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HIGHEST WEIGHT MODULES OVER GRADED LIE ALGEBRAS:
RESOLUTIONS, FILTRATIONS AND CHARACTER FORMULAS
BY
ALVANY ROCHA-CARIDI AND NOLAN R. WALLACH'

ABSTRACT. In this paper the study of multiplicities in Verma modules for Kac-Moody
algebras is initiated. Our analysis comprises the case when the integral root system is
Euclidean of rank two. Complete results are given in the case of rank two,
Kac-Moody algebras, affirming the Kazhdan-Lusztig conjectures for the case of
infinite dihedral Coxeter groups.

The main tools in this paper are the resolutions of standard modules given in [21]
and a generalization to the case of Kac-Moody Lie algebras of Jantzen’s character
sum formula for a quotient of two Verma modules (one of the main results of this
article).

Finally, a precise analogy is drawn between the rank two, Kac-Moody algebras
and the Witt algebra (the Lie algebra of vector fields on the circle).

Introduction. The purpose of this paper is to begin the study of irreducible,
nonstandard, highest weight modules for generalized Cartan matrix (GCM) or
Kac-Moody Lie algebras. As in the case of (finite dimensional) semisimple Lie
algebras the first step is to study (as Jantzen did in [10]) the case when the integral
root system is of rank 2. (We will explain the concept of integral root system in
detail later.)

In this paper we carry out Jantzen’s program for the case of integral root systems
of rank 2 in the opposite order to that of Jantzen. Jantzen showed how one can use
the analysis of the integral root system of rank 2 case to derive a character formula
for a quotient of two Verma modules. We derive the analogue of Jantzen’s formula a
priori and use it to derive the generalizations of Jantzen’s results. We should point
out that in the finite dimensional case our proof is quite a bit simpler than that of
Jantzen.

For each of the irreducible modules for which our analysis applies, we derive (in
the course of the analysis) a resolution of the same type as the Bernstein-Gelfand-
Gelfand (BGG) resolution of a finite dimensional module. (For the case of standard
modules this was done in [21].)

As we have observed in [20], the highest weight modules over the Witt algebra
(actually its central extension) behave as if the algebra is a rank 2, Kac-Moody Lie
algebra. In the last section we make this analogy precise. In particular we derive a
resolution, conjectured by V. G. Kac (see also [13]), of the trivial module by Verma
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modules using (as he does in [13]) results of Goncharova [S and 6]. We should point
out that the explicit form of the homomorphisms in the exact sequence is the most
important (to us) part of Theorem 6.7. This aspect is not mentioned in [13]. In the
sequel to this paper [22] we will prove the full analogue of the rank 2 results in §4 for
the Witt algebra (i.e. we will prove that 6.14(iii) is true). In particular, these results
imply Kac’s conjectured character formulae for the Witt algebra.

In §1 we recall the homological algebra machinery developed in [21] for infinite
dimensional graded Lie algebras. In particular, our interpretation of Ext? as the pth
Lie algebra cohomology of a subalgebra and the vanishing theorems on Ext? are
recalled. Using these results, we obtain information on the structure of modules
from the knowledge of the Oth homology of a subalgebra (Corollary 1.7). This
information is used in the derivation of the resolution of the trivial module over the
Witt algebra in §6.

In §2 we assemble the main module theoretical results of [21] on symmetrizable
Kac-Moody Lie algebras. One of these is Theorem 2.4 which describes the embed-
dings of Verma modules by the Bruhat order in the Weyl group. It generalizes a
theorem of BGG. The other is Theorem 2.5 which contains the above mentioned
resolution of a standard module by direct sums of Verma modules. The uniqueness
of our resolution recalled in Scholium 2.6 will be particularly important to our
construction.

In §3 we obtain a generalization to symmetrizable GCM Lie algebras (of arbitrary
rank) of Jantzen’s character formula corresponding to the quotient of 2 Verma
modules. This formula is of crucial importance in the study of characters of
irreducible highest weight modules as demonstrated in the semisimple case by
Jantzen’s work [10]. Here it will serve as a major tool in the construction of our
resolutions in the integral root system of rank 2 case. In the process we obtain
elements giving embeddings of Verma modules, generalizing the constructions of
Shapovalov [23] and Goodman and Wallach [7]. In the construction of a Shapovalov
element we use Theorem 2.4 instead of Verma’s theorem. This construction con-
tained in Theorem 3.3 refines Kac-Kazhdan’s generalization of the Shapovalov
determinant formula [14].

In §4 we construct resolutions of irreducible highest weight modules over rank 2
symmetrizable GCM’s, where the highest weights lie in the Weyl group orbits of
dominant integral weights. In the semisimple case these are all the integral weights.
The resolutions are obtained in Theorem 4.12. The construction gives rise to
filtrations of Verma modules by sums of Verma submodules. Using Theorem 4.12
we show that these filtrations coincide with Jantzen’s filtration (Theorem 4.16(i)).
This gives a direct description of the latter and proves Jantzen’s conjecture on the
heredity of his filtrations in our case. We also describe the intermediate quotients of
Jantzen’s filtrations (Theorem 4.16(ii)). Hence these results generalize Jantzen’s
results [10, 3.17, 5.5] in the integral case. An Euler-Poincaré principle as in Garland
and Lepowsky [4] gives the character of these irreducible modules (Corollary 4.13).
This proves the Kazhdan-Lusztig conjectures [15] in our case.

In §5 we handle the nonintegral case. To this end we extend the definition of
integral subroot system of a weight to the case of GCM Lie algebras. Here, we
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obtain all the results obtained in §4 for GCM Lie algebras with certain integral root
systems of rank 2. For semisimple Lie algebras the results of this section contain
those of §4 including the singular case. In particular we obtain the results of Jantzen
mentioned above for arbitrary highest weights with integral root systems of rank 2.
We also show that for the other GCM Lie algebras of rank 2 the results of this
section almost complement the ones of §4 for integral weights. In the Euclidean case,
the analysis of §§4 and 5 leaves as the only outstanding case that of integral weights
perpendicular to the principal null root.

The problems studied in §§4 and 5 have strikingly similar counterparts in the case
of the Witt algebra. We obtain in §6 a resolution of the only “standard” module
over the Witt algebra, namely the trivial one (Theorem 6.7). We also prove the
equivalence of the analogues of the various questions answered in the analysis
carried out in §§4 and 5 for GCM Lie algebras (Theorem 6.14). One of these
questions is the irreducibility of certain modules that are constructed here. In the
sequel to this paper [22] this and hence all the other questions are answered
affirmatively.

We wish to thank J. Lepowsky for helpful conversations.

1. Homological algebra. We recall the definition of the pair (g, §)) introduced in
[21], where g is a complex Lie algebra and §) C g is a subalgebra. We fix {a,,...,a,}
C b* and denote by Q the free abelian group generated by {«,,...,a,}. The pair
(g, b) has a grading: g = @aeQ g, where g, = {X € g|[H, X] = a(H)X, for all
H €Y}, dimg, < oo for all « € Q, gy =1 and [g,, 85] C G,4p> @, B € Q, and
satisfies the conditions (T1) and (T2) below:

(T1) g, # (0) only if « = 2, m,a, withm, € Z, for alli,or —m,; € Z, for all i.
(Here Z, denotes the set of all nonnegative integers.)

Let 0" =3 Z, a;, andsetn = @,cpv\ (o) 82a0d 1 = D v\ (0) 8-a

(T2) There is an h-invariant, nondegenerate pairing between the spaces n and n™ .

Examples of the above class of graded Lie algebras were given in [21]. In §6 we
consider an additional example to the ones treated in [21]. If a is a Lie algebra we
denote by U(a) its universal enveloping algebra.

Next, we recall the definition of the truncated categories C(A, q) defined in [21].
Let Q" = (3 ma, € Q* |2, m, >k}, where k €Z_ . If p= 3" m,a; is an
element of Q, we set pt =3,.,m,a;, where i € 1 C {1,...,n} if and only if
m€EZ,, and p - =p—p*. Fix ¢g€Z, and A €h* Let II =1II(A,q)=
{(nED*|pEN+ Qand (p—N)" € O\ 07 }.

DEFINITION 1.1 [21]. Let €= C(A, ¢) be the full subcategory of the category of
g-modules such that:

i) M= M,, where M, = {v € M| Hv = p(H)v, for all H € b} and
dim M, < oo.

(i) M, # (0) only if p € II.

Let p € h* and M be a g-module. The spaces M, defined as in Definition 1.1(i)
are called weightspaces of M. If M, # (0) then p is called a weight of M and a
nonzero element of M, is called a weight vector. If M = U(g)v, where v is a nonzero
vector of M, such that n-v = 0, then M is called a highest weight module of highest
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weight p. If p € II then it is clear that M € C. Let b = h ® n. We denote by M(p)
the Verma module associated with g, b, {a,,...,a,} and p. That is, M(p) is the left
U(g)-module U(g) ®y5)C(n), where C(pu) is the one-dimensional b-module with n
acting trivially and ) acting by p. We denote by L(p) the unique irreducible quotient
of M(p). The irreducible modules of C are the L(p), with p € I1. If M € € and
p € IT we denote by (M : L(p)) the (generalized) multiplicities defined in [21, §5].
An object M € € is said to have a Verma composition series (VCS) if it has a
filtration M =M'DM? > --- D M"D M =(0) of submodules such that
Mi/M™ =~ M(p,), p, €I, i = 1,...,r. In this case M/n~ M ~@7_, C(p,) as an
b-module [21, Lemma 6.1]. If u € II the number of indices i € {1,...,r} such that
p = p, is denoted by (M : M(p)) (21, Definition 6.2]. In [21] we gave a construction
of projective modules in C. In particular, the following result was obtained:

THEOREM 1.2 [21]. The finitely generated indecomposable projective objects of C are
in one-to-one correspondence with the irreducible objects of C: I(p) < L(p), p € I1.
Furthermore, every module I(p) has a VCS, and

(I(p): M(»)) = (M(v): L(p)), forallp,v €1l.

REMARK. More general categories (C5(A, ¢)) were introduced in [21] which are
suitable to study modules induced from a “parabolic” subalgebra or generalized
Verma modules. In [21] the results above were obtained in this more general setting.

We now recall some results on extensions and relative cohomology obtained in
[21].

Let @( a.p) denote the full subcategory of the category of g-modules M such that
M= ®u€b‘Mu‘ We denote by Extf, (M, N) the abelian group of equivalence
classes of p-extensions of Mby NinC ¢, (p € Z,,).

The following is a particular case of Theorem 7.2 of [21].

THEOREM 1.3 [21]. Let M € C, ;\, 1 € b*, p € N. Ext{, (\ (M(p), M) is naturally
isomorphic with (H?(n, M)),, the p-weightspace of the pth Lie algebra cohomology of
n with coefficients in M.

We now state a slight variation of a particular case of [21, Theorem 7.5] which is
proved exactly as that theorem was proved in [21].

THEOREM 1.4 [21). Let p € Y*, M = ©,_, M;, M; € C(A,, q;). Then
Extf, o M(p), M)
is nontrivial only if there are distinct p,, p,,...,p, € b*, p, # p, such that
(M: L(p,))(M(p,): L(p,-1)) -+ (M(p,): L(p)) # 0.

Next we show how the study of the Oth Lie algebra homology of n~ with
coefficients in M € C yields results on the g-module structure of M.

PROPOSITION 1.5. Let M = @®/_, M;, M; € C()A,, q;), and E C M be an H-module
such that E~ Hy(n" , M) under the natural Y-module homomorphism M —
Hy(n" ,M). Then M = U(n" )E.
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PROOF. We order the weights p;, p,,... of Hy(n™, M) = M/n~ M according to
the rule: p, < p; =j <i, where the partial order used is defined by x <y < ¢ — x
€ Q. (It is clear that the weights of IT can be enumerated as indicated.) We order
the weights », »,,... of M compatibly with the enumeration of the p;’s. Let u; = »;.
If j>1, then M, =E, ®(n" M), =(0). Hence j =1, py =», and M, = E,.
Suppose we have shown that M, C U(n™)E forallk <i.

M, =E, ®(n M), CE _+ Xn M, CUn)E,

k<i

Vit

since (n” M, ), . # (0) implies k <i + 1, and by the induction assumption. There-
fore M = U(n™)E. Q.E.D.

COROLLARY 1.6. Let M = ©]_ M;, M; € C(A,, q,). Then M is finitely generated if
and only if H(n™ , M) is finite dimensional.

PROOF. We need only to observe that if M € C(A;, g;) then M is U(g)-finitely
generated if and only if M is U(n™ )-finitely generated, by the Poincaré-Birkhoff-Witt
theorem and the local U(n)-finiteness of M. Q.E.D.

COROLLARY 1.7. Let M = ®;_, M;, M; € C(X,, q;), be a U(n" )-torsion free object
of @(g,b)' Let M/n~ M = @/_, Cv, where v, is a weight vector of weight v,. We order
the v; so that v; < v; = j < i. (This can obviously always be done.) If (M(v;) : L(»;)) =0
for all 1 <i<j<r, then we may choose n-invariant representatives of the v, in M, ,
ie, M~=3_, M(»).

PrOOF. Set M; = 2/ U(n" )v,. Then(0) C M, C --- CM,_, C M,and M, ~ M
by the proof of Proposition 1.5. We note that M, ~ M(»,). Suppose we have shown
the assertion for all v, 1 <j <i. We note that W, = M,/M,_, is a highest weight
module of highest weight » < »,. If » <, then v; € M,_,, hence (M(v;): L(»;)) # 0
for some j, 1 <j <i, a contradiction. Hence W, is a highest weight module of
highest weight »,. We have an exact sequence

0-M_ SMEw o

The argument of the proof of Theorem 1.3 shows that f: n — M,_,, defined by
a( f(X)) = Xv, for all X € n, yields an element [ f] of H'(n, M,_,),,. This space is
isomorphic with Ext}g,b) (M(»;), M,_,) by Theorem 1.3. Hence, if [f] # 0 then
0<(M_,: L(»)) <Zi_\(M(»): L(»)) by Theorem 1.4. This would imply that
(M(¥;): L(v;)) # 0 for some j, 1 <j <i, a contradiction. Therefore [ f] is trivial,
ie., B(v;) lifts to an n-invariant in (M,), . This implies the assertion for the v, for all
Lhl1<i<r. QED.

2. The resolution of a standard module over a Kac-Moody Lie algebra. In this
section we consider a special example of the pairs (g, §) defined in §1. We assume
that ¢ = d X § is an extended generalized Cartan matrix (GCM) (or Kac-Moody)
Lie algebra obtained by adjoining degree derivations to a symmetrizable GCM Lie
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algebra § over C. Let h = d ® §) C g be a (Cartan) subalgebra relative to which g has
a rootspace decomposition

=9 ® D g,
aEA
where A is the set of roots of (g, b). Here g, = {X € g|[H, X] = a(H)X for all
H € §}. We denote by A, (resp. A_) the set of positive (resp. negative) roots. We set
n=0,cs, 8 = D,cp_ 8,and b =h & n. We denote by B the usual symmet-
ric bilinear g-invariant form on g. Then g = n~ @) ®n, and g, , B, n and n~
satisfy the conditions (T1 and T2) of §1. Let 4, = {«a,,...,a,} be the set of simple
roots. Let (, ) denote the symmetric bilinear form on h* induced by the restriction of
B to h. We define the simple reflections o; = o, of h* by

o(p)=p-— ZM& forallp € h*,i=1,...,n.

(a;,a;)
Let W be the Weyl group of (g, b), that is, W is the group of automorphisms of h*
generated by {o;|i = 1,...,n}. We denote by / the length function on W and set
W® ={we W|l(w)=k}, forallk €Z, . Let A = U"_ Wa, denote the set of
real roots and A; = A\ A, denote the set of imaginary roots. For an introduction to
GCM Lie algebras the reader should consult the original papers of Kac [12] and
Moody [17] (see also [16]).

If a € Ag we set o (p) = p — 2(p, @)a/(a, a) for all p € h*. o, is an element of
W. Indeed, if a = wa; for some w € W and some i € {1,...,n} then o, = wow ™"
(cf. [19)).

Let h,,...,h, denote the canonical basis elements of f) Let P (resp. P*) denote
the set of integral (resp. dominant integral weights), i.e., P = {u € h* | u(h,) E Z,
i=1,...,n} and P* = {pE€b*|w(h;) EZ, ,i=1,...,n}. Fix an element p € Hh*
such that p(h;) =1, i=1,...,n. Clearly p € P*. If w € W and p € h* we write
w-p=w(p+p)—p.

We recall a useful result obtained in [21, Lemma 8.2]. Set h, = (a;, &;)h;/2,
i=1,...,n,and h, = 3 k;h,,if a = 2 k;a;.

LEMMA 2.1 [21]. Let p € P*, w € W and B € A . The following statements are
equivalent:

(@) 2w(p + p)(hg) = n(B, B) withn EN;

(ii) B € Ay and l(ogw) > U(w).

Next, we will state structural results on Verma modules obtained in [21].

LeMMA 2.2 [21]. Let p € P+, w,w’ € W. Then dim Hom (M(w’ - p), M(w- ) <
1.

Since an element of Hom (M(x), M(y)) is either zero or injective and because of
the above lemma we write M(w’ - p) C M(w - p) whenever

Hom (M(w’-p), M(w-p)) 0, w,w EW,p€P".
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Next, we recall the definition of the Bruhat order on W. Let Ay = A, NAg.
DEFINITION 2.3 [21). Let w,w’ € W, a € A}, . We write w & w’ if w = o,w’ and

I(w) = l(w") + 1. We write w < w’ if there is y € A} such that w W', We write
w<w’if w=w’ or if there are wy, w,,...,w, € Wsuch that w =w; <« w, « --- «
w,=w'.

Next, we state our generalization of the BGG theorem (cf. [3, Theorem 7.7.7]).

THEOREM 2.4 [21]. Let p € P* ,w,w’ € W. Then

QMW -p) CM(w-p) ow <w e (Mw-p): L(w-p)) #0.

(ii) If M(w'-p) C M(w-p), w = w', then there are wy,w,,...,w, € W such that
Iw)=Ilw)—1,i=0,1....r =1L, wy=w, w,=w, and M(wy-p) C M(w,-p)
C - CMw,-p).

(iii) If I(w) = I(w’) — 2 then the number of w’' € W such that M(w'-pn) C
M(w"” -p) C M(w-p), M(w"-p) #= M(w"”-p) += M(w-p), is 0 or 2.

Next we will state a particular case of the resolution of a standard module
obtained in [21].

Let f, €g_,, and ¢, € g, be such that f, h;, e;, i = 1,...,n, are the canonical
generators of §. A standard module M over g is a highest weight module M = U(g)v,
where v € Mu, n-v = (0), such that £;”-v =0 for some m €N, i = 1,...,n. The
highest weight p of the standard module M lies in P* (cf. [16]).

THEOREM 2.5 [21). Let M be a standard module with highest weight p. € P* . There
exists a resolution

d; d, n
(2.1) o GGy o 2 GG oM -0
where C;= @M(w-p), w€ WV, d,= ®b] i, . with b , € {*+1}, and
Ly, s M(wy - p) = M(Wz'ﬂ) are fixed unique (up to scalar) embeddings, w, < w,,
w, € WD w,e WUD,

SCHOLIUM 2.6 [21]. Any complex

T

Yj Yo
. —-)CI—)CI._I - —»Cl—>C0—>M—>O
such thaty,, ~ #0forallwe W), j €N, is exact and equivalent to (2.1).

3. A generalization of a character formula of Jantzen. We retain the notation of §2.
In this section we will derive a generalization of the character formula of Jantzen
corresponding to the quotient of two Verma modules. To do this we will need to
construct two families of elements in U(n ™). The first family will generalize the §, ,
of Shapovalov [23], the second will generalize the S_,, of Goodman and Wallach
[7]. We first sketch how the construction of Shapovalov [23] can be generalized to
our case.

Ifwe W,let®,={acA,|wlacA_}.

The following result is well known (see e.g. [16, Proposition 2.8]). For the
convenience of the reader we will include the simple proof.
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LEMMA 3.1 [16]. Let w € W"). Then there are a,,...,a; € A, such that w = o,
*+ - 0; is a reduced expression and ®,, consists of the r distinct elements &, , 0, ,...,0;

-+-0; _a,. Furthermore a; can be taken to be any simple element of ®,,.
PROOF.

(1) |®,|<r.

We prove (1) by induction on r. If r = 0 then the result is obvious. Suppose it is true
for 0 <r<s and let w € W . It is easy to see that o,(® \{e,}) C q)o.-,w' Since
I(o;w) =s — 1 wehave |®,|<|®, |+I1<s.

It is also clear that if /(w) = 1 then

(2) ®,, contains some a;.

We prove the lemma by induction on |®,|. If |®, |= 0 then w = 1. Hence the
result in this case is clear. Assume the result for 0 <|®,|<|®,|. Let a; € ®,,. Set

=ow. If a € ® \{a;} then o,a € ®,. Clearly a; & ®,. But then o,a € ®, for
a € ®,. Hence 0,®, = ® \{«;} and so | ®,|= r — 1. Hence the inductive hypothesis
implies that ¢t =96, ---0, and @, consists of the r— 1 distinct elements
o, 0,0, ..,0, -0, «a. So @, consists of the r distinct elements

a: 0,a;,0,0,; 2 . ,o,-oizr- .. ;i’_loi' as asserted. Q.E.D.

Recall that A, = U'_, Wa;. Thus in particular Lemma 3.1 implies that if « € A,
and thereis w € Wso that wa € A_ thena € A} .

If « € A then a = wa; for some w € W and some 1 <i < n. Let m(a) be the
minimum of the /(w) for such w. Note that m(a) = 0 if and only if « € A,

Let P* = (A €b*|(A+ p)(h,) € {1,2,...}}. Set T = U, _, w-P*. Put I, =
(A ET|(A+p)(hy) >0}, T = (A ET|(A+ p)(h,) <0}.
Ifa €A, kEN,Ileth*, = (A EH*|2A + p, @) = k(a, @)}.

LEMMA 3.2. Ifa € A}y is not simple then there exists j, 1 < j < n such that:
(1) m(o;0) < m(a).
(i) ;™ N b} 4 is Zariski dense in b  for all k = 1,2,.. ..

PROOF. Let p = m(a) and let a = wa; with /(w) =p > 0. Letw =0, ---0; asin

Lemma 3.1. Then @, = {a;,0,; ,...,0;, ---0; @} In particularif t =0, - -0,
and if j = i, then
(3.1) tla, €A, .

We also note that o,a =ta; and /() =I(w) — 1. Thus m(o,a) <p. Also
o (07 Nbs ) =T Nbs ., =e-("-IFNh ). Thus T Ny:, is Zariski

dense in b} , if and only if ! I‘f N by, , 1s Zariski dense in b7 . But (3.1) implies
thatz- P* C ;" . Hence L [* D P™, but then

-1+ +
LT ObE, 2 P Nbe,

which is clearly Zariski dense in b7 .. Q.E.D.
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THEOREM 3.3 (COMPARE SHAPOVALOV [23]). Let a € A} and let k = 1,2,.... Then
there exists 8, , € U(n~ ©Y)_,, satisfying the following conditions:

(D [e;, 6,1 C U(g)ho + p(hy) = k(a, a)/2) + U(g)n.

2 0, =fFm - flm+ Za,b; (a =2 yma,), a;, € U(n"), b, € U(Y) and
p <kZi_ym;. Here U(n~) = U(n~) N UJg) and (Uy(8)),>0 is the canonical filtra-
tion of U(g).

The proof of this result follows the line of argument of Shapovalov [23] with the
following modifications: We prove the result by induction on m(a) (which amounts
to induction on 2(p, @)/(a, a)). We choose ¢ = a; as in Lemma 3.2 if m(a) > 0. We
replace the B in (i'), (ii"), (iil") in §3 of [23] by IT™ N b3 , (b7« = L, in [23]). The
arguments in the proof of (i), (i), (iii") in [23] using [1] go through using [21,
Theorem 8.15]. The rest of the argument in [23] now goes through unchanged in our
case. Q.E.D.

As an immediate consequence of Theorem 3.3 we obtain the following generaliza-
tion of a theorem of Verma’s.

COROLLARY 34. Let A € h*, a E A} and m = 2\ + p, a)/(a, a). If m € N then
Hom (M(A — ma), M(A)) # (0).

We now sketch the construction of S_,(A) in 7). Let 9% = 27, Z, o,. The proof
of the following result is identical in our case to that of Lemma 4.1, p. 226 in [7]. We
first need some notation. Let v, denote 1 ® 1 in M(A). Let ( , ), denote the
Shapovalov form on M(A) which we also look upon as a form on U(n™). Let x:
n~ — C be linear and defined by x(f;) =1, 1 <i<n,and x([n",n" ) = 0. Let x:
U(n™) - C also denote the homomorphism extending x.

LEMMA 3.5. If p € QV then there exists a rational function \ n_,(A) of h* into
U(n™)_, with the following properties:

M ayA)=1.

() [enn_M)]=n_, o(A)+ 1, (A)h; = Nh)), 1<i<n, where A
n’_, ((\) is a rational function into U(n")_,,,. Alson_,,, and n’_, ; have singular-
ity sets contained in that of ni_,.

) (7, 7_, (M) = x(7) for n € U(T)_,.

Ifp=3ma; € Q"\{0},let |p|=Zm, Setm=|pu|.LetJ(p) = {(if,---sim)]|1
<ij<nandZe; =p). For 1<k<msetp, =37 ,a =p— ile . Set f; =
ik

Define for A € h*, I € J(p),

ptea;

m

PN ) =TT 2+ p) = pypo i)
k=1
IfA, p€b* let L(A)=(2A+p)—p,p) Set @ = (A€ b*|L(A) 0 for all
B E Q\{0}}.
The following result is proved in exactly the same way as Corollary 4.3, p. 229 of
[7] using the Kac-Casimir operator of g.
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LEMMA 3.6. Let p € Q" \{0}, p = 2=, m;a;. If N € Q' then
7,0 = 1 @.a)”] $ 2w
i=1 I1€J(p)
If p € Q% we define r, by the following formula:
rMZHLy, Yy=ja, j>0, ja<p.
Y

Here v, <v,ifv,—v, € Q".

Using the results of Kac and Kazhdan [14] it is easy to see that the proof of the
following result is identical with the proof of Lemma 4.4, p. 231 in [7].

LEMMA 3.7. Let p € Q% . Then the function S_,(A) =r(Mn_,(A) extends to a
polynomial map of b* into U(n™)_,.

We look upon U(n~ ®Y) as canonically equal to U(n~) @ U(}h). We set for
a €A, KEN

0a,k(A) = (1 ® A)(Qx,k)‘

We note that
(3:2) Oa 1kOx = O i (A) 0y
and
(3.3) x(0..(A) =1, a €AY k=1,2,....

We set g,(A) = x(S_,(\)).

LEMMA 3.8. Let p € Q.

(D) Ifn € U(n™)_, then (S_,(A), i), = x(7)r,(A).

(2) (S_,(A), S_, (A = g, (M) (M).

This result is an obvious consequence of Lemma 3.5.

If a €A% set (b%,) ={AE€Db%,|LgN)#0for BEAT,j=1,..., and jB
ka}.SetV, , = (A Ebk,|LgA) #*0forf € A*,j=1,... andjB < ka, jB # Kka}.

LEMMA 3.9. Leta € A} .
(1) If}\ € b:,k then S—ka(A) = qka(x)oa,k(x)'
Q) IfA €V, then g, (N) # 0.

PROOF. Let £ € Q'. Then Lemma 3.5 implies
[ei’ S—ku(g)] = rka(g)(n——koﬂ-a,(g) + ﬁ/—ka,i(g)(hi - §(h,)))

Specializing to A € b}, , and using Lemma 3.5 again this implies that e, S_, (A )v, =
0.

Now it is easy to see that if A € V, , then dim Hom (M(A — ka), M(A)) = 1.
Thus for A € V,, ;, S_;o(A) = c(A)d, (A). Applying x we find that c(A) = g;,(A)
on V, ,.But V, , is clearly Zariski dense in § ,. This proves (1).

To prove (2) we first assume that A € V,, , and that S_, (A) = 0. Then

S—ka(A + tp) = tv(t)
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with v a polynomial in ¢. Also
S_ 1A+ 1p) =rg(A+tp)n_, (A + tp) = th(t)n_ (A + tp)
with £(0) # 0. Thus if S_, (A) = 0 then nn_, (X + tp) is defined at t = 0. But

(0a,k(A)» ﬁ—ka(A + tp))}\+lp =1
Evaluating this equation at z = 0 gives

(0, k(A), T X+ 1) |,=0), = 1.

However, by its construction 6, ,(A) is in the radical of (, ),. Thus we have a
contradiction. Hence S_, (A) # 0 for A € V, . But then ¢, (A) # 0 since 6, ,(A)
#0allA. Q.E.D.

We now come to the main result of this section. Let « € A; and let A € h¥ ,,
k € N. The map X » X6, ,(A)v, induces an embedding

T(A)
(3.4) M(A—ka) — M(A), AED%,.

Set N(A) = M(A)/T(AM)M(A — ka). Let w € h* be such that (w,a) =0 and
(w, B) # 0 for B € A", B # a. Then using w and arguing as in Jantzen [10, §5], we
can construct a filtration of N(A) by g-invariant subspaces.

We give, here, a slightly different derivation of the filtration which will be useful
in our proof of the main result.

Fix f, 11, fi42,..-, €E 0 so that f;, f,,... is a basis of n~ by root vectors. Let
a=3Zma.Setb,, =fm ---fkm Let p € Q" and let V_, be a complementary
space to U(n‘)_wja,k in U(n™)_, constructed as in Shapovalov [23, p. 310].
Then as in [23] we have

(35) V_,@U(n™ )opruaba i (§) = U(n")-, forallp€ Q% ¢€p*

Set V=8, V_,.

Let for £ € b% ,, V‘-PiN(g) be the map given by y,(X) = Xv; + T(§)M(§ — ka).
Then y; defines a linear isomorphism of V" with N(§) for all £ € b} ;. Furthermore,
¥, is an h-module isomorphism of C(§) ® V onto N(§).

Let for X € U(g), m(X)v = Y5 '(Xy;(v)). Then (7, V) is a family of representa-
tions of g. We also note that if X € U(g), v € V then {+> m(X)v defines a
polynomial map of b3, into @, V_, for some finite set S C Q™ depending only
on X and v.

We also note that for £ € b%,, ( , ), induces a contravariant form on
M(§)/T(§)(M(§ — ka)) since T(§)(M(§ — ka)) is contained in the radical of ( , ),.
Thus we can pull back by ¢, the (, ), to define a family of forms ( , ), on V such
that:

(D ¢, ) is symmetric.

(IT) ¢, )¢ is nondegenerate if § € (b ;). (In this case N(§) = L(§).)

(I Ifo,w € V, § > (v, w) is a polynomial map on b} ;.

av) (m(X)o,w), = (v, m(o(X))w),. (Here o is the antiautomorphism of U(g)
that fixes h, and sendse; to f;, i = 1,...,n.)



144 ALVANY ROCHA-CARIDI AND N. R. WALLACH

Let now V[1] = C[¢] ® V. We look upon V'[¢] as the direct sum of the C[¢] ® V_,
and upon C[7] ® V_, as the polynomial maps of Cinto V_,. FixA € b} ;. We set

Viltl = {f € V]| ( (1), w) rsro = t'h(1), h € C[1]}.

By (I)-(IV) it is clear that if we set ¥y = { f(0) | f € V}[¢]} then V} is m,-invariant
and VD V)! D V2 D - --. Furthermore, Vj is the radical of ( , ),. Thus V/V} is
isomorphic with L(A) under m,. Using , we have the desired filtration of N(A):

NA); = d\(VX).
Note. It is easy to see that N(A), is independent of the choice of V. It is not known
if it is independent of w.

THEOREM 3.10 (COMPARE JANTZEN (10]). Let a €A}, and k €Z, k= 1. Let
A € b% , and let N(N), be as above. Then

2 chNQA), = 3 2 chM(A-jB)
i>1 BEA, j>0,Lg(A)=0
-3 > ch M(A — ka — my) — a(A)ch M(A — ka)
YEA, m>0,L,, (A—ka)=0

where a(A\) € Zand a(A) = 1ifAE V,,.
PROOF. Let p € Q* . Fix {v,,. ..,0; } abasisof V_,. Setfor £ € b},
Dg’-,;(g) = det((”n Dj)f) = det((”i’ vj)f)'
Then Jantzen’s argument in [10] implies
(3.6) Y chN(A),= T e**ordo(Dj (A + 10)).
i=1 reEQ™

Here ord,, f(¢) is the largest power of ¢ dividing f(¢) for f € C[t]. We note that
A+ tw € (h% ) for 0 <|7|< e (some e > 0), so Dy, ,,,_ JA+tw)#=0for0<|r|<
e, € Q" . We now compute the ord,.

Fix {u,...,u, } abasisof Un")_, .. Setw,(§) = v, i < d,, where {v,. g}

is a basis of V_", and set

Wi+d,,(§) = u;S_1.(£), 1<i<s,=%P(p— ka).

Here &: h* — Z, is the generalized Kostant partition function defined as in [21]. Set
x;=v,i<d, and

Xiva, = Uil is 1<i<s,.

Then wy(§) N - /\Wd +s(§) = Gral€)rx) N /\xd,,+s
Thus if we set for£ € b* De L6 = dct((x,, x;);) then we have

(3.7) det (w;(£), w(£)), = qual£)*" D, (£).
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Lemma 3.8 implies that
(3.8) [(w(&),w,(£))] has block form:
(v;,v)), | rea(§)0(§)
real )08 | (45 _1a(£). 4,5 _1o(8))
Hence if ¢ € §* then
(39 4ua(§) Dy, (8) = det((v,, 1)), )det((,S_cal€), 4,5 _1al$)),)
+r(€)™ " h(8),

(Q(£)' = transpose of Q(g)).

where 4 is a polynomial in §.
We note that S_, () — ¢,(£)0, ,(§) =0on b} .. Hence

(3.10) XS _1al£)v: = L o(£)8(£)0, XEn,
where 8 is a polynomial with values in U(n™ ). We therefore see that

(“iS—ka(‘f), ujS—ka(g))g = (0(“j)“is—ka(§)’ S—ka(g))g

=(¢— ka)P(U(“j)“i)(S—ka(g), S—ka(g))f
+Lka(§)rka(£)¢ij(§)

where ¢;; is a polynomial in & Here p: U(g) - U(Y) is the Harish-Chandra
projection corresponding to U(g) = U(Y) ® (n~ U(g) + U(g)n). Hence

(3.11) (“1S—ka(§)’ ujS—ka(g))f
= (s ) ol kal €) Qe §) + Lial E)rieal €)1 (£).

But this implies that up to a nonzero scalar multiple:

(3.12) det((uis—ka(g)’ ujS—ka(g))e)
= Di—ka—u(g — ka)ro(§) " gral §)™ + Lig(E)ria(£) ™R ()

with k(£) a polynomial in &.
Dividing both sides of (3.9) by (g,.(£)ri.(£))** and specializing to » € b , yields:
If v € h% . then

D,_,(§)
rka(g)su &=

up to a nonzero scalar multiple.

(3.13) qea(?)™ = D,_,(¥)D, o (¥ — ka)
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Kac and Kazhdan [14] have shown that

(3.14) D, ,(§) = I ﬁLjp(ﬁ)@("_jﬁ)

BeEA, j=1

up to a nonzero scalar multiple.
Thus (3.13) combined with (3.14) yield using 5, = P(p — ka): If X € h% , then

(3.15)

OrdO D;\+tw—u(}\ + tw) = 2 2 @(H‘ _.]B)
BEA™ j>0,Lg(N)=0

-2 2 P(p— ka — my)

yEAT m>0,L, (A—ka)=0

+P(p — ka)ord gy (A + tw) — P(p — ka)ord g r (A + tw).

This says that if k(A) = ordy(r, (A +tw)) — 1 =|{y|Yy=JB,JEN, BEA,,
L (A)=0and B <ka, jB # xa}| then: IfA € b ,

(316 S chN(A),= 3 3T chM(A—jB)

i=1 BEA, j>0,LA\)=0

-2 2 ch M(A — ka — jB)

BEA, j>0,Lg(A—ka)=0

+ (ordo(geal A + tw)) — k(X)) — 1)ch M(X — ka).

IfA € V,, then g, (A) # 0, k(A) = 0. Thus (3.13) implies the theorem. Q.E.D.
Note. It is not hard to show that a(A) € N.

4. Resolutions of irreducible modules over rank 2 Kac-Moody Lie algebras: An
integral case. In this section we assume that g is a symmetrizable GCM Lie algebra
of rank 2,i.e. Ay = {a;, a5, }.

Let W, = {(0,0,)|j EZ} C W. For each k €Z_, set w,, = (0,0))%, w;, =
(020)) 7% = (010))%, Wyt = 01(020,)* and wy, . = 0,(0,0,) ¢ "D = 0y(0,0,)".

The following is well known [2, Chapter IV, §1, Number 2, Proposition 2 and
Remarque].

PROPOSITION 4.1. (i) W, is a normal subgroup of W of index 2 and W is the
semidirect product of the subgroup {1, 0,} and W},.

(ii) Let m be the order of Wy. If m < co then wy = wj, w, #w/, 1l <r<m — 1 and
W = Wos W= {w,,w |0<r<m}and W® = {w,,w;}, 0 <k < m. Furthermore,
every element of W distinct from w,, has a unique reduced decomposition. If m = oo,
Wy = W, the elements w,, w/, r > 0, are all distinct, W = {w,,w/, r =0} and W =
{wy, w}, 0 < k. Furthermore, every element of W has a unique reduced decomposition.
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Let m be the order of W,. It follows from Proposition 4.1 and [21, Lemma 8.4],
that the Bruhat ordering diagram of W has one of the following forms (compare [10,
3.6] for the case m < o0):

Ry

i< ><1
>, <Ly
S .

m<co = o

PROPOSITION 4.2. Let w, x € W. Then x = agw for some B € Ay if and only if
I(x)=Iw)+p,p€EZ,podd.

PROOF. Let y € Ay . Let w, € W and i € {1,2} be such that y = w,a,. Then
o, = wiow, ' If I(w,) = r then l(e,) =2r+ 1 or I(a,) = 2r — 1, by Proposition
4.1. Hence I(0,) is odd. If x = gw, B € Ay, then the same argument shows that
I(x) = I(w) + I(gg) or I(x)=1I(w) + l(dg) — 2. Hence I(x) =I(w)+ p, p odd.
Conversely, suppose /(x) = I(w) + p, p odd. Assume p > 0. Let w = o, - - - 0, and
x =0; ---0; be reduced expressions. Let g be the smallest index such that i, # k.
Then w' = x"'w=o0, --- 9, 0r, "+ * 0, is reduced and /(w’) = 2[l(w) — (¢ — )] +
p, hence odd. Let w'=ojI R If m=1, then x=ow. If m>1, set s =

N1
(m—1)/2 and w, =0, ---0,. Then w' = w0, w; ' = o5, where B =wa; . If
1 Ji Js s+ B

Js+1”

I(x) =1I(w)+ p, p odd, p <O, then /(w) = I(x) + a, a odd, a > 0. By the above,
w = ogx where 8 € Ay . Hence x = gpw, B € A7 . Q.E.D.

PROPOSITION 4.3. Let X be a standard module with highest weight u € P* . There is
a resolution of X:

(4.1)
_)M(WJ"P') eBl‘l(wj,’/"') - _Z’M(Wl ) eM(w,’-I.L)—;M(p,)iXaO
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where aj(x9 )’) = (iW»,w» x+ iwl’,w/_ly’ _in,wj'_lx - iwl',wl'_ly)’ fOI' x € M("{/P‘)’y €

27—
M(w/-p),j> 1, a(x, p) =i, 1 X + iy ,p, X € M(w,-p), y € M(wy-p).
PrOOF. The sequence (4.1) is clearly a complex, by Theorem 2.4 and the Bruhat
ordering diagram above. Hence (4.1) is exact by Scholium 2.6. Q.E.D.
REMARK. If the order of W, is finite and equals m then the resolution (4.1) ends
and a,: M(w,-p) > M(w,_,-p) ® M(w,,_,-p) is defined by: a,(x) =
x, —i X), x € M(w, - p).

(i »
Wy W — | Wy Wi —

We now recall Jantzen’s filtration and character formula which are valid for (g, §)
of arbitrary rank. Let A, (x) = {B€A,|2(x +p,B) =i(B,B), i €N}, x € b*
and Ng(x) = {i EN|2(x + p, B) = i(B, B)}.

PROPOSITION 4.4 [10, SATZ 5.3 AND 14, (4.2)]. Let x € h*. There is a filtration of
submodules M(x) = M(x)o D M(x), D --- such that

(1) M(x), is the largest proper submodule of M(x);

(ii) for every i € N there is on M(x);/M(x),;;, a nondegenerate contravariant form
(, );; furthermore

(iii) Z;5och M(X); = Zaea, (x) Sien, o Ch M(x — ia).

REMARK. The filtration M(x) D M(x), D --- was defined by extending the base
field C to the ring of polynomials in one variable over C. Here, we will give a
construction of this filtration directly from the structure of M(x), x € W-P*, and
therefore will answer various questions posed in [10, 5.17] about the M(x),,
X € W-P* | in the rank 2 situation.

COROLLARY 4.5. Letv € W-P* . Then
(4.2) > chM(r),= Y chM(o, »).

i=1 aEA, (V)

PrOOF. This follows from Proposition 4.4(iii) and Lemma 2.1. Q.E.D.
DEFINITION 4.6. Let p € P* . We define M(p)' = M(w;-p) + M(w/-p), i € N. If
v € W .y we define M(v)Y = M(w, ;- p) + M(wj ;- p) = M(p)**.

PROPOSITION 4.7. M(w; - p) + M(w/-p) = M(w,_,-p) N M(w/_, - ), forp € P*,
i=12,....Ifv € W-P" then M(v) D M(v)'! D M(»)*> D - is a g-module filtra-
tion and
(4.3) SchM>r)= 3 chM(a,- »).

i=1 a€EA,(v)

PRrROOF. The first statement follows from the exactness of (4.1). The statement that
M(v) D M(v)! D M(»)*> D --- is a g-module filtration follows from Theorem 2.4.
Letv € W% . 4. From

ch(M(w,-p) + M(w; -p))
= ch M(w;-p) + ch M(w/-p) — ch M(w;-p) N M(w/-p)

for all i=1 and from the first statement it follows that 3., ch M(»)' =
SicksCh M(w,-p) + ch M(w/-p), TEN, [ odd. Let »=w-p, we€ W®, By
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Proposition 4.2, w, = o,w for some a € Ay if and only if i = k + p, p € Z, p odd.
Now, 2(v + p, a) = i(a, @) withi EN, « € A" if and only if « € A} and /(o,w) >
I(w), by Lemma 2.1. Hence, Z,_;,;/cN/oaa Ch M(w;-p) + ch M(w/-p) =
Saca,oych M(0, 7). QED.

DEFINITION 4.8. Let » € W- Pt . We define L(v) = M(v)/M(»)'.

PROPOSITION 4.9. Let v =w-pu, p € P*, w € W, There exists a resolution of
L(»):
Qp+2

al
co M(wp) O M(w/ -p) =0 > M(wyy op) © M(wip o)

Nk+1 €k ~

S'M>»)SLE(»v) -0

where the a;, i = k + 2, are defined as in Proposition 4.3, 0, (x, y) = Iy o wX T
Iy, ., wy and g is the canonical surjection.

ProoF. By Proposition 4.3 it suffices to check exactness at M(w,,, -p) ®

M(w;,,-p)and at M(w - p).
Kere, = M(w-p)' = M(p)*"'
= M(w,iy-p) + M(wpy, - p) = image of ;.

Ker npy = {(u, —u) | u € M(weyy-p) N M(wpyy-p)) = M(wyip-p) +
M(wg,-p), by Proposition 4.7. Hence Ker n,,, = Image of a;,,. Q.E.D.

Next, we will show that the L(w - ) are irreducible, p € Pt w € W.

DEFINITION 4.10. Let p€ P, we WH, w € Wk*D Set N(w,w’; p) =
M(w-p)/M(w' - ), Now,w's )’ = (M(Wyyy- ) + M(wi, - p))/M(w - ) and
Nw,w’; n) =0,i> 1.

LEMMA 4.11. Let u € P, w € W. Then L(w- p) is irreducible.

PROOF. Let w € W) w' € W**D and N(w,w’; p) D N(w,w’; n)! be as above.
Then ch(N(w, w’; p)/N(w, w’; p)') = ch L(w- p). Now
> ch N(w,w'; )" = ch N(w,w’; p)' = ch L(wj,-p)
i>0
(resp. ch E(wk+, -p)) if w=w,,, (resp. if w' =wy,,). By Theorem 3.10 and
Proposition 4.7,
2 chN(w,w'sp);= 3 (ch M(w,,,-p) + ch M(w;,, ‘1))
i>0 iEN
iodd
- 2 (ch M(wy 4 1) + ch M(Wiyyy;-p)) — ch M(w'-p)
&
= ch L(wi4, 1) (reSP- ch L(w,, F‘))

if w' = w,,, (resp. if w = wy, ). Now, N(w, w’; p); D N(w, w’; p)' for all i > 0. Set
g; = ch(N(w, w’; p),/N(w,w’; p)'), i > 0. Assume that g, # 0 for some i > 0. Then
SisoCh Now,w's p) + 2,009, = Zinoch N(w,w’; n);. The above implies that
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Z:>09¢; = 0, a contradiction. Hence ¢, = 0 for all i > 0. Therefore N(w, w’; p) =
N(w,w’;p); for all i>0. In particular, N(w,w’;p)! = N(w,w’;p),. Hence
N(w,w’; w)/N(w, w’- )" is irreducible and thus L(w - p) is irreducible. Q.E.D.
REMARK. By the Bruhat ordering diagram, given w € W) there is w’ € W+
such that w’ <a—w, with @ € A;. In this case the proof of Theorem 3.10 for
N(w,w’; pn) is considerably simpler. Therefore the proof of Lemma 4.11 can be
simplified by making such a choice of w’ and using this much simpler version of
Theorem 3.10. However we will need Theorem 3.10 in its full generality in §5.

THEOREM 4.12. Let p € P* , w € W), There exists a resolution of L(w - p):

Qg2

(44) o M(wp) OM(W -p) = o > M(wey 1) © M(wi, -p)
Nk+1 €k
- M(w-p)>L(w-p) >0

where the a;, i = k + 2, m,,, and ¢, are as in Proposition 4.9.

PROOF. This follows from Proposition 4.9 and Lemma 4.11. Q.E.D.
The following corollary is now immediate.

COROLLARY 4.13. Let p € P* . For each w € W) we have

(4.5)
ch L(w-p) = ch M(w-p) + (= 1) Ek(— 1)'(ch M(w, - p) + ch M(w/ - ),
(46) chM(w-p)=chL(w-p)+ Ek(ch L(w,-p) + ch L(w/-p)).

COROLLARY 4.14. Let p € P* ,w,w’ € W. Then:
1) (M(w-p): L(w'-p)) = 1 (resp.0) if w < w (resp. otherwise);
Gi1) (I(w’-p): M(w-p)) = 1 (resp. 0) if w’ < w (resp. otherwise).

ProoF. (i) follows from Theorem 4.12. (ii) follows from (i) and Theorem 1.2.
Q.E.D.

LEMMA 4.15. Let p € P, w € WX If M(w-p), = M(w-p)’ for 1 <j <i then
M(w-p),/M(w-p); oy = L(wi;-p) @ L(wpy ;- p).

PROOF. Let W&+ = (5 t}. By (42) and Proposition 4.7 we obtain
2j>iCh M(W'P')j = EIGN. toda (Ch M(wy iy p) + ch M(w; ;- p)). Let v, ; (resp.
u,,,;) be a nonzero vector of weight s - u (resp. ¢ - u) such that M(w-p), = U(g)v, 4,
+ U(g)u; ;- From the formula above it follows that v, ., u,,;, & M(w-p),, .
Let m: M(w-p), > M(w-p),/M(w-p),,, be the canonical surjection. Then
M(w-p),/M(w-p) o = U@)m(v,,) + Ug)m(uyy,). Set My, = U(g)m(vey;)
and M., = U(g)m(u,,;). Let us assume that s-p < r-p. Then
(M(w-p);,/M(w-p)is1)s.,, = (M) - Hence, the restriction to M, ,; of the non-
degenerate contravariant form ( , ), is nondegenerate. Let M C M, ., be a proper
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submodule. Then M, , =0, hence (M,,,),.,C M*, where M*={vEM,,,]|
(v, u); = 0 for all u € M). Therefore M, ., = M™* and so M = (0). Hence, M, ,, =
L(s-p) and M(w-p),/M(w-p);,, = L(s-pn) ® M, ,. Let v € M, be such that
(v,u), =0 for all u € M, ,. Now (v, v,,;); = 0 by weight considerations. Hence
(v,z),=0 forall z € M(w-p),/M(w-p),,, and therefore v = 0. So the restriction
of (, ), to M, is nondegenerate. By the above argument, M; ., = L(¢-p), and so
M(w-p),/M(w- )y = LWy, 1) © L(wis; ). QED.

THEOREM 4.16. Let p € P, w € WX, Then:

D) M(w-p); = M(Wyer; 1) + M(wiy; - p);

(i) M(w-p),/M(w-p); 1 = L(Wey ;- 1) © L(Wiy- ).

PrOOF. By Lemma 4.11 M(w-p), = M(w,,,-p) + M(wj,-p) = M(w-p).
Suppose we have shown that M(w-p)’ = M(w-p); for all j, 1<j<i Then
M(w-p),/M(w-p);yy = LWy, p) ® L(wg,;-p) for 1 <j<i, by Lemma 4.15.
By Corollary 4.14(i) it follows that M(w - u)' C M(w - p),. Our induction assumption
and Proposition 4.7 imply that

2 chM(w-p);= X (ch MWy g4 1) + ch M(Wiy 20y 1))
j>i—2 IEN
lodd
Hence
chL(wey;y#) +ch LWy p) +chM(w-p),+ 3 chM(w-p),
j>i—1
= ch L(wy; ) + ch M(wyy oy 1),
teh L(wiy iy -p) + ch M(wiy; - p),

+ 2 (ch M(w,,,,;-p) +ch M(Wli+i+l'.“'))-

IEN
lodd
Therefore,
ch M(w-p), + 2 ch M(W'P')jCh M(wy iy ‘#)1 + ch M(wj;_, 1)
j>i—1
+ 2 (ch M(weyipy 1) + ch M(wiy iy 1))
IEN
lodd

=chM(wy,_y-p), + Ch(M(wk+i w) + M(W12+i'l‘))

+ 2 (chM(weypyop) + ch M(wiy iy - p))
l€EN,lodd

=ch M(wpi—y-p), + 2 (Ch M(Wk+i—|+1'!") + ch M(W/’(+i—|+1'li))’
I€N,lodd

by Proposition 4.7. Thus
ch M(w-p); = ch M(w,,,_,-p); = ch(M(w, ;- p) + M(w;,,;-p)) = ch M(w-p).
Hence (i); (i) follows from (i) and Lemma 4.15. Q.E.D.
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REMARKS. (1) Theorem 4.16(i) implies that Jantzen’s filtration is hereditary: Let
pEPY, ww €W. If (w)—I(w)=r€€N then M(w-p), = M(w’-p),,,, al
i €N. Our arguments also show that (4.5), (4.6), the exactness of (4.4), the
statements (i) and (ii) of Corollary 4.14, the statements (i) and (ii) of Theorem 4.16
and the above statement on the heredity of Jantzen’s filtration are all equivalent
statements.

(2) The results of this section generalize the results of Jantzen [10, 3.17, 5.5] in the
case where A is regular integral; we do not use Bernstein varieties [10, §3], but
instead we make full use of our resolution and the a priori proof of Theorem 3.10. In
§5 we include the singular integral as well as the nonintegral case.

(3) Corollary 4.13 proves the Kazhdan-Lusztig conjecture [15] in our case.

(4) In §5 we extend the results of this section to include the case where
p+p€EPH.

5. Resolutions of irreducible modules over rank 2 Kac-Moody Lie algebras: A
complementary case. We keep the notation of §2. Let x € h*. Set A(x) = {a €EA|
2(x + p,a) = m(a,a) for some m € Z}. We denote by A, the smallest root
subsystem of A containing A(x) and such that the real roots (4, )z of A, are the
roots of A, that are real in A. That is, A, is the root system of some GCM Lie
algebra such that A, D A(x), (4,)r = A, N Ag and if A’ is a subset of A with these
properties then A" O A, . Let AI =A,NA4,, A‘; ={a €A |aF*y, + -+, for
ally, €AY, i=1,...,k, k =2}, and set A = {B,,...,B;}. Let W, be the subgroup
of W generated by the Og, i = 1,...,L

REMARK. In the semisimple case A, = A(x) [10, 1.3].

Let /, denote the length function in W, and let <, be the Bruhat order in W,.

We make the following assumption on x:

(A) There exists s, € W, such that 2(so(x + p), B;) = my(B;, B;) with —m, € Z
i=1,...,land

(so(x +p), B) =0 if(B,B)=0,BEA,.

Set xo = 5o x. Using the same argument as in the proof of Lemma 2.1 [21,
Lemma 8.2], we obtain

LEMMA 5.1. Let w € W, and B € A; be such that (B, B) = 0. Then the following
statements are equivalent.

(@) 2(w(xo t+ p), B) = m(B, B) withm € N,

(i) B € U_ W, B;and | (w) > I (opw).

Let X={B;|(xo + p, B;) = 0} C A%. We denote by W, y the subgroup of W,
generated by op with B € X. Let W denote the set of elements w in W, of mmlmal
length /,(w) among the representatlves of the coset wi, . Evcry element of W, can

be umquely expressed in the form w'w where w € W, x, W' € Wl x and Ix(w w) =
l (w )+ L(w).
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Using Lemma 5.1 and the argument of [21, Lemma 8.7] we obtain

LEMMA 5.2. Let x be such that (B, B) =0 for all B € A, and let w,w’ € W, .
Then:

(A (M(w-xo): L(y))#0 if and only if Y =w'-x, for some w' € W, with
ws,w.

(i) If (M(w-xo): L(§)) =0, w = w’, w’ as in (1) then there are wy, w,,...,w, €
W x such that L(w,. ) =1 (w) + 1, i=0,1,...,r = 1wy Xo =¥, W, Xo = W' X
and the product

(M(Wr‘Xo)3 L(w,_, 'Xo))(M(Wr-l “Xo): L(w,—, 'Xo)) (M(W| “Xo): L(\P))

is nonzero.

DEFINITION 5.3 [12, 17]. A GCM 4 is indecomposable if A # [Z 2], where B, C are
GCMs.

DEFINITION 5.4 [17]. An indecomposable symmetrizable GCM is said to be
Euclidean if the associated symmetric bilinear form is positive semidefinite on the
linear span of the roots.

We say that a system of roots A of a Kac-Moody Lie algebra g is Euclidean (resp.
classical) if g comes from a Euclidean (resp. finite) GCM.

We make an additional assumption on x:

(B) A, is of rank 2, Euclidean or classical with associated bilinear form ( , ), =
) Ry where R, is the linear span of A, .

Let W = {w € W, |I(w) =i}. Then W = {w,w/}, w,, w/ asin §4, i EZ, .

THEOREM 5.5. Let w € W, x N WX, Then

chL(w-xo) = ch M(w-xo) + (=1)* 3 (=1)'(ch M(w'-x,)).

PROOF. Assume that (xo+ p,8,)#0, i=1,2. If k=0 then w-x = x,. If
(M(xo): L(»)) #0 for some » € h*\{x,} then we obtain a contradiction by
Lemma 5.2. Hence M(x,) = L(x,) and the theorem is true in this case. We now
proceed by induction on k. We assume that the statement of the theorem holds for
allw € W withi < k. Letw € W*. By Lemma 5.2 we may form for w’ € W<V,
and each i € Z the modules (M(w-x,)/T(w-xo)M(W’-x,)), as in §3. By Theo-
rem 3.10, Lemma 5.2 and the induction hypothesis we obtain

2 ch(M(w-xo)/T(w-xo)M(W -x,)); = ch L(wi—y - Xo)
i>0
(resp. ch L(w,_, - x,)) if
W= Wi
(resp. if w* = wy_,). This implies that the unique maximal submodule of the highest

weight module M(w - x)/T(w - xo)M(w’ - x,) is isomorphic with L(wj_, - x,) (resp.
L(w,_,-xo) if w = w,_| (resp. w" = w;_,). From this we obtain the result in this
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case. Suppose that (xo+ p,B8;) =0 for i=1 or i =2 and let w be as in the
assumption of the theorem. Then there is a unique w’ € W,! y N W{*~D. Proceeding
as above we obtain X,.och(M(w-x,)/T(w-xo)M(w - Xx,)); = 0. (See the proof of
Lemma 5.10 for more details.) Hence M(w-x,)/T(w - xo)M(w’" - x,) is irreducible.
Therefore ch L(w-x,) = ch M(w-x,) — ch M(w’-x,). This proves the theorem.
Q.E.D.

REMARK. Theorem 5.5 proves the Kazhdan-Lusztig conjectures in our case.

It is well known that if A is classical and x, y € h* then (M(x): L(¥)) # 0 if and
only if there are y,,...,y, € A, such that[1]

X=0, 0, Y=o, 0 Y>>y

In this case we write ¢ 1 x. Using this and Theorem 5.5 we obtain a result due to
Jantzen [10].

COROLLARY 5.6 [10, SATZ 3.17]. let x be an element of h* and let A, be classical of
rank 2. If Y 1 x then (M(x): L(¥)) = 1.

Set W = W x N W 9. By our assumptions (A) and (B) on x, #W§” = 1 or
2allkEZ,

COROLLARY 5.7. Let w € W,{). Then:
() M(w-x); = 2, M(W - Xo) (W' € W), 0<i<k
(i) M(w* Xo)i/M(W-Xo)is1 = B, L(W - Xo) (W E W™, 0<i<k.

ProOF. If kK = 0 then (i) and (ii) are vacuous. Let k = 1 and suppose that

M(w-Xo), ZZM(WI‘XO) (W,e Wx],'f\!_l))

forallw € W/),0 <j <k — 1. In particular,
N MOwxo) = SMOv x0)  (w € WP w € WD),

forall0 <<k — 1.

This implies that
(-D* 3 (—1)’2 ch M(w-x,) = —ch TM(w - x,)
j<k—1 w’
(we WM, w e WD),
By Theorem 5.5
ch M(w-x,), = 2 ch M(w’-x,) + (_l)k <§ 1(_1)/2 ch M(w” - x,)
w J

=Y ch M(w’-x,) —ch 3 M(w" -x,)
=2 ch M(w’ - xo) —ch () M(w-x,)

=ch 3 M(w' -x,) (w’ E WD w e WP, w” € le',glc—z))’
o
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for all w € W°. Now, M(w-x); D 2, M(w'-x,) (W € WD) for all w €

WP, by Corollary 3.4. Hence M(w-x,), =2,  M(W'-X,) (w € WD), all

wE Wx"'f{‘), all k € Z_, . The corollary now follows using the argument of the proof

of Theorem 4.16 with the following changes: instead of Proposition 4.7 and Lemma

4.11 we use the above, and instead of Corollary 4.14(i) we use Theorem 5.5. Q.E.D.
Using Theorem 5.5 and Corollary 5.7 we obtain

COROLLARY 5.8. (i) If X = @, then given w € WX = WX there is a resolution
of L(w-X,):

oy o
(5.1) O*M(Xo)_’M(Wl ‘Xo) ®M(W1"Xo) S
a a £
“’M(Wk—l ‘Xo) ® M(Wllc—l 'Xo) —I’M(W'Xo) "’L(W‘Xo) -0

where a; (X, }’) ( Wi—js Wk—;+|x + lwk —jpWk— 1+|y’ Wk—/ wk_,Hx - iw,’(,pw,’(,j+|y)’ 1 S.]
<k, a,(x y)=i, wxti, wyandi . M(7-x0) M(1’-x,) are unique up to
scalar embeddings, for 1 € W', 1" € Wx(iﬂ)'

(ii) If X # @, then given w € W, there is a resolution of L(w - X,):

@ 3
(5.1) 0= M(w - xo) »M(w-xo) >L(w-x) =0
where W™D = (w'}, a, the unique embedding up to scalar.
The following is also immediate from Theorem 5.5.

COROLLARY 5.9. Let w, w’ € W,'{). Then:
@) (M(w-xo): L(W - xo)) = 1 (resp.0) if w <, w’ (resp. otherwise);
(i) (I(w" - x0): M(w-x,)) = 1 (resp. 0) if w <, w’ (resp. otherwise).

REMARK. As in §4, Corollary 5.7(i) implies the heredity of Jantzen’s filtration in
our case: Let w,w' € W/, If L (w)—1I(w)=r €N then M(w-x,), =
M(wW'-Xx¢),+i» 1 <i<I(w). Also, Corollary 5.8, Theorem 5.5, the statements (i)
and (ii) of Corollary 5.7, the statements (i) and (ii) of Corollary 5.9 and the above
statement on the heredity of Jantzen’s filtration are all equivalent statements.

Next we will show that the above results almost complement the results of §4 in
the case of rank 2 Euclidean root systems. First we need a general result. It will add
the singular case left out in the analysis of §4. We keep the notation of §4. Let
i(#:) {a;|(n + p, @;) = 0}. Let Wy be defined as W, y and set Wy = Wy N

LEMMA 5.10. Let p + p € P*, w € Wy, Assume that X, # Ay. Then ch L(w - p)
= ch M(w-p) + (= 1)* Zo4(— 1)(ch M(w;- p) + ch M(w; I/o))

PROOF. The case where p € P* is contained in the proof of Corollary 4.13.
Assume X, # &. If w = w, (resp. w;) we consider the modules N(wy, wy,; p); =
(M(wy,- )/ T(w, - p)M(wy, - 1)), (resp. N(wy, wy 15 1);) as before. Using Theorem
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3.10 and the diagram of §4 we obtain
2 chN(we, w3 1), = 2 (ch M(w,;-p) + ch M(w;,-n))

i>0 i>0

iodd
-2 (Ch M(Wk+j"") +ch M(le-rj'l")) — ch M(w,y,-p)
Jj>0
jeven

(resp. 2,50 ch N(wy, wiyi51); = Zisojioaa (Ch M(Wy;-p) + ch M(wi;-p)) —
3o, jeven (Ch M(W,, ;) + ch M(wi,; p)) — ch M(wj,,p)). Now, the sum
on the right-hand side of the above equations telescopes to 0. This implies that
N(wi, Wiy p)y = 0 (resp. N(wi, wiyy; 1)y = 0), Le. N(wy, weyys 1) = L(wy-p)
(resp. N(wg, wiys ) = L(wy-p)). Therefore, ch L(w,-p) = ch M(w,-p) —
ch M(w,,,-p) (resp. ch L(w;-p) = ch M(w;-pn) — ch M(w;,,-pn)). This proves
the lemma. Q.E.D.

Next we prove a result for Euclidean GCM’s of arbitrary rank. We denote by £ the
principal null root as in [18].

LEMMA 5.11. Let A be Euclidean, § € A as above, y a real weight.

@) If (Y + p, §) > O then there isw € W such that (w(y + p))(h;)=0,i =1,...,n.

Gi) If (Y +p,£) <O then there is w € W such that (w(y + p))(h;) <0, i=
1,...,n.

PROOF. Assume (¢ + p,§) <0. Let R, (¢)={a €A, |2(y + p, @) = c(a, @),
c€R, ¢>0). Then R, (y) CA%. Now, Az = U/_ {y;, +p,jé|j €N} [19].
Therefore | R, (¢) | is finite. If R, () = @ then  is negative. Suppose that there is
w € W such that w-» is negative for all » with |R, (»)|<|R,(¢¥)|, where
|R, (¢)|= 1. Let a € R, (¥). Then there is w € W such that wa, - is negative by
the induction assumption and since | R, (o0, ¥) |<| R, (¢)| . This proves (ii). (i) is
proved by replacing y by —¢ and using (ii). Q.E.D.

Combining Lemmas 5.10 and 5.11 with Theorems 5.5 and 4.12 we obtain the
following.

THEOREM 5.12. Let A be Euclidean or classical and of rank 2. Let y € P and assume
that (Y + p, £) # 0 if A is Euclidean. Then there are k € N, w € W}jk) such that:

() ch L(¥) = ch M(¢) + (=1 Zici (— 1)(ch M(w;- ) + ch M(w/-4y)) if
(Y + p, §) <O, A Euclidean, where y = w-{q, ¥, € h*.

(i) ch L(y) = ch M($) + (= 1)* 2, (—1)'(ch M(w,-¢) + ch M(w/-¢)) if
(¢ + p, ) >0, A Euclidean, where y = w- ¢, ¢, € h*.

REMARK. Theorem 5.12 proves the Kazhdan-Lusztig conjectures in the rank 2
Euclidean case for all L(y) such that ( + p, §) # 0.

6. Resolutions and characters of highest weight modules over the Witt algebra.
From here on, unless otherwise stated, g will denote the Witt algebra, i.e., g is the
complex Lie algebra with basis {e,};cz, where

[ei’ej] =(j— i)ei+j’ i, j€EL.
Weseth = Ceyp,n=D,.yCe,, b=p@®nandn” = @, yCe_,.



HIGHEST WEIGHT MODULES OVER LIE ALGEBRAS 157

Note. The subalgebra n (resp. n™ ) is generated by {e,, e, } (resp. {e_, e_,}).

The pair (g, §)) has a grading as described in §1 and obviously satisfies condition
(T1) of §1. Proposition 6.2 shows in particular that condition (T2) of §1 is also
satisfied.

Next we consider a variation of the pairing studied by Shapovalov. The following
is contained in the proof of [7, Theorem 3.3].

LEMMA 6.1 [7]). Let g be a complex semisimple Lie algebra, Y) C g a Cartan
subalgebra and ¢ = n~ ®Y ® n a triangular decomposition. Set b =) @ nand b~ =
h@®n~ . If p € b*, let M(p) = U(g) ®uv—) C(p). Let ¢ be the projection of U(g) =
U(h) & (n~ U(g) + U(g)n) on the first factor. If v, = 1@ 1 in M(p), v_, = 1® 1
in M(p) and u,u’ € U(g), we set (uv,, uv_,), = —pu($p(o(u")u)), where o is the
principal antiautomorphism of U(g). Then (, ), is a g-invariant pairing of M(p) and
M(—p).

We set H=12e,, X= —¢, and Y =-e_,. The Lie algebra m generated by
{Y, H, X} is isomorphic with 8{(2,C). We set u = n/Ce; andu™ =n~ /Ce_,.

PROPOSITION 6.2. For each r,s €N, we set (e, e_;)= 8,,s(’§“') if r,s=2,
(e,, e_;) = &, ; otherwise. Then ( , ) extends to an Y-invariant pairing of n and n~
which induces an m-invariant pairing of u and u™ .

PROOF. u =~ U(m) @y, C(4) and u™ =~ U(m) ®y ;) C(—4) as m-modules, where
b, =CH, b, =CH®CX, by = CH ® CY and we identify h} with C. We now
apply Lemma 6.1 to m, b,, b, by and p € h} defined by u(H) = 4. We use the
notation of Lemma 6.1 and set vy, =e,, v_, =e_,. Noting that (ad X Yee, =
(—Dkkley,,, (ad Y)ke_, = (—D*kle_,_, and [X, Y*] = kY* \(H — k + 1), for
k € N, we obtain

(e2+k’e—2—k)y.:—l_z(xkvp’ykv—p) - )( I-‘)(‘P(XkYk))

(k1) (k1)
D =L T
oy H (=3 =4 IZI (j+4)

k+3\_ (k+3
“E"!( 3 )z( 3 )z(e“k’e-z—k)'

The proposition now follows from Lemma 6.1. Q.E.D.

REMARK. Proposition 6.2 shows that condition (S6) of [21] is satisfied for (g, b))
and S = {1}.

We fix ( , ), a nonzero contravariant form on M(p) (10, 11] and denote by (, ), ,,
its restriction to M(p) meZ,

p—m>
THEOREM 6.3 [11, THEOREM 3]. Let p € C. Up to a nonzero constant
m 2 p(m—i)
det(,)u,,,,:n( H { 24[(3r—2 ) —1]}) s m €N,
i=1 \ r€N,rji

where p is the classical partition function.
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The nonnegative integers of the form 3(3k? = k) = %[(6k = 1) — 1], where
k €Z,, are called Euler's pentagonal numbers. We let s, (resp. ¢,) be the
nonnegative integer 3(3k? + k) (resp. 3(3k* —k)), k €Z, , and let P = (s, 1, | k
EZ,).

PROPOSITION 6.4. Let v € C. There is a filtration of submodules M(v) = M(»), D
M(v), D --- such that:

(i) M(»), is the largest proper submodule of M(v);

(ii) for every i € N, there is on M(v),/M(v),,, a nondegenerate contravariant form
(,); and

(iii) if k € Z and v = s, or t,, then the following formula holds:

(6.1) 2 chM(-»),= X chM(=s.,)+chM(—t,,,).
>0 IEN,! odd

PrOOF. The construction of the filtration and the proofs of (i) and (ii) are as in
Proposition 4.4. Now, det(, )_, ,, = 0 if and only if there are r, i € N with r|i and
1 <i<m such that 4[(6k = 1)*> — 1] = %[(3r — 2i/r)?> — 1], that is, such that
(6k = 1)2 = (3r — 2i/r)%. On one hand 6k = 1 = 3r — 2i/r with r| i if and only if
i =1(3r* — 6kr = r) with r|i, that is, i = 4(3r?> — 6kr = r) with r €N, r odd. On
the other hand, 6k = 1 = —3r + 2i/r with r|i if and only if i = 3(3r* + 6kr = r)
with r € N, r odd. Hence we have respectively

—1(3k2=k) —i= —4[3(k—r)> = (k= r)]
and

13k k) —i= —4[3(k +r)* = (k+7)]
with r € N, r odd. Proceeding as in the proof of Proposition 4.4(iii) we obtain
3 chM(—%(skztk)); > chM(—%[3(k+ P (k +r)])
i>0 !

where the sum on the right-hand side is over all r € N, r odd. (6.1) now follows.
Q.E.D.

COROLLARY 6.5. Let k €Z, and v=y5, or t,. Then (M(—v): L(—s,,,) =
(M(—»): L(—1;,))) = 1.

PROOF. 20 (M(—7);: L(=5;11)) = Zi50(M(—»);: L(—1;4,)) = 1, by (6.1). The
result is now obvious. Q.E.D.
By the above,if k €Z, andv = —s, orv = —1, then
dimHom (M(—s,,), M(v)) <1 and dimHom_(M(—1,), M(»)) <1.

In [S and 6] Goncharova computed the homology and cohomology of n~ with
trivial coefficients. We state her theorem in our notation.

THEOREM 6.6 [5, 6). Let k € Z, and C denote the trivial g-module. Then
(H(n™, Q) = C(—s,), (H(n™,O)_,, = C(—1,) and (H(n™ ,0)), =) if p &
{ =51, —1,}. (Here C(p) denotes the one-dimensional Y-module where e acts as p.)
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Using the above homology computation, Theorem 6.3 and our results of §1 we
obtain

THEOREM 6.7. (i) For each k =1 there exist g-module embeddings v,: M(—s,) —
M(0), §,: M(—t,) - M(0) such thatimy, + imé$, = imvy,_, Nimé,_, k= 2.
(i1) There exists a resolution of the trivial g-module C:

(62) - M(—s,)®M(—1,) = >M(—s,)® M(—1,) >M(0) >C -0

where a,(x, y) = (x +y, —(x + ), k =2, ay(x, y) = x + y and ¢ is the canonical
surjective homomorphism. (Here, we have identified M(—s,), M(—t,) with their
images under v, and 8, in M(0), for simplicity.)

PROOF. We prove (i) and (ii) simultaneously by induction on k. Let E, denote the
unique maximal submodule of M(0). Then we have a short exact sequence

0 E, >M(0)5>C - 0.
By the long exact Tor-sequence in the first variable we obtain an exact sequence
0- H(n ,C) > Hy(n ,E)-0.

Hence Hy(n™ , E|) =~ H(n™ ,C) = C(—s,) ® C(—t,) by Theorem 6.6. By Corollary
1.7 and Theorem 6.3 E| is generated by n-invariant vectors of weights —s, and —¢,.
Let v, and &, be the compositions of the corresponding embeddings with ¢,. We
identify M(—s,) and M(—t,) with their images, for simplicity. Let a;: M(—s,) ®
M(—1t,) —» M(0) be defined by a;(x, y) = x + y. Then we have

M(=s,) ® M(=1,) > M(0) >C ~ 0
with im &; = ker . Furthermore we have a short exact sequence
€ B
0-E,>M(—s)®M(—t,)>E -0

where ¢, © 8, = a,. Then we obtain, as before, exact sequences
O nd Hl(l'l_ ) El) d Ho(n_ N E2) i 0,
0- Hy(n”,C) > H(n ,E)-0.

Hence Hy(n™, E,) =~ H|(n", E|) =~ Hy(n" ,C) = C(—s,) ® C(—1,) by Theorem
6.6. By Proposition 1.7 and Theorem 6.3 E, is generated by n-invariant vectors of
weights —s, and —¢,. Let u = (u,, u,): M(—s,) > M(—s,) ® M(—1,) and v =
(v}, vy): M(—t,) » M(—s,) © M(—1t,) be the compositions of the corresponding
embeddings with &,. By exactness u,(x) = —u,(x) and v,(y) = —v,(y) in M(0).
Let v, = u, and 8, = v,. We identify M(—s,) and M(—t,) with their images in
M(0). Then M(—s,) + M(—t,) = M(—s,) N M(—1,). Let ay: M(—s,) ® M(—1,)
- M(—s,) © M(—t,) be defined by a,(x, y) =(x +y, —(x + y)). Suppose we
have defined Y 8j, 2<j<k — 1, such that imy, + im 8, =imy,_; Nim 8j_,, and
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we have identified M(—s;) and M(—¢;) with their images in M(0). Suppose, in
addition, that we have

Q-1
M(=s,_)) ® M(—1,_) > M(=s,_,) ® M(—1,_,)
o M(—s,) ® M(—1,) S M(0) SC -0
where a;(x, y) = (x +y, —(x + y)), ima; = kera;_,, and an exact sequence
€41 B
0-E; - M(—s)®M(~1;)>E -0

where Hy(n™, E;) =~ C(—s;) ® C(—¢;) and ¢;° B; = a;, 2 <j < k — 1. By induc-
tion we obtain H(n™ ,E,_)=H,_(n",E_;,,) for 1 <j<k—1, and
H(n ,C)=~H,_ (n", E|). Nowy,, §, and , are defined in the same way as v,, §,
and «, and the same argument for k = 2 completes the induction step. Q.E.D.

ScHoLiumM 6.8. Let k €Z,, x € {s, t,} and ¢ € {s;,, t,+,}.- Then
Hom (M(—v), M(—x)) = C. '

DEFINITION 6.9. Let v € {s,, 1}, Kk € Z, . We define M(—») = M(—s,.,;) +
M(—t,,;), i €N, using the identifications in Theorem 6.7(ii).

PROPOSITION 6.10. M(—s,) + M(—t,) = M(—s,_)) "N M(—¢t,_)), k EN.Ifv €
{S4> ;) then
M(—») D> M(—»)' D M(—»)*D ---
is a g-module filtration and

(6.3) S chM(—»)' = 3 chM(—s,,) + ch M(—1t,,,).
i=1 I€N,! odd

PRrOOF. The first assertion is just a restatement of Theorem 6.7(i). (6.3) is proved
in the same way as Proposition 4.7, using Theorem 6.7(i), (ii) rather than Theorem
24. Q.E.D.

DEFINITION 6.11. Let » € P. We define L(—») = M(—»)/M(—»)".

PROPOSITION 6.12. Let v € {s,, t,}, k € Z, . There exists a resolution of L(—»)

Q42

<> M(—s,) ® M(—1t,) 5.1 M(=5,11) © M(—1,,)

Nk+1

- M(—») -Eil:(—v) -0

where the a;, i = k + 2, are defined as in Theorem 6.7, m,  (x, y) = x + y and ¢, is
the canonical projection.

PrOOF. We use the same argument as the one used in the proof of Proposition 4.9,
where we replace Proposition 4.7 by Proposition 6.10.

LEMMA 6.13. Let v € (s, 1}, k € Z,, . If M(—»), = M(—v)’ for | < < then
M(=v);i/M(=»), 1y = L(=5,4;) ® L(—1,,,).
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PROOEF. The proof is identical to that of Lemma 4.15, where we use (6.1) instead of
(4.2) and Proposition 6.10 instead of Proposition 4.7. Q.E.D.

THEOREM 6.14. Let v € {5y, 1}, v' € {s;,1;}, k, jEZ, . Then the following
statements are equivalent.

1) (M(—v»): L(—7")) = 1 (resp. 0) if k <j or v = v’ (resp. otherwise).

(i) (I(—»"): M(—v)) = 1 (resp. 0) if k <j or v = v’ (resp. otherwise).

(iii) L(—») is irreducible for allk € Z . .

(iv) M(—v) = M(—v), forallk € Z, ,i €N.

(V) M(—») C M(—v),forallk €Z, ,i €N.

i) Ifj — k =r € N then M(—v), = M(—v’),,;foralli € N.

(vii) M(=»);/M(=v); 1 = L(=5;4.)) ® L(— ;) forallk €L, ,i €N.

(viii) There exists a resolution of L(—v)

Qp+2

o M(=5) ® M(—1) 5 - S M(=s,,,) © M(—1,,))

Nk+1

S M(=») S L(~v) -0

with a;, i = k + 2,0, and ¢, as in Proposition 6.12.
(ix) ch L(—») = ch M(—») + (= 1)* 2, (= 1)i(ch M(—s,) + ch M(—1,)).
(X) ch M(—») = ch L(=») + Z;en(ch L(—s¢4,) + ch L(—1,.,).

PrROOF. We use the same arguments used in §4 with the following modifications:
Instead of Proposition 4.7, Proposition 4.9, Theorem 2.3 and Diagram 4, and (4.2)
we use Proposition 6.10, Proposition 6.12, Theorem 6.7, and (6.1), respectively.
Q.E.D.

REMARK. In [22] we prove 6.14(iii) and hence all of the parts of Theorem 6.14.
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