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EMBEDDING L' IN L'/H'
BY
J. BOURGAIN

ABSTRACT. It is proved that L' is isomorphic to a subspace of L'/H'. More
precisely, there exists a diffuse o-algebra & on the circle such that the corresponding
expectation E: H*® — L®(C) is onto. The method consists in studying certain
martingales on the product IIN.

1. Introduction. Let us start by fixing some terminology. As usual, [I will denote
the circle equipped with its Haar measure m, H, is the subspace of those f € L'(I])
for which f(n) = 0 for n < 0and ¢: L' - L'/H] is the quotient map.

We are interested in the question whether or not there exists a linear embedding of
the Banach space L' in the space L'/H}. We briefly indicate some motivation for
this problem. First, it was (and still remains) an open question if the three-space-
property holds for L'-embedding, i.e. suppose X a Banach space, Y a subspace of X.
Is it true that whenever L' embeds in X, it also has to embed in either Y or X/Y?

The problem is also unsolved in the particular case X = L' and Y isomorphic to a
dual space. It is not hard to show that an embedding of L' in X /Y is then equivalent
to the existence of a subspace S of X, S isomorphic to L' so that the quotient map
X - X/Y is an isomorphism when restricted to S.

In the special situation X = L'([) and Y = H|}, the answer was unknown for some
time. There was hope that this may provide a counterexample in view of the
following result, due to W. B. Johnson (see [9]).

PROPOSITION 1. No complemented subspace of L' /H,} is isomorphic to L'.

This is a consequence of the fact that any operator T: L' /H' — L' maps weakly
compact sets onto norm compact sets. Let us sketch the argument.

Consider the identity map I: L*/H® - L'/H". Then (TI)*: L® - H*® - H' is
integral and therefore nuclear (since H' satisfies the Radon-Nikodym property)
Consequently, also 77 is nuclear. Given now a weakly null sequence (x,,),— ;.
L'/H', it follows from the lifting property (see [9] for instance) that x, = 4 f,,
where {f,; n=1,2,...} is a relatively weakly compact set in L'(Il). Therefore, for
each ¢ >0, a truncation argument provides a bounded sequence (g,) in L* such
that || f, — g, ll, < e for each n. Thus

17, = TIg | <IT| [|x, — 1&,]| < [ T1.
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690 J. BOURGAIN

Because 77 is nuclear, the set {TI(g,); n = 1,2,...} is compact for each ¢ > 0. So
we conclude that {Tx,} is compact, as announced.
Using Proposition 1, the following is proved in [2].

PROPOSITION 2. There is no almost isometric embedding of the complex L' space in
L'/H.

Thus d(S, L') > y > 1 for each subspace S of L' /H,, where d is the Banach-Mazur
distance (see [8, 9] for definitions). This observation allows us to define a natural
distortion of L', by taking

nfm=1r10,+lqg(HI, fe L.

Say that an operator 7: X — Y is a semiembedding provided T is one-one and
maps the closed unit ball of X on a norm-closed subset of Y. It can be shown that a
semiembedding T: L' - L' has to fix an L'-copy (i.e. is an isomorphism when
restricted to a subspace S of L', S isomorphic to L'). On the other hand, (see [3]):

PROPOSITION 3. The restriction of the quotient map q: L' - L' /H, to the subspace
LY, of real functions in L'(Il) is a semiembedding.

No example is known of a semiembedding of L' in a Banach space X not
containing L'.

Our purpose is to prove the existence of a natural embedding of L' in L'/H,.
There exists a diffuse o-algebra & on I so that the restriction of ¢ to the complex
L'(&)-space is an isomorphism. More precisely:

THEOREM. There exists an increasing sequence (n, ) of positive integers, such that if
© s the o-algebra on Il generated by the functions o,(8) = signcosn,8, then the
restriction of q to L\(®) is an isomorphism. Consequently, for this o-algebra S, the
expectation operator E: H® — L*(&) is onto.

The argument presented here is rather delicate. In order to give the reader an idea
how it is organised, we briefly outline the proof. We have to introduce the o-algebra
@ such that the inequality

(*) lh = Eg[A]], = 8lal:
holds for each & € H|}. But choosing the sequence (n,) sufficiently lacunary, it is
enough to verify (*) for functions 4 with spectrum contained in a set of the form
E = {3 viny; | v, |< a, for each k}
where (a, ) is a sequence of positive integers and (n,), (a,) satisfy the transference

property. Thus the n-frequencies can be replaced by independent variables. The
space HJ N LY identifies with a subspace of the space I3 C LY(IIN) of those

functions # = X h, on [IN such that each increment h, = hy(x,,...,x;) is an
H]-function in x,. The required inequality now becomes
(*%) Il = Eg[A]]l, =All

for h € 9, where ¥ is a natural diadic product o-algebra on [N (generated by the
functions a,(x) = sign cos x, ).
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This reduction of the problem is worked out in §4. Its purpose is to approach the
problem with martingale techniques. The martingale prerequisites are given in §2. To
obtain (**) we first prove L!-estimations for certain square functions related to &
(see Lemma 4). These are derived using a “step-by-step” method (explained at the
beginning of §5) and an examination of what happens at each increment. More
precisely, we have to consider at this point functions of the form a + & — bo, where
a, b are scalars, h € Hy and o = sign cos.

Minorations of the L~!-norm of such expressions are given in Propositions 8 and 9
below. It is only at this place that some complex function theory will be involved.

2. Martingale preliminaries. Let (¥, ),-,,,. . be an increasing sequence of o-
algebras on a probability space (2, ¥, P) assuming § = V ¥_,%,. Denote by E, the
expectation with respect to ¥,. For f € L'(¥) let
1/2

2 x 2
fr= Sip |Ek[f]| and S(f) = 'EO[f]I + 2 IEk[f] - Ek—l[f”
k=1
We will use the notation C to indicate a numerical constant. Let us recall the
following result, due to D. Davis (see [7]).
ProposITION 4. CHIS(HIl, < I f*Il, < CIS(H)HI,.

The next inequality is probably known, but we include its proof here for the sake
of completeness.

PROPOSITION 5. Let (v,) be an adapted sequence of functions; thus v, is %-
measurable for each k. Then

”[2 IEk—|[|vk|]|2]]/2 | < CH[E |vk|2]|/z

PROOF. It is no restriction to assume the ¥, finite algebras. Moreover, since one
may always tensor the v, against a Rademacher sequence, we can assume E, _,[v,]
= 0 and thus (v, ) is an adapted martingale difference sequence. Since, then

I3 1o

it follows from the atomic decomposition property for H'-functions (see for instance
[7, Chapter I]) and convexity, that we may take for I v, a function of the form (for
some positive integer j)

L | Zouliie,y

a= ,A%l(qa ~E,_,[¢))

where A4 is an ij-atom, supp ¢ C A4 and [lgll, < I. In this case

v, =E.[a] —E,_,[a] =0 fork <},

=ﬁ(m¢1 ~E,_\[p]) fork=).
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Also, E,[¢] is supported by A4 for k = j and hence v, for k > j. Thus the left side in
Proposition 5 is dominated by

(EEthﬂyﬁ

k>j

”Uj”l +

1

1/2
<? +f ( S Ek—1[|”k|2]) (by Cauchy-Schwarz)
A

k>j

1 1,2
<2+"”([ 3 o)

k>j

1/2
|

<2 +|A| " ||af2 <3,

proving the result.

PROPOSITION 6. For f € H'(%,), one has an inequality
12, ., 1/2

(S~ E D) < .

To prove this, we will first deal with the special case of the Rademacher projection
on the Cantor group (in fact, only this will be used later on).

PROPOSITION 7. If D = {1,-1}N is the Cantor-group and f € H'(D), then

(2

1/2 .n1/2

< ClIFL AN

)1/2

f(r)[

where f(k) = [ f(e)e,.

PrOOF. We will use the theorem of [6] on the BMO-distance of a BMO-function to
L* (in the diadic setting). The result asserts, in particular, that for ¢ € BMO(D),
dist gpo(®, L*) = 0 and € > 0, there exists a decomposition ¢ = a + B such that

lalleMo < Cie and  ||B]l,, < C, max(e, Ay(¢))

where A, = A (¢) has to satisfy
1
sup ml{x €Llp(x) —gl> }\}|< e Me
I

whenever A > X, (¢, =| 1|, ).
Now take ¢ = Zae, with 2|a,|* = 1. It follows from the distribution property
of Rademacher that for each diadic interval I,

[{a € 1; |o(x) — @/ > A} |< CeN1],

for numerical constants ¢ > 0, C < oo. Hence distgyo(p, L*) = 0 and A (e) ~ 1 /e.
Decomposing ¢ = a + B as above, we get

CFoo) <L) +I( 1. BYI< Ciell 7l + Ce -

Taking supremum over ¢ and choosing e = || f |17l f || ;}/?, the inequality follows.
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PROOF OF PROPOSITION 6. Assume f real and estimate

K 1/2
(g ||(Ek_Ek—l)[f]||I2) .

Define for each k,
o, =signAf, and b, =3(o, —E,_i[0.]).
Then

K K
0= [f 11 TT 1+ eiby) deblaw) =5 [ | 3 ei(e)la

where
k—1
@, (¢) =j I (1+¢b)Aaf]do.
j=1

Application of Proposition 7 to the function 2 ¢,®,(¢) then gives

/2

ad 2 2 -1/2 N2
(Eﬁmmq <dlfli | [ (2 o) e

< C||f||:/2[/fS(f)H(l + ejbj) dw de]l/2

/2 .1/2
= CllfFI AN

as announced.
REMARK. The author is grateful to P. W. Jones for outlining a more explicit
procedure to obtain the decomposition used in the proof of Proposition 7.

3. Some inequalities involving H_-functions. The purpose of this section is to prove
the following results.

PROPOSITION 8. For a € C and h € H}, one has
2 12
la + il = (1al” + 8214%) 7

where 8 > 0 is a fixed constant.

PROPOSITION 9. There exists & > 0 such that fora € C,b € Cand h € Hg,

Rd@ﬁﬁ«Mo%w»ryf

[(h, o) +1b]

(i) la +h — bol, = {lal2 +8°

{laf’ + 8%, — (h,o)ol'}"”*

1

(i) la+h = (Yol =]

where o = sign cos and h (8) = 3%_, h(n)cos né.
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It is clear that it suffices to prove Propositions 8 and 9, with a = 1.
PROOF OF PROPOSITION 8. Factoring 1 + h gives 1 + h = (1 + g,)(1 + g,) where
81,82 € Hy and

I+ alh = (1 +g02) (1 +gR)

Since | h|<|g,| +|g,| +|&: || &, | the result follows from the majorations

(1), < 1), = (0 lell) <+ al G=12

and

2, 2\1/2
(1 +1giPlea) ), < 1 +lsigall < 1 +lullaligal <Nt + Al

Also to obtain Proposition 9, we will use the L?-theory. Our argument here is,
however, more complicated. This is the only point where explicit constructions of
H*-functions appear.

LEMMA 1. Given a measurable subset A of 1l, there exist H®-functions ¢ and
satisfying the following conditions:

Mol +l¥l<1,

(ii) Re ¥ is an even function on I,

(iii) | — 1/8|<1/100 on the set A,

(lV) ”(P”l < CIA | ’

W) IIRey —1lI, <C|4].

PROOF. Fix some (large) M > 0 and define the following H*-functions:

7(z) = —MfA Z: t jm(db’), Q= %(l —e")’,
() = exp{ [ loz1 — a(9) 5 man)|

where () =| p(e”®) | V| p(e )] .

Notice that this makes sense, because e” has boundary value e~ MX4TiX0x)
(9C = Hilbert-transform) and therefore |l all , < 3.

(1) is obvious. On [I, we have Re ¢ = (1 — a)cos J(log(l — a)) and thus an even
function. Since |@ — {|< 3 |e”| and thus |@ — § |<e ™ on A (iii) holds for M
large enough. Because on I|

8lo| <x,+ le%(XA)lz’
(iv) follows. Finally,
|1~ Rey| <a] + §[3C(1og(1 — a))[", |
and hence (v).
We refer the reader to [4, Proposition 1.6] for the following Marcinkiewicz type
decomposition.

11— Re yf; < 4ol
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LEMMA 2. There is a constant C < oo such that for given h € Hy and X > 0, there
exists hy € HE satisfying:

O [hy[< Clh],

(i) 1Ayl < CA,

@iii) 1A = Ayl < Cf[|h|>)\]|h| :

Let h be as in Proposition 9. For A > 0, define 4, = [| #|> A]. Application of
Lemma 1 to the set 4, provides H*-functions ¢,, y,. We are now ready to prove

LemMa 3. 11+ h —boll, =1+ ¢f, | k| +cN2lIm(hy — bo)ll} if A>K and |b)
<A/K (¢ >0 and K < o being numerical constants).

PRrOOF. First, since 1 — bo is even and Im ¢, odd, we find

1+ kol 211 + 5= bl +| [ (1= bo)vy

1
> §fol || = (1 +1a])| +’f(1 — bo)Re ¥,
1 1
>5[ h = (U +B)IA] + 1 =1 + b1~ Re
Ay

1
>5[ 1= c+p)iay] + 1
Ay
for some constant C. Thus, choosing K large enough we get
(*) ||1+h—bo|l./1+ |h|

Fix some small constant § > 0. Since we always have

1 +af|, <|1 +f|, for0<a<1andfof meanO,
it follows that

1+ 4= boll =1 + 8%k — ba)], |1+ 8 (hy — bo)], ~ X1 = .
Because A™' | i, — bo | < 1 the inequality
(1+0)"7?=14+1/3 for0<r<1
yields
|1+ 8X(hy — bo)| =[1 + 8X" Re(hy — bo)][1 + 582X 2(Im(hy, — bo))’].

Therefore, also
1 _ _
(+%) 11+ bolli =1+ 758°A 2[ Im*(hy — bo) — cdX lfAA|h|.

The required minoration clearly follows combining (x) and (xx*).
PROOF OF PROPOSITION 9. First

11+ — bol|s > d(bo, H') 'U o(8)e "’dﬂ‘ 211
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and hence, also,
1+ k= bolly = 3|11 + &y = {4,

Notice that the right member of (i), (i) is bounded by 1 + 28||All,. Since now
I1+h—boll,=¢lihll, + §|b]|, it follows that (i) (resp. (ii)) are satisfied for
| b|=> 6 (resp. | (h, 0)|= 6). Hence, we may assume | b|< M in (i), | (h,0)|< M in
(ii) where M is some numerical constant.

Fix a constant A > KM and put k = h, for simplicity. Using again Lemma 2(iii),
the right member of (i) can be majorized by

[l +262('Re<h,o>|2+|Im(<h’o>_b)lz)]l/z
<[1+26%(IRe(k, o) +[1m((k, a) — b)[*)]* + 28 .

Taking Lemma 3 into account, we see that it suffices to check the inequality
2 2 2
[Re(k, 0)|" +[Im((k, o) = b)|" <[ Im(k — bo)|
which is straightforward:

lim(k — bo)l; = 3 3 [1mk(n) = 21mbs(n)[' + 5 3 [Rek(n)]

n>0 n>0

while

Re(k,0)| < 3 Rek(n)lo(n) < (3 [Re k()"

n>0 \/-2-

Im((k,0)—b)| < 3 |Imk(n) —2Im bé(n)|6(n)

n>0

L(3 me )
< — Imk(n)—2Imb6(n)) .
\/5 n>0

For the right member of (ii), a similar reasoning reduces the question to the
verification of

[ ke =k, 0 Yol <[im(k = bo)3,
which the reader will easily do.

4. Reduction of the problem. In this section, we will reduce the problem of proving
that certain elements of L'([[) normed by the quotient norm L' /H' to the verifica-
tion of an inequality for certain functions in L'(IIN), where [IN =T X [ X --- is
the product group. Denote by E, (k = 1,2,...) the expectation with respect to the k
first variables (x,, x,,...,x,), where x = (x,, x,,...) is the product variable.

We consider the subspace I of L'(IIN) of those functions 4 such that for each k
the difference E,[h] — E, _,[A] is an Hjj-function with respect to x,. Thus 4 is of the
form

h=3Xh, whereh, = 3 h(n)e"*
n>0

and the /,(n) are functions of x,,...,x,_ ;.



EMBEDDING L' IN L'/H! 697

Again let ¢ = sign cos and o,(x) = o(x,) for each k. Let ¥ be the o-algebra on [IN
generated by the o,. In the next section, we show the following

PROPOSITION 10. There is a constant ¢ >0 s.t. ||h — Eg[hlll, = cllhll, for all
heX.

This fact obviously implies
COROLLARY 11. inf, oo |l f = All, = 'l I, for all f € L'(F).

For a, n positive integers, ¥, will be the Fejér kernel

- at1—1j] i
A
and F, ,(6) = F,(nf).
We consider sequences of positive integers (n,), (a,) satisfying the following
conditions: (& denotes again the o-algebra on [I generated by the functions o(n,8).)
(i) The transference property, i.e. let E = {¥'».n,; (v,) € F} where F is the
subset {(7;), | ¥, |< a,} of the dual group of IIN. Then the operator

T: LIE(H) - LIF(H")a T(f)(x) = 2 f(zvknk)e“z”*"*’

(v )EF

satisfies

Al <ITCOI < 20f1h-

Moreover, T(f) € Hfor f € L}, N H.
(ii) Defining for each k,

ag,ng’

&=oxF,, K=]IF
k

R(0,y) = H [1 + gk(”ko)a("k‘l*)]’

one has
() 211§, —oll; <e,
B IKI, =1
For f € LI(&),
WMINf—f=Kll, <el fll,,
@) I f = R(HHI, <ell fII, where R(f)(0) = [f(YIR(8, ¥)m(dy) (where e > 0 is

a small constant).
The reader will easily convince himself that the realisation of these conditions is
straightforward. Details on the transference property can be found in [1].
Let us now show that the sequence (n,) satisfies the Theorem. Thus, fix f € L|(&)
and h € H|. We get, by (ii),
If = &l =[lf» K — k= KIl, Z|R(f) =k * K], = 2¢l £}

Notice that R(f) € LL. By (i),

IR(f) — k= K[|, =3[ T(R(f)) — A,
vhere h, = T(h » K) € K.
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Now

T(R(N)(x) = [FWT[1+ &lx)o(n)]m(ay).
By (ii)(«), we see that for any (= 1)-sequence (7;)

” ® (1 + Tk‘ﬁk) - H(l + Tkok)“] <e
implying that

IT(R(£)) = Al <26/l where f, = E[T(R(f))].
It follows then from Corollary 11 that

1 c
Ir = Al =515 = Al = 3ell 7l = S 1AL = 3ell,

c ¢
=S IT(R( N = 4ellflh = Z /M = Sellf 1 = <lf N
taking ¢ > 0 small enough.

5. Proof of the Theorem. It remains to prove Proposition 10. So fix h = 2 h, € I
where

he= 3 h(n)(x,,...,x,_,)e"™x.
n>0
We also define
(A, = E}’Ak(")cos nx;,
(Ao = Eh}(n) sin nx;,
(hiso0)=2 };k(")a(ﬂ)
(which is thus a function of x,,...,x,_,). If f=Eg[h], then f= b, -0,, where
bk = bk(xl,. .. ,xk_]) = E@'[<hk9 0k>].
Using E. Stein’s theorem on H'-multipliers (see [11]), it is easily seen that
lAll, ~ IS(A)II, (S = square function with respect to the natural decomposition).
We give a direct proof of this fact, based on Proposition 8.

Fix 1>¢>0 and a positive sequence (si)c=,, . in L®(IN) satifying
I s3)'/?Il, < e. Fixing a positive integer K, we get, using Proposition 8,

”Ex[hlnl =”EK-—1[h] + hK”l

2 2\1/2
o (CPRGETEINY

1
= 410~ )", + 1l

>"EK—I[h]”l + 8" |hK|sK||I '"||EK—|[h]512<"1-
Iterating,

Il =83 ” |hk|5k”| -2 ”Ek—llhlslflll

= 82 " |hk|sk|ll - 52” m:lx |Ek[h]l "1
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Taking supremum over the sequences (s, ), it follows that
I > 8ellS(h)l, — &7 max [E,[]] |

and choosing

. Al
e = ,
Ilmax | E, [A] ]Il

we get

ISkl < 8kl max(E, ][,

Hence, by Proposition 4, ||S(h)ll, < 82|l hll, as required.
Before continuing, notice that since %-expectation is a contraction, ||S(f)Il, <
[IS(R)Il,. Since for each k, | - - - | {(hy, 0, )|< E,_,[| k. |], application of Proposition

5 yields
o 1/2
(2 1Cho0P) 7 <l

If we now apply the previous procedure using Proposition 9, the following inequali-
ties are derived.

LEMMA 4.

Re (hy, 0;) (Chys o) — by)
| (his o1 )] by

2y 172
1/2,, 1/2
} < Clh = £l llAll",

(D) {E

k

() <clh =3 (her oo TAI

{S1tnd~ (o)}

1

PRrOOF. Let us show how (I) follows from Proposition 9(i). The argument for (II) is
analogous. Fix 0 < ¢ < 1 and a sequence (s ), of positive L*-functions on IIN
satisfying [I(Zs?)'/?|l,, <e. Fix an integer k and apply Proposition 9(i) in the
variable x,. We get

”Ek[h _f]”l =”Ek—l[h —fl+h - bkok”I

m@azﬁ«mm»—mw1”

|<hk’°k>| +| by |

>{mbdh—ﬂf+82
Re (hy, 04) (Chyy 04) = i)

=|E,_,[h—f]l, + 8 K
" o "] |<hk’ok>|+|bk| ‘

1
—|Ee_i[h = £1s3.

Iterating and using the same considerations as in the beginning of this section it
follows that the left member of (I) is dominated by

87'e!||n — f]|, + const. &||S(h — )|\,
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and hence, choosing ¢ appropriately, by the right member of (I). We first make use
of (I) to show

LEMMA 5. [[Z] Ay, 0, ) — b P12, < Cllh = fI1V/4)|A)1374.

PROOF. Write
Re<hk,ok>(<hk90k>_hk) j— —_
2 "gk |bk|
|<hk»°k>|+|bk|
where
he,0,)— b, |?
§k_ |< k k> kl +|<hk’ok>|'

B |<hk’ok>| +| by |

By the triangle inequality, the left side of (I) dominates

(S 1) - (2 e)”

Also, since b, = E[{h,, 6,)],

2
(2 1ed
Write

[2 (8 - 1(he00)l)]
=[(58)7+ (2 m o)) 7| (28) - (S 1o a))]

and apply Cauchy-Schwarz. From (I) and previous observations

I[= (& -1 o))

Since for each k,

2 —(h o) = (& +1(he o))

1

)1/2

=<)(2 Khioor)”

1

1/2

1/2 1/4, . 1/4
1<C||hlln In = fIh" Al

/4, 3/4

= Cllh = £\ liAl:

| (hys0p) = by P
|<hk’°k>| +|b, |

2
Lemma 5 is proved.
The left side of Lemma 5 dominates || f — 2(h,, 0, Yo, l,.
LEMMA 6. [IZ[h]oll; and I[2|[hL], — by [P1V/20, < Cllh — fIIV/81IRNT7E,

ProOF. Since Z[h,], = h — Z[h,],, the first inequality is a consequence of the
second. Write

”[2 I[hk]e - bk°k|2]

1/2

| <“[2 [A]. — <hk’ok>0k|2]l/2
+”[2 A bk|2]1/z

1

5
1
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which by Lemmas 4(II) and 5 is estimated by
1,2
C”h - 2 <hk» °k>°k||] ”h”
Define for u € L'(TIY),
(u).(x) =/u(elx,, €,%5,...) de
D

(= the natural projection on the even part in x,, X,,...).

LeMMA 7. [, | (A (D), 1211, < Cllh — £ I/ R 13716,

/4, 13/4 /8, 17/8
[172]]1 Al

+ Clr = £l <Clr = £l

PROOF. At this point, we will make use of Proposition 7. Fix x € [IN and remark
that the sequence of functionsin ¢ € D,

[helo(enxys e2x5,..0),
is a martingale difference sequence.
Moreover, the k th Rademacher coefficient is clearly given by

> (A(n)),(x)sin nx,

n>0

2]1/2

and Proposition 7 yields

k(n))e(x)sin nx,

Mp

n>0
<[ /13 thte - 0lae] | [ 1tmdte 0]
Integration in x, application of Cauchy-Schwarz and Lemma 6, gives
211/2 1/2
A . I/16 1/16 2]1/2
(+) 212 (hk(”))esm nx; ] <Clh = £1\" " lAlh [2 I[hk]0|] .
k 'n>0
Also

< C||Al|:.

[ 10001

On the other hand, we can multiply the k th increment in the left member of (+) by
sin x, and then take E, _,-expectation. Proposition 5 shows that

. 2|12
hk(l))el ]

1/1(,| 15/16

< Cllh = £ Al

proving Lemma 7.
Now, rewriting

S h,(n)cosnx, — b,
n>0

[2 I[hk] bk°k| ]1/2 [%

2] 1/2
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multiplication of the k th increment by cos x, and taking E,_ ,-expectation yields (by
Proposition 5 and Lemma 6)

s

2

| A 7/8

271,2
1/8
] < Cllh = fIL" [l
1

k

Since b, = (b,),, a convexity argument allows us to replace, in a previous inequality,
h,(1) by (,(1)),. Combining with Lemma 7, we conclude

1716, 115/16

(S 1607) 7] = clb =0 W, wsl = c =11,

and thus Proposition 10.

cliflh <
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