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NONFACTORIZATION THEOREMS
IN WEIGHTED BERGMAN AND HARDY SPACES
ON THE UNIT BALLOF C" (n > 1)
BY
M. SEETHARAMA GOWDA'

ABSTRACT. Let A”%(B), A*%(B) and A"%(B) be weighted Bergman spaces on the
unit ball of C" (n > 1). We prove:

THEOREM 1. If 1/l =1/p + 1/q then AP**(B)-AY*%(B) is of first category in
A"*(B).

THEOREM 2. Theorem 1 holds for Hardy spaces in place of weighted Bergman spaces.

We also show that Theorems 1 and 2 hold for the polydisc U” in place of B.

1. Introduction. Let U be the unit disc in C. For 0 <t < o0 and -1 < a < o0, let
H'(U) be the Hardy space of all holomorphic functions f on U satisfying
sup fﬂ|f(rei0) [d < oo,
osr<1 -7
and let A“%(U) be the weighted Bergman space of all holomorphic functions f on U
satisfying

LI = 12) dm(z) < o,

where dm(z) denotes the Lebesgue measure on U. If 0 < p,q,/<ocand 1/p + 1/¢q
= 1/1, then it is well known that H?(U)- HYU) = H'(U), where the left-hand side
consists of all products of the form f- g with f € H?(U) and g € HYU ). Horowitz
[3] proved that A7*%(U)- A**(U) = A"*(U) whenevera =0and 1/p + 1/ = 1/I.
In C" (n > 1), the above results are no longer valid. Rudin [6] and Miles [4]
showed that HX(U")- H¥U™") is a proper subset of H'(U") for n = 3. (Here U"
denotes the unit polydisc in C".) Rosay [5] showed that H*(U")- H*(U") is of first
category in H'(U") for n = 2, thereby completely solving the Factorization Problem
(see [6,4.2]) in Hardy spaces of the polydisc. In [7, Problem 19.3.1], Rudin asked
whether H2(B)- H%(B) is properly contained in H'(B), where B denotes the unit
ball of C" (n > 1). In this paper we show that H?(B)- H(B) is of first category in
H'(B) whenever 0 <p, q,/ < o and 1/p + 1/q = 1/I. We prove a similar result
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(Theorem 1) for the weighted Bergman spaces on the unit ball B (see §2 for
notations and terminology). Essential ideas required to prove these results come
from Rosay [5].

Coifman, Rochberg and Weiss [1] proved that any function in H'(B) is an infinite
sum of the form 3%, f,g; where £, and g, belong to H2(B) for all i. We do not know
if the infinite sum can be replaced by a finite sum (see Remark 4).

2. Preliminaries. Notations are as in [7). For z=(z|, z,,...,z,) and w=
(W), Wy,...,w,) in C", let (z,w)= 3"z, and |z|> = 3", |z let B=B, = {z
€C" |z|<1} and § = {z € C™ |z|=1}. For z € C" we sometimes write z =
(z,, 2y where 2’ = (z,, z3,...,2,). ¢, = (1,0,0,...,0).

Leta,z € Band a # 0, let

_a—Pz—(1-1aP)"Q,:
¢a(z)_ 1—<z,a>

where P,z = (z,a)a/{a,a) and Q,z =z — P,z. ¢,(z) is a holomorphic automor-
phism of B satisfying ¢,(¢,(2)) = z.

do denotes the rotation invariant probability measure on S. dv(z) = dv,(z) =
2nr2"~'drda(¢) is the normalized Lebesgue measure on B. Here z = r¢, r =|z| and
{ES.

H( B) denotes the space of all holomorphic functions on B.

C(B) denotes the space of all continuous functions on B.

A(B) = H(B) N C(B) is the ball algebra.

For 0 <t < oo, H(B) is the Hardy space of all f € H(B) satisfying

1/t
i, .= ( supIL|f(r§)|'do({)) < .

o=sr<

Let
dp(z)=(1—|z]*)"dv(z)/nB(n,a + 1)

where -1 < a < o0 and B(n,a + 1) denotes the Beta function. For -1 < a < o0
and 0 <t < oo, we write4"*(B) to denote the space of all f € H(B) satisfying

1/1
||fu,,a=(/|f|'du,,) < 0.
B
We note that du , is a probability measure on B and

(1) Jlim [ 1(2) duo(2) = [ 3) do(§)

for all f € C(B). (The above relation holds for monomials zf1z82 - - - zBx.zp ... 71
and hence for linear com_binations of monomials. The Stone-Weierstrass theorem
proves (1) for any f € C(B).)
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Because of (1) we can think of H”(B) as a “limiting” case of A7*%(B) for a = -1.
Let f € H(B). Then from [7, Theorem 7.2.5],

s (1= ) <21 p aoto)

for|z|<r<1land0 <p < o0.
Let K be a compact subset of B. If we multiply the above inequality by
(1 — r?)*r**~ ' dr and integrate over the interval (1 + | z[)/2 <r < 1, we get

1(2)|< Crapxl 1,1 = |2])™? (VzEK)

where C, , , x is a constant depending only on its subscripts.

The above two inequalities, together with a normality argument, give

Fact 1. Every bounded sequence in HP(B) (or in A?**(B)) has a subsequence which
converges uniformly on compact subsets of B.

From this it follows that A?**(B) and H?( B) are F-spaces.

Let f € H?(B) (A?*(B)) and f(z) = f(rz) for 0 <r < 1. Then f, - f in H?(B)
(in A”%(B)) asr 71. For a suitable r and § (0 <6 < 1), (1 — z))f(2)/(1 — 8z)) is
close to fin H?(B) (in A”>*(B)) and vanishes at e,. Hence we have

Fact 2. The set of all f € A(B), f(e,) = 0, is dense in H?(B) (A?>*(B)).

We need the following identities [7, Proposition 1.4.7]:

@) [ &) ao(6) = [ 5 [[(e%) dt) do(z),
@ I = [ (30 [ A1) do ) dn (0.

n—1

3. Lemmas.
LEMMA 1. Let 0 <t < o0 and a > —1. Then ||z |l , ~ N""*® as N - 0.

PrOOF. We have

= (f1eraoo) (g [ 0=y ar).

The second integral, on putting u = r2 becomes 1B(Nt/2 + n, a + 1). By Stirling’s
formula this behaves like 1/N**! as N - co. For the first integral, we use the
identity [7, 1.4.5, p. 15]

1z, =

fsf(<§,71>) do($) = " ; l ffu(l - rz)"_zf(reio)rdrdO.
We get
fsllemda(f) = n; 1 j(;l(l — p2)" TN g = n-; 1B(Nt;_ ! ,n— l)

~1/N""! by Stirling’s formula.
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Hence
”zzNH:,a ~1/N" 1 Nt = Nt
REMARK 1. ||z} ||} , ~ N-("7D,
LEMMA 2. Let K(z) = 22 y_ K (z) be holomorphic in B, where K(z) is a

homogeneous polynomial of degree i and N is a positive integer. Then for 0 <t < oo,
there exists a constant M (depending only on t) such that

(4) 1Kyl o <M-1KIl,,,
@) 1Kyl o <MK, .

ProOF. For 0 < t < oo, there exists an M such that if G(A) = a, + a,A + a,\?
+ --- isin the disc algebra A(U) then

la <M 5 [ Ge) | db.

(For t = 1 we can take M = 1. For 0 <t < 1, see [2, Theorem 6.4, p. 98]. In fact,
M = 2" works for any ¢.) Now for a fixed z, let
GA)=KAz)/N"'=K,y_(z) +AKpy(z) +---.
We get
1

| Ky(z) |/ < M*- ﬁf_"m(ef"z) I'd.

We let z = r¢§, integrate both sides with respect to do({) and use (2) to get
(5) J1Ky () [Fda($) < M* [ | K(r%) | do(§).
s s

Taking the supremum over r in the interval 0 < r <1 and ¢th roots, we get (4). To
get (4), we multiply both sides of (5) by (2/B(n, a + 1)) r*"~'(1 — r2)*dr, in-
tegrate over 0 < r < 1 and take ¢th roots.

LEMMA 3. Let 0<p, q,l<o00, 1/I=1/p+1/q, -1 <a< oo and n> 1. Then
the product map (h, k) > h-k from AP*(B) X A"*(B) to A"*(B) is not open at the
origin, i.e., for any constant C > 0, there exists f € A"*(B) such that || fIl, , <1 and
iff=h-kwithh € A?*(B), k € A**(B) then at least one of | hll , ,, Ikl , is larger
than C.

p,a

PROOF. Let F(z) =z ™' + z), N > 1. Suppose F(z) = H(z)- K(z) with H and K
holomorphic in B. We expand H(z) and K(z) in terms of homogeneous polynomi-
alss H=H,+ H, ,+- -+, K=Ky_,_,+ Ky_; + ---. Here, as usual, subscript
refers to the degree, H; Z 0 and Ky _,_; Z 0. From F = H - K we get, by comparing
degrees,

(6) H"KN—I—izle_]

1

and
(7 HKy_,+H Ky ,_,=z;.

1
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From (6) and (7) we get i = 0 or N — 1. We assume for a moment that i = 0. Then
H, is a constant, say 4. We have from (6) and (7),

AKN(Z) = zzN - (Hl(z)-le_')/A,
Letting z = r(e’f,, {’) we get
AKN(emf,, {/) — §2N _ A"Hl(e“’fl, §")e"("'")0§,”".

Therefore, {} is the constant term in the polynomial AK(A{,,¢’) in A. By
subharmonicity,

(®) |§2N|'<%fﬂAKN(e"”{,,;')rdo for0 <t < co.

Now we multiply both sides of (8) by dv,_,({’) and integrate over B, ,. Using (3),
we get

J 18 1rdo(§) < [ |AK(2) [ do(?)
s s
and
9 J 1)  1rdo(¥) < [ 4Ky (r5) | do(§).

s s
We multiply both sides of (9) by (2/B(n, a + 1))r?"~ (1 — r?)*dr, integrate over
0 < r <1 and take tth roots to get

Nz, o <|A|IKNIl, 4

Since | H(z)|" is subharmonic and 4 = H(0), we have |4 | < [¢| H(r{) | do($).
From this we get |4 |< [|H|l, ,. Hence

Nzl o <|A|IKNH, o < THI Ky

Using Lemma 2, we get llz|l, , < MIHIl K |l, . By symmetry, this inequality
holds when i = N — 1. Now let f = F/||Fll, ,. Then || fl, , = 1. Suppose f=h-k
where h € A”**(B) and k € A?*(B). Then F= H-K where H=||Fll, ,h and
K = k. Therefore

Nzl o < MIHI, - IKN, < MIFI, AN, -kl
Now we take 1 = min( p, q). Then ||All, , <IlA4ll, , and kIl , < lIkll, ,. We have

IFI, = fB|z."—' + 2 [ dpg < 220+ 120

By Lemma 1, the right side of the above inequality is like N ~"*® for large N. We
see that

AL, o Nl o = 23, o/ MIF, .

Hence Ikl , Nkl , is bigger than a constant times N ~("**X1/*=1/D) which goes to
oo as N — oo (recall ¢+ = min( p, q) > /). Therefore, for any constant C, we can find
alarge N so that ||hll, .- Ikl , > C2. This completes the proof.

REMARK 2. By considering H”-norms instead of A”'*-norms, one can get the
nonopenness of the product map (at the origin) for H?”-spaces.
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LEMMA 4. Fora € Bandz € B, let

K(a,z) =[(1 = [a)/|1 = (z,a)[]"""".
Then:
(1) K(a, ¢,(2))-K(a, z) = 1. _
(i) [pf(w) dp(w) = [pf(9.(2))K(a, z) dp.(2) for all f € C(B).
(iii) [pf(9,(2)) dp(z) = f(e,)) as a — e, for all f € C(B).
PrOOF. From [7, Theorem 2.2.5], we have

L= (o(2),a)= (1= af)/ (1= (z.a)).
Taking absolute values and using the definition of K, we get (i). From [7, Theorem
2.2.6] we have

[@)(1 = 16F)" dv(w)

CA—qap \T
n—@@J a2

= faf(%(z))(l — | ¢a(2) |2)a(

Using
1-|,(z2)P=(0—al)(1 —|z?)/|1 = {z,a)|* (see[7, Theorem 2.2.5]),
(1= faP)" (1 =2 )"

| 1 — <z, a>|2(n+l+a)

[ (@)1 = aP) dr(e) = [ fla(2) ds().

Hence

[ 1(@)duw) = [ f(s.(2))K(a, z) diy(2).
B B

This is (ii). Since lim, . ¢,(z) = e, an application of the Bounded Convergence
Theorem gives (iii).

REMARK 3. In the above lemma we assumed that a« > —1. The following state-
ments hold when a = -1.

(1) K(a, ¢,(2))-K(a,z) = L.

(ii) fsf(n) do(n) = [sf($,({NK(a, ) do(?) for all f € C(S).

(iii) [s/(#,($)) do(§) — f(e,) as a — ¢, for all f € C(S).
We observe that when a = -1, K(aq, z) is the Poisson kernel and statements (i) and
(ii) are well known. Since [ f(9,(§)) do({) is the Poisson integral of f, (iii) follows
(see, e.g., [7, Theorem 3.3.4(a))).

LEMMA 5. Let

Vo) =[1+T=TaP /(1= (2 )]
Then
max{1, K(a, z)} <|y,(z) |< 2"+ (1 + K(a, 2)}
forallz € B,a € Band a > -1.
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PrOOF. For A € C and Re A =0, we have max{1,|A|} <|1+ A|. This can be
seen by plotting A and 1 + A in the complex plane. Also, |1 +A|" < (1+ |A|)"
<21+ |A|™) for m=1. Taking A=y1~—|al*/(1 —(za)) and m=
2(n + 1 + a), we get the lemma.

4. Main theorem.

THEOREM 1. Letn > 1, -1 <a < o00,0<p,q,/<o0cand1/1=1/p + 1/q. Then
AP%(B)- A%%(B) is of first category in A"*(B).

PROOF. Let ¥ and W be the closed unit balls in A?°“(B) and A?%( B), respectively.
We claim that V- W is closed in A"%(B). Let g, € V, h,, € W such thatg, -h, — f
in A"%(B). By Fact 1 (of §2) we may assume, without loss of generality, that g, — g
and h,, — h uniformly on compact subsets of B. By Fatou’s Lemma, g € V' and
h € W. Since g,,-h,, - f uniformly on compact subsets of B, f=g-hE€ V- W.
Hence the claim. We have A”%(B)-A%*%(B)= U%_ (mV-W). We show that
mV - W has empty interior in A"%(B) for each m = 1. Assume the contrary. Then
some mV - W will have an interior point in A%(B). There exist an R € 4"*(B) and a
constant C such that

('10) f |R — F|'dp, < 4"*'* F € A"(B), implies
B
F=g-hwithllgl,, < CandllAll,,<C.

By Fact 2 (of §2), we may assume that R is a function in A(B) vanishing at e,. Now
by Lemma 3, for the constant C there is an f € A"%(B) such that || fI|,, <1 and
f=g-h, g € AP*(B), h € A?*(B) imply that at least one of |l gll Al o is
larger than C. There is an & > 0 such that

P

(11)

I f—fill,.<eandf, = g, -h, € A?*(B)-A9*(B)
implies either ll g, Il , , > Cor A ll, > C.

We may assume, after Fact 2, that fis a function in A(B) vanishing at e,.

We now come to perhaps the most important single step in the proof (see [5]). Let
F(z) = f($,(2)¥)/(z) + R(2). (¢,(z) is defined in §2 and y,(z) is defined in
Lemma 5.) Now

[1F=R'dia = [1/(82) [19:(2) | di

<2000 [ 17(6,) {a, + [ 11(6,(2)) K (@, ) i (2)

by Lemma 5. The second integral in the above inequality is [z |f|' dp, by (ii) of
Lemma 4 and the first integral goes to zero as a — e, by (iii) of Lemma 4 (recall



210 M. S. GOWDA
that f(e,) = 0). Hence when a is close to e,
J\F~Rl'du, < 22‘"*“)*'[1 +f Ifl’du.,]
B B

< 22O+ + 1] (sincell f1l,,<1)

— 4n+a+l

By (10), F = g-h with ligll, , < C and Ikl < C. Therefore f(¢,(2)) ¥,"(z) +
R(z) = g(z)- h(z). Replacing z by ¢,(z) and using ¢,(¢,(z)) = z, we get

R(9u(2)) _ 8(9a(2))-1(,(2)) _ _8(9(2)) = _h(9u(2))

TOF o) = W) 0 (ed2) 4(en(z)
We have
R(s,) | /
‘/Bm dﬂa<fB|R(¢a)| du,

by Lemma 5. Since R(e,) = 0, the right side integral in the above inequality goes to
zero as a — e, by (iii) of Lemma 4. Hence if a is close to e;, (11) holds with
fi, = g, h, where

g1 = 8(9,)/%./7(9,) and hy = h(9,)/ ¥/ ($,)-
Therefore either l gl , , > Cor [l 4l , , > C. Suppose [ g, I, , > C. Then
dp,
Y7 (4,)

CP<fB
|8(¢u(2)) P

< Bmdua(z) (by Lemma 5)

P

g($,)

:L|g(¢a(2)) IPK(a, z)dp(z) (by (i) of Lemma 4)

= f |gl dp, (by (ii) of Lemma 4)
B
<C’ (sinceligll,,<C).

We reach a contradiction. Similarly [/ 4,ll, , > C gives a contradiction. Hence all
m(V - W) have empty interiors. So
00
47(B)-4**(B) = U m(v- W)

m=1
is of first category in A"%(B).
5. Other results. Here is a nonfactorization theorem for Hardy spaces.

THEOREM 2. Let n>1 and 0<p,q, /<. If 1/I=1/p+ 1/q then
HP(B)- HY(B) is of first category in H'(B).
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The proof of this theorem is very similar to that of Theorem 1. One has to
integrate functions in the Hardy class H'(B) (for ¢t = p, q and /) with respect to do
over S. a should be replaced by -1 (relation (1) can also be used at appropriate
places). We omit the details. Theorem 2 can also be proved, for n > 2, using
Theorem 1 (with a = 0) and Theorem 7.2.4 in [7].

REMARK 4. Let T be the mapping ( f,, &1, fo» 82, - /x> &) = 2>+, f.g;- The proof
of Theorem 1 shows that

T: A7%(B) X A**(B) X --- X A”%(B) X A?*(B) - A"*(B)
(1/1=1/p + 1/q) is onto if and only if it is open at the origin. Nonopenness of T
at the origin would imply the existence of a function in A"%(B) which is not of the
form 3k, fg, with f, € A7*(B) and g, € A**(B). However, any function F in
A"*(B) (for a = 0,1,2...) can be written as F = 32 ,G,H, where G, and H, belong
to A>%(B) (see [1, Theorem IV]). Similar statements can be made for Hardy spaces.

REMARK 5. Let 0 <t < 0, a = (a;, ay,...,a,), a;> -1. Let A"*(U") be the
space of all holomorphic functions f satisfying Il f Il , = ( [y | f| dpo)'/* < oo where

dp(z) =" (1 — |z, *)¥dm,z;), dm(z,) being the Lebesgue measure on U for
all i = 1,2,...,n. Then Theorem 1 holds for U, in place of B. We sketch a proof of
this statement. If K(z) = 22 y_,K,(z) is as in Lemma 2 then

fﬂ| Ky(re?, e’)|'do < C,fﬂ| K(re®, ez')" ag

and hence || Ky, , < M,IIK I, , where C, and M, are constants depending only on ¢.
Without loss of generality let a, = a,. We have

NzMiE  ~N*= (i =1,2),
by Lemma 1 and using F =z} ~! + 2} we get (imitating the proof of Lemma 3) the
nonopenness of the product map from A7%(U") X A*%(U") to A%(U™) where
1/p +1/q=1/1.(f

AKy(z) =23 = (Hy(2)-2)"7")/4
then
Hy(re”, )

AKy(re®, z’) =z} - ~ e/ N=8pN=1

and
f"|z§|'d0<c,|A|'f"|KN(r,e“’,z')|'d0 etc.)
ForO0<r<1,let
a=(r,0,0,...,0), ¢,(2)=((r—2z)/(~rz), 2, 25,...,2,),
K(a,z)=((1—r?)/|1—rz |2)2+a'

and

o,(z) = (1 +1=r2/(1- rzl))mh'),
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We note that as r - 1, a - (1,0,...,0) and ¢,(z) - (1, z’). Observe that functions f
in A(U™) with f(1, z’) = 0 form a dense subset of A7°*(U"). With minor changes,
one can get results similar to Lemmas 4 and 5. By imitating the proof of Theorem 1,
we get the polydisc version of Theorem 1.

REMARK 6. Let H/(U") be the Hardy space of all holomorphic functions fin U”
satisfying

1/t
IIfII,',,=( sup fT"|f(r§)|’da(§)) <

o<r<li

where T" is the torus in C" and do is the normalized Haar measure on 7.

Then Theorem 2 holds for U" in place of B. Rosay [5] proved this for p = g = 2
and/=1.

To sketch a proof, let P = (z; + z,)" — z¥ — Nz}~ 'z,. Then | PIl, ,/II Pl , > o0
as N — oo whenever ¢ > [. There exists a constant C, such that if AK, = P(z) +
z'"'Q(z), where Q(z) is any linear polynomial in z, then [ PIl, , < C,|A | Kyll,,
(use subharmonicity in z,). The function f = (P + z}' ") /Il P + z}7'Il, , gives the
nonopenness of the product map. Changing a, to —1 and making other minor
changes in the proof of Remark 5, we get Theorem 2 for U".
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