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THE SUFFICIENCY OF THE MATKOWSKY CONDITION
IN THE PROBLEM OF RESONANCE!
BY
CHING-HER LIN?

ABSTRACT. We consider the sufficiency of the Matkowsky condition concerning the
differential equation ey” + f(x, &)y’ + g(x,€)y =0 (-a < x < b) under the as-
sumption that f(0, ¢) = 0 identically in ¢, £,(0, ¢) = 0 with f >0 forx <O andf <0
for x > 0. Y. Sibuya proved that the Matkowsky condition implies resonance in the
sense of N. Kopell if f and g are convergent power series for |¢|<p (p > 0),
f(x,0) = -2x and the interval [-a, b] is contained in a disc D with center at 0. The
main problem in this work is to remove from Sibuya’s result the assumption that D
is a disc.

1. Introduction. Let us consider the differential equation

(1.1) ey’ + f(x,e)y’ +g(x,e)y=0

in which the independent variable x ranges over a real interval [—a, b] with a, b > 0,
and ¢ is a small positive parameter. The coefficients f( x, €) and g(x, €) are continu-
ously differentiable real-valued functions of x and e, f(0, ¢) = 0 identically in e,
£.(0, &) # 0 with f >0 for x <0, f <0 for x > 0. We consider (1.1) together with
boundary conditions

(1.2) y(-a,e)=1, y(b,e) =B,

where B is a real constant. It is known that, in general, the solution y(x, €) to (1.1)
and (1.2) converges to zero as & tends to zero in the real interval (-a, b). However,
some exceptional cases may arise in which the solution y(x, &) of (1.1) and (1.2)
converges on (—a, b) to a nontrivial solution of

(1.3) f(x,0)y" + g(x,0)y =0.
Indeed, Ackerberg and O’Mally [2] found that unless / = -g(0,0)/f(0,0) is a
nonnegative integer, the solution y(x, €) of (1.1) and (1.2) converges to zero as ¢
tends to zero, and the term “resonance” is applied to those cases when the limit of
y(x, &) as & tends to zero is a nontrivial solution of (1.3).

Watts [16] considered the problem with f(x, €) = -x and g(x, ¢) = | + x, where /
is a nonnegative integer, and showed that the above condition is not sufficient for
resonance. Cook and Eckhaus [3] found that if g(x, &) =/ + x + a6 + a,e* + - - -,
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then a, = -1 is also a necessary condition for resonance. They predicted that for
resonance we need infinitely many conditions. Therefore one of the major problems
of (1.1) and (1.2) is to determine necessary and sufficient conditions for resonance to
take place. B. J. Matkowsky [9] proposed the following condition:

“there exists a nontrivial formal power series in g,

[e 9]

y= 2 a,(x)em,
m=0
which formally satisfies (1.1) and such that all the a,(x) are bounded on the real
interval [-a, b].

N. Kopell [5] and F. Olver [10] have shown that Matkowsky’s condition is
necessary for resonance. A formal solution y = 3%_,a,,(x)e™ of (1.1) is called an
outer expansion. Note that boundary conditions are not involved in the Matkowsky
condition.

We say that (1.1) exhibits resonance in the sense of Kopell on [-a, b] if there exists a
solution y(x, €) satisfying y(-a, €) = 1, (disregarding y(b, €) = B) such that y(x, €)
converges uniformly on [-a, b] to a nontrivial solution of (1.3) as € tends to zero.

Note. “Resonance” in this paper means “resonance in the sense of N. Kopell”.

MAIN THEOREM. The Matkowsky condition implies resonance in the sense of Kopell.
Let
L=¢D*+fD+g (D=d/dx).

Suppose there exists a nontrivial outer expansion y = 25 _,a,,(x)e” whose coeffi-
cients a,,(x) are bounded on [~a, b]. Sety = ¢, + uin (1.1), where

on(x,8) = 2 a,(x)e”

m=0

is a finite sum of the outer expansion. Then
(1.4) eu” + f(x, e)u’ + g(x, e)u= -Loy = O(eV*1).

If u = O(eM*') as e tends to zero, then (1.1) exhibits resonance on [-a, b]. However,
it is very difficult to show that u = O(e"*") from (1.4). For example, let us consider

(1.5) ey’ —2xy" + (p— 1)y =y(e),

where p is a positive odd integer. The transformations

(1.6) y =wexp(x2/2¢e) and x = te'/?
take

(1.7) ey’ =2xy'+(p—1)y=0

to

(1.8) d*w/dt* — (1 —p)w=0
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(Weber’s equation, cf. [17]). P. F. Hsieh and Y. Sibuya [4] constructed the unique
solution w,(z, p) of (1.8) such that w(¢, p) and wi(¢, p) admit, respectively, the
asymptotic representations

(1.9) wi(t, p) = tP~0/% 21 4+ 0(] 1] 2)],

wi(t, p) = 1#*D72% /21 + 0(| £|?)]

as ¢ tends to infinity in any closed subsector of the open sector: | arg ¢t |< 37 /4. Let
w = exp(3mi); if ¢ is replaced by w™'t and p by —p, then (1.8) does not change. Thus
w,(w't, -p) is also a solution of (1.8) and

(1.10)  lim o™ P+D/2((P*D/2e=0/2y, (7Y, p) =1, for largt - Z’ L
t— 00 2 4
Similarly, w (w™%¢, p) and w,(wt, —p) are also solutions of (1.8) with
(1.11) Lm0 7P =P/28% /2y (72 p) = 1, for|argt — 7 |< 34 ,
[Smdive]
(1.12)  lim o2/ +P)/2e=0/2y (o1, —p) =1, for ‘argt + %‘ < —471

t— 00

The general solution of (1.8) is
(1.13) w = Cyw(t, p) + Cw,(w7't,-p)

where C; and C, are arbitrary constants. It follows from (1.6), (1.7), (1.8), (1.13) and
variation of parameters that (1.5) admits a solution

y= exp()zc_i)wl('x‘, P){Co - w,(w"7{£1/2,_p)¢(8) )dT}

Ve 0 26207 D/ 2Zexp( 12 /2

X2\ [ e x wi(1/e?, p)y(e)
+exp($)w,( e P {Cl +'/(; 26!/ 207 (P= D/ Zexp( 72 /2¢) an
It follows from (1.9) and (1.10) that

= (r=hr2 c _/.xwpe(p~1)/4¢(£)d
Y\ 07 J, T aprnz 4T

2
+ 1P/ 20 +p) /4, -1 +p)/2exp( XT )

xg(p=1/2 (p—1)/2
xqc+ [+ “ V() 4l forx >0,
0 2D 4exp(1? /)

Since exp(x?/¢) and exp{(x* — 7%)/e} are exponentially large as ¢ tends to zero, y
is exponentially large as e tends to zero, even if Y(e) in (1.5) is e". Therefore we
obtain y # O(e") as ¢ tends to zero.

Let us assume that f and g in (1.1) are holomorphic in two complex variables x
and ¢ in the domain x € D, | e|< p, where D is a domain in the x-plane containing
the real interval [-a, b] and p is a positive number. As we shall show later, the
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assumption that f and g are convergent power series in ¢ for | e |< p is very important.
For example, in the case when

fxi0~ 3 0 s~ 3 g0

as ¢ tends to zero and g(x, €) is not holomorphic in ¢ at ¢ = 0, even if the
Matkowsky condition is satisfied, (1.1) may not exhibit resonance. Let us see a more
concrete example; consider

(1.14) ey’ —2xp'+(2+2e)y=0 (-a<x<a)
where a > 0, ¢ > 0 and a > 0. Since e~*/* is asymptotically zero as & tends to zero,

(1.14) does have an outer expansion y = Xx, i.e. ao(x) = x and a,,(x) = 0 for m = 1.
Hence, (1.14) satisfies the Matkowsky condition. The general solution of (1.14) is

x?2 x are wlx e
(1.15) y= exp(z)[cow,(mﬂ + 27/ ) + C,wl(ﬁ-,% —2e )],
where C, and C, are arbitrary constants. It follows from (1.9) and (1.10) that, for
x>0,

)l+e"’/‘ )—Z—e'"/'

y(x, &) ~ Cy(x/€? + Cexp(x?/e)(w'x /€2

In order to get that y(x, €) converges uniformly for x € [0, a] as & tends to zero (y
and ey’ being bounded on any closed subinterval of (—a, a)), we need to estimate C,
and C,. It follows from (1.15) that

x2 € X - X -a/Ee
C0={ye /2 [;wl(w'ﬁ,~3—2e /)

Smty2, 0 c1 X A —aye
twe wl(w Rz 3—2e )]

_y’ x2/2¢ 1% I -a/e / 172, ~1—e™%/¢_x2 /¢
y'e w,(w -——el/z, 3 —2e 2w e ,

x2 X X —a/e
C, = {—ye /ze[zwl(m,3+2e "‘/)

12,40 X _
+e!/ w,(el—/z-,3+2e “/5)]

+yzex2/2ewl( X ’3 + 2e-a/e) /26—1/2w—1—e'"/‘ex2/e;
/2

hence C, and C, admit, respectively, the asymptotic representation
-a/e ~a/e 1 —p-a/E _)—p-a/e
C0~£1/2+|/28 ol T2e {yx 1—e + %ey’x 2—e },
2 — -a/e —p-a/E -a/e -a/e
Cl ~ e~ (X /0)=1-(1/2)e /w-l e /{_yx2+e 4 +. %sy'x'“’ /}

as ¢ tends to zero and x € (0, a); therefore we obtain

C, = C(e)e'/?, C, = C(s)e“’z/"‘,
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where C(¢) is bounded and does not converge to zero as ¢ tends to zero, and
C(e) = O(&™") as ¢ tends to zero. Thus,

2
y= exp(%)[C(e)s]/zwl(x/e'/z,ii + 2e7%/¢)

+C(e)e™ /ow(w ' x/e/2, -3 — 26‘“/‘)].

We now consider x < 0. It is known that the function w,(x/€'/2,3 + 2¢~%/¢)
admits the following connection formulas (cf. [1, p. 687]):

‘/2_,”‘024-6'“/'

2([/2)(3+2e'“/‘)1"(_] _ e—a/e)

wl(x/e'/2,3 + 2e"’/‘) =

Xw(wlx/e/?, -3 —2e7%/¢) + w2+2e_“/'w,(w'2x/£'/2,3 + 2e7/¢).
Also, the inverse of the Gamma function, I'(~1 — e~/*), satisfies an estimate
Ke/*<1/T(-1 —e*¢) < K,e ®/*

for some positive numbers K, and K,; hence we have
x? 1/2,,2+2e7°/ 2. 40172
y(x, €) = exp > C(e)e/ 2?2 ™ w (w2x /2,3 + 2e7/%)

‘/2_7Tw2+e'“/' ~
+ C(e)e/? + C(e)e '/
2(1/2)(3+2e"’/')1"(__1 _ e—a/e)

Xw (w0 'x/e'/?, -3 — 2e72/%)

~ C(e)e X (x/e/?) T 4 (xe2)

2 _
x|/2a 2—(l/2)(3+28""/')w26"‘/‘cv(e)el/Zexp( X - a )

o euef (£

Note that C(¢) is bounded and does not converge to zero as ¢ tends to zero, and
C(e) = O(&7") as ¢ tends to zero. If a < a? then

/2,” 2-(3+2e"'/‘)/2w28'“/‘c(e)sl/ze(xz-—a)/e + w2+e'“/‘c~'(£)e—(a2—x2)/e

is exponentially large for x near —a. Hence (1.14) does not exhibit a resonance if
a < a?. Note that if & = a? then (1.14) exhibits resonance on [-a, a].
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Y. Sibuya [14] proved that the Matkowsky condition implies resonance if f(x, 0)
= —2x and the real interval [-a, b] is contained in a disc D with center at 0. The
main ideas in his proof are:

(1) Assume (1.1) satisfies the Matkowsky condition. After making changes of the
independent variable and the unknown, (1.1) then becomes

(1.16+) ey’ —2xy'+ (p—1+38(e))y=0,
respectively, in each of the domains
(1.17) x €D, sESj={s:aj<arge<bj,0<i£|<p0} (j=12,...,»),

where p is a positive odd integer, S, U S, U --- US, = {e: 0 <| ¢|< p,}, and
(1) 8,(¢) is holomorphicin §; = {e: a; < arge < b;,0 <|e|< p,};
(ii) &;(e) is asymptotically zero as ¢ tends to zero in Sj;
(2) it follows from the connection formulas of Weber’s equation (1.8) that

|8,(e) — 8.(e) | < Mexp(-r®/|e|) fore €S, NS,

where M), is a positive number and r is the radius of disc D. Then by a fundamental
lemma in his paper, it follows that | §;(¢) |< Hjexp(—rz/ |e|) fore € §;, where H; is a
positive number.

(3) Since disc D contains the real interval [-a, b], r* = max(a?, b*). By explana-
tion of the previous example, the estimates of §;(e) are good enough for (1.1) to
exhibit resonance on [-a, b].

In this paper we consider the general case where D is a domain in the x-plane
containing the real interval [-a, b]. The main problem is to remove from Sibuya’s
result the assumption that D is a disc. We will show that there exist transformations
taking (1.1) to (1.16-j), respectively, in each of the domains (1.17). In our case, since
the domain D contains a disc with radius » > 0 and center at 0, we can obtain
|6;(e) |< Hjexp(—rz/l e|) for ¢ € S; by using Sibuya’s result. However, since the
radius r of such a disc is small in general, these estimates of §,(¢) are not enough for
resonance. We shall use cohomological methods and generalizations of the
Phragmén-Lindelof theorem to improve the estimates of §,(¢). Then we shall show
that (1.1) actually exhibits resonance on [-a, b]. Information is also taken from the
paper by Kreiss and Parter [6].

2. Preliminaries. If we change y by
€ X
y= WCXP{_E/(; [-27 + fi(7, €)] dT},
where fi(7, €) = Z%_, f,.(7)€™, (1.1) is reduced to
(2.1) e2w” —[x> + eR(x,€)]w =0,
where

f(x,€)

x2 + eR(X, e) = ) + e[% %(x, e) — g(x, e)], R(x, 8) = i;ORm(x)em,

and each R, (x) is holomorphic in the domain D.
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(2.1) is equivalent to the system
(2.2) edW/dx = M(x, €)W,
where
W:[dw ] M(x,e)z[ 0 H
edw/dx x*+eR(x,e) 0

To prove the main theorem, the following two lemmas are needed, and for their
proofs we refer to [14].

LEMMA 2.1. Let 0 € Q be a simply connected domain in D. Then there exists a
two-by-two matrix

(2.3) T(x,¢) = § T,(x)e"
h=0

_ A(x, €) B(x, ¢€)
ed'(x,e) + (x> + eC(e))B(x,e) A(x,¢e) +eB'(x,¢)|
where A(x, €) = Z2_oAu(x)e", B(x, £) = 22 B,(x)e" and C(e) = IX_a,e". The
components of T(x, €) are formal power series in & such that:
(i) the components of the two-by-two matrices T,(x) are holomorphic in Q;

(ii) det Ty(x) = Ay(x)* — (xBy(x))* = 1 in domain Q;

(iii) the formal transformation W = T(x, €)V reduces (2.2) to
(2.9) eV’ = N(x,e)V

where

N(x,£)=[xz +05C(e) (1)] V=[£:;,]

in the domain Q, and
(2.5) R(0) = a,.

LEMMA 2.2. (1.1) satisfies the Matkowsky condition iff a, (¢f. (2.5)) is a negative odd
integer and a,, = 0 (m = 1).

In order to obtain our main theorem, we will introduce the following notation for
a domain in the x-plane.

Let r; be a sufficiently small positive number and r,r, positive numbers with
r, > b, r, > a, respectively. Set

(26) D, = {x =x, +ixy: - <x,<rn,-yrf —x}<x, <yri—x} }

(cf. Figure 2.1). Then D, is a simply connected domain in the complex x-plane which
contains the real interval I. We can choose ry, r, and r; so that D, C D.

The main theorem will follow immediately, once the following uniform simplifi-
cation is proved.
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_—)
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-r, -a o b } r,

A

FIGURE 2.1

THEOREM 2.3. Let A and M be sufficiently small positive numbers and set
(2.7) D,=D\{x=re? €D;:-3n/4—A<O<-w/4+ A}

(cf Figure 2.2). Then there exists a two-by-two matrix S(x, €) whose components are
holomorphic in two variables, x and ¢, in the domain

(2.3) x €D,
(2.9) {e:|arge|<A,0<|e|< M}
such that:

(i) the matrix S(x, €) ~ T(x, €) (cf. (2.3)) as € tends to zero in (2.9) uniformly in

the domain (2.7),
(ii) the transformation W = S(x, €)U reduces (2.2) to

[ o 1
(2.10) eU —[xz_ep O]U

in the domain (2.8), (2.9).
We shall prove this theorem in §4.C.

*2

y
x

[ ,
i :

FIGURE 2.2

3. Basic lemmas. Assume that (1.1) satisfies the Matkowsky condition on 7. By
virtue of Lemma 2.2, this is equivalent to assuming that a, = —p, where p is a
positive odd integer and a,, = 0 for m = 1. Hereafter, we shall assume that a < b
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(otherwise we replace x by —x). Manipulating with rotations of domain D, and
sectors in the e-plane, we can obtain the following lemma (cf. [8, 14]).

LEMMA 3.1. There exist sectors S; = {e: ay <arge<bf, 0<|e|<p} (j=
1,2,...,n), where p is a positive number, a*’s and b*’s are real numbers, and
STUS,U---US, = {e: 0<|e|<p}, functions &(e),...,0,(¢) and two-by-two
matrices P\(x, €),...,P/(x, €) such that:

(1) 8,(¢) is holomorphic in S;;
(ii) &;(¢) is asymptotically zero as e tends to zero in S};
(iii) entries of P; and Pj'l are holomorphic in the domain

(3.14)

XED ={x=x +tix,: -r,<x,<r,-\rf—x2<x <|rt—x?}, e€ S,
1 1 2+ 13 2503 2 2 1 1 2 )/

for some domain D, in D which contains the real interval I,

(iv) P, (resp. Pj") admits the matrix T (resp. T™') as an asymptotic expansion as &
tends to zero in S;, which is valid uniformly in D;

(V) the transformation W = P/(x, &)V, reduces (2.2) to

(3.1y = 0 1
1) ef_xz—s(p-i-sj(e)) 0|¥
in the domain (3.1-)).

Sibuya [14] proved that the property “asymptotically zero” of §(e) can be
replaced by “exponentially small”. In his case the domain of x is a disc with center
at 0 and the exponent of e depends on the radius of the disc. In our case, although
the domain of x contains a disc with center at 0, the radius of the disc is small. If we
apply his theorem directly, we obtain

(3.2) |8,(¢) | < Hyexp(-ri/|e]) inS,

s j=12,...,n,

for some positive number H,.

Let r, be a positive number with a < r, < r, and choose w, with 0 < w, < 37 such
that r2 = r?cos w, > 0. Then if arge = w, (or —w,), we get ri/|e|= ri Re(1/¢).
Therefore, for some sector which contains the line segment arg e = w, (or —w),
0 <|e|< B, say S;, we have

|8;(e) |< H, exp{-rf Re(1/¢)}
for € on the line segment arg e = w, (or —w,), 0 <|&|< p. Then we obtain
LEMMA 3.2. There exist sectors
S, = {era;<arge<b,0<|e|<p} (j=1,2,...,»)
where

(3.3)

T < ~wy = a;<a;<b; <a3<by<a,;<by<---<a,<b_,<b=w<im,
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functions §,(¢),...,0,(€) and two-by-two matrices P\(x, €),...,P(x, €) such that:
(1) 8,(¢) is holomorphic in S; and continuous on

S¥={e:a,<arge<b,0<|e|<p};

(ii) &;(e) is asymptotically zero as € tends to zero in S;

(iii) | 8,(e) |< H, exp{-r¢ Re(1/¢)} on the line segment arge = —w,, 0 <|e|< p;
| 8,(¢) | < H, exp{-ri Re(1/¢)} on the line segment arg e = w,, 0 <| & |< p;

(iv) entries of P; and Pj'I are holomorphic in the domain (3.1-j);

(v) P; (resp. Pj") admits the matrix T (resp. T™') as an asymptotic expansion as ¢
tends to zero in S;, which is valid uniformly in D;

(vi) the transformation W = P(x, €)V; reduces (2.2) to (3.1)" in the domain (3.1+).

Note that these functions §;(¢) and sectors S; are similar to, but slightly different
from, those in Lemma 3. Assumption (3.3) means that » sectors, S|, S,,...,S,,
intersect consecutively (i.e. S; N S, | # @), but no three of them intersect.

The estimate of §,(¢) (resp. §,(¢)) is relatively poor on the ray arg e = w, (resp.
arg e = —w,) which is close to the imaginary axis. However, we can substantially
improve such an estimate along the real axis by utilizing

THEOREM 3.3. Let S; and §; be as in Lemma 3.2(i), (ii). Assume (3.3) holds and
|8j+1(8) - 8]’(8) |< Hyexp{-uRe(1/¢)} in SN S

| 8,(e) |< H, exp{—pRe(1/€)} on the line segment arg e = -w,y, 0 <|e|< p; | §,(¢)|<
Hexp{-pRe(1/€)} on the line segment arge = w,, 0 <|e|< p, for some positive
numbers p.and H,.

Then there exists a positive number H such that

(3.49) |8,(¢) |< Hexp{-uRe(1/¢)} inS

s J=12,...,».

PROOF. See Lin [7].
REMARK. We shall use this theorem with p = . Note that if arge = 0 (i.e. € is
positive real) and € € S, for some j,, then (3.4) implies | §;(¢) |< H exp{—p/¢}.

4. Proof of main theorem.
A. Preliminaries. In this section, as an application of Theorem 3.3, we shall derive
an estimate

(4.1) |8;(¢) |< Hexp{-ri Re(1/¢)} fore €S,

for §, and r, as in Lemma 3.2. (If necessary we shall replace p by p where 0 < < p.)
To do this it sufficies to prove the estimate

(4.2) |8j+1(8) - 8,(“3) |< H, exp{—r02 Re(l/s)} inS; NS,
Note that we already have
(4.3) |8,(e) |< H,exp{-r7 Re(1/¢)}

on the line segment arg e = -w,, 0 <|&|< p, and

(4.4) |8,(¢e) |< H, exp{—r02 Rc(l/s)}
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on the line segment arg ¢ = w,, 0 <|&|< p, for some positive number H,. To derive
(4.2) we shall use

(4.5) d*w/di> — (t* —a)w =0
(Weber’s equation, cf. [17]), where a is a complex parameter. Hsiech and Sibuya [4]
constructed the unique solution w; = w,(¢, a) of (4.5) such that:

(i) w,(¢, @) is an entire function of (7, a);

(ii) w(¢, a) and wi(¢, ) admit, respectively, the asymptotic representations

wi(t, a) = t("‘_')/ze"z/z[l + 0(| t |'2)],

wilt, @) = (V%21 + 0(|1|7)]

uniformly on each compact set in the a-space as ¢ tends to infinity in any closed
subsector of the open sector | arg ¢ |< 37 /4. (Also see Y. Sibuya [12].)

DEFINITION 4.1. If a solution of (4.5) tends to zero as t tends to infinity along any
direction in the sector S, then this solution is said to be subdominant in the sector S.

Since Re(#?) > 0 in the sector | arg | < m/4, the solution w,(¢, &) of (4.5) is called
a subdominant solution in the sector | arg ¢ | < 7 /4.

Let

(4.6) w = exp(47i).

If we replace ¢ by w't and a by -, then (4.5) does not change. Thus w,(w™'t, —a) is
also a solution of (4.5), and

lim w-(a+I)/2t(a+l)/2e—12/2wl(w—lt’_a) =]

t—> o0
uniformly in « if a is in a compact set in the a-plane and |argt — 7/2 |< 37 /4.
Similarly, w (w™%t, @) and w,(wt, —a) are also solutions of (4.5) with

lim w0~/ 2%/ 2y (6572, a) = 1,
t— 00

lim w('+°‘)/2t('+°‘)/2e"2/2w|(wt, —a) =1
t— 00
uniformly in a if « is in a compact set in the a-plane and |arg? — 7 |< 37 /4,
|argt + 7 /2| < 3m/4, respectively.
(4.5) is equivalent to the system

) Tl v
where
‘I':[dw‘;a’t]'
Set
w(t, a) w(w™'t, —a)
(4.8-0) Yo(t,0) =| dwy(1,0) _ 3w (w’'t,-a) |

at @ at
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wi(w't, -a) wi(w™?t, a)
(4.8-1) ¥ (1,a) = L awl(w'lt,ﬂl) 5 awl(w'2t,a) ,
wl——
ot ot
w(w?t, a) w(wt, -a)
(4.8-2) ¥y(t,0) = Low(w?r, a) ow,(wt,-a) |»
® 0t ® ot
and
wi(wt, -a) w (1, a)
(4.8-(—1)) Y (t,a) = . ow(wt,-a)  Iw(z,a)
ot ot

We consider these matrices of independent solutions of (4.7) in J,, J,, J, and J_,,
respectively, where
Jo={1:|argt —m/4|<m/2}, Jy=A{t:|argr —w/4 —7m/2|<m/2},
L=A{t:|argt —m/4 —m|<a/2}, J,={t:|argt —w/4+7n/2|<m/2}.

Set
(4.9) C(a) = 22/2%1 /2 /T0/270/D)
(4.10) C(a) = 0**3,
and
C(a) 1
(4.11) M(a) = é(a) 0}_
Then

Yo(t, @) = ¥ (1, ) M(a), ¥,(¢t,a) =V,(t, ) M(-a),
V,(1,a) =¥ (1, ) M(a), ¥ (t,a)=Yy(t,a)M(-a).

(Cf. Y. Sibuya [14].)
Now we shall derive solutions of the system

0 1
|

(4.124) =y - e(p+38(e)) 0|7

J

Choose a branch of ¢'/? such that arg(e'/?) = { arg e for ¢ in the sector —w, < arg e
< wp. Set

1 0
A(e)=[0 81/2]’
and

@,(x,€) = A(e)¥,(x/e/%, p+ 8(e))  (h=-1,0,1,2).
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Then

d d X -
ead)jh(x, £) = sA(s):i;‘I',,(sl—/z-, p+ 8j(s))e 172

= el/zA(e)[e_.xz _ ((I)’ " 8j(e)) (l)]A(g)“(pj,,(x, €)

0 1
) [xz —e(p +8(e)) O]Q,,,(x, £).

Hence, @, are fundamental matrix solutions of (4.12-) such that
(4.134) Bjo(x, €) = @, (x, ) M(p + §(¢)),
D, (x, e) = D,(x, e)M(—p - 8](8)),
D,(x,e) = &, ,(x, e)M(p + 8j(e)),
®,(x, €) = o(x, e)M(-p — §,(e)).

Jz[g) -01]

Qi(x, &) = y(x, e)exp{(-1)"3x% U} (h=-1,0,1,2).

Some of the properties of @, are given in the following lemmas due to Sibuya [12].

Set

and

LEMMA 4.2. Let R and M, be arbitrary but fixed positive numbers and \ a sufficiently
small positive number. Then w = wy(w "x/¢'/?, w™*"a) satisfies
(4.14) | wi(w™hx /€2, w'zha)exp{(—l)hxz/Zs} |<é|el,
| wi(w™x /€2, w2ha)exp{(~1)"x?/2¢} |< &| €|
in the domain
(4.15)
|x|<R, |arg(x/e/?)—3hm|<3m/4—A, 0<|e|<M,, |arge|<w,,

where ¢ is a positive constant depending on A, and q is a real number.

LEMMA 4.3. Let r, R and M, be arbitrary but fixed positive numbers and A\ a
sufficiently small positive number. Suppose Y(€) is a given function of € which is
holomorphic in a sector

(4.16) {e:p, <arge<p,,0 <|e|<M,},
where —w, < p, < p, < w, and

(4.17) W(e) ~ 0
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as ¢ tends to zero in (4.16). Then
2
n_ X 2k )_ ( -n_ X —2h )] { ;.x_}
wi | w ,w o+ Yl(e w | w , w "a ) lexpi (-1 ~0,
[ ]( 81/2 4}( ) 1 8[/2 p ( ) 28

[w{(w"’;lf/—z ,wa + \]z(e)) — w{(w"‘ﬁ, w’z"a) exp{(—l)h;—:} ~0
uniformly for
(4.18) |x|<R, |arg(x/e'/?)—hn/2|<3w/4—N, |a|<T,
as € tends to zero in the sector (4.16).

Given any ¢ in Sj, by Lemmas 4.2 and 4.3 we know that if (x, €) is in a domain

(4.19-h) x €D,, |arg(x/e/?) —7n/4—hn/2|<m/2 —A,
where A is a small positive number, then we have
1Qu(x, )l <élel?,  1Qu(x, e) Il <éleld,

where ¢ is a positive number depending on A, g is a real number and || || denotes the
usual matrix norm. Furthermore, the matrix Q,(x, &) — @, (X, €) is asymptoti-
cally zero uniformly in the domain (4.19-h) as e tends to zeroin S; N S, ;.

B. Estimate. Let P(x, €) and P, \(x, €) be the matrices given in Lemma 3.2. Then
P(x, &)®;,(x, €) and P, (x, &)@, ,(x, €) are two fundamental matrix solutions of
(2.2) in the domain x € Dy, e € §; N S, . Therefore, there exist two-by-two matrices
L,(¢) such that

(4.20-h) Pj+](x’ E)q)j+l,h(x’ €) = Pj(x» e)q)jh(x’ e)Ly(e).
Note that L,(&) does not depend on x. It follows from (4.20-0) that

x|~ 52 | o(elewp(x0/26) = Qo o B(x, ) By (3, 0@, 15, )
Hence, the matrix
(4.21) exp{-x%//2¢e} Ly(e)exp{x%/ /2¢} — I,
is asymptotically zero as e tends to zero in S; N §;,; uniformly in the domain

(4.19-0), where I, is the two-by-two identity matrix.
In the same way we can prove that the matrix

(4.22) exp{x%J/2¢e} L (e)exp{-x%/ /2¢} — I,
is asymptotically zero as e tends to zero in S; N S, uniformly in the domain
(4.19-1).

From the connection formulas (4.13-j), (4.20-0) and (4.20-1), we can derive

-1

(4.23) Li(e) =M(p +8,(e)) Lo(e)M(p + 8,.1()) .

Set
éu(e) élz(e)
Cyule)  Cyule)

Cu(e) Cpy(e)

Cule)  Cyle) + lale) =

(4.24) Ly(e) = [
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Then from (4.23) and (4.24) we derive
(4.25)

Cu(e) = C(p + §(e))Cixle) + Caole),
Cia(e) = {C(p + 8(e))Cuile) + Cule)} /C(p + §41(¢))
-C(p + 8.1(){C(p + §(e))Crae) + Cuale)} /C(p + 8,1.1(e)),
Cule) = C~‘(1’ + (sj(e))CIZ(E)v
ézz(e) = {C(P + 8;(8))C|1(5)}/C(P + 8j+l(£))
~C(p + 8,41(e){C(p + 8,(e))Cix(e)} /C(p + 81.1(e)).
Since
(4.26)  exp{-x2J/2e}Ly(e)exp{x*J/2¢}
Ci(e)  Cile)exp(-x>/e) ]

CZI(s)exp(xZ/s) Cy(e)
and
(427)  exp{x%J/2€e}L,(¢)exp{ x> /2¢}
_ én(e) élz(s)exp(xz/a) ]
CZ|(5)CXP(‘x2/5) 622(5) ’
then, from (4.21) and (4.26), we have
(4.28) | Cy(e) | < my |exp(—x2/e) I

for some small positive number m,,, uniformly in the domain (4.19-0). Note that
|arg(x/e'/?) — tm|< im — X if and only if jarge— 47 + A<argx < jarge
+ 37 — A. If A is a sufficiently small positive number (e.g. 0 < A < 47 — Jw,), then

large— jmr+tA<jiarge — 47+ {7 — 3w, <O,
and
large + 3mr —A>targe+ 37— 7 + 1w, > 0.

Set x = r,. Since r, € D, and arg(r,) = 0 (note that a <r, <r, <r)), then r, is in
the domain (4.19-0) if |arge|< w,. Since (4.28) holds uniformly in the domain
(4.19-0), we obtain

(4.29) | Cu(e) |< my exp{-rf Re(1/¢)} fore €SN S;,,.
Similarly, from (4.22) and (4.27), we have
(4.30) | CIZ(E) |< i, | CXP(—XZ/E) )

for some small positive number r,,, uniformly in the domain (4.19-1). Note that
| arg(x/€'/?) — o — im|< Lo — Niff

large+ im + A<argx<large+ 37— A.
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Since

yarge + zm+ A< jarge + 47 + 7 — Fw, < 37,
and

yarge + 37 — A > Jarge + 37 — 47 + jw, >,
X = -ryis in the domain (4.19-1), and we obtain
(4.31) | Ca(e) |< iy exp{-r¢Re(1/e)} fore € SNS..
Furthermore, as in Sibuya [14, p. 663], we obtain
(4.32) | Cia(e) |[< myyexp{—ri/|e|} fore€ S NS,
where m,, is a positive number. It follows from (4.25) that

(p+8,(e)Cule) = C(p + 8.,1()){C(p + 8,(e))Crale) + Cle))
= élz(e)é(}’ + 8j+|(5)) — Cy(e).

Since Cj(¢) is asymptotically one as & tends to zero in §; N §;,, (cf. (4.21) and
(4.26)), we can derive (from (4.29) and (4.31))

C(P + 6]’(8)) - C(P + 61+1(3)){ Cule) + C(p + 8](8))&(—9)—}‘

Ci(e) Ci(e)
<m*exp{-rfRe(1/¢)} fore €S NS,
for some positive number m*. Let

C
fj(ﬁ) — 22(8) + Clz(e) .
Cu(e) Cii(e)
Then f(¢) is holomorphic in S; N S, , and asymptotically one as ¢ tends to zero in
S; N S;4 (cf. (4.21), (4.26) and (4.32)).

c(p+ 8j(e))

LEMMA 4.4. There exist functions g (&) in S; which are, respectively, holomorphic in
S; and asymptotically one as ¢ tends to zero in S; such that f(e) = g, (e)/g;(e)
(J=L2,....0o = 1Din§NS_,.

REMARK. Here we replace p by a smaller p.
We shall prove this lemma in §4D. By Lemma 4.4 we obtain

(433) | C(p+8,(e))g;(e) — C(p+8,,.(e))g;+1(e) |< mexp{-rZRe(1/¢)}

in §;N S, for some positive number m. Since dC(p)/da # 0 and C(p) = 0 (cf.
(4.9)), we have

(4.34) K, 18(e) |<|C(p + 8(¢)) |< K, | 8(e) |
in §; for some positive numbers K, and K,. Let
¢;(e) = Cc(p+ 8j(e))gj(e) fore € ;.
Then from (4.33) we have
|9/(€) = ¢1(e) |[< mexp{-rRe(1/6)} in§ N5,
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Also, from (4.34), (4.3) and (4.4) we have

|¢,(e) |< Kexp{-r¢Re(l1/¢)}
on the line segment arg = —w,, 0 <|&|< p, and

|9,(¢) |< Kexp{-r7 Re(1/¢) }
on the line segment arge = w,, 0 <|e|<p for some positive number K. Let
H, = max{m, K}; by Theorem 3.3 we obtain

(4.35) |¢,(e) | < Hexp{-r7Re(1/¢)}

for some positive number H for ¢ € S,j=1 2,...,v. Thus, from (4.34) and (4.35)
we have

|8,'(5) |< M, exp{—r02 Re(l/e)}

for some positive number M, for ¢ € S,J=12,...,». This completes the proof of
4.1).

C. Resonance. In this section we shall prove Theorem 2.3 and derive the resonance
from Theorem 2.3. To do this we shrink our domain D, so that a < r, < r,, where 7,
is the same number as in the last section, and choose a sufficiently small positive
number A such that cos A > r2/rg.

Let us recall that there is a transformation W = P(x, &)V which reduces (2.2) to

(4.36) V' = 0 . vV

' T X —e(p+8(e) O

where P(x, €) ~ T(x, €) uniformly in the domain D, as ¢ tends to zero in

(4.37) {e:|arge|<A,0 <|e|<M}.

In order to finish the proof of Theorem 2.3, we need to find a two-by-two matrix,
say B(x, €), such that the transformation V' = B(x, )U reduces (4.36) to

| o 1
(2.10) eU —[x2 —ep O]U
in the domain (4.37),
(4.38) D,=D\{x=re €D: -m—A<O< -im+A}.

Once this is done, we will choose S(x, €) in Theorem 2.3 as S(x, €) = P(x, €)B(x, ¢).
Therefore, B(x, ¢) must be asymptotic to I, as & tends to zero in (4.37). Note that
from the result in the last section, we already have

(4.39) |8(e) |< M, exp{-r¢ Re(1/¢)}
for ¢ in (4.37) for some positive number M,. Theorem 2.3 is an immediate

consequence of

THEOREM 4.5. Let A and M be sufficiently small positive numbers such that
cosA > rt/r¢, and let (4.38) hold. Then there exists a two-by-two matrix B(x, €)
whose components are holomorphic in two variables x and € in the domain

(4.40) x €D, €€ {e|arge|<A,0<|e|<M}
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such that:

(i) the matrix B(x,¢e) ~ I, as € tends to zero in (4.37) uniformly in the domain
(4.38);
(ii) the transformation

(4.41) V= B(x, e)U
reduces (4.36) to (2.10) in the domain (4.40).

PROOF. Set
®,(x, €) = A(e)¥,(x/€/%, p + 8(¢))
®,(x, €) = A(e)¥,(x/€/2, p)

(cf. (4.8-0) and (4.8-1)). Then ®,(x, €) and ®,(x, ¢) are fundamental matrix solutions
of (4.36) and (2.10), respectively, such that

(h=0,1)

®y(x,€) = ®,(x,e)M(p + 8(e)) and y(x,¢e) = &,(x, e)M(p)
where M is given by (4.11). Set
B(x,€) = ®y(x, £)Py(x, 8)_1.

Then the transformation V' = B(x, €)U reduces (4.38) to (2.10). Therefore, the main
part of the proof is to show that B(x, ¢) — I, is asymptotically zero as ¢ tends to zero
in (4.37) uniformly in the domain (4.38).

SetJ = [} %]and

0,(x,e) = ®,(x, e)exp{(~1)hx2J/23}
- . A (h=0,1).
0,(x,€) = ®,(x, e)exp{(-1)"x%/ /2¢}

By Lemmas 4.2 and 4.3 we know that if ¢ is in (4.37) and

(4.42-h) x €D,, |argx —4m — jho|<jm — A,

where A is a small positive number, then we have

(4434) {IIQ;,(x, el <clelr, 1Q4(x,e) I <é|el,

10,(x, )l <E|el?, 1Q,(x,e) " I <élelf,

where ¢ is a positive number depending on A and q is a real number. Furthermore,
the matrix

(4.44-h) 0i(x, €) = Oy(x, €)

is asymptotically zero as & tends to zero in (4.37) uniformly in (4.42-h).
Since ®,(x, €) and B(x, €)®,(x, ¢) are two fundamental matrix solutions of (4.36)
for x € D, and ¢ is in (4.37), there exists a two-by-two matrix L (&) such that

(4.45) ®,(x,€e)L,(e) = B(x, e)®,(x, ¢).
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Note that L,(€) does not depend on x, and
L~l(e) =0,(x, 3)_13("’ 3)&)l(x, €)
= M(p + 8())q(x, &) B(x, £)B(x, e)M(p)~
=M(p+8(e))M(p)".
We have
_[1 0]
0 1

Mp+s()m(p)’ — 1 =| ST ‘H? 1/¢(p)

[ C(p+8(e)) O -C(p)/C(p)
[0 (C(p+8(e) — C(p)}/C(p)
10 {C(p+8(e)) — C(p)}/C(p)
_[o o(s(e))

0 0(5(e))

for |arge|<A,0 <|e|< M.

Furthermore,
B(x, ¢) = @y(x, &)By(x, )"
= Qy(x, e)exp{-x2T /2¢}exp{x2 /2€} Q(x, €)'
= Q(x, £)Qo(x, 8)_1‘

It follows from (4.44-0) that B(x, €) — I, is asymptotically zero as ¢ tends to zero in
(4.37) uniformly in the domain (4.42-0). Also, from (4.45) we have

B(x, &) = ®(x, e)il(e)&)l('x’ *5)_l
= Q\(x, e)exp(x%//2¢) L, (e)exp(-x% /2€) 0, (x, ¢) "

(a2 0 {1 0(5(c)
0i(x, €) . 0 exp(_xZ/zg)] 0 1+ 0(8(e))

X exp(-x2/2€)0,(x, €)'
exp(x?/2¢) {exp(x2/2¢e)} O(8(¢))

SO (261 + 0(8(e))
x[e""(-zz/z‘* exp(f%)].él(x, )"

= 0,(x.5) [ (‘) {e""f’f/(jz;(of)f“”l-é.(x, "

—o(xe) {,2 ok exp(x;(/gzeo)()s(e)) ” bi(x. o)

0 {exp(x?/e)}O(8(e))

0 0(8(¢)) JQ‘("’ 2"

=Qi(x, E)Ql(x? 5)—| + Qi(x, e)[
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as ¢ tends to zero in (4.37). Since

(4.44-1) 0,(x,e) — 0,(x,¢)
is asymptotically zero as € tends to zero in (4.37) umformly~in (4.42-1), then there
exists a two-by-two matrix Fi(x, €) such that Q,(x, &) = Q(x, €) + Fi(x, ¢) and
F\(x, €) is asymptotically zero as ¢ tends to zero in (4.37) uniformly in (4.42-1). Thus,
B(x’ 8) —I,= Fl(x’ G)Ql(x’ E)_l
{exp(x?/€)} 0(8(e))
0(8(¢))
Since 8(¢) satisfies (4.39) for | arg e |[< A, 0 <| e |< M, we have
(i) 8(¢) is asymptotically zero as € tends to zero in (4.37).
Also, if x is in (4.42-1) and ¢ in (4.37) then
|8(e)exp(x?/e) |< M, exp{-rs Re(1/¢) Jexp(r?/|e|}
= M, exp{-rfRe(1/¢) + r}/| |}

0 ~ _
+0i(x,€) 0 Oi(x, €) l

= M, exp{-|e|'[r¢cos(|arge|) — r}]}
since | arg e |[< A < 3« implies that cos(| arg ) > cos A > r}/ré.

Hence, we have

(ii) 8(e)exp(x?2/¢) is asymptotically zero as € tends to zero in (4.37) uniformly in
(4.42-1).

Utilizing (i), (ii) and the fact that F|(x, ¢) is asymptotically zero as ¢ tends to zero
in (4.37) uniformly in (4.42-1), together with (4.43-1), we obtain B(x,¢) — I, is
asymptotically zero as & tends to zero in (4.37) uniformly in the domain (4.42-1). The
domain D, is the union of (4.42-0) and (4.42-1). Thus we complete the proof of
Theorem 4.5.

Now we shall derive the resonance from Theorem 2.3. (2.10) is equivalent to

(4.46) eu” — (x> —ep)u=0,
which admits a solution
u(x, e) = Cwy(x/€/2, p),

where C is an arbitrary constant. Since (p — 1)/2 is a nonnegative integer,

(p—1)/2 2 v
(4.47) u(x,€) = Ce"‘z/ze( 52) {1 +a— £+ a28—4 o ta,— },
x? x x

where a,,. .., a, are constants, » is a positive integer such that 2» < (p — 1)/2, and
(4.48)

v

(pt+1)/2
, <226 X €
eu'(x,€) = Clee XZ/Z( 1/2) { 1+/31 +Bz A +B”_x2”}’

where B,,...,B, are constants (cf. Hermite polynomial in [17]). Thus,
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is a solution of (2.10). Set
Si(x,e)  Si(x, )
Sp(x,e)  Sp(x,e)

in Theorem 2.3. Then S(x, €) ~ T(x, €) as ¢ tends to zero in (4.37) uniformly in D,,
and

(4.49) w(x, &) = S (x, e)u(x, €) + S,(x, e)eu'(x, )

is a solution of

S(x, €)=

e?w” — (x? + eR(x, e))w =

Hence

y(x,€) = exp{—-zlgl)x[—h + efi(7,¢)] d*r}w

is a solution of (1.1), where f(7, ¢) is holomorphic in 7 € D,, | e|< p. It follows
from (4.47)—(4.49) that

1 ,x
(@50) »(x.e) = CerAexp{ - [1(r, ar)
0
X {S”(x, 8)[X(P_1)/2 + o ex(PTI/2 .o +a,£"xq”]
+x8,(x, &)[-xPTV/2 4 Blex(PTI/2 4 .. 4B x?])

where g, is a nonnegative integer. Set C = ¢»~ /4 Then (4.50) becomes

1 px
y(x,€) = exP{‘E/(; filr,€) dT}
X {S”(X, e)[x(p—l)/Z + a,sx(P“S)/z + ... +ay£vqu]
xS QX4 x5 4 ],

and
ij’}))’(x, €)= {exp[_%/oxf,(r,o) dr]}{Ao(x) — xB(x)}x(r~V/2

uniformly in x € D,. Since Ay(x)*> — (xB(x))> = 11in D,, lim,_, y(x, ¢) is a non-
trivial solution of f(x,0)y’ + g(x,0)y = 0.
D. Proof of the lemma. We will prove Lemma 4.4.

PROOF. Since f,(¢) is holomorphlc m S, N S, and asymptotically one in Sl ns,,
then log f(¢) is holomorphic in §; N $, and asymptotically zero in S, N S,, where
S = {e: a;<arge <b;, 0 <|e|<p} with some p such that 0 < p < p. For given
0 > (0, set

Vi={ea,+0<arge<b, —0,0<|e|<p).
Then ¥, C §, N S,and y, — y{ are boundaries of ¥, where

y,={ere=1e @D 0<r<p} U {e:e=pet a,+0<t<(b, — a,)/2}
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and
={e:e=1e/®00<t<p} U {e:e=pe ™, (b —a,)/2<E<b, —0}.
By the Cauchy integral formula, we have

log f,(e) = L/ ——-—logfl(z)dz - _.l_fftlogfl(z)dz.

2wi nw 2T € 2mi v ZTE
Set
1 log fi(2) 1 [ log fl(z)
hi(e) = 271/ z—¢ — = 4 k() _%j;
Since
] N oty N+l
z_e—méoz € +m, forallN=0,l,...,
we have
) log f(z) dz
(m+1) 1
h(e) = 2 [ f log f,(z) dz|€™ +Z P j;|zN+l(z—8)
and
¢ log f(2)
2771/,,2”“(z—e) z ase
Therefore

o0
~ 2 bt
n=0
as £ tends to zero in $,, where
S, ={era <arge<b, —0,0<|e|]<B} CS,
and
S,={era,+0<arge<b,,0<|e|<B}CS,.
Note that 4,(¢) is also holomorphic in S,. Similarly,
o0
hl(e) ~ 2 pnan
n=0
as ¢ tends to zero in .§,, and h,(¢) is holomorphic in §,. Also, log fi(¢e) = R \(€) — hy(e).
Thus,

file) = ﬁl(s)/Hl(s)
where H,(¢) = exp{h,(¢)} and H(e) = exp{ﬁl(e)} are holomorphic in fl and §2,
respectively. Furthermore,

Hl 8) 2 qn
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as ¢ tends to zero in $, and
. [o o]
H](E) ~ 2 qnen

as ¢ tends to zero in S2 Since f,(s) is asymptoucally one as ¢ tends to zeroin S, N S,
and f,(e)H,(e) = H (e) in S, N Sz’ we have g, = g, foralln =0, 1,2,.

By a theorem of J. F. Ritt (cf. W. Wasow [15]) there exists a function F \(¢) which
is holomorphic in S, U S, where F,(¢) ~ S%_, g,&" as € tends to zero in §; U . Set

G(e) = H(e)/F|(e),  G\(e) = H (e)/Fy(e).

Then G(¢) and G,(e) are holomorphic in S, and S2 and asymptotlcally one as €
tends to zero in Sl and Sz, respectively. Since fl(s)G I(z-:) ,(e), by continuation,
we obtain G,(¢) and Gl(e) are holomorphic in S, and 52 and asymptotlcally one as €
tends to zero in §, and Sz, respectlvely Since S, N S, = (S, U S,) N S; and
fz(e)G ,(e) is holomorphic in S, N $; and asymptotlcally one as ¢ tends to zero in
S, N S;, there exist P,(¢) and Q (e) holomorph1c in §, U S, and S and asymptoti-
cally one as ¢ tends to zero in S, U S, and S;, respectively, such that

£(e)G (&) = 0,(e)/Py(e).
Then

hie) = Ql(e)/Pl(e)Gl(a)'

Set

fi(e) = P()G\(e)/P\(£)G(e).

Note that P,(¢)G (&) and P,(¢)G,(¢) are holomorphic in S, and S, and asymptoti-
cally one as ¢ tends to zero in S| and S,, respectively. Continuing in this fashion, in a
finite number of steps the resultant will meet the requirement of Lemma 4.4.
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