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AXIOMS FOR STIEFEL-WHITNEY HOMOLOGY CLASSES
OF SOME SINGULAR SPACES'
BY
DARKO VELJAN

ABSTRACT. A system of axioms for the Stiefel-Whitney classes of certain type of
singular spaces is established. The main examples of these singular spaces are Euler
manifolds mod 2 and homology manifolds mod 2. As a consequence, it is shown that
on homology manifolds mod 2 the generalized Stiefel conjecture holds.

The purpose of this paper is to set up a system of axioms which describe in a
unique way the Stiefel-Whitney (S.W.) homology classes of some class of singular
spaces, called in this paper allowable class. The main examples include Euler
manifolds mod 2 and homology manifolds mod 2. This axiomatic characterization of
S.W. homology classes then gives as corollaries affirmative answers to generalized
Stiefel conjectures. The classical Stiefel conjecture says that on a smooth manifold
M?", the Poincaré dual of the ith cohomology S.W. class is represented by the cycle
mod 2 which is equal to the sum (mod2) of all (n — i)-simplices in the first
barycentric subdivision of some triangulation of M [21]. In the generalized Stiefel
conjecture we deal with Steenrod squares of Wu classes instead of ordinary
cohomology S.W. classes.

The question about a possible axiomatic description of S.W. classes for Euler
manifolds or for more general spaces was posed by Blanton and Schweitzer [4]. Our
corollary on homology manifolds mod 2 was also obtained by Taylor [19], but from
a completely different viewpoint.

The main tools in proving that our axioms determine a unique class are block
bundle transversality and a description of cohomology classes as morphisms on
bordism groups. These techniques then provide the “transversality classes” 7(¢p) of
an embedding @ of our singular space X into the interior of a PL manifold M. 7(¢)
lies in H*(M, 0M; Z,) and determines characteristics (mod 2) of transversal intersec-
tions of X with singular manifolds in M. These ideas are based on the work of
Latour [13]. In §1 we give some basic facts about Euler manifolds mod 2 and their
S.W. homology classes, which then motivates §§2 and 3 where we introduce
allowable classes of spaces and introduce axioms for their S.W. classes. In §4 we
prove that the axioms determine unique classes and derive the above-mentioned
consequences.
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1. Geometry of Euler manifolds. By a “polyhedron” we shall understand a
compact polyhedron, but the whole theory makes sense for locally finite polyhedra
(and then appropriate homology based upon infinite, but locally finite chains). First,
we recall some basic definitions, facts and examples.

A geometric cycle of dimension n is an n-dimensional polyhedron X with a
triangulation in which (n — 1)-simplices have as links just two points and lower
dimensional simplices have nonempty and connected links.

An n-dimensional geometric cycle with boundary (X, 0X) is an n-polyhedron X
with a triangulation in which (n — 1)-simplices have as links one or two points,
lower dimensional simplices have nonempty and connected links and all the faces of
(n — 1)-simplices with one point links constitute an (n — 1)-geometric cycle, called
the boundary 3 X of X. We always assume 9.X is locally collared and hence collared
in Y.

Note that an n-geometric cycle is an n-pseudomanifold (circuit), and is “purely
n-dimensional”.

If X is an n-dimensional geometric cycle, then its singular set S(X) = {x € X|
d y(x) < n} has dimension < n — 3, where d(x) is the intrinsic dimension of x in
X. For every connected n-dimensional geometric cycle with boundary (X, 4.X), we
have a canonical isomorphism H,(X, 0X;Z,) ~ Z,. The generator of this group is
denoted by [ X, 9. X] or simply by [ X].

1.1. DEFINITION. An n-dimensional geometric cycle X is called n-Euler manifold
mod 2 (or Z,-Euler manifold) if it is an Euler space, i.e. x(X, X\{x}) =-1 for all
x € X, or equivalently if x(Lk(x, X)) =0, for all x € X, or equivalently if there is a
triangulation K of X such that for all 0 € K, x(Lk(o, K)) = 0. Here, Lk(o, K) is
the boundary of the simplicial neighborhood of o in K, x is the Euler characteristic,
and = means = (mod 2) throughout this paper. More generally, n-Euler manifold
mod 2 with boundary is an n-dimensional geometric cycle with boundary (X, 34.X)
such that x(X, X\{x}) =1, forall x € X\d.X and

x(X, X\(x}) =0, x(3X,3X\{x}) =1,

for all x € 9X. Equivalently, there is a triangulation (K, L) of (X, 0X) such that
x(Lk(o, K)) =0 for all 6 € K — L and x(Lk(o, K)) = 1, x(Lk(e, L)) =0 for all
cE L.

That all these definitions are equivalent follows from the following facts:

Hs(Lk(’x’ X)) ~ Hs+l(X’ X\{X}),
Lk(x, X) ~pL00 * Lk(0, K) ~p.=*"'Lk(0, K ),

where x € 6, 0 € K, | K|= X, and for any compact polyhedron P, x(P) = x(ZP).
Note that there is an appropriate notion of (integral) Euler manifolds (x( X, X\ {x})
= (-1)¥™ X for all x € X), but we will not discuss them in this paper.
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Examples of Z,-Euler manifolds include all mod 2 (polyhedral) homology mani-
folds, and suspensions of connected mod2 homology manifolds with even Euler
characteristics, since the only two bad points have connected links with x(link) = 0.
Further, let M" be a connected closed mod 2 homology manifold, and ¢* a (disk or
block) bundle over M whose sphere bundle is connected. Then the Thom space
T(§) = Tis an (n + k)-Euler manifold mod 2. For, let E = E(§) be the total space
of £. Then T = E/9E and let * be the base point (the only “suspicious” point), and

x(T, T\{#}) = x(cone(3E), 3E) = 1 — x(3E) = 1,

since x(boundary of mod2 homology manifold) = 0. Further, as Sullivan [17]
pointed out, compact connected real analytic spaces as well as complex projective
varieties are Euler spaces. Sometimes they are not Euler manifolds, i.e. links of “bad
points” are not connected, as the “pinched torus” x> + y* = xyz in homogeneous
coordinates [x, y, z] in CP? shows, but sometimes they are. For example the
quadratic cone X* x2+y2+:2=0 in CP? with homogeneous coordinates
[x, y, z, w]. The only singular point is p = [0, 0,0, 1] and Lk( p, X) ~ (tangent circle
bundle of S?)~ RP? Note that X is homeomorphic to the Thom space of the
tangent bundle of S2. Finally, King and Akbulut [12] showed recently that 2-dimen-
sional real algebraic sets are topologically characterized as 2-dimensional Euler
spaces.

Let us mention only that if X is a Z,-Euler manifold (or just a geometric cycle)
with isolated singularities which is also a Z,-Euler-Poincaré complex, then X is, in
fact, a Z,-homology manifold. This follows from McCrory [15].

Note that if X is an n-Euler manifold mod 2, K a triangulation of X and ¢* € K,
then Lk(¢*, K)is an (n — k — 1)-Euler manifold mod 2.

An appropriate class of maps relating mod2 Euler manifolds are mod2 Euler
resolutions. Let f: X — Y be a map between two polyhedra. We say that fis a mod 2
Euler resolution if f is a PL map, and f'(y) is a nonempty, connected set with
x(f Y (y) =1, for all y € Y. It is easy to see that if f: X > Y is a mod2 Euler
resolution between two n-polyhedra and X is a mod 2 Euler manifold, then Y is too,
and x(X) = x(Y). In particular, being a mod 2 Euler manifold is a PL property.
Goldstein and Turner [9] showed that being a mod 2 Euler space is a topological
property.

1.2. PROPOSITION. Let f: X — Y be a mod 2 Euler resolution between two n-dimen-
sional mod2 Euler manifolds; then C,, the simplicial mapping cylinder, is a mod 2
Euler manifold of dimension (n + 1) with boundary X11Y. The converse is also true.

For a proof see [20]. O

Let us denote by EZ(2) the class of all n-dimensional Euler manifolds mod 2 with
boundary and by E”(2) the class of those with empty boundary. E;(2) = U, _,E3(2),
EQ2) = U,_,E"(2). Note that (X, 0X) € E3(2) implies 0.X € E"'(2).

1.3. PROPOSITION. (a) GLUING AND CUTTING: Ler (X},3X;) € E5(2), ¥, C 90X,
Jj = 0,1, be components of the boundaries and f: Y, - Y, be a PL homeomorphism. Let
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A;=0X\Y;, and X=X, U, X,. Then (X, 4, U A4,) EE}Q2). If (X, Ay U 4,),
(X;,0X;) € E}(2), then also (X, _;,3X,_;) € E}(2).

(b) ProDUCT: Let (X,3X) € Ef(2), (Y,9Y) € E¥(2). Then (X,0X) X (Y,9Y) =
(XX Y,0X X YU X X3Y) € EF*4(2). Conversely, if (X,3X) and (Y,0Y) are
geometric cycles of dimension p (resp. q) such that (X,9X) X (Y,0Y) € EF*9(2),
then (X,9X) € E£(2), (Y,9Y) € E4(2).

(c) JOINs, SUSPENSIONS, CONES: Let X € E?(2), Y € E4(2), X,Y connected and
xX(X)=x(Y)=0. Then X +Y € EP*9"Y(2). Furthermore, let X € E?(2), X con-
nected and x(X) = 0. Then ZX € E?*(2) and (cone X, X) € EZ*(2).

(d) BiCOLLARITY: Let X" € E}(2) and Y"~' C X be a subpolyhedron, and Y C
X\0X and Y (locally) bicollared in X\3X. Then Y € E3~(2).

(e) REGULAR NEIGHBORHOODS AND COMPLEMENTS: Let X € E§(2) and P C X\0X
be a subpolyhedron of X. Let N be a regular neighborhood of P in X and 9N its
boundary. Then (N, dN), (X\ N, dN U 3X) € EZ(2).

(f) BLOCK BUNDLE: Let E be the total space of a k-bundle £* (fibre: D*) over an
n-polyhedron X, and OE the total space of the associated sphere bundle. Then X €
EQ2) = (E,dE) € EI7%(2).

ProOOF. The analogous properties for geometric cycles are proved in [13], so we
only examine local Euler numbers.

(a) Since links are PL invariants, we may assume that ¥, = ¥, = Y and f = id.
Let y € Y. Then Lk(y, X) = Lk(y, X,) U Lk(y, X,) with intersection Lk(y, Y) =
Lk(y,9X,) = Lk(y,9X;). Hence x(Lk(y, X)) =1+ 1—-0=0. It is clear that
other points in X have appropriate local Euler numbers.

The cutting property can be proved similarly.

(b) It follows at once, using the fact that for x € X, y € Y, Lk((x, y), X X Y)
~pL Lk(x, X) * Lk(y,Y) and x(4 * B) = x(A4) + x(B) — x(A)x(B). The con-
verse is true because fora, b € Z,a + b =ab < a = 0 &b = 0 (mod 2).

(c) One can use the following precise formula for the link of a point in the join:
Forxe X,ye Y,t €[0,1],

X » Lk(y, Y), t=0,
Lk(tx + (1 —¢t)y, X*Y) = { (SLk(x, X)) » Lk(»,Y), t€(0,1),
Lk(x, X) * Y, (=1

Then one uses the formula for x(A4 * B) and the fact x(£Z) = x(Z). The cone and
suspension are clear. In fact, the join-case follows from (a), (b) and the cone-case,
using the fact that X * Y ~pL cX X Y Uy, y X X cY.

(d) The point here is that if (K, L) triangulates (X, Y), then foro € L, dimo <n
— 2, bicollarity implies (Lk(o, K ), Lk(o, L)) ~p.(ZLk(e, L), Lk(a, L)).

(e) Follows from (d).

(f) It is not hard to show that all local homology is getting shifted in E for
k = dim §; see [20] for details. O
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1.4. DEFINITION. Let X be an n-polyhedron, X its triangulation, K’ the barycentric
subdivision of K. For every p, 0 < p < n, let
sep(K)= 2 (9 9,)EC(K;L,),
0<---<0,€K
where o, is the barycenter of o,.
More generally, let (X", Y"~!) be a polyhedral pair, (K, L) its triangulation, and
(K’, L") the barycentric subdivision. We define
spKL D)= 3 {eg)EGKL LSL,).
0<--- <up€K; aPQL
These chains mod 2 are called Stiefel chains mod 2.

It is known that if K triangulates an n-Euler manifold mod 2 then 5,(K") is a cycle
mod2 for all ¢<n, and in the relative case that ds,(K’, L") =5, (L") €
Co—g— (L5 Z,) for all ¢ < n (cf. [10]).

Note that instead of barycentric, we can take any derived subdivision K* of K by
starring the simplices at any interior point 6* € 6, and then the simplicial isomor-
phism ¢ — ¢* carries s,(K’) to s,(K*), and since it is isotopic to the identity, if one
of them is a cycle, the other one is too. So we can write s, (K') instead of s (K"), etc.

1.5. DEFINITION. Let X" be an Euler manifold mod 2. Then the homology class of
5,(K) is denoted by W (X) € H,_(X;Z,), for every q, 0<g<n—1, and for
q=n,let W (X) € H(X;Z,)betheclassof 5,(K) = Z,cx(0)E C(K"; Z,).

Similarly, if (X, dX) is an n-Euler manifold mod2 then the homology class of
5,(K, L) is denoted by W,(X,3X) € H,_(X,3X;Z,). The class W, (X,dX)=
W,(X) is called the gth Stiefel-Whitney homology class (S.W. class) of (X, 3.X), and

n
W(X,3X) = W(X)=Wy(X)+ W(X)+ - +W,(X) € D H(X,9X;Z,)
i=0
is called the total S.W. class.

1.6. REMARKS. (a) W, (3X) = 0W,(X,dX) € H,_,_(0X;Z,), where (X,0X) €
E4(2) and 9 is the boundary operator. This follows from the above formula on the
chain level.

(b) Let (X,0X) € E}(2) and let e: Hy(X,0X;Z,) - Z, be the augmentation.
Then eW,( X, dX) = x(X, .X). Further, since the diagram

Ho(aX; Zz) ":’ Ho(X§ Zz)

e\ e
Z2
commutes, it follows that
x(3X) = e(W,_(3X)) = &i, W, ,(0X) = ei, W, (X) =0,
since i, 0 = 0.
(c) Note that Wy(X) € H(X,09X;Z,) is the mod2 fundamental class [ X] for
every (X, 9X) € E}(2).
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(d) Using 1.2 it follows easily that if f: X - Y is an Euler resolution mod 2
between two n-Euler manifolds mod 2, then f, W (X) = W(Y) forallq,0 < g <n.

In particular, S.W. homology classes are PL invariants. This justifies the notation
W,(X) (instead of W (K)).

The definition of Euler cobordism mod 2 is the usual one. Denote by 95 the nth
cobordism group based on the class E;(2). Denote by X the Euler characteristics
reduced mod 2.

1.7. PROPOSITION. X: NE? - Z, is an isomorphism for n # 1 and N* = 0.

PROOF. Since a circle bounds, %1,'3'2 = 0. That ¥ is a well-defined homomorphism
follows from 1.6(b). Let n > 1, X € E"(2) connected with x(X) = 0. Then by 1.3(c)
(cone X, X) € E;*'(2) and X is a boundary. If X is not connected, take a cone over
each component. So X is a monomorphism. To see that 91,',:’2 # 0, for n = 2, we have
in dimension 2, X(RP?) = 1 and for n = 3,

X"=S8'X D" U cone(S' X $""2) €E"2) withx(X")=1. O

The Euler bordism mod2 is also defined in a standard way. So, denote by
9NE2(4, B) the nth Euler bordism group mod2 of the polyhedral pair (4, B).
9 E2( ) is clearly a homology theory.

Next, denote by HS*(A, B)= @, H,_(A, B;Z,). Now, H>*( ) is also a
homology theory and there is a natural transformation w: 9Ne?( ) —» HE?( ) defined
by

o p([X, f1) = 2 f.(X).
i1
(Here one uses 1.6(a).)

1.8. PROPOSITION. The natural transformation w: %f‘z( ) » HE?() is an equiva-
lence.

This follows from the fact that w,.y,: Iy (point) — HF*(point) is an isomor-
phism (cf. 1.7 and 1.6(b)). O

1.9. COROLLARY. The Hurewicz map p: 95*(A, B) > H (A, B; Z,) is an epimor-
phism, whose kernel is generated by decomposable elements [X XY, fo pr] =
[X, f1-[Y), where Y is without boundary.

PrOOF. The epi part follows from Proposition 1.8 and 1.6(c), and the result about
the kernel from degeneracy of the spectral sequence of the homology theory 9UE?( )
asin [7] (cf. [13])). O

2. Allowable classes.

2.1. DEFINITION. For any n = 0, let L% be a subclass of n-dimensional geometric
cycles with boundary, closed under PL isomorphisms, (D", $"~') € L} and let L"
be the subclass of L% consisting of those with empty boundary. Then an L3-manifold
is an n-dimensional geometric cycle with boundary (X, 9.X), such that Vx € X\d.X
| Lk(x, X)|€ L"™'; Vx € 3X |Lk(x, X)|€ L' and |Lk(x,9X)|€E L' 2 1f 9X
= @ we will call (X, @) = X a (closed) L"-manifold.
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An allowable class A consists in each dimension n = 0 of a class A", each member
of which is an L}-manifold and such that the following global properties hold:

(a) Gluing and cutting. Let (X;,9X;) € A", Y, C X, j = 0,1, be a component of
the boundary (or several components) and f: Y, — Y, a PL homeomorphism. Denote
A;=93X\Y and X = X, U, X,. Then (X, 4, U 4,) € A". Conversely, if (X, 4, U
A4), (X;,0X;) € A", then (X,_;,9X,_;) € A"

(b) Boundary. If (X,3X) € A", then X € A" and x(0X) = 0 (mod 2).

(c) Product. Let (X,9X) € A?,(Y,3Y) € A%. Then (X,9X) X (Y,0Y) € A?"9,

(d) Block bundle. Let E = E(¢) be the total space of a k-block bundle £*(fibre : D¥)
over an n-geometric cycle X. Then (X,0X) € A" & (E,0E) € A"**, where oE =
E(£/9X) U (the total space of the associated sphere bundle).

(€) Steenrod representability. Denote by NA(A, B) the appropriate notion of
unoriented bordism groups based on the class A, n = 0. Then for any pair (A4, B) of
polyhedra, the “Hurewicz map” p,: NA(4, B) » H(A, B;Z,), p, (X, f]) = f,[X]
is an epimorphism and the kernel of u,, is generated by the decomposable elements in
the image of the natural pairing N2(A4, B) ® N4(pt) » NA(4, B); that is by
elements [X, f]-[Y]=[X X Y, fopr], where f: (X,0X) - (4, B),dY = @,
dimY > 0.

2.2. REMARKS. (1) If (X,0X) € A® and Y C X\dX is a subpolyhedron and
(N,0N) is a regular neighborhood of Y in X,C = X\J\of, dC = dN U dX, then
clearly from local properties it follows that (N, dN) € A" and by (a), (C,dC) € A"
(cf. [6]).

(2) Examples of allowable classes include smooth and PL manifolds.

Now, by 1.3, 1.6(b) and 1.9 it follows:

2.3. PROPOSITION. The class E,(2) of Euler manifolds mod?2 is an allowable class.
a

2.4. PROPOSITION. The class Hy(2) of ( polyhedral) Z,-homology manifolds is an
allowable class.

PrOOF. Local properties and the gluing-cutting property follow easily using
Mayer-Vietoris arguments; the boundary property follows by Z,-Poincaré duality.
The product and the block bundle property can be easily checked; cf. [6]. The
Steenrod representability follows as in 1.9. O

3. Stiefel-Whitney homology classes of allowable pairs.
3.1. DEFINITION. Let A be an allowable class. For every n = 0, we assign to every
(X,9X) € A" a homology class

W(X,3X) = W(X) = Wy(X)+ W(X)+ - +W,(X) € H,(X,X;Z,)

such that the following axioms hold:

(1) For each integer ¢, 0 < g <n, W(X) € H,_(X,9X;Z,), and Wy(X) = [X],
the fundamental class of X, and e(W,( X)) = x(X, 0X), wheree: H|(X,0X;Z,) - Z,
is the augmentation.
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(2) Restriction. Let (X;,9X;) € A" and Y; C 9X; be one (or several) component of
the boundary, j = 0,1, f: ¥, > ¥, a PL homeomorphism. Let X = X, U, X, and
30X = (0X,\Yp) U (3X,\Y}). Then (X,9X) € A" and r,W (X) = W,(X)) for every
q,0 < g < n, where

Y]

Hn—q(X»aX) A\H”—q(‘x}’a‘xf)

i\ ~ 7 exc
H, (X,0XU X,_;)

-9

(i; = inclusion).

(3) Boundary. dW,(X,3X) = W, (3X), for (X,dX) EA",0<g<n— 1

(4) Product. Let (X,0X) € A*,(Y,0Y) € A". Then W(X X Y) = W(X) X W(Y),
Le. W (X X Y)=Z,,- Wi(X) X W(Y).

(5) Normalization. W RP") = ("t")x,_,, where x
elementin H, (RP" Z,).

W,(X) is called the gth, and W( X) the total Stiefel-Whitney homology class of the
allowable pair ( X, 4.X).

Now we prove existence of these elements for A = E,(2) and A = H,(2).

n—q 18 the unique nonzero

3.2. THEOREM. On the class E (2) of Euler manifolds mod 2 (with boundary), there
exist Stiefel-Whitney homology classes. They are given as homology classes of mod 2
Stiefel chains.

To prove this theorem, we have to check that combinatorially defined homology
classes W( ) of Stiefel chains mod 2 satisfy properties (1)—(5) in 3.1. We do it in the
next lemmas.

First note that axioms (1) and (3) are satisfied by 1.6.

3.3. LEMMA. W( ) satisfies axiom (2) on E,(2).

PROOF. To prove the restriction property, let us assume first that (X}, 3X;) € E3(2),
J=0,1, Y C3X; a boundary component, 4, = X \Y, X = X, Uy X, ie. ¥, = Y,
=Y,f=1id. Then (X, 4, U 4,) € E}(2). We want to prove that in the diagram

7

H,_(X,3X) H, ,(X;,3%))

Ij* ~ €xc

H, (X,0X U X,_))(~H,_ (X, X\ X))

we get i, W (X) = e W (X,) € H,_ (X,3X U X)), where e is the inclusion which
gives excision. Triangulate X by K, such that K, K|, L,, L,, L are subcomplexes
which triangulate X;, X, 4y, 4,, Y, respectively. Consider the difference

S,—o(K', Lo U LY) — s, (Kg, Ly U L).
It is carried by X; C X U X. Indeed, a simplex (g, - - - o, in this difference which
actually occurs is in [K' — (Lo U L")] — [Kq— (Lg U L)] = K| — L. But (g,
-+-0,)€ K| — L} implies 6, € K|, — L, and hence (g, ‘- g,) is in X\\ 4,. Thus
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on the homology level, this difference is zero in H (X, dX U X;). The general case is
similar. O

It is worth mentioning a few corollaries.

3.4. COROLLARY (ADDITIVITY). Let (X, 3X;) € E(2),j = 0, 1. Then

W(X,11X,) = W(X,) + W(X,).

ProoF. Here Y=Y, =Y, =@. O

3.5. COROLLARY. Let (X, 0X;) € E}(2),j=0,1, X, N X, =0X, = 93X, = Y and
X = Xy Uy X,. Then AW(X) = W(Y), where A is the Mayer-Vietoris boundary
given by:

iox

Hn—q(X) - Hn—q(X’ Xl)

Al T~
Hn—q—l(Y) (3_ Hn-—q(XO’ Y)

PROOF. By Axiom (3) and 3.3:
AW‘,(X) = arOWq(X) = 6W¢I(X0, Y)= WAY). g
3.6. COROLLARY. Let (X,9X) € E}(2), A C X\0X a subpolyhedron of X and N a

regular neighborhood of A in X with boundary dN. Let q: (X,0X) — (N /9N, ) be the
natural collapsing map. Then ¢ W(X) = W(N).

PrOOF. Let C = X\ N. Then (C,dNII3dX) € E3(2) (cf. 1.3(e)). Then X is the
union of (N, dN) and (C, INII9X) and we apply 3.3 using the fact that H,(N, dN)
~ H(N/9N, %) (cf. 4.6). O

3.7. COROLLARY (SUSPENSION). Let X € E"(2), x(X) =0, X connected. Then
s W (X) = WAEX), where s,: H, (X) - H,_,,(2X) is the suspension isomor-
phism.

ProoF. =X € E"*!(2) by 1.3(c). Write =X = ¢, X U ¢, X with intersection X. By
3.5 AW (2X) = W, (X), where:

A,(2X) 2 H(3X ¢X)
Al T~
H, (X) < H\(cX, X)
Since A™' = s, the claim follows. O
As a corollary of 1.2, Axiom (3) and 3.4 we get

3.8. COROLLARY. Let f: X —» Y be an Euler resolution (mod 2) between Z,-Euler
manifolds X,Y. Then f W (X)= W,Y). In particular, the classes W are PL in-
variants.

3.9. LEMMA. W( ) satisfies the product axiom (4) on E(2).
Proof of this fact is given in [11] and [13].
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3.10. Lemma. W,_(RP") = (;i'l)xp, for all p, 0<p<n, where 0 # x, €
H,(RP"Z,).

PROOF. Let 2" = {(xy,...,x,4,) € R""'| 22| x;,|= 1}. Consider the standard
triangulation on =" with vertices v"' given by

o' =(0,...,0,+1,0,...,0) (ithspot), i=1,...,n+1.

We order these vertices by v,*' < vf' e <j.

Let II" = 2"/~ , where x ~ —x. Then an (ordered) p-simplex of the regular cell
complex IT =II" is of the form of =v0-op, 1<ip<---<i,<ntl g€
{-1, 1} together with the identifications

£ €, — — & —-&
vio...vip_vio...o‘p‘
0 P 0 ip

Let K=1II" be the first barycentric subdivision of II. Although W, _(RP") is
represented by the sum of all p-simplices of K, it is not hard to prove that it is, in
fact, represented by the sum of all p-simplices of K. (E.g., define a map f: K’ - K on
a vertex s of K’ as f(s) = g,, where s = (g, - - - g, ) € K and extend it linearly. Then
f is simplicial, induces identity on homology, x(f~'y) =1 for all y €| K|, and
hence W,_ (K") = W,_,(K).)

Now let x € H'(RP"; Z,) be the generator. We prove that
(- (e, K0 = (1 11).
This formula clearly implies Lemma 3.10. We shall prove (*) on the cochain level,
constructing a cochain ¢” on K representing x”, such that (*) holds. First let d? be a
cochain on II defined by

4P v g ) = 1, ifeg,¢,...,¢, alternate,
N v’ )= .
0, otherwise.

It follows easily that d” represents the generator in cohomology and d? U d9 = d?*9.
Now a simplex in X is of the form (g, - - - g,), where 0, <o, < --- <g, € II. For
k=0,1,...,plet

O, = VB " - - VRisHp |0y |= dima,.

Define

(e, (0 -0,))= (a7, cigsgy,-..oftsg ) = {

1, if €0(oo) " * * +€p(la,) alternate,
0, otherwise.

Since W,_ (K is represented by 2, _ ... <a,e11{% * " 0,), we will get as many units
in the sum 3, _ ... <5 en{¢? (9 ---9g,)) as there are increasing sequences iy < i,
< ---<i,between l and n + 1, i.e. (;1{). This proves (*) and hence Lemma 3.10.
O

For a different proof of this lemma see [3] or [9]. So, 3.2 is proved.

Now we turn to the subclass H,y(2) of E4(2) of homology manifolds mod 2. We
prove the existence of S.W. classes on a bit more general class PE,(2) of Euler
manifolds mod 2 which are also Poincaré duality spaces with Z, coefficients. Note
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that PE,(2) is not an allowable class. On this class of spaces, the Wu class v; is
defined by

<Sq‘x, [X]>= <vi Ux,[X]), forallx € H"(X,3X;Z,),

sothatv(X)=v=1+0v,+---,0, € H(X;Z,), n = dim X.

3.11. THEOREM. On the class PEy(2), and hence on the class H,(2), there exist
Stiefel-Whitney homology classes. They are given by W(X) = Sqo(X) N [X].

PROOF. Let us check that Sq v( X) N [ X] satisfies axioms (1)-(5) in 3.1.

Axiom (1). Clearly

W(X)= 3 (Sqv(X)N[X]) € H, (X,0X:Z,),
i+j=k

Wy(X)=Sq°1 N [X]=1[X], for (X,0X) € PE}(2). Let us prove that eW,(X) =
x(X). If n is odd, then x(X) =0, and since Sq' x = 0 for i < p, x € H?(X) and

v, = 0(X) =0 for i >n/2, it follows that eW,(X) = 0. Now let n be even, say
n = 2p. Then

W(X)=c¢

I I I
0 0 0 0

=e(v§ﬂ [X]) = <v‘f,[X]>.

(SqZpl 4 ... +qu+10p»| + Sq”v, + qu_lvp+| + - +Sq002p) n [X])
I

Now recall that a Z,-Poincaré complex X" has a unique “diagonal” cohomology
class UeE HY(X X X) s.t. UN ([ X] X [X]) =d,[X], where d: X - X X X is the
diagonal mapping.
Claim 1. Let {e,,...,e,} be a basis for the Z,-vector space H,(X) and {ef,...,e}}
the dual basis, i.e., (e}, e;)= d; ;- Then for a € H,(X),
d(a)=3 <e;“ Uer, a>-e,. X e = E(e}" Na) X e.
iJ J

PrOOF OF CLAIM 1. Let d,(a) = Zc;e; X e;. Then

;= <e,?" Xer, d*(a)>= <d*(e;" X e¥), a>= (ef Uer, a).
Also, (e Uef,a)= (e, ef Na)and henced,(a) = Z;(ef Na) Xe,.

Claim2. (UU U,[X] X [X])= (U, d [X])= x(X).

PROOF OF CLAIM 2. Let {¢;},—, , be a homogeneous basis for the graded vector
space H,(X) and {e}} its dual basis. For i < s, let u; € H*(X) be the homogeneous
element with u; N [ X] = e;. Then U = Ze} X u, and

Un([xIx[x])=2(er n[X]) x (v, n[X])
:z(e?‘ N[X]) X e, =d,[X].

Hence
(VU U,[X] X[Xx])= <U, d*[X]>= Euler characteristic of (H*(X) N [ X])

= FEuler characteristic of X.
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Now recall that v, N [X] =S_qp X, where Sq is the adjoint operator of Sq, i.e.,
{(B,Sq a) = (Sq B, a). So we have

(2,[X1)= (a*(v, X v,),[X])= (v, X v,, d,[ X])
= (v, X 0,,UN ([X] X [X]))
= (U, (v, n [X]) X (v, N [X]))
= (U, Sq[X X X])= (SqU,[ X] X[ X])
= (VU U,[X] X[ X])= (U, d,[ X])=x(X).

Axiom (2) (Restriction). Let X = (X,,3X,) Uy(X,,9X,), where Y C X, is a
component of the boundaries, A= an\Y, 0X =A,U A4,. Let e: (X,,0X,)) =
(X, X, U 4,), it (X,0X)= (X, X, U4,) be inclusions. Clearly, (X,3X;) €
PE3(2) = (X,9X) € PE}(2) and 3[ X]/A4; = [ X;]/A; (see 2.3). We want to prove
that in the diagram

H,(X,3X) = H,(Xy,8X,)
i:\ ~ ‘/e*
H*(X, X, U AO)

i,(Squ(X) N[X]) = e, (Squv(Xy) N [X,]). To do this, we need a different descrip-
tion of Stiefel-Whitney cohomology classes w of Z,-Poincaré space. Namely, if
(Z,9Z) is such a space, w(Z) = w(v'), where v, is a normal fibre space over Z,
and v;' its stable inverse (a fibre of v, is a Z,-homology sphere; w(§) for such a
“spherical fibration” ¢* is defined as ®7'SqUj, where U, € HX(T(£);Z,) is the
Thom class of £). As Adams proved in [1], the Wu theorem still holds for
Z,-Poincareé spaces (in fact, for every Z,-Poincaré duality algebra). Therefore in our
situation (assuming X)), X, connected),

w(vxj)USqu(Xj)=1, w(vy) USqou(X)=1.

Now starting with vy, we may assume that e pulls back vy to vy and that
i*vy = vy. So, e*w(ry) U Sqv(X,) = 1. Taking Poincaré duals (N[X;]) on both
sides and applying e,, by naturality of N-product, we get

(1) w(ry) N e (Sqo(Xo) N [X]) = e [ Xo].
Similarly, we get
2 w(ry) N i, (Sqo(X) N[X]) = i,[X].

Now, e [ X,] = i,[X] so that the left-hand sides of (1) and (2) are equal, and then
multiplying by w(»%') and using w(v,) U w(r}') = 1, we get the desired equality.

Axiom (3) (Boundary). Let j: 0 X = X be inclusion. Let v = v( X, 9X) € H*(X;Z,)
be the Wu class of X.
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aWp(X,aX)=a( > Sq"v,ﬂ[X]) by stability of N

k+I1=p

= (/*2sq*v) N [X]

= ¥ Sq* j*v, N [0X] by (x) below

= 3 Sq¥v,_,(0X) N [0X] by definition
k+i=p

= W,_,(0X).

(*) J*o(X) = v,_,(3X).

To prove (*), by definition of v’s, it is enough to prove that for any x € H"~/~1(3.X),
the following holds:

(%x) (Sq'x,[0X]) = (x U j*v,,[0X]).

But the right-hand side is

(x U j*v,8[ X])= (8(x U j*v,),[ X]) by stability of U-product
= (8x U v,[X]) by definition of v
= (Sq'(8x),[ X1)= (8Sq'x,[ X])= (Sq'x,[8X]).

This proves (**), so (*) and hence Axiom (3).

Axiom (4) (Product). This follows by the Cartan formula, multiplicativity of the
N-product and the fact that (X X Y) = v(X) X v(Y'). The last fact can be proved
as follows. Since X,Y are compact and the coefficients are Z,, by Kiinneth
H¥ (XX Y)~H*X® H*Yviax ®y 1> x X y. Writez € H¥(X X Y)asz = x X y,
x € H*X,y € H*Y and (assuming X, Y connected)

Sqx=0v(X)Ux, Sqy=o(Y)Uy.
Multiplying these relations we get

Sq(x X y) = (o(X) X o(Y)) U (x X y),
or
Sqz=(v(X)Xo(Y)) Uz forallz€ H¥(X X Y).
Axiom (5) (Normalization). On smooth manifolds X, Sqo(X) is the S.W.
cohomology class w( X) (Wu theorem), and since we know w(RP") = (1 + x)"*, it
follows that

W,(RP") = Poincaré dual of w,(RP") = (n ; L )x,,_p,

where 0 # x,_, € H,_,(RP").
Theorem 3.11 is proved. O

4. Uniqueness of Stiefel-Whitney homology classes on allowable classes. In this
section we prove the axiomatic characterization of Stiefel-Whitney homology classes
on any allowable class.
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4.1. THEOREM. On any allowable class A there is at most one class W( ) satisfying
axioms (1)—(5) in 3.1.

In proving the uniqueness, the main ingredients are block bundle transversality
and a Thom-Sullivan interpretation of cohomology as certain morphisms from
PL-bordism into Z,, associated to a given cohomology characteristic class of PL
manifolds, a construction often used in surgery. We use some ideas from [13].

If £ = (E D B) is a g-block bundle and f: (P,0P) - (E, 0E) a map transverse to
¢, we write f L £ For a treatment of transversality see [13] or [14].

Denote by 9 (4, B) the nth nonoriented bordism group based on PL manifolds
of the polyhedral pair (A4, B), and let w( ) denote Stiefel-Whitney cohomology
classes of PL manifolds. Then there is a bijection (Thom-Sullivan)

{@ € Hom(NEH(4, B),Z,) | alVy X ¥, f, © pr,]
=x(Vy)alV,, f;], 0V, = @, dim ¥V, > 0} ~{z € H*(A, B;Z,)).

The correspondence is given by a[V, f] = ( f*z U w(V),[V]); cf. [13] or [5, Ap-
pendix].

4.2. LEMMA. Let A be an allowable class, X € A", (M, dM)"*? a PL manifold, and
¢: X=>IntM a PL embedding. Then there is a unique homomorphism X x:
‘DL}:';,.(M, OM) - Z, with the following property: if f: (V,9V)P* - (M,dM) is a
map from a PL manifold (V,dV) with f L X and transverse intersection T, then

xxIV, f1=x(T) (mod2).

PROOF. Every element in ?7(,;'; ,(M,9M) can be represented by f: (V,9V)?* -
(M,3M) transverse on X. Then the transverse intersection T € A/, by 2.1(c), (d).
Now, let f’: (V’,dV’) - (M,9dM) be bordant to (V, f), i.e. determines the same
element in 975 (M, M), f* L X. Then the associated transverse intersection 7’ is
equal to T in M. It is easy to see that 2.1(b) implies x(T') = x(T"). So x x is well
defined, clearly unique, and it is easy to check that it is a homomorphism of groups.
a

Furthermore, by the transversality theorem it follows that x , has the property

xx[Vo X Vi, fy e pral = x(Vo)xx[V1, fi], where dV, = &
and

pr h
Vo X (VI’aVl) - (Vl’aVl) - (M’ BM).

Now, applying the above 1-1 correspondence on a = x ,, the following definition
is justified.

4.3. DEFINITION. Let X € A", (M"*?, 9M) a PL manifold and ¢: X = M a fixed
PL embedding of X into the interior of M. Denote by 7,(p) € H?* (M, dM; Z,) the
unique class such that for any map f: (V,dV) - (M,dM) from a PL manifold
(V, V') we have

xx[V, F1={f*(e) Uw(V),[V]),
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where 7(¢) = 15(p) + 7(¢) + - - - € H¥(M,dM; Z,) is called (total) transversality
class of the embedding ¢, and w( ) is the Stiefel-Whitney cohomology class on PL
manifolds.

Now we begin with the proof of 4.1 —the uniqueness of the classes W( ) on the
fixed allowable class A. The idea is to show axiomatically that S.W. classes
determine and are determined by the transversality classes. Then by the uniqueness
of the transversality classes, the uniqueness of the S.W. classes follows.

More precisely, we shall show (axiomatically) that whenever W( ) satisfies axioms
(1)-(5) on A, the following relationship between S.W. classes and transversality
classes hold: Let X € A" and embed X in some R"*?, and let N be a regular
neighborhood with boundary 9N, ¢: X =» N an embedding into the interior of N. Let
Dy = N[N]: H?**(N,dN) -» H,(N) be the Poincaré duality for N (Z, coeffi-
cients). Then

xx[V. 11= ( /(Do (X)) U w(N),[N])

for all singular manifolds f: (V, V) —» (N, dN).

We now start proving this relationship. Let £ = (E D B) be a PL block bundle,
andg: Y » Bamap from Y € A?. Let V = E(g*¢). Then by 2.1(d), (V, aV) € APk
and by definition of pull-back this construction gives rise to a homomorphism y:
‘DL;(B) - %ﬁ +«(E, 0E) defined by y,[Y, g] = [V, f], where f is a natural extension
of g. By §-transversality theorem [13], it follows that y, is an isomorphism.

4.4. LEMMA. Suppose W satisfies axioms in 3.1. Let £* be a block bundle over B.
Then there is a unique class 7(§) = 7(§) + 7(§) + -, 7(§) € H¥Y(E,dE), such
that for any map f: (V,3V) - (E,dE), f transverse on &, (V,0V) € A, x(f'B) =
(7€), fW(V)) holds.

PrOOF. We shall construct 7(£)’s inductively on i. First note that X o ‘I/{'i
NA(E,dE) > Z, is zero on decomposable elements, and this is because Y is an
isomorphism of 9}-modules, and so is ¥¢'. Now one applies 2.1(e), é-transversality
theorem and Axiom (1) to get 7,(£).

Now suppose we have constructed 7,(§) for all j < p. Consider the homomorphism
a: N2, (E,dE) > Z, defined by

o[V, f1=x 4"V, f1+ 2 (7(8), £, (V).

J<p

(It is, indeed, a homomorphism by additivity—special case of Axiom (2).) By
Axioms (4) and (1) and by inductive hypothesis it follows that a is zero on
decomposable elements and hence it defines a homomorphism H, . ,(E,dE) - Z,
which determines 7,(£). Applying the above construction to the family (V;, f;) of
“singular A-manifolds”, such that {f;, [V;]} generates H,(E,dE) (which exist by
2.1(e)), we get the uniqueness of 7. [
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Let £ = (E D B) be a block bundle and denote by ¢¥: H*(B) » H** *(E, dE)
the Thom isomorphism for §. Define w(¢) € H*(B) by 7(§) = ¢f(w(£)), or on
components w,(¢) € H'(B) by 7.(¢) = ¢¥(wi(£)) € H**(E, 9E).

Then it is a matter of checking that w( ) satisfies the following properties:

(a) If g: B’ > B, then w(§') = g*w(§), where &’ = g*(§).

(b) w(£©® 1) = w(§€) U w(n), where £ ® 7 is the Whitney sum of block bundles
£, m over B.

(c) If ¥, is the canonical line bundle over RP", then w(y)) =1+ x + -+ +x",
where 0 = x € H'(RP").

To prove (a), let E’ = E(§¢’), and let g: (E’,dE’) —» (E,dE) be the canonical
extension of g. If f: (V,dV) —» (E’, dE’) is transverse to &', then g o fis transverse to
£. Now two classes g*7(£) and 7(£’) both satisfy Lemma 4.4, and then by the
uniqueness of 7 it follows that g*7(¢) = 7(¢’) and hence (by naturality of Thom
isomorphism) we get (a).

To prove (b) it suffices to show the following: if £ and &’ are block bundles over B
and B’, respectively, and £ X ¢’ their (external) product over B X B’, then w(¢ X ¢)
= w(¢) X w(¢’). To show this, it is enough to check that 7(£) X 7(¢’) satisfies the
formula in Lemma 4.4 for “singular A-manifolds” of the form (V, f,) X (V}, f)
where { f; [V;]} generates H,(B) and { f/ [V]]} generates H,(B’). But this follows at
once by multiplicativity of x and Axiom (4).

To prove (c) consider the Thom space 7(y,) ~ RP"*!. Then {j [RP? 1}, gener-
ates H (RP"*"), where j: RP? <> RP"*! are canonical inclusions. Note that j ~ Tj’,
where Tj is an induced map on the Thom space-level of j: RP9~! < RP"*! and
Tj’ L y). Now (c) follows from the uniqueness of 7, the fact that x = U,: (= Thom
class of y!) € H'(RP"*') and

(*) X(RPTY) = (x + x>+ - +x"1 jW(RP?)).
To prove (*), observe that x(RP9~ ') = g (mod 2). The right-hand side of (*) is

(Foxt oot b o™ et WRP))

o g+
=3 (x W RPO)= 3 (1T =2 —2-g=g (mod2)
i=0 i=0 !
by Axiom (5). So (a)-(c) are proved.
Note that if ¢ is a vector bundle, then w(¢) = (w(£))™' = dual cohomology

Stiefel-Whitney classes of ¢, because (a)—(c) characterize (w(¢))™! for vector bundles
£ (cf. [16, p. 86]). So we have proved

4.5. LEMMA. If ¢ is a vector bundle over B, then w(¢) agrees with (w(¢))™" in H*(B).
O

46. LEMMA. Let (X,3X), (Y,9Y) € A" such that Y C X\OX. Let Z be the
complement of the interior of Y,0Z = dXI19Y and q: (X,9X) —» (Y/3Y,*) the
collapsing map. Then (Z,0Z) € A" and q W(X) = W(Y).
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ProOF. By the cutting property 2.1(a) it follows that (Z, 3Z) € A”. Since (Y, dY)
is a polyhedral pair we have the natural isomorphism H (Y, dY) ~ H,(Y/9Y, *), so
that by the Restriction Axiom 3.1(1), and by commutativity of the diagram

9«

[ ;
H,(X,3X) H,(Y,3Y) ~ H*(Y%Y, %)

=~ €xc

H,(X,0XUY)
Lemma 4.6 follows. O

4.7. LEMMA. Let W( ) satisfy Axioms 3.1 on A. Let £* be a vector bundle on a
polyhedron B, f: (X,0X) - (E(§), dE(§)) transverse on §, where (X,0X) € A”. Let
Y" % =f-\(B), g =f/Y and N a regular neighborhood of Y in X such that N is the
total space of 1 = g*§. Then (N,dN) € A" and

x(Y) = (ex(w(n)™), W(N)).

PROOF. (N,dN) € A follows from the transversality theorem and 2.2(1). By
Lemma 4.4

x(Y) = f*7 (), w(X)).

Now let g: (X,3X) - (N/dN, *) be the natural collapsing map. Since £ is a vector
bundle, it follows by Lemma 4.5 that 7(§) = ¢F(w(§ )~") and hence

f*7(£) = f*¢¢(w(£)™") by the commutative diagram below
= ¢*¢x(g*(w(£)™')) by naturality of w( )™
= g*¢x(w(n)™).

Now Lemma 4.7 follows from Lemma 4.6: ¢ W(X) = W(N). The diagram

H*(X,3X)

7 r*
H*(N,3N)<- H*(E,JE)
or 1 T of
H*(Y) - H*(B)

commutes. [



302 DARKO VELJAN

4.8. PROPOSITION. Let W( ) satisfy Axioms 3.1 on an allowable class A. Let X € A"
be embedded in a euclidean space R"*P (p big enough). Let N be its regular
neighborhood and @: X => N a PL embedding. Then

(¢) = Dy'p, W(X) € H*(N,dN),

where Dy: HP* *(N,dN) — H,(N) is the Poincaré duality and 7(@) the transversality
class.

PROOF. We prove first 7,(¢) = D', W,(X), for i < n/2. It suffices to prove

xxlV. 11={ (Do (X)) Uw(¥), V1)

for all (V, f) for which {f,[V]} generates @ _, ,H, (N,0N). Let x €
H,,(N,dN)~ H""(N)~ H""(X), i <n/2 and denote k = n — i. Since n < 2k,
x can be represented by f;: X - Ty,, where vy, is the universal vector bundle over G,
and f, L y,. Let Y = f,"/(G,) and let 1) be a normal bundle on Y in X, E(n) its total
space. Let ¢,: X —» E(7)/dE(n) be the collapsing map and choose a deformation
retraction r: N — X such that q, or: N - E(n)/9E(n) is transverse to n on a
neighborhood of Y. This gives rise to a PL manifold (¥, 3V )?*' and an embedding
f: (V,aV) - (N,0N), f L X, with the transverse intersection Y and f [V]=x €
H,.(N,9N).

Let ¢ be a normal (disk) bundle of f, E(£) its total space, and 0E(§) the total
space of the associated sphere bundle. Let j: (E(§),9E(§) N N)= (N,0N) be
inclusion and q: N —» E(§)/0E(§) Thom’s map for . Note that on homology ¢, acts
as Dg, Jj*Dy' (ie. like “Umkehrung”). Since N is parallelizible, for the tangent
bundles we have T, ® ¢ = T,,/V and so w(V') = w(£)~!; hence

{ 7+(D3'e (X)) Uw(V).[V])
= (f(DRew(X)) Uw() ", p,(G N[E®)])).

where U is the Thom class of §, p its projection.
Now the following diagram commutes (up to homotopy):

E(£)/0E(£) < “’ E(n)/3E(n)
E(ﬁ) g q q

pl, \ . -
V— N < 5 X E(n)
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where unnamed arrows are natural projections, and ¢ is induced by inclusion
(E(7m), 0E(7m)) = (E(£), 0E(£)). Let us continue our computations:

( 7(Di'e (X)) Uw(&) ™, (U N[E®)]))

= (o[ r(Di'ev (X)) Uw(&)"] U G [EE)])
(7*Di'e W (X) U p*w(£)" U U, [E(£)])
(o2(w(8)™). j*( Do (X)) N[E()])
(st(w(e)™) q*(p*W(X)> by the diagram above
(et
(

of w(g)" Vil W(X)> by Lemma 4.6

\p*‘pf w( §) ,W(E( n))> by naturality of Thom isomorphism

:<¢:(W(n) ),W(E(ﬂ))> by 4.7 (9 = (f,/Y )*y, is a vector bundle)

=x(Y) =xx[V. f].
So by the uniqueness of the classes (), it follows that
7(¢) = Dy'p, W, (X) fori<n/2.

Now the general case follows replacing X" X SX (K big enough) and using Axioms
(1) and (4): W(X" X S¥) = W(X) X [S¥]. Now we prove uniqueness. Let X be a
closed A-space, i.e. 9X = @. If W() and W’() satisfy our axioms then by the above
construction,

Dy'e,W(X) = Dile, W'(X) = W(X) = W'(X).

If (X,3X) € A", we form the double 2 X € A" and then by (iterated) Axiom (2):
rWRX)= W(X,0X), rW'(2X)= W'(X,9X) and since for closed A-spaces,
WQRX)= W(Q2X), we get finally W(X,dX) = W(X,dX). So the uniqueness, and
hence Theorem 4.1, is proved. O

4.9. REMARKS. (1) Instead of Axiom (3) as stated, we only need the following
weaker

Axiom (3'). Let (X,0X) € A" and P C 3.X be a subpolyhedron. Let

39X~ (3X, P) = (X, P)
J

be inclusions. Then (kj) W(3X) = 0 € H, (X, P). Clearly, Axiom (3) = Axiom (3).

(2) Let H, denote simplicial homology based on locally finite, possibly infinite
chains. Then all the results can be carried over to the corresponding theory using H,
instead of H,.

Now there are several Stiefel conjecture-type consequences of our axioms. On
smooth manifolds the first detailed proof of it appears in [10], considering smooth
vector fields on a manifold. Since then some other proofs are known; e.g. [3] and
[13]. From our considerations the proof of the Stiefel conjecture for allowable classes
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of smooth or PL manifolds goes as follows: Let M" be such a manifold, ¢: M = N
the zero section of the normal disk bundle

p=(N"*?,r, M), & H*(M) > H?**(N,dN)

the Thom isomorphism. Then by the uniqueness of 7(¢), 7(¢) = ¢}(w(M)) and
hence

W(M) = r,Dyr(9) = r,Dy¢}(w(M)) = Dy (w(M)).

Another proof of the Stiefel conjecture for smooth (or PL) manifolds is to show
first that our axioms imply Blanton and Schweitzer’s axioms [4] on smooth mani-
folds. Then by their uniqueness and by our existence part (i.e. that combinatorially
defined classes satisfy our axiom, see §3) the Stiefel conjecture follows.

To prove that our axioms imply Blanton and Schweitzer’s, we just have to check
Axiom (2) of Blanton and Schweitzer. But this follows as Theorem 1 in [3] from
Propositions 1 and 2 and Lemma 1. The role of Lemma 1 plays our Axiom (3).

Taking for allowable class the class H,(2), we finally get the following

4.10. COROLLARY. On the class of Z,-homology manifolds, combinatorially defined
homology Stiefel-Whitney classes agree with Poincaré duals of Stiefel-Wu classes (i.e.
W(X) =Squo(X) N[X). In particular, W( X) is a homotopy invariant.

It can be shown (McCrory, unpublished) that Halperin’s conjecture (cf. [8, p. 112])
implies also our Corollary 4.10. The same result was obtained by L. Taylor [19] by
using some techniques of Quinn.

We conjecture that the analogue of Corollary 4.10 is true for the class PE(2) of
Euler manifolds mod 2 which are Poincaré duality spaces with Z,-coefficients. (One
problem is that we do not know anything about regular neighborhoods of subpoly-
hedra in these spaces.)

At the end we mention only that by analogy with “tangential” S.W. classes, we
can define normal (or dual) S.W. homology classes W(X) € H,(X;Z,) for X € A",
where A is an allowable class as follows.

Let @: X" = N"*7 be an embedding into a euclidean regular neighborhood ( p big
enough) and r: N > X a deformation retraction. Define W,(X) = r,D, Sq' 7,(p) €
H,_.(X;Z,). Since 7(p) = Dy'p Wy(X), it follows that

W.(X) = r,DySq' D'p,[X].

In case X is a smooth manifold, W,(X) = D,w,( X), i.e. Poincaré dual of the normal
Steifel-Whitney cohomology class. A combinatorial formula for these normal classes
is given in [2].

REFERENCES

1. J. F. Adams, On formulae of Thom and Wu, Proc. London Math. Soc. 11 (1961), 741-752.

2. T. Banchoff and C. McCrory, A4 combinatorial formula for normal Stiefel-Whitney classes, Proc.
Amer. Math. Soc. 76 (1979), 171-177.

3. J. Blanton and C. McCrory, An axiomatic proof of Stiefel conjecture, Proc. Amer. Math. Soc. 77
(1979), 409-414.

4. J. Blanton and P. Schweitzer, Axioms for characteristic classes for manifolds, Proc. Sympos. Pure
Math., vol. 27, Amer. Math. Soc., Providence, R. L., 1975, pp. 349-356.



STIEFEL-WHITNEY HOMOLOGY CLASSES 305

5. G. Brumfiel and J. Morgan, Homotopy theoretic consequences of N. Levitt’s obstruction theory,
Pacific J. Math. 67 (1976), 1-100.
6. S. Buoncristiano, C. Rourke and B. Sanderson, 4 geometric approach to homology theory, Cambridge
Univ. Press, Cambridge, 1976.
7. P. Conner, Differentiable periodic maps, 2nd ed., Lecture Notes in Math., vol. 738, Springer-Verlag,
Berlin and New York, 1978.
8. W. Fulton and R. MacPherson, Categorical framework for the study of singular spaces, Mem. Amer.
Math. Soc. No. 243 (1981).
9. R. Goldstein and E. Turner, Stiefel-Whitney homology classes of quasi-regular cell complexes, Proc.
Amer. Math. Soc. 64 (1977), 157-162.
10. S. Halperin and D. Toledo, Stiefel- Whitney homology classes, Ann. of Math. (2) 96 (1972), 511-525.
11. , The product formula for Stiefel-Whitney homology classes, Proc. Amer. Math. Soc. 48
(1975), 239-244.
12. H. King and S. Akbulut, Lectures on topology of real algebraic varieties (mimeographed).
13. F. Latour, Variéties géométriques et résolutions. 1: Classes caracteristiques, Ann. Sci. Ecole Norm.
Sup. 10 (1977), 1-72.
14. C. McCrory, Cone complexes and PL transversality, Trans. Amer. Math. Soc. 207 (1975), 269-291.
15. , A characterization of homology manifolds, J. London Math. Soc. 16 (1977), 149-159.
16. J. Milnor and J. Stasheff, Characteristic classes, Ann. of Math. Studies, no. 76, Princeton Univ.
Press, Princeton, N. J., 1974.
17. D. Sullivan, Combinatorial invariants of analytic spaces, Lecture Notes in Math., vol. 209,
Springer-Verlag, Berlin and New York, 1971, pp. 165-168.
18. , Singularities in spaces, Lecture Notes in Math., vol. 209, Springer-Verlag, Berlin and New
York, 1971, pp. 196-206.
19. L. Taylor, Stiefel- Whitney homology classes, Quart. J. Math. Oxford Ser. 28 (1977), 381-387.
20. D. Veljan, Euler manifolds and Stiefel-Whitney homology classes, Thesis, Cornell University, 1980.
21. H. Whitney, On the theory of sphere bundles, Proc. Nat. Acad. Sci. U.S.A. 26 (1940), 148—153.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ZAGREB, ZAGREB, YUGOSLAVIA



