
as subgroups of = :

(1) A, ={0,x) €Z:xg=x;,= -+ =x,_, =0}.
The Haar measure A, will be regarded as a (singular) probability measure in M(Z,).

It is easy to see that the Fourier-Stieltjes transform & , is the function L1 /4,yz 00 Q,.
The group Z, /A, is topologically isomorphic with T. The mapping

@) (£,%) > exp(zmAl (t + 3 va,)) = xa(1:%) = 7 (,%)

n v=0

is a homomorphism of 2, onto T with kernel A ,.
A function f in &(Z,) is constant on cosets of A, if and only if f=f* A,. For
every such function, there is a function g in £ (T) such that f = g o 7, and we have

(3) fzfdu=fzg°ﬂndu=ngd>\-

We shall have frequent recourse to the mapping (2) and the equalities (3).
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(5.2) The classical case. For functions f in & ,(T), the conjugate Poisson integral is
defined by

(1) i § sgn kPl f( k )exp(2mik8)
k=-00

(12 a 2rsin(2t)

B j:l/zf(exp(2m(0 ) 1 — 2rcos(2mt) + r?

= f* Q,(exp(27if)),
where as usual we write
(2) Q,(exp(2mit)) = 2rsin(2wt)/ (1 — 2rcos(2at) + r?).
Note that
) (Q,* f)(1) = ~isgni"f(1)
for all/ € Z. We also have

_1 1+ r2

@ IlQ,IIl,T—ﬂlog( 1 _rz).

Thus the conjugate Poisson integral for T is convolution with an absolutely continu-
ous measure for each r such that 0 < r < 1, although the norms of these measures go
toooasrtl.

There is a fundamental difference between T and Z,.

(5.3) THEOREM. Let u be a positive real number. There is no measure, say o,, in
M(Z,), such that

(1) 6,(a) = -isgnaexp(-27u|al|)
forall a € Q,.

PROOF. Assume that there is a measure g, with property (1). As noted in (5.1), we
have

(2) (o,* }‘n)A(a) = l(l/A,,)Z(a)(_i sgn a)exp(-27u | a |)
for all n € N. Observe also that
(3) o, * A, Il < llo,ll < co.

We now regard T as 7,(Z,), as in (5.1)(2). For a continuous complex-valued
function f on T, we have

(4) fz(fwn)(; (1,x)) do,(1,x) = (fo m,) * 0,(0,0)

=(feom)*A,*0,0,0).

From (2) we see that A, * o, is absolutely continuous and in fact is the function

= k|
(5) —i Y, sgnkexp “27U— | Xaya,

k=-00 n
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Thus the last line of (4) is equal to

© i 3 senkemp(-2muld) [ (70 m)((00)xe st %) du(s,x).

k=-00

The integrals appearing in (6) are equal to integrals over T:
fz(fwrn)(; (£,%)) X1 /a1, %) dp(2,x)

= f_ll/;f(exp(—Zvris))exp(27riks) ds = f(k).

The sum (6) is thus equal to

(7) —i § sgn kexp(27ru|:n| )f(k)

k=-00

B f_l.//zzQeXP(-Zwu/An)(e"P(%is))f(eXp(—zvris)) ds.

From (5.2)(4) and the definition of the norm of a measure, we see that the
supremum of the absolute value of (7) over all continuous complex-valued functions
fonTwith || fll, <1is

®) L1

1 + exp(-47u/A,)
- .

1 — exp(-47u/A,)

By (4), we see that ||g, * A, || is greater than or equal to the quantity (8). As n - oo,
(8) goes to infinity, and this violates (3). Thus no measure o, with the stipulated
property (1) exists. [J

The preceding theorem shows that no conjugate Poisson kernel in the form of a
family of measures on 2, can exist. Nonetheless, we can find a one-parameter family
of functions that yield a concrete realization of the conjugate function provided by
the abstract version of Marcel Riesz’s Theorem E (1.4).

(5.4) DEFINITIONS AND REMARKS. Let f be a function in £(Z,) and let E, be as in
(4.4). For x in E,t inR,and u > 0, let

=L 1% f(g(0,%))| —=2 -
(1) K f(t%) =7 [ fe(o,x) o 1o

= %f_::f@p(o,x))k(u, t,v)dv.

The function k(u, ¢, v) is equal to
() ((t—v)(1 +tv)+uzv)/(u2+(t—v)2)(l + v?)

and so K, f(¢,x) exists and is a Lebesgue integral for all positive u, all real ¢, and all
x in E,. We call K, f(t, X) the conjugate Poisson function for f. The term v/(1 + v?) is
a correction term used to secure convergence. It is similar to the correction term used
in defining Hilbert transforms for bounded functions on R: see for example Garnett
[4,p. 109]. It is easy to see that K, f(¢,X) is A X A X A -measurable as a function of
u, t,and x.
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(5.5) THEOREM. For each x € E, the function t + iu > K, f(t, X) is harmonic in the
upper half-plane U.

See the proof of Theorem (4.7).

(5.6) THEOREM. For every x € E,, the function t + iu v P, f(t,X) + iK (¢,X) is
analytic in the upper half-plane U.

PROOF. As in the proof of Theorem (4.7), one sees immediately that this function
satisfies the Cauchy-Riemann differential equations. [

(5.7) THEOREM. For all f in & (Z,) and all x € E,, the limit
(1) limK, f(1,x) = Kf(1,%)
ul

exists and is a complex number for almost all t € R.

PrROOF. We use a device due to Littlewood, now standard in dealing with
conjugate Fourier series and integrals. We may suppose that f is real and nonnega-
tive. The function P, f(¢, x) is nonnegative and the analytic function

®(r + iu) = exp(- (P, f(1,x) + iK, f(t,x)))
is bounded in U. By Fatou’s theorem,
(2) lirr(}tb(t +iu) =T(1)
ul

exists and is a complex number for almost all € R. Since (4.9)(1) holds, the
absolute value of I'(¢), which is exp(—f(@(z,x))), is positive for almost all t € R. A
simple argument shows that K, f(¢, x) must have a real-valued limit as « |0 for
almost allreal . O

(5.8) ReMARKS. We make Kf(z, x) into a function on =, by restricting ¢ to the
interval [- 4, [, and then we may consider the Fourier transform Iz'?(a) fora € Q,,
should it happen that Kf is in &,(Z,). It is not the case that Kf is the conjugate
function to f. That is, we do not have

sz(a) = —isgnaf(a).

This is so because of the presence of the correction term v/(1 + v?) in the kernel
k(u, t, v) that appears in (5.4)(1). We will have to apply a corresponding correction
term to Kf to get the conjugate function of f. We postpone this to §6. We turn now
to some needed facts about K, f and Kf.

Throughout (5.9)-(5.12), p denotes a fixed but arbitrary number in the interval
11, oo[. We first prove a technical lemma.

(5.9) LEMMA. For u > 0 and t, v real, let
(1) «(u, t,v) = (t—0)1 + ) + v
(t—v) + u?
and let

) N(u,v) =[/:ll//22| k(u,t,0) P dt l/p.
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The quantities
(3) S(u) = sup{N(u, 0): | 0|> 3/2)
are finite and are bounded for all u such that 0 < u < .
PROOF. Straightforward estimates show that
02+ (5/2+2u?)|o| +1
(2]01/3 +u)’

forallu >0, |t|<4,|v|=3/2. For 0 < u <}, we have

(@) |k(u, 1, 0) |<

[3lo] +ul=3|o] —u=3|v| —3|v|=1}|0].

The right side of (4) is thus less than or equal to ¢ + ¢’/|v| +¢”/v?, which is
plainly bounded for all v such that |v|> 3 /2. Integrating the pth power from - § to 3,
we find that N(u, v) is bounded. [

(5.10) THEOREM. Regard K, f(t, x) in (5.4)(1) as a function on 2 by restricting t to
the interval - %, 3[. The mapping f — K, f is a bounded linear mapping of & (2,) into
itself with the property that

(1) IK, fll,<C(p,u)lfll,
for all f in & (Z,), where C(p, u) is bounded for all u such that 0 < u < 3.

PROOF. Let I denote the interval [- 3, 3] and J the set R\ 1. We write

2) K,f(1,x) :_/;f(q?(v,x))k(u, t,v)dvo +j;f(q;(o,x))(t_tv;)2”_'_u2dv

+ [0, x) T do
= A4,(t,x) + B,(¢,x) + D(x).

We deal first with the function 4,. Let us apply the generalized Minkowski
inequality (see, for example, [19, Chapter I, p. 19, (9.12)]). This inequality shows that

(3) 4 1/p
||A,,||p,z.={fz’fjf(tp(v,x))k(u, t,0)dv dp.(t,x)}
< {fz | f(@(v,x)) | k(u, t,v)}”du(t,x)}]/pdv

J

1

dv
1+ ¢?

zf’{fz /(90,2 Plx(u, 1. 0) I"du(t,x)}l/p

dv
1+ 02

B /J{'[A.lf(q)(v’ ¥ dAO(x)}l/p{/_llfﬂ k(u,t,0) P dt} "
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Lemma (5.9) shows that the last line of (3) does not exceed

4) S(u) fj { fA | 7(e(v,x)) F"di\o(X)}W ) j_uoz'

We now write

dv

®) [ { f, 7o (o, x)) wmw}w e

= 3 [ [ et ] T2

|k|=2 k=12 1+v

dv
1+ (k+0)

= 3 [21[ itato+ keypango)

|k|=2"-1/2

Since ¢(v + k,x) = @(v,x + ku) and since A is a translation-invariant measure on
A,, we see that

(6) [ (o0 +kx)) P aro(x) = [ (9(0,%) P dhofx).

Hence the last line of (5) is less than or equal to

1 1/2
I ryad MR AL X S R

It is trivial that

{[1otemnpanl ™ <1+ [ 17660 P arsto

for all v in [- 4, 3[. Hence (7) is less than or equal to
(8) c[l +f_ll//2;j;.|f(<p(v,x)) P dA(x) dv] =c[1+1712].

Combining the estimates (7) through (3), we find that
9) 4,0, <2S(u)cll £,
as A, is linear in f.

We next take up B,(¢, x). For this function, we have

»
du(z,x).

(10) 18,12 = [ f_zzzfup(u,x))_dev

(t—ov)Y+u
Write f, for the function v b f(¢(v,x)) for v € I and v - 0 for v € J. The inner

integral in (10) is equal to

* 1—v =q 1 iu
(1) f RO s e = ()t ),
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where the symbol “”” denotes the classical conjugate Poisson integral, defined in U.
For x € E;, (4.3) shows that the function

o] £(0) P/ (1 +0?)

is in &,(R), and so £, is in & ,(R). Let P, denote the classical Poisson kernel on R. For
an arbitrary function g in £ ,(R), we have

g(r+iu) = (P, *g) (1),
and so by M. Riesz’s theorem, we get

(12) L1+ iwypae= [ | (s (L)) () P a
<AZIP, * 12 o < AZII £, 112 g.

Taking (12) back into (10), we find that

P=qP 2 Y iu X
(13) 1Bz =mr [ [ 1A+ i) drdno(x)
<ar [ [T1C e+ i) P dr (o)

<nPA? fA 1 £I12 g dAo(x).

The function v - f,(v) on R vanishes outside of the interval [- 3, 3], and as in (6) we
see that

(14) [ IAIZadNo(x) =3[ f_ll//22|f(<p(o,x))|"dvd>\0(x)=3H s,

Combining (14) and (13), we find that
(15) B2 <cllfllZ.

Finally we estimate the p-norm of the function D. Noting that D depends only
upon x, we find that

" an(x)

_ 3,2 v
(1)  IDIZ —j;Jj:s/zf(tp(v,x)) o

<22 [ [ 1stoto.x) 14 dnoo)

— 2-pfAJ3f_'l//22|f(q;(o, x)) | dv ’ dAy(x)

<3V L= (3 1

Take (16), (15), and (9) back to (2) to see that (1) holds, since S(u) is bounded for u
suchthat0 <u<y. 0O
A result somewhat like (5.10) holds for functions in  log* 2(Z,).
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(5.11) THEOREM. Let f be a function in Qlog* {(Z,). Then the function K, f is in
Q,(2,) and we have

(1) IK.S U <c+cf |f]og" (1)) dp.

The constants ¢ depend upon u and are bounded for all u such that 0 < u < }.

Proor. Examine the constant C( p, #) in (5.10)(1), taking note of (5.10)(12) and
the estimate for 4, given in Theorem B of (1.3). We see that

) C(p,u)=0(1/(p—1)
for 1 <p <2, the estimate (2) being uniform in u for 0 <u < 3. We now cite a

theorem of Yano [17], which appears in Zygmund [20, Chapter XII, (4.41), pp.
119-120]. This theorem shows that (2) and (5.10) imply (1). O

(5.12) THEOREM. Let f be in & (Z,). The function Kf(t,X) defined in (5.7X(1) is also
in & (2,) and we have
(1) NKfIl, <cA,llfll,.

PrOOF. Use the definition (5.7)(1), the inequalities (5.10)(1), and Fatou’s lemma.
a

(5.13) THEOREM. Let f be in {log* Q(Z,). The function Kf(t,x) of (5.7X1) is in
L (Z,) and we have

(1) IKfll, <c+ cfz |f|1og* (|f]) dp.

ProOF. Apply (5.11)(1) and Fatou’s lemma. O

6. The correction term.

(6.1) Explanation. We want to find a function x> C,(x) on A, that can be
subtracted from K ,(z, x) to give a function whose Fourier transform behaves like the
classical conjugate Poisson integral. That is, defining f(z,x) = K J(@,X) — Gi(x), we
want to have the result that

(1) (£.) () = -isgnaexp(-27u| a|)f(a)

for all « € Q, and fin a reasonably large class of functions on X,.

(6.2) Some computations. Let f be a function in ,(Z,) and let n be a nonnegative
integer. The function f * A, can be written as g o «, for a function g in ,(T). As in
the proof of (5.3), we write

(1) 7\ (@(0,)) = g(m(9(0,%)) = g(exp(zm}n 0+'3 A))

v=0
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For positive integers N, we have

@ 3 [ o0, 0) e

wTJ_

1

== M (exp(zmi(o+ ExA)

dv
-NA, 1+ 02

n— N-1 + kA
:lfA"g(exp o+ D x,,A,,))) > S A S dv
mJo »=0 k=-N 1+ (v+kA,)

The series appearing in { ---} in the last line of (2) converges, as N —» o, to a
function ¥(v), the convergence being uniform in the interval [0, 4,]. Accordingly
we have

277iAl

n

.1 N4, v
@) lim 2 f (A o(0x) T de

= —f (exp(Zm—;

To compute the function ¥(v), we recall the familiar equality

¥(v) dv.

0+ T xa ]

v+ kA4,

(4) /:wsgn X exp(—| X |)exp(—i(o + kA,,)x) dx = _2im .

Defining
h(x) = sgn x exp(—| x| /4, )exp(-ivx/4,),
we write the integral in (4) as

5) Ai [ h(x)exp(-ikx) d.

Poisson’s summation formula (see, for example, Zygmund [19, ChapterIl, p.
68, (13.4)]) shows that

A v+ kA,

(6) Y(o)= %

k=0 1+ (v + kd,)

_m 27| k| —2wikv
_An( > sgnkexp( y )cxp( Y ))

k=-00 n n

The second line of (6) is equal to

27 Q 27 \\* . (27ko T v
(7) Zkgl (exp( y )) sm( y )=A—nQexp(_2,,/An)(cxp2mA—").

n n
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Working back from (7) to (3), we find that
(8) lim —/ PR e

N-oowo T
1 a4, 1 'S
= A—nj(; g(exp(waz—(v + on,,A,,))

n

0
Qexp(_z,,/A")(exp 27117 ) dv.

The second integral in (8) is equal to

n—1
9) —%[)Zﬂg(exp(2wi(—%+% 3 x,,A,,))

ny=0

-Qexp(—Zﬂ/A,,) * g(CXp(Z'ﬂ'l( 2 vav) ) )
” v=0

Note that the convolution in (9) is on the group T.
(6.3) DEFINITION AND REMARKS. For fin ,(Z,) and n in Z* , we define G., as
the function on A, such that "

Qexp(-zw/A,,)(eXP(iW)) dw

(1) G. )‘"(x) Qexp(-2n/4,) * g(exp(Zm— ( E x,4 ) )

27 1S
=g exp( 1 ),exp 2wi2— > x4,

n n y=0

The function g is defined in (6.2). For typographical convenience, we write
Q, * f(exp(2mif)) as f(r,exp(2mi@)): see (5.2)(1). Observe that G ., is constant on
cosets of A, in A, and so is a continuous function on A, assuming only a finite
number of values. Note too that the mapping f+ C;,, is linear in f. Our correction
term C, will be defined using the functions C,, , . We first estimate some £ (4,)
norms.

(6.4) LEMMA. Let p be a real number greater than 1 and let g be a function in & ,(T).
Let g(r, exp(2mif)) be as defined in (6.3) and let (1, exp(2mwif)) be
lim,,, g(r, exp(27if)), the existence of which is guaranteed by Theorem A of (1.3). Let
P (exp(27i@)) be the classical Poisson kernel on T:

(1) P.(exp(27if)) = (1 — r?)/ (1 — 2rcos(278) + r?2).
We have

(2)  |&(r,exp(2mi@)) P <j:://22| g(1,exp(2mit)) PP,(exp(2mi(8 — t))) dt.

ProoF. The function g(r,exp(2xif)) is harmonic in the open unit disc D and so
the function |g(r,exp(27if))} is subharmonic: see, for example, Helms [S,p.
63, Example 7). A well-known inequality for subharmonic functions on D states that

(®) 18 ew(rif)) p < [ gla, exp(mit) PP, o exp(2i(0 = 1)) i
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for all r such that 0 < r < a, a being a fixed real number such that 0 < a < 1. See,
for example, Garnett [4, p. 37, Theorem 6.5]. As a 1 1, P, (exp(2wit)) converges to
P (exp(2mit)), uniformly in ¢. We also have

(4) a“ |g(a exp(2mir)) — g(1,exp(2mit)) P dt =

To see this, note that the maximal function sup,,<; | &(a, exp(2it))| is in £ ,(T)
and apply dominated convergence. From (4), elementary estimates show that the
limit as a 1 1 of the right side of (3) exists and is equal to the right side of (2). [

(6.5) THEOREM. Let p be a real number greater than 1 and let f be a function in
I p(E,). There is a positive constant c such that

(1) G, <cAlfll, s,
for all positive integers n, where A, is the constant in M. Riesz’s Theorem B in (1.3).
ProoF. Observe first that as the sequences (x,, x,,...,x,_,) run through all

values with x; € {0, 1,...,a, — 1}, the integers 3n-lx,A, run through the integers
0,1,...,4, — 1, each value being assumed exactly once. Using (6.3)(1) and (6.4)(2),

we thus have
27 h
glexp 1 , Xp 2mA—

A,—1
1 5 h
<A—n ;Eo f |g(1 exp(27it)) PPey 2,,/A")(exp(ZmA— - t)) dt

n

A,—

@ [1Ga0re) =5 2

P

-1/2 n

=f'/2|g(1 exp(2mit)) P { 2 AT )(exp(2wi£— - t))} dr

= f1/2|g(l,exp(2m’t)) PQ(n, t) dt;
-1/2

we have written the function appearing in { - - - } in the next to the last line of (2) as
Q(n, t).
We now estimate the nonnegative function £(n, ¢). For rexp(2m' 0) = z, we have

1+:z

(3) P (exp(27if)) = Re- =1+2Re 2 zk,
k=1
and so we see that
21t (2mk h
4 = + J— —_ =
4 Q(,)=1 2Rek§l 1 h§0 exp( S )exp 2mk(A ))
00 A,—
_ ~2mk 173 LS
=1+ 2121 exp yy )cos(27rkt){A" 2 ( i )}
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The sum { - - - } in (4) is zero if k/A4, is not an integer and is 1 if k/A,, is an integer.
Thus we find that

1 + exp(-27)
5 Q(n,t)=1+2 ) exp(-27l s21At\——————
) (n, 1) 121 p(-27l)cos(27lA,1) “exp(27)
Applying (5) to (2) and using M. Riesz’s Theorem B in (1.3), we obtain
/2 .
(6) [N TN f L g(1,exp(2mit)) P dt < cAZlIgll? 1

= P
= cAZIl fx A2 5 < cAPIIfIIZ

The estimate (6) obviously gives (1). O
We have no analogue of Theorem (6.5) for p = 1. However, the following weaker
estimate holds.

(6.6) THEOREM. For each positive integer n, there is a positive number A(n) such that
the inequality

(1) ”C/.)\,,HI,A,<A(”)”f|||,z,
holds for all f in & (Z,).
PROOF. Let
A(n) = max{| Qe znya,(exp(27it)) | : 4 <1 <4}.
Use (6.3)(1) to write

1/2
16y, s, <A [ slexp@ait) | d

= A(n)j2 | A (6%) | dp(t,x) < A(n)ll fll, 5. O

We now show that the sequence of functions (C;, , )y=, is a Ap-martingale on A,.

(6.7) DEFINITION AND REMARKS. For n € Z* , let &, be the family of all cosets of
A, in A,. Let 9, be the (finite!) o-algebra of subsets of A, generated by &,. Plainly %,
consists of 24 sets and is also the smallest o-algebra of subsets of A, with respect to
which the character x, ,, is measurable.

(6.8) THEOREM. Let f be a function in & (Z,). The sequence of functions (Cf, A, ),, .
is a \-martingale on A, with respect to the increasing sequence of o-algebras (%) .

Proor. It will suffice to prove that
(1) j;xk/An—le'An—ldAO z‘/;xk//‘n—lcvf‘xn dAO

forn=2,3,4,...and k=0,1,2,...,4,_, — 1.

Suppose first that f is a character Xp/a, Of Z,. We take up first the case m = 1.
We may suppose that p/A4,, does not have the form ¢q/A4,, _, for any integer gq. For
every positive integer r, we have

X,/4 forr=m,
2 *Ar: P/Am
@ Xp/An {O forr <m.
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To see this, compute the Fourier-Stieltjes transform of the left side of (2). For
m=n + 1, (2) yields

Xpsa, * A= Xpsa,, * A1 =0,
so that both sides of (1) vanish. For m < n — 1, (2) yields
Xp/a, * A1 = Xpsa, * A, = Xp/a,,
and so the integrands on the two sides of (1) are identical. For m = n, we have
Xpsa,, * A1 =0,

and the left side of (1) vanishes. The right side of (1) is

(3) /; Xk/A,,_,Cx,,/," A, dA.

By (6.3)(1), the function CXW .z, computed at x in A, has the value

1/2 ) 1 "=t .
(4) /:l/z eXp(27NALn —t + A_" govay) )Qexp(—Zyr/An)(exp(zﬂlt)) dt
= CXp/A,,(x)-
Hence (3) is equal to
) ¢ X an 00X /4 3) ANo(3) = 0,

since characters are orthonormal under normalized Haar measure and the character
X p/4, cannot be the character x, ,, . Therefore (1) holds if f has the form x,,
with m = 1. For characters x, of £, with integral p, we have x , * A, = x, for all
r € N, and so (1) holds trivially for f = x ,and alln = 2,3,....

By linearity, (1) holds for all functions f in 2,(2,) that are trigonometric
polynomials. Let f be an arbitrary function in £,(Z,) and let ( p,);2, be a sequence
of trigonometric polynomials on 2, such that lim, |l f— p,ll, 5, = 0. Theorem
(6.6) shows that

fim Gy an, = Gor, s, =0

Since (1) holds for all of the functions p,, it thus also holds for f. O

(6.9) THEOREM. Let p be a number greater than 1 and let f be a function in & H(Za)-
The sequence of functions C, A, On A, converges A -almost everywhere on A, to a
function C;in & (A,) for which the relations

(1) nlin:o ||Cf,>‘n—Cf||,,=O
and
() ||Cf II,,,A. < cAp||f||p,2.

obtain. Again, A, is the constant in M. Riesz’s Theorem B in (1.3).

PrOOF. We use a classical theorem of martingale theory (Doob [3, Chapter
VIL, §4, p. 319, Theorem (4.1)]). Theorems (6.8) and (6.5) show that the hypotheses of
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part (i) of the cited theorem hold, and so the limit function C; exists for A ;-almost all
points in A,. Part (iii) of the cited theorem shows that (1) holds, and (2) is immediate
from (1) and the estimate (6.5)(1). O

(6.10) THEOREM. Let f be a function in Llog™ {(Z,). The martingale (C;,, ),
converges A y-almost everywhere in A, to a function C,in £ (A,), for which we have

(1) 1G s, <+ cf /108" (1) d.

PrOOF. For p near 1, we have 4, <c/(p — 1). Now use (6.5)(1) and Yano’s
theorem (Zygmund [20, Chapter XII, §4, p. 119, Theorem (4.41)]) to see that

@) [1Ganldhsctef 17xn log" (f+ A, D da
A simple argument, which we omit, shows that
() cref 1feAlogh (fe N du<ctef |f]log (1f]) dp.

From (2) and (3), we see that the ,(4A,) norms of the functions C;, , are bounded.
Part (i) of the martingale theorem cited in the proof of Theorem (6.9) applies, giving
both the existence of C; and the inequality (1). O

(6.11) DEFINITION AND REMARK. For fin 1log™ &(Z,), let D, be the subset of A
where lim,, .G, exists and is a complex number. Note that Ao(A,\ D;) = 0.

7. Construction of the conjugate function.
(7.1) DEFINITION AND COMMENTS. Let f be a function in Qlog™ 2(Z,). For
0 < u < oo, we define £, as the function on 2, whose value at (7, x) is

(1) £(1,x) = K, f(2,%) + G(x),
and we define f by
) f(1,%) = Kf(1,%) + G(x).

We describe the sets where £, and f are defined. Consider x in E,N Dy, Ef being as in
(4.4) and Dy as in (6.11). For each such x, K, f(¢, x) exists for all 7 in R and, in
particular, for all ¢ in [- 4, [. Thus f, is a y-measurable function defined p-almost
everywhere on Z,. By (5.7), Kf(t,x) is defined for A-almost all ¢ in R and so for
A-almost all 7 in [~ %, [. Thus the functions f,(, x) and f(¢, x) exist for p-almost all
(t,x) in 2,. We call f the conjugate function of f.

(7.2) THEOREM. The mappings f +— fu and f > f are linear mappings of & (2,) into
R(Z) (I <p<oo)andof 8 log* Q(Z,) into &,(Z,) with the following properties:

(1) AN, <cd,llfll,,
() NN, <ed,lfll,,

3) ||f;||,<c+cf2 1flog*(|f]) i,
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4) IIflll<c+cf2|f|10g+(|f|)dp.

The constants c in (1) and (3) depend upon u and are bounded for 0 < u < ;.

PROOF. Linearity is obvious. For the inequalities (1)-(4), see (5.10)-(5.13), (6.9),
and (6.11). O
We will now compute the Fourier transforms of f, and f.

(7.3) THEOREM. Let a be any element of Q, and let u be a positive real number. Then
we have

(1) (Xa)u = —isgnaexp(-27 | a|u)x,-
PROOF. Write a as //A,,, where n is a nonnegative integer and / is an integer. Since

Xo * A,y = X, for all m = n, the function C, is C_, A, Using (7.1)(1), (5.4)(1), and
(6.2), we have

@ (X (6%) = Kx(60) + G ()
=—/ xal @ (0, %) | T + —

u+ (t— )2 1+ 0?2

—hm—/“ Xo(9(0,%) -

_ 1 t—v o
= f Xo(@(v, —+ (t_o)zd.

It is easy to see that the last line of (2) is equal to the right side of (1). O

(7.4) THEOREM. Let f be a function in log* {(Z,). For all B € Q,, we have

(1) (F)(B) = -isgn Bexp(-27| B|u)f(B)
and
() (F)(B) = -isgn BA(B).

PrOOF. Both (1) and (2) hold if f is a trigonometric polynomial on 2,: use
linearity and Theorem (7.3). For f in ,(Z,) for some p > 1, the density of
trigonometric polynomials in £ (Z,) proved (1) and (2). For fin Qlog™ &(Z,), one
can use the proof of Yano’s theorem that we cited in the proof of Theorem (6.10).
From this proof it is easy to see that the validity of (1) and (2) for trigonometric
polynomials implies its validity for all functions in log* 2(Z,). O

(7.5) REMARk. The abstract conjugate function defined for f in £,(Z,) by
Theorem E of (1.4) is actually the function constructed in (7.1), since the two
functions have the same Fourier transform.
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