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DISCRETE SERIES CHARACTERS AND FOURIER INVERSION
ON SEMISIMPLE REAL LIE GROUPS
BY
REBECCA A. HERB'

ABSTRACT. Let G be a semisimple real Lie group. Explicit formulas for discrete series
characters on noncompact Cartan subgroups are given. These formulas are used to
give a simple formula for the Fourier transform of orbital integrals of regular
semisimple orbits.

1. Introduction. Let G be a connected semisimple real Lie group with finite center.
Let G denote the set of equivalence classes of irreducible unitary representations of
G. Associated with each = € G is its distributional character §,, an invariant
eigendistribution on G. A central problem of harmonic analysis on G is the Fourier
inversion problem of expanding an arbitrary invariant distribution in terms of these
distributional characters.

An important class of invariant distributions on G arises as follows. Let y be a
regular (semisimple) element of G with centralizer G,. Let dx denote a G-invariant
measure on the quotient G/G,, and set

A(f)= /G /Gf(xvx") %, f€C2(G).

A, is an orbital integral of the type appearing in the Selberg trace formula. H = G,
is a Cartan subgroup of G, and for fixed y, A (f) is, up to a constant, the invariant
integral F,”(y) defined by Harish-Chandra. The main theorem of this paper gives a
Fourier inversion formula for the distribution f — F/”( Y).

Orbital integrals A, can be defined for other elements of G. If y is semisimple, but
not regular, it is known that there is a Cartan subgroup H of G containing y and a
differential operator D on H so that

A(f) = lim DE(h)

where the limit is taken through regular elements of H. If u € G is unipotent, A ( f)
can also be obtained as the derivative of an invariant integral evaluated at a singular
point, although the explicit differential operators needed are only known in some
cases [1]. Thus Fourier inversion formulas for Ff”(h), h € H regular, will yield
Fourier inversion formulas for many singular orbital integrals as well. In particular,
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when y = 1, A (f) = f(1) is a singular orbital integral, and the Plancherel theorem
can be obtained via Fourier inversion of regular orbital integrals.

When G has real rank one, Sally and Warner computed Fourier inversion
formulas for A_, y semisimple (including y = 1) [10]. Barbasch used these results to
compute Fourier inversion formulas for A ,, u unipotent [1].

For G of real rank greater than one, the methods used by Sally and Warner can be
extended to obtain a Fourier inversion formula for A, when v is in a dense subset of
the set of regular elements [Sb]. This formula is stated as Theorem 4.3 in this paper,
and serves as a starting point. It contains certain complicated terms which can be
interpreted as Fourier series in several variables. These series are not absolutely
convergent, as the functions F}” have jump discontinuities, and have no obvious
closed form. Thus this formula gives little insight into the functions Ff” and is not
suitable for applications.

In [2] and [5d,e], simple Fourier inversion formulas are obtained for certain
averaged orbital integrals obtained as follows. Let H be a Cartan subgroup of G, W,
the Weyl group generated by reflections in imaginary roots of H. Then W, acts on H,
and for regular y € H, the averaged orbital integral is given by

A= 2 AL(f).
weE W,

In this paper, Fourier inversion formulas for A are obtained using those for Ky.

Heuristically, the idea is as follows. Consider weighted averages

A(f)= 2 wk(w)A,,(f) wherek(w)= =1forw € W,.
we W,

Fork=1, A% = Xy. For other suitable choices of k, Shelstad proves in [12a, b, ¢]
that A%, corresponds to an ordinary averaged orbital integral for a lower-dimensional
group. Thus Fourier inversion formulas for A% can be obtained as in [Sd]. This is
done for sufficiently many choices of « that the original A, can be recovered as a
sum of the A%,.

Theorem 1 of this paper gives a simple Fourier inversion formula for A, y
regular. The proof uses ideas of Shelstad. But rather than identify explicitly the
groups and correspondences involved in [12], it is simpler to use an identity for
discrete series characters which accomplishes the same purpose of reducing the
problem to the study of averaged orbital integrals. This identity is stated as Theorem
2. It is the explicit form of a character identity proved by Shelstad in [12¢] as a
corollary of her results on orbital integrals. We give an elementary direct proof of
this theorem in §3.

A more general (fewer restrictions on G), but less explicit, Fourier inversion
formula has been announced by Harish-Chandra [3c¢].

I would like to thank Diana Shelstad for explaining to me her work on orbital
integrals and suggesting its applicability to the Fourier inversion problem.

2. Statement of theorems. Let G be as in §1. Let g denote the Lie algebra of G, g
its complexification. If G is the simply connected complex analytic group with Lie
algebra g, we assume that G is the subgroup of G corresponding to g.
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Let K be a maximal compact subgroup of G and 6 the corresponding Cartan
involution. Let ¢ = f + p be the Cartan decomposition of g where f is the Lie
algebra of K. If H is a #-stable Cartan subgroup of G with Lie algebra b, write
hb="b,+h, where h, =hNE h,=HNp, and H = HyH, where Hy = HN K
and H, = exp(}h,). The set of roots of g with respect to b will be denoted by
® = ®(g, h). @ denotes a choice of positive roots in ®. The subsets of ® taking
real and pure imaginary values on h will be denoted by ®p = ®(g, h) and
®, = ®,(g, ), respectively. Let r,(H) = 3[®,;]. For any root system ®, L(®)
denotes the weight lattice and W(®) the Weyl group of ®.

As in [Se], for any root system ® spanned by strongly orthogonal roots, we say a
root system ¢ C @ is a two-structure for @ if: (i) all simple factors of ¢ are of type
A, or B, = G,; (ii) if @™ is any set of positive roots for ¢ then {w € W(®)|wep* =
@ } contains no elements of determinant -1.

Let 9(®) denote the set of all two-structures for ®. All elements of J(®) are
conjugate under W(®). If ®* is a choice of positive roots for ®, let ™ =@ N @7
for any @ € I(®). In [Se] a distinguished element ¢, € ¥ (®) is chosen for each type
of root system. Then each ¢ € J(®) is assigned a sign e(p: ®*) = det 0 where o is
an element of W(®) satisfying op; = ¢*. Because of (iii) above, det o is well
defined even though ¢ may not be unique. Alternatively, the signs e(¢: ®*) are
uniquely determined by:

(i) for all € J(®) and 0 € W such thatop™ C &,

e(op: @) =detoe(p: ®7);

(i) 2y eqp)(p: 7)) = 1.
If @ is simple, §(®) will consist of all root systems ¢ contained in ® of type given
by the following table which also gives the values of [J(®)] and [L(¢): L(®)].

® P [T(o)] [L(9): L(®)]
A, A, 1 1
B,, B} @2n)t/n12" 27!
By, B X B, n + 1) /n12" 2"
G, (o4 (2n)!/n12" 1
Cona Cr X C, (2n + 1) /n12" 1
D,, AP (2n)!/n12" 2n!
E, Al 5% 3 2}
Eq A8 52 x 34 24
F, B} 32 2
G, A} 3 2

Let W(G, H) = N;(H)/H where Ny(H) is the normalizer in G of H. For each
o € @y, let H, €D, be dual to & = 2a/{a, a) under the killing form. Let vy, =
exp(wiH,) € Hc. Then {y,|a € ®;} generate the subgroup Z(}),) = K N exp(ib,)
of Hy.
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Let L, = C;(H,), the centralizer in G of H,, and write Ly, = MyH, in its
Langlands decomposition. Then M = M/, is a reductive group with compact Cartan
subgroup Hy. Let Car(M) denote a full set of f-stable representatives of M-con-
jugacy classes of Cartan subgroups of M. These representatives can be chosen so
that for J € Car(M), J§ C Hg. Each J € Car(M) corresponds to a set R of
strongly orthogonal singular imaginary roots in ®; (g, ). Let » be the correspond-
ing Cayley transform. Then »(b,) =i, + ii, and ¥R spans ®7 (m, i). For each
J € Car(M), J = JH, is a Cartan subgroup of G. There may be distinct elements
J, J' € Car(M) with J conjugate to J” in G.

The unitary character group of H will be parameterized by pairs (b*, ) where
b* € ﬁk and p € b, the real dual of b ,. To each such pair (b*, p) there corresponds
a tempered invariant eigendistribution 8(H, b*, n) on G defined as in [Sb]. If
b* € H, = {b* € H, | wb* # b* for w € W(®,), w # 1}, then 8(H, b*, u) is, up to
a sign, the character of a tempered unitary representation of G induced from a
parabolic subgroup of G with split part H,. If b* is not regular, ( H, b*, p) also has
a character-theoretic interpretation given in [6].

Let G’ be the set of regular semisimple elements of G and let H' = H N G'. For
h € H', f € C*(G), define

F(h) = ex(A(h) [ f(shx™) d

where eg(h) and A(h) are defined as in [14]. Let ®* (g, b¢) be the set of positive
roots inherent in the definition of A. Assume all Haar measures are normalized as in
[5b] and let vol( Hy ) denote the total mass of Hy.

THEOREM 1. Let f € C*(G) and let hyh, € H' where h, € Hy and h, € H,,. Then
Ef(hh,) = vol(Hy) ' (2m) ™"

i\om ()"
“enl2) G, a7

X 3 [ B 00H, b ()

b* EJy b5 i

X > detwK(M, J, b*, p,wh,) dp dp’.
wEW(M, Hy)

Let J € Car(M), and let R be the corresponding set of strongly orthogonal
singular imaginary roots of (m, f,), » the Cayley transform. Fix b* € fK, TR
and h, € H, N M'. Then K(M, J, b*, u, h,)is defined as follows. Let ® = & (m, |)
and ®* = & N vd* (gc, C). Let g, be a two-structure for ® with ¥R C .

Decompose ¢ = ¢, U - - - U, where the g;, 1 <j <k, are simple root systems.
Write j, =a, ® - €Bak where 1 <j <k, a,=3,c, RH,. Then vh, can be de-
composed as vh, = joa, ---a, where j, € Ji and a; € exp(ia;), 1 <j<k. Let
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p; € a¥ be the restriction of p to a;, b* the restriction of b* to Z(a;). Then

e(on: @ )T(@)] o B (b e
[L(pr): L(®)] #*(o) jI-_-InK(% b1y, a))

is a product of factors corresponding to the simple root systems ¢;.

Let ¢ = ¢; be one of these and write a = a;, o™ = ¢ N @™ . Suppose ¢ is of type
A, and ¢* = {a}. Write a € exp(ia)’ as a = exp(-ifH,) where 0 <|#|< . Each
p € a* is determined by u( H,) which we also denote by p. Define

2 sinhp(6 *7)
+ =
S(#™ > k@) = ol ~ sinhmp

K(M,J,b*, p,hy) =

where

017:{0~7r ifo<f<m,
0+7 if-w<6<0.

Then for b* € Z(a),
K(o*,b* p,a)=S(e",p,a)+b*(v,)S(9" , 1, 7,a).

Suppose ¢ is of type B, and ¢* = {a,, a,, B, B,} where B, = }(a, + a,) and
B, = 3(a; — a5). Then exactly one of »™'8;,i = 1, 2, is compact. Write

1 if »~!B,is compact,
e(ot) = { :

-1 if »™'B, is compact.

Then a € exp(ia)’ can be written as a = exp(—iZleﬂjHa/) where 0 <|§;|<7,j =1,
2,and |0, |#|6,| . For p € a* write p, = p(H, ). Define

S(¢™,p,a)
) . 0.+
SI‘nh""lol Slnhp’Z( 2 77) 1f|01|<|02| ,
4 sinh7p, sinh7(p, + p,)
= > XY N _ o
a7 | sinh (8, = mysinh (8, % (1 + pp)e) o
sinhrp, sinh7(p, + p,) ! A
Write ;" = {a,, a,} and ;" = {B,, B,}. Define
4 sinhp, (0, = 7)sinh p,(0, = 7)
+ _
S(e/ s a) = ||Ol|||2 sinh 7y, sinh 7p.,
and
S(eS . p,a)
— 4¢(@*) | sinh(p, + I"'Z)((al +6,)/2 = m)sinh(p, — "'2)((01 —6,)/2%7)
8,112 sinh7(p; + p,)sinh7(p) — p,)

n sinh(p, + ["‘2)((01 + 6,)/2)sinh(p, — p,)((6, — 6,)/2)
sinh7(p, + p,)sinh7(p, — p,)
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Then for b* € Z(a )A,

K(o*,p, b*, a)=-28(¢" ,p,a) +1S(¢ , 1, a)
+b*(vg ){-28(9" 1. yp,0) +3S(9" . . v5,0) )
+b*(Ya.)2S(q’l+ , p,,yala).

Theorem 1 will be obtained by simplifying the formula for Ff” given in Theorem
4.3. The main result needed is an identity involving constants which appear in
discrete series character formulas. Let ® be a root system spanned by strongly
orthogonal roots, ®* a choice of positive roots. We assume ® comes equipped with a
subset ®.,, called the set of compact roots. Let L = L(®), W = W(®), and
Wy = W(®cpr). For each r € L, w € W, there is a constant ¢(w: 7: ®*) which
arises as follows.

Let G be a split real group satisfying our hypotheses with root system of type ®.
Then G has a compact Cartan subgroup T with Lie algebra t, and L can be
identified with the lattice of elements 7 € it* for which & (exp H) = exp(1(H)),
H € t, gives a well-defined character of T.. We assume that when @ is identified
with ®(g ¢, t¢), P-pr corresponds to the set of compact roots of t. Corresponding to
each 7 € L there is an invariant eigendistribution 6, defined by Harish-Chandra in
[3a] and 3b). If r € L' = {r € L |1l ,co(a, )7 0}, 6, is, up to sign, the character
of a discrete series representation of G.

Let A be a split Cartan subgroup of G with Lie algebra a C p. Let » be a Cayley
transform satisfying vt = ia. Let a™ = {H € a|va(H) >0 for all « € ®* }. Then
forh € A" =exp(a™),

0.(h)=A(h)" S detwe(w:7: 0", (v h).

weEW

The constant ¢(w: w™'r: ®* ) depends only on the coset of W in W /W and we
define

c(r:®T)= Y c(w:wlr:0").

we W,/ Wy

Then it is proved in [Sc, €] that

(2.1) (r:@)= 3 e(ep:®)i(r:97).
PET(D)

Since all simple factors of each two-structure ¢ for ® are of type 4, or B,, ¢(7: ¢*)
can be evaluated explicitly as in [Sc]. Theorem 2 gives a formula for ¢(w: 7: ®*)in
terms of averaged constants ¢(wr: ®* (X)) where the ®(A) are root systems con-
tained in ®.

Using reduction procedures described by Harish-Chandra in [3a), knowledge of
the constants c(w: 7: ®*) is sufficient to determine discrete series character for-
mulas on any Cartan subgroup of any group G satisfying our assumptions.
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Let A = A(®) denote the root lattice of ®. For A € A, let ®(A\) = {B € ®|
(B, AY/{(B,BYE Z}. Then for A, A\, € A, ®(A,) = ®(A,) if and only if A; — A,
EAN={AEA|(NBY/{(B,B)E Z for all B € ®}. Define a homomorphism x:
A - Z/2Z by setting

[0 ifa €y,
x(a) =9 ifa @& ®epy

and extending linearly. This extension is well defined because if a, 8, and a + B are
all roots, then x(a + B) = x(a) + x(B) (mod2). For A, A, € A, define | = A, if
x(A; —A,) = 0. Then for A € A and w € W(®) we define

K (W) ={ 1 ifW_]AE}\,
A 1 ifw A=A,

It is easy to check from the definitions that k, depends only on the coset of A in
A/Ayand of win W/ Wy.

Suppose @ is simple. Then the root systems ®(A), A € A, will be all root systems
®(A) C @ of type given by the following table.

o o(A)

A4, A,

B, B,XB, ,,0<p<n

C, D,,XC, 5,,0<2p<n
D,, D,, X Dy, _,,0<p<n
E, E,, Dy X A,

Eq Eg, E; X A, Dq

F, F, B, X B,,C,

G, G,, A?

We note that when @ is identified with ®(g¢, t¢) as above, then {k) |[A €E A} isa
subset of the set of “characters” k of S)(T) considered by Shelstad in [12a] and that
®(A) is the root system of the endoscopic group H associated to «,. The characters k
which are of the form k,, A € A, are exactly those for which H “shares” both T and
A with G.

Given a fixed choice ®* of positive roots for ®, we will describe in §3 a way of
assigning to eachA € A asigne(A: ®*). ForeachA € A,let ®* (A) = ®(A\) N &+,

THEOREM 2. Let n = rank ®. Then forw € W,r € L,

cwir: @ )=2"" 3 e(A: @ )k,(w)c(wr: @ (N)).
AEA/A,

Combining Theorem 2 with (2.1) and known values for ¢(7: ®*) when ® is of
type 4, or B, gives a complete description of the constants ¢(w: 7: ®*). Much
simpler formulas for these constants have been obtained in special cases, for
example when the corresponding discrete series representation is holomorphic. Our
formula can be simplified to agree with the formula of Hecht [4] in this case.
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Although complicated, the formulas of Theorem 2 and (2.1) are well suited to
simplifying the terms occurring in the Fourier inversion formula for Ff” . For other
discrete series character formulas the reader is referred to work of Hirai [7], Schmid
[11], Martens [8], Midorikawa [9], and Vargas [13].

3. Proof of Theorem 2.
LeEMMA 3.1. Let A € A and s € W(®(A)). Then for all w € W, k\(sw) = K (w).

PrROOF. It is enough to prove that for all « € ®(A) and w € W, k(s ,w) = k(W)
where s, denotes the reflection corresponding to «. But w's,A =w'A —
2((a, M) /{a, a))w™'a = w A since (a, A)/(a,a)E Zand 2nB =0 foranyn € Z,
B € ®. The result follows from the definition of k.

LEMMA 3.2. Let A € A, v,w € W. Then Kk ,(w) = k(v )k, (v 'w).

PROOF. This follows trivially from the definition of .

We note that the above two lemmas appear in [12a] as Propositions 3.1 and 3.3.

We will now assign to each A € A and system ®* of positive roots for ® a sign
e(A: ®@*). We will first do this for positive systems chosen as follows.

(3.3) If @ is of type 4, By, ,, Dy, E;, E;, or G,, pick ®* so that all simple roots
are noncompact. If @ is of type B,,, C,, or F,, pick ®* so that all long simple roots
are noncompact and all short simple roots are compact. If ® is not simple, pick
positive roots for each simple factor as above.

For ®* chosen as above, if ® is of type 4,, B,, D,,, E;, E;, or G,, set
gA: @) =1 for all A € A. For @ of type C,, denote the simple roots for ®* by
{a,...,a,} when (a;,a,,;)=-1,1<i<n—1 and {a, ,,a,)=-2. Let A, =
{ay +ay+ - +a,, | |0<p <k} wheren =2k or 2k + 1. If ® is of type F,, let
A, = {0, a}, @, } where a, is a short simple root and a, is a long simple root for @ .
In either case, for A € A, define W(A: @)= {6 € W|o®* (A) C ®* }. Then for
any A € A thereare A\, € A, and 0 € W(A,: ®*) with @ (A) = 6®* (A,). Define
eA:®")=deto K)\l((!-]). For @ of type F,, A, and o are uniquely determined by A.
For @ of type C,, A, is uniquely determined by A. Each element of W(A,: ®*) is of
the form o = vs where v € Wy N W(A,;: ®") and s € {6 € W|0oDP" () = &+
(A})}. Again, v is uniquely determined by A but s is not. However, det o KM(O_I) =
det v is well defined.

If ® is not simple, write ®* = ®" U --- U®" where the ®, are simple. Then for
A, EA(D,), 1 <i<s, definee(A; +--- +A,;: @) =TI5_ &(A;: D).

If ®* is chosen as in (3.3) and v € W, define e(A: v®*) = k,(v)e(v'A: @) for
allA € A.

LEMMA 3.4. Let A€ Aando € W(A: ®*) = {0 € W|o®" (\) C ®* ). Then for
allw € W, e(oA: ®* )k \(w) = det o e(A: D7 )xy(0~'w).

Proor. Using (3.2), it is enough to prove that e(oA: @) = k,(0~')det o e(A: @*)
for all 6 € W(A: ®*). Suppose first that ®* has been chosen as in (3.3). Write
eA:®") =¢&A). If ® is of type C, or F, and A € A,, then (3.4) follows directly
from the definition of e(o)). If A is arbitrary, then ®* (A) = 7®* (A)) for some
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M EA, and 1€ W(A,,®"). If 0 € W(A: ®"), then or € W(A,: ®") and the
result follows from using (3.2) and the definitions of e(a7A,) and &(7A)).

If ® is of type 4,, B,, D,, E,, Eg, or G,, &(A) = 1 for all A so we must show that
k(07') =deto for all 6 € W(A: @"). Write 0 € W(A:®") as 0 =5, s,
where the «; are simple roots and k is minimal. In this case each a; is noncompact.
The proof is by induction on k = /(o).

If k=0 the result is obvious. Suppose /(o) = k = 1. Because s, ---s,, is a
reduced expression for 0, 6y =5, -5, € W(A: ®")also and 5, € W(gyA: ®™).
Using (3.2) and the induction hypothesis, k)(67') = K, \(5, )Kr(05") =
det 0y K, 5(s,, ). Further s,®% (0,A) C ®* implies that « & ®(oyA) so that
2((oA, o) /(ay, @y ))a; Z0 and 5,00A = oA, Thus k, (s, )det o) = ~det o, =
det o.

If v®* is another choice of positive roots, v™'W(A: v®* )o = W(v'A: ®*) and
the result follows by using the first case, (3.2), and the definition of e(A: v®™").

THEOREM 2. Let w € W, € L. Let n = rank ®. Then

c(w:ir:® ) =27 3 g(A: ®% )y (w)c(wr: @ (N)).
AEA/A,

Before proceeding with the proof of Theorem 2, we will illustrate it in the cases
n = 1,2, where all values of ¢(w: 7: ®*) are known [5a]. Note that in these cases all
the signs e(A : ®* ) are one.

Case 1. Suppose ®* = {a} is of type 4,. Then forw € W, € L,

c(wiwlr:0%) = { Lif <a”’j><0’
0 otherwise,
and
c(r: @ )=c(l:7:®") + c(s,:5,7:D")
_ [2 if (a,7)<0,
0 otherwise.
In this case A/A, = {0} so that Theorem 2 just says c(w: w™'r: ®*) = 3¢(7: ™).

Case 11. Suppose ®* = {a, B, v, 8} is of type B, where 8 is the compact root and
a=y+8, B=y— 4. Inthiscase A/A, = {0,y + Ay} where ®(y) = {v, 8} is of
type 4, X A, and

1 ifwe WyUs Wy= W,
KW =1 twe saWx U sgWy = s Wy
If 7 € L is written as 7 = na + mf, then the nonzero values of c(w: w™'r: @),

&(t:®%), and &(7: ®* (y)) are given by the following table. Since c(w: w'lr: @)
is constant on cosets of W/W,, only values for w = 1, s, are given.

0>m>n 0>n>m 0>-n>m
c(l:7:0%) 1 1 2
c(s,: 5,7 @) 1 -1 0
&(r: @) 4 0 4
&(r: * (v)) 0 4 4
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Clearly in each case c(w: w'r: @%) = ¢[&(7: @) + k (w)i(7: @7 (v))].

Case 111. Suppose ®* = {a, B, v, @', B’, ¥’} is of type G, where a is simple and
short, B is simple and long, « + 8 =, and o, B’,y’ are orthogonal to a, 8, v,
respectively. We assume that vy, y’ are the compact roots. Then A /A = {0, a, B, v}
and W = W U 5, Wy U sgWy. ForeachA € A/A,, ®* (A) and values of ky(w) are
given in the following table.

0 a B Y
o () o {a, '} {B,B"} {v.v"}
k(1) 1 1 1 1
K\(5,) 1 1 -1 -1
kx(55) 1 -1 1 -1

For fixed 7 € L, write 7 = na + ma’. Then the nonzero values of the c(w: w™'r: ®*)
and ¢(7: ®* (N)) are as follows, verifying the formula of Theorem 2.

0>3m>n m>n>3m m<n<0 0<n<-m -m<n<-3m

c(l:7:0%) 2 2 4 2 2
(5q:5,7:0") 2 0 0 -2 0
c(sg:spT: @") 0 -2 0 0 2
Hr:dt 4 0 4 0 4
o1: 0" (a)) 4 4 4 0 0
(r: 01 (B)) 0 0 4 4 4
{r: @ (v) 0 4 4 4 0

PROOF. We first assume that ®* has been chosen as in (3.3). Write g(A: ®*) =
&A). For 7 € L', Theorem 2 will be proved by induction on n, the rank of ®. When
n = 1,2, it has been verified above that Theorem 2 holds. We assume that n = 3.
The induction step will make use of an identity of Harish-Chandra [3a) which relates
the constants c(w: 7: ®*) to constants for root systems of rank n — 1 as follows.

Let a € S, the set of simple roots for ®*. Let &, = {8 € ®| (B, a)= 0} and
¢ = ®* Nd,. It is easy to check in each case that ®; is a set of positive roots for
&, satisfying (3.3). For 7 € L', let 7, be the unique element in the weight lattice L, of
®, satisfying (7,, )= (7, B) for all B € ®,. The Weyl group W, of ®, can be
considered as a subgroup of W.

Forw € Wand 7 € L, define

c(wiwlr: @) )= {(c)(wl cwiln @) i:: ; ‘;ZV;I/’K‘T’I € W, m, € Wy,
Let s, € W be the reflection corresponding to a. Then for 7 € L’:
(3.5) cw:r:® ) +c(sw:7: 07 ) =c(w:7:®} )+ c(sw:7:0});
(3.6) c(r:®%)+c(sr: @) =28(r,: 9] ).
Identity (3.5) together with the fact that c(w: w™'r: ®*)=0ifr€ L™ = {1 € L|

(7,a)>0 for all @ € ®* } determines the constants c¢(w: 7: ®*) inductively [5a].
Thus if we define

s(wirm: @) =277 3 e(A)ry(w)é(wr: @ (X)),
AEA/A,
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to prove Theorem 2 for 7 € L' it is only necessary to verify that s(w: w™'r: ®7) =0
forr € Lt and that foralla € S,
(3.7)

s(wiwlr: @) +s(swiwlri @) =c(wiwlr: @F ) + c(sw:wlr: @ ).

The first identity follows from the fact that forr € L™ and any A € A, (7,a)>0
for all a € ®*(A) C ®* so that ¢(7: ®* (A)) = 0. The second identity requires a
detailed analysis of the terms occurring in (3.7).

Fix r € L', w € W, and a simple root a and denote the left-hand-side of (3.7) by
LHS. Then

LHS =27 3 e(N)[ry(w)e(r: @7 (X)) + xy(s.w)e(s,7: @F (N))].
AEA/A,

If « & ®(A), then since a is simple, s, € W(A: ®"). Using (3.4),
(s M)k, a(W)E(7: @7 (5,0)) + K, (5,003 (s7: @ (5,0)]
= —e(A)[r\(sw)E(s,m: @ (X)) + ky(w)é(7: @* (N))],

so that if s,A + Ay # A + A,, the corresponding terms in LHS cancel, and if
s, A+ Ay = A+ A, the corresponding term is zero.

Define A(a) = {A € A|a € ®(N)}. If A € A(a), then by (3.1), k\(s,w) = k\(w)
and a is a simple root of ®* (A) so that using (3.6),

LHS=2" 3 e(A)k(w)2e(r: @* (A),).
AEA(a)/Ag

For any A € A(a), A\, =X — (A, a)a/{a,a)E {A € A| (A, a)= 0} which can
be identified with A(®,), the root lattice of ®,. The mapping A + A; = A, + Ay(®,)
gives a homomorphism of A(a)/A, onto A(®,)/Ay(®,) which is bijective if « € A
and has kernel {A,, a + Ay} if a« & A,. It can be checked case by case (only
® = C, or F, are nontrivial) that for A € A(a), &(A) = &(A + «), and that these signs
agree with the sign e(A,) = e(A: ®; ). Finally, note ®(\), = ®(A + a), = ®(A,)
and that k, , (w) = ky(w) if and only if w'a = a.

Case 1. Suppose a € A . (Since rank ® = 3, this occurs only when ® = C, and «
is the long simple root.) Then

LHS = 27! > e(M)ry(w)e(r: ®F (N)).
AEA(D,)/Ao(D,)
If w € W, Wy, then LHS is equal to ¢(w: w™'r: ®} ) by the induction hypothesis
and sw & W, Wy so that c(s,w: w™'t: ®} ) = 0. Conversely, if w & W, Wy, then
c(w:wr: ®})=0,buts,w € W,Wyand LHS = c(sw: wlr: @] ).
Case 1. Suppose a & A . Then

LHS = 27"*! > e(M)e(7: @, () (ka(w) + Ky (W)

AEA(DL)/Ao(Dy)
_ |0 if wla = a,
T 2e(wiw @) ) ifwla=a
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In this case, w € W, Wy if and only if s,w € W, Wy and c(w:wlr: ®}) =
c(spw:w'r: @) ). Further, if w™'a Z a, thenw & W, Wy so thatc(w: wlr: @} ) =
0.

This concludes the proof of Theorem 2 for r € L’.

Let & denote the real vector space spanned by ®. Let §* be any component of
§ = (1 € F|l,co(T, a)# 0}. Define c(w:F" : ®*)=c(w:7: ®*) where 7 €
%* NL'. This is independent of the choice of 7 [3a]. Let 7 € L* = L\ L’. Let
W(r) = {w € W|wr =1}. Let ¥ be a component of §’ with r € cl(F"). Then it
follows from the definitions of c(w: 7: ®* ) and ¢(7: ®*) that

1 > c(w:oF:0t)

elwsr: <I>+) B [W("')] vE W(T)

and

c(r:0t)=[w(r)]" I e(vF:0").
vEW(T)

For A € A, let 3'(\) = {1 € F|ll,con {7, @) 0}. Let §" (A) be the compo-
nent of '(A) containing §* . Define U = U(X, 1) = {w € W(7)|wF" C F* (M)},
and ¥V = V(A, 1) = {w € W(®(N)) | wr = 7). Then W(r) = VU and UN V = (1).
Forw € Uandt € 5" NL,c(wr': ®*(A\) =«F" (A): ®* (N)). Thus for 7 € L,
7 € ¥ NL’, using Theorem 2 for 7’ € L',

c(wiwlr: @ ) =27 5 N)i(w)[W(r)] S é(vr: @t (N))

AEA/A, vEW(T)

=27 T dMuWUIW()]" T (o5 (A): @ (1))

AEA/A, vEV

=277 3 e(A)ry(w)e(r: @1 (N)).

AEA/A,

This finishes the proof of Theorem 2 for ®* chosen as in (3.3). Let v € W. Then
using (3.2) and the definition of (A : v ™),

c(wir: 00" ) =c(v'w:7:0")

=27 Y eA: 0" )ky(v'w)e(vlwr: ®(A) N D)

AEA/A,

=27 3 (oA @7 )ky(0)ky(w)e(vwr: @(07'A) N @)
AEA/A,

=27 Y e(A:0®" )ky(w)c(wr: ®(A) NodT).
AEA/A,

4. Proof of Theorem 1. Let H € Car(G). We will use the notation established in
§2. Let Car'(M) = Car(M)\{Hy}. Fix J € Car(M) with Lie algebra { = j, + 1p-
Let W be the Weyl group of ® = ®(m, i), Wi and W, the subgroups correspond-
ing to ®; and ®,. Let W, = {w € W|wj = i}. Then Wy, W,, and W(M, J) are
subgroups of W,, and as in [Sd], we define

(4.1)  w(m, i) = [W][W(M,, J)]/[W(M, 1)) = [W W]/ [W,].
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Let I'(j ,) be a full set of representatives for Wy orbits in Z(j ). The representa-
tives can be chosen so that l"(jp) C HY.Fory € I‘(jp), let

Dp(y) = {a € B |£,(v) =1}, @F (v) = @x(y) N v®* (g, be)
Let Wi(y) = W(®x(Y)) and let Wy (y) be the subgroup of Wi(y) generated by
reflections in the roots a of ®g(y) for which »~'a is a compact root of (m, b,). Let

i, (v)={HE€i,|a(H)>0foralla € ®z (v)}. Then fory € I'(j ), h € exp(ij,,),
and p € iy, we define

@2 y:hw) =[] 3 detof 3 E(yoh)
0 E Wr(y) 1, () reL(®g)
Xc(v:o'r: @F (v))exp(r — in)(H) dH.
Let S(H, J) be the set of all sequences Jy, J,,...,J; where J, = H, J,=J = JH,,
and for 1 <i<1J, € Car(Mj_).For0<i</leta, = (j,),. Thenj, = ®Z_,a,.

For h, € Hy, write »(h,) = hoh, ---h; where hy € J; and for 1 <i</ h, €
exp(ia;). For p € j¥, write p, for the restriction of p to a;.

THEOREM 4.3. There is a dense open set H* C H' so that for h = h,h, € H*,
f € C2(G),

(1) [W(M, Hy) : W(M°, H})]

Ff(h) = . > detw
/ i
vol( Hy )(27)"™" wEW(M°, HY)
X 3 (@n) "™ w(M,, I D [ [ 6(, b @ p)(f)
('77) 7 Jk S ), ¥, @ p)(f
JECar(M) pre, 07 15

X Y (-1)'I(S:b*:p:wh,)dpdy.
SES(H,J)

For S € 5(H, J),b* € Jy,p € i%, and vh, = hoh, -- - h, € Hy,

! -
I(SZb*Z[.Lth): 2 z b*(Yl "'Y[ho) H WiIJJ,"i'(Yi:hi:“i)'

v1€l(ay) v€T(ay) i=1

Here w, = w(m,_,, i,)/1Z(a,) N Z(&,_,)] where &, = ©Z'_ga,,0<i<I.

ProOF. This result is proved in the same way as Theorem 3.7 of [Sd], using
Theorem 3.4 of [5d]. Note that for J € Car' (M), W(MP, J2) C v(W(M°, HY)), so
that all Weyl group sums can be combined. The subset H* of H’ for which the
formula is valid will be smaller than that for Theorem 3.4 [5d], as when each
remainder term is analyzed, it is necessary to eliminate certain elements.

The remainder of this section will be devoted to evaluating the integrals 1},
H € Car(G),J € Car'(M,;), which occur in the inversion formula. Sally and Warner
derived a simple formula for If(y: h:p) in [10] when ® is of type A4,. For
rank ® > 2. Theorem 2 will be used to express I}’ in terms of factors of the type
which occur in the Fourier inversion of stable orbital integrals, which are then
simplified as in [5d, e] into products of rank one and two type factors.
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Fix y € I‘(I ). Write ® = ®p(y), Pcpr = {a €@ |»~'a is a compact root of
(m, b)), a* =i, Y (v), W= Wg(y) = W(®), and Wy = W(®pr). We will use the
notation of §§2 and 3. Let A, be a subset of A so that for each A € A there is a
unique A; € A, withA € wA, + A, for some w € W. Then every coset A + A can
be represented by one of the form oA + A, where A € A,ando € W(A: ®7) = {0
€ W|e®"(\) C ®*}. This representation is unique only up to an element of
W(®:d*(A) = ({0 € W|ed*(A\)=®*(N\)}. Fix AEA, and ¢ =¢(A) €
J(®(N)). Write ¢ = ¢, U - -- Ug, where the ¢, are simple. Let a, = Z,, RH,,
Il <i<s.Thenj,=aqa, ® - ®a, Write T = exp(ij,) and T, = exp(ia;), ] <j <
s. Then T, = T, - - - T,, but the product need not be direct. Thus for » € L(¢), &,
need not be well defined on T, although it is on T, = T, X --- X T,, the abstract
direct product, by £,(n,,.;. ) = Hj:,i,,(n ;) where 7, is the restriction of 7 to a;.
Let E={(n},...,n,) € Ty|Il5-m; = 1}. Write Lg = L(®g(m, i)). Then [E]=
[L(@): Lg], and for T € L(9),

E] if L,,
(4.4) 2 §f(mw-’"s):{£] :f:ZL:

For p € 3, let p; denote the restriction of p to a;, 1 <j<s. For h € T;,, write
h =1I5_,h; where h; € T,. This decomposition is unique only up to componentwise
multiplication by an element of E. Define

(4.5) Pl ,u,h)= 3 [IS(qv, SR mihy)

where the S(;" , p;, h;) are defined as in Theorem 1. Define
c(A) = e(@: @ (A))e(X: @ 2"[E][W (@: @* (\)][W(@(): 97)]

where n = rank ®, and for any root system ® and subset y, W((®:y) = {w €
W(®)|wy =y}

To shorten formulas, we use the following notation. For b* € fK, p € iy, hy € Hg,
we say g(b*, p, h,) = g'(b*, p, h,) if for h, € H),

2 fh""fﬂ(f b*, p ® w)(f)g(b*, u, by ) dp dp’
b"EJ p

= 3 [ B[ 6T, 6% w @ w)(£)g (6% s i) dprdp,
bred, 7 i

where g and g’ are functions of (b*, p, 4, ) for which the sums and integrals above
converge. Because of the transformation rule for 8(J, b*, u ® p')(f), for w €
WR(m9 i)9

(46) g(b*, ®, hk) Eg(ﬂ(W) ®Wb*,WM, hk)

where n(w) € Jy is defined as in [5d]. Recall that (n(w) ® wb*)( Jo) = b*(jy) if
Wi = Jio Jk € Jk-
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LEMMA 4.7 For hy € Hy, decompose vhy = hoh, where hy € Jx and h, € exp(ij,).
Then

b*(vho) I7'(v: by ) = (i) [ Wi ] 0*(vho)

X MEZA c(A)” Ewdet vk\(0)P(@" (X)), p, yoh,).

PRrROOF. Using (4.2) and Theorem 2,

b*(vho) I/ (y: by p) =[Wil'27"0*(vho) 3 I(A, p, vhy)
AEA,

where for A € A, andj € exp(ij,),

I p, j)=[w(@:0*(A)]" T 3 deto
GEW(A: 1) vEW

X[ 2 E(w)e(oh: @ )k p(0)é(r: 0@ (N))exp(r — in)(H) dH.
a relyg
Fix A € A,. Write W, = W(A: ®*), W, = W (®: ®"(N)), and &(oA: ®") =
e(oA). Then using (3.4),

INp )= 3 3 det(ov)

X f ) zL £,.(09) e(oM )k, (00)E(o7: 6@+ (N))exp(or — in)(H) dH

=eM)[M]" T detory(v) 3

vEW cEW,

X[ 2 Elw)e(r: @ (\)exp(r — io™p)(H) dH.
0 A relyg

Let ¢ € J(®(A)). Define Wy(¢, A) = {s € W(®(A))|sp* C ®* (A)}. Then as in
[Sc,e] T(®(N)) = {op|o € Wy(p,N)}, e(op: ®T(N)) =detoe(p: P*(N)), and
(2.1) can be rewritten as

c(r:®*(N)) =[m(®(A): ")) 'e(@: @ (X)) X detsé(s'riob).

SE Wy(p, )

Write W (®(N): o) = W], Wy(p, A) = W}, and &(9) = e(p: ®* (N)). Thus, using
(3.1,

I\, j) = eI W] e(9) 3 dets 3 detsory(sv)

SEW; vEW

xS [ 3 Elw)e(rigt Jexp(r — is”o")(H) dH

R
0cEW, s 0 0 r€Ll,

= (M)W ] [Wi]'e(p) T detviy(v)

vEW

X ¥ X I(v,s'e7n, s a™)

CEW, sEW;
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where

1, ma%) = &)z 9" Jexplr i) (H)

TE

+ =

for j € exp(ia;), p € i}, and a™ a component of a’ = {H € a|a(H) # 0 for all

a € ¢},
Because every element of W = Wg(y) centralizes yh, using (4.6),
b*(vho) I(yohy, s'o7'n, s7'0 7 a™ ) = b*(vhy) I(yohy, p, 576 'a ™)
forallv € W, s € W;, and ¢ € W,,. Note that
U Usa"=a*(¢)={HEj,|a(H)>O0foralla € ¢*}.

SEW; 0EW,
Thus
b*(vho) I(A, m, yhy) = (M) [ W17 [W(] 'e(@) b*(vh,)
X zwdetm(o)f . S E.(yoh,) é(r: 9" Jexp(r — ip)(H) dH.

Using the notation of (4.5), write a; = {H € a,;|a(H) >0 for all « € ¢;" } and
yoh, = [I;_,h;(v) where hy(v) ET,, 1 <i<s. Foranyp € a}, h € T, write

Ihipgr)=[ 3 EW)e(r:of Jexp(r = in)(H) dH.

a4 reL(9)
Then using (4.4),
b*(vho) I(A, p, vh)) = 27c(N) ' b*(vhy) 3 det vk,(v)
vEW
X 2 [T I(nihi(0):p;: 0 )-
(CITEE n)EE =1

The factors I(h: p: ®;" ) defined above are exactly the terms associated with the
simple root system @, of types 4, or B, which arise in the Fourier inversion formulas
of stable orbital integrals. It follows from results of Sally and Warner [10] for the 4,
case and Chao [2] for the B, case, which are summarized in Lemma 4.6 [5d], that

b*(vho) X detu I lfII_(niuhi(v):u,«:<P,~+)

u€W(oe) (¢TI n,)EE i=1

=(mi)"b*(vhy) X detuP(o",p,uyvh)).
ue wie)
The lemma now follows from observing that uh,(v) = h,(uv) for all u € W(¢p),
vE W, and 1 <i<s, and that W(¢p) C W(®(A)) so that k,(uv) = k,(v) for all
ue We),ve Ww.

In (4.7) we have obtained an expression for I} in terms of factors S(¢ ™, u, k),
of types 4, or B,, which occur in the Fourier inversion formulas for stable orbital
integrals. In Lemma 4.9 we will do more simplification to eliminate the sum over A,
and the “characters” k,.
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Fixy = ¢, U --- Ugp, € T(®) for which every long root is of noncompact type.
(We call a a long root of ¢ if a belongs to any factor ¢; of type 4, or if « is a long
root of a factor ¢; of type B,.) We use the notation of (4.5). Let 1 <i<ys. Let
p € a* h € T,. Define T(9;" , p, h) = S(@;" , p, h) if @, is of type 4,. If ¢, is of type
B,, let ¢, denote the short positive roots of ¢,, and define S(¢;';, u, #) as in
Theorem 1. Then define T(g;" , p, h) = S(¢;" , p, h) + 5S(@;, p, h). Set

s
(48) Q(\P+”J" h) = 2 H T(q)i-'-’p‘i’ "7," hl)
("11 vvvvv ns)EE i=1
LEMMA 4.9. Let ¢ € §(®) for which every long root of Y is of noncompact type.
Then

2 detw b*(vho(w)) If(v: hy(w): )
wE W(M°, HY)

= (mi) [ (®@: 9] [Ly: L] 'e(: @)

X 2 detw b*(vho(w)) Q(¥ ", 1, Yhi(W)).
wE W(M°, HY)

PROOF. Suppose first that ®* has been chosen so that ®* and y* = ¢ N & both
satisfy (3.3). Then A, can be chosen so that for all A € A;:

DeA:® ) =1;

(i) e(A) = ¢ N @(A) € T((A)) and &(p(A): T (X)) = e(y: @7);

(iii) W(®: @*(A) C W(P: 9T );

(iv) A is a sum of long roots of ®(A).

Fix ¢ C¢ such that A(p) ={AE A, |9 ET(P(N)} # @. Let U(p) =
S(p)W,(®: o) where S(g@) is the subgroup of W(¢) generated by reflections in
long roots of . It is clear from the explicit formulas of the S(¢;* , p;, h;) in Theorem
1 that for s € S(¢), P(¢*,pn, sh) =detsP(¢*,p, h) for all p € i, and h €
exp(ii,). For u € W(®: ¢"), P(¢", p, uh) = P(¢*, u”'y, h). Finally, »"'Wy C
W(M°, H?). Thus

S o) 2 detw b*(vho(w))

AEA () wE WM, HY)
X Y detvry(v)P(o*, p, yoh(w))
vEW
(U)W S detw B (vig(w)

wEW(M®, HY)

X > detv P(o™, 1, yoh,(w))

veEU(e)\W/ Wk
X[S(@)] S A Y detuxy(uo).
AEA(9) UEW(D: ")

Using (3.2), ky(uv) = ky(u)k,13(v). In the case that ¢ = ¢, ¢ € T(®) implies that
detu =1 for all u € W(®: ¢*). Since all long roots of ¢ are noncompact, and
because of assumption (iv) on A, u~'A = A for all u € W(®: Y ) so that k,(u) = 1.
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In the few cases that ¢ C ¢ it is easy to check that detu = «,\(u) for all u €
W(®: ¢" ). Thus det u ky(uv) = k,-1\(v) forallu € Wy(®: ™).

Clearly ¢ € I(®(ul)) for all u € W(®: ¢*), A € A(p). Conversely, if ¢ €
J(®(N)) for any A € A, then A + A, = wA,| + A, for a unique A, € A (). Since
o, w o € T(®(A))), there is 0 € W(P(A,)) with wlp* = op™ so that u = wo €
W(®:¢9*) and ®(u\,) = ®(A). Further, for u,, u, € W\(®: %), ®(uA) =
®(u,\) if and only if uj'u, € {u € W(®)|u®(A) = ®(A), up* =¢*} =
W(@: 0" AW(BN): ¢*).

Thus
[S(9)] 2 (W) T detury(uv)
AEA(9) UEW(D: ™)
=e(y: 0" )[Lq,: LR]_l > Kk (v).

A+APQET(D(A))

Case 1. Suppose that ¢ = . Then (A € A |y € T(P(A)} = (A E A |y C P(N)}
is a sublattice of A containing A, which we will denote by A:#' Further, for fixed
v € W, A > ky(v) is a character A, /A,. Thus

2 Kx(o)z{[A‘»:Ao] if ky(v) = 1forallA € A,

AEA/A 0 otherwise.

Note A, ={A€A|(N a)/(a,a)e Z for all a €y} and Ay ={AEA|
(A, a)/{a,ayE€ Zforalla € ®}. Thus[A,: Ag)=[L,: L]and [E]'[A,: A,] =
[L:Lg]l™". It can be checked that A, /A, = {Z_ &, + Ag| e, is a long root of ¢,
1 <i<k}. The set y;" of positive long roots of ¢ is a set of strongly orthogonal
roots of noncompact type and A — k,(v) is the trivial character of A /A, if and
only if v”'a = a for all « € ;" . This is the case if v € U(y)Wy. Conversely, if
v'a=aforalla €y}, then y," and v™'y, N ®* are two sets of strongly orthogo-
nal roots of noncompact type in ®, and hence conjugate by an element of Wy. Thus
wo™'y, =y, for some w € Wy and so v € UWy, where U = {u € W|uy, = {,}. In
all cases, UWy = U(y)Wj. Finally, note that W (®: ¢y*) C Wy so that [U(y) N
Wil =[S(¥) N W lW(®: ¢ )] and [S(¥) N W] = [L,: L]. Thus

S o) 3 detw b*(vho(w))
AEA(Y) wEW(M°, HY)
X Y detvky(v)P(¢", p, yoh(w))
vEW

=e(y: @) [W(@: ")) [Ly: Ly
X > detw b*(vho(w)) P(4" , p, Yhy(w)).

wEW(M®, HY)
If ¢ is of type 47, then A\(¢) = A, and P(Y™, p, Yhy(W)) = Q(¥™, p, Yhy(W)) so
the proof is complete.
Case 11. Suppose ¢ C ¢ and @ is simple of type B,,, s = 1, or F,;, s = 2. Then ¢ is
of type B; and ¢ is of type B;~' X B}. Then {A + Ay|¢ C ®(A)} is the disjoint
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union of {A + Ay | € T(P(A))} and {A + Ay|¢ C ®(A)}. Thus
2 kx(v) = 2 (o) - 2 k(o)

A+ ARPET(B(N)) AEAL/Ag AEAy/A,
where, as before, A, = {A € A|@ C ®(A)}. Now U(@)Wx = U(y)Wy so that if
v & U(y)Wg, A = k\(v) is nontrivial on A, and hence also on A, D A, and so
Zx+ Agwes@ayka(v) = 0. The double coset U(p)W of U(e)\W/Wj can be repre-
sented by v = 1 so that

> kn(1) =[Lg: L] —[Ly: L] =[L,: L].
A+ Ay ET(P(N)

Further, [L,: L]/[U(p) N WilL,: Lg] = s/[W(®: vt J4[L,: Lg]so that
2 C(A)_I[WK]_I 2 detw b*(Yho(W))

AeA(9) wEW(M®, HY)

X 2 detvry(v)P(e", u, yoh(w))
veEW

=s/4[W(®: 4*)][Ly: L] Te(v: @7)
X > detw b*(yho(w)) P(@™, 1, Yh,(w)).

wEW(MC, HY)
In this case A, = A, (¢) U A(9). If E is defined as in (4.5) with respect to
Y =¢, U--- Ug, then thereis 1 <j < s so that

R
P((P+,[L,h): 2 H S(q)z+’uu’nn1h1)XS((p_/-t—s”"Jvn_,hJ)

for all p €}, h € exp(ij,). Further, the s possible ¢’s which could have been
chosen, corresponding to 1 < j < s, are all conjugate by elements of determinant one
in Wy C vW(M°, HP). Thus

2 detw b*(vho(w)) I/'(v: hy(w):p)

wEW(MO, HY)

=(mi)" [W(@: ") ' [Ly: Le] 'e(w:@%) S detw b*(vho(w))

wEW(MO, HY)

N s
X 3 3 IS mnmh) X T(of ,pmh;).

M. ) EE j=1i=1

i#j
The lemma follows because any term in Q(¢*, p, h) which contains a factor of the
form S(@', p;, h,)S(@;', 1), b)) for some 1<i=;<s is stable under 4 — vh,
where v is an element of Wy of determinant —1 and thus will cancel out in the sum

over W(M°, HY).

Case 111. Suppose @ is simple of type B,,,,. Theny = ¢, U --- Ug,,, is of type
B; X B, and A((y) = A,. The lemma follows from Case I together with the
observation that any term in Q(y*, p, h) which contains a factor of the form
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S(@s, mis h)S(9;" s by, b)) for i, j with @, of type B, and @, of type B, is stable
under & — vk for an element v € W, with det v = -1.

Case V. Suppose ¢ ¢ ¢ and @ is simple of type C,. Then ¢ is of type Cf or
Cf X C, depending on whether n = 2k or 2k + 1, and ¢ is of type A3? X CF77 or
A}P X Cf7P X C, for some 0 < p < k where the 4, roots are short. In any case,
U)Wy = U(p)Wy = W, so the only double coset of U(p)\W /Wy can be repre-
sented by v = 1. Also in this case, for a given ¢, there is only one coset of A/A,
with ¢ € J(®(A)). Finally, [U(y) N W] = 2‘1’(’;)[U((p) N Wgland [L,: L] =2?
so that

S AT T detw b*(yho(w))

AEA(P) weE W(M°, HY)

X 2 detOKA(U)P(<P+ s Uy YOhl(w))
vEW

('Ij)w[Wl(q): Yt )]"[L¢: LR]“s(.p: o")

X ¥ detwb*(vho(w)) P(o™, p, Yhi(W)).
weEW(M°, HY)

Now, if E is defined as in (4.5) with respect toy = ¢, U --- Up,, s =k or k + 1
depending on whether ® is of type C,, or C,,,,, there is a subset P of {1,...,s}
with p elements so that

P(e* ,p, h)= 2 H S(‘P;‘Jr > I"i’nihi) H S(‘P:‘Ts’ Ky T’ihi)‘
M- n,)EE i&P iepP

For fixed p, 0 < p <k, there are (f,) such @ which could have been chosen all
conjugate by elements of determinant one in Wj. Thus

S detw 55 (vhg(w)) IF(v: hy(w): p)
wE W(M°, HY)
E("’i)n[Wl(q): Y )]—I[LW LR]—IS(‘W o)
X 2 detw b*(Yho(W)) Q(‘!"+ s By th’(w))'

wEW(M®, HY)

This concludes the proof of the lemma for ®* chosen as above.
Now suppose ®* is replaced by v®* , v € W(®). The the left-hand side of (4.9)
changes by det v. Write v = uo~! where u € W(y) and oy * C ®* . Then

e(: 00" ) =e(v'Y: ®*) =det oe(y: @F).
Further, ¢y N v®* = uy™ and
2 detw b*(vho(w)) Q(uy ™, p, vhy(w))

wE W(M°, HY)

=detu S detw b*(vho(w)) Q(¥* , 1, vh,(w)).

weEW(M®, HY)
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Thus (4.9) is valid for any choice of positive root system for ®.

We now have, using (4.9), a complete description of the terms I/(y: j: p) which
appear in Theorem 4.3. To complete the proof of Theorem 1, it is only necessary to
use this information to compute the terms

S (-)'I(S:b*:p:h)
SES(H,J)
appearing in (4.3). This stage of the proof can be accomplished in the same way as
the corresponding analysis in [5d,e]. It is slightly more complicated for three
reasons.

First, comparing the formulas for I/ to those for I in [5d, e], we see that the I/
may have extra terms. These will be carried along at each stage and cause no extra
difficulties. Second, in computing the Fourier inversion formula for F}”(h «h,), many
sums of the form 2, ¢ a0 up) det wg(b*, u, wh) appear, where g is some function
of b* € Jy, p € i}, and h, € Hy where J € Car'(M). In [Sd], the corresponding
terms would be averaged over the larger Weyl group W, = W;(g, b) = W(mg, b,c)-
Frequently 2, ¢, det wg(b*, p,wh,) =0, while 3, cppo po)det wg(b*, p, why)
makes a nonzero contribution to the Fourier inversion formula for Ff” . Thus in
passing from If{(y: j: p) to Eyer(ip)b*(y)lf’(y : j:p)and on to

S DUI(S:b*:pchy),
SES(H,J)
terms which would make no contribution to the Fourier inversion formula for an
averaged invariant integral, need to be retained in the formula for Ff”. However,
they can be handled by the same techniques used in [5d].

Finally, in [5d, e] we restricted ourselves to the case that H = T is a compact
Cartan subgroup of G. In this paper, we drop that simplifying assumption. For the
most part, this causes no problems. For example, for J € Car’ (M), S(H, J) can be
described in the same way as S(J) in [5d], where M ° takes the role of G and Hy that
of T. For a fixed S € S(H, J), the constants picked up in evaluating

1 ~
[Iw 3 () (v: b )
i=1  y€l(a)

are the same as those occurring in [Sd, €], except that if Z(),) N Z(j,) is not trivial,
the extra term [Z(}),) N Z(} p)]‘l factors out. In this way, we obtain the following.

LeMMA 4.10. Let J € Car(M). Then

() detw ~1)'I(S:b*: p:wh
(47T)dimi’[W(MJ’JK)] WEW(%IO.H,%) “ 565(21‘1,1)( ) ( . e k)
_ (_l)f/(l) (i)dimjp
[w(m, N)][2(v,) n2(i,)] \ 2

X > detwK(M, J, b*, u,wh,).
wEW(MO, HY)
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To complete the proof of Theorem 1 it is necessary to make two observations.
First, representatives w of W(M, H,)/W(M?°, HQ) can be chosen so that for all
h, € Hy, K(M, J, b*, p,wh,) = det wK(M, J, b*, p, h,). Thus

[W(M, He):w(M®, HR)] 2 detwK(M, J, b* p,why)
wEW(MO®, HY)

= >  detwK(M,J,b* u,wh,).
weEW(M, Hy)

Second, although Theorem 4.3 is valid only for 4 in the dense open subset H* of H',
both sides of the equation in Theorem 1 are continuous functions of # € H’. Thus
the formula is true for all h € H'.
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