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GLOBAL SOLVABILITY
ON TWO-STEP COMPACT NILMANIFOLDS
BY
JACEK M. CYGAN' AND LEONARD F. RICHARDSON?

ABSTRACT. We apply the methods of representation theory of nilpotent Lie groups to
study the convergence of Fourier series of smooth global solutions to first order
invariant partial differential equations Df = g in C* of a two-step compact nilmani-
fold. We show that, under algebraically well-defined conditions on D in the
complexified Lie algebra, smooth infinite-dimensional irreducible solutions, when
they exist, satisfy estimates strong enough to guarantee uniform convergence of the
irreducible (or primary) Fourier series to a smooth global solution. Such strong
estimates are not possible on multidimensional tori.

1. Introduction. Let N be a two-step nilpotent Lie group, I'NN a compact
nilmanifold, and D a first order differential operator with complex coefficients,
left-invariant on N and viewed on I'\N. If g € C®(I'\N) and if g, is the
orthogonal component of g in some irreducible subspace corresponding to the
irreducible unitary representation =, then g, € C*(I'\N) too [2]. Modulo unitary
equivalence, we may think of g, as being a C*-vector in any concrete realization, or
model, of 7. We will determine algebraically well-defined conditions on D under
which the global solvability of Df = g in C*(I'\ N) is equivalent to the solvability
of m(D)f, = g, in the C®-vectors for each 7 in the spectrum of I'\ N. In one sense,
we will be presenting algebraic conditions on D for the reduction of a global
(geometrical) problem on I'\N to a collection of purely group (representation)
theoretic problems, none of which needs to be regarded as living on the manifold
I'\'N. Operators D admitting such a reduction are called globally regular (Definition
(3.4)). In effect, we will prove global regularity for suitable operators by showing
that if the smooth solutions f, of #(D)f, = g, exist for each =, then they can be
summed uniformly to a smooth global solution of Df = g. (Globally regular opera-
tors are usually neither locally solvable nor onto C*(I'\N)! [13].) In order to make
the necessary estimates on f,, we construct a suitable Schrodinger model of #, which,
for convenience, is far removed from I'\ N itself. One of the strengths of this
representation theoretic approach is that it permits the use of the method of
characteristic curves of classical partial differential equations in each Schrodinger
model, even though complex coefficients are permitted in D.
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In order to describe the main results, it will be helpful to review the classical
situation on a torus T2 of two dimensions (the situation being similar for T” with
n>2). Let D = ad/dx + $3/0y and suppose, for simplicity, that « and B are real.
Then D is globally regular if and only if 8/« is not a (transcendental) Liouville
number. (This result is essentially contained in Wallach and Greenfield [4], although
the language we use is that of [13].) The problem with (transcendental) Liouville
numbers is that, in solving for the Fourier transform of the solution function, very
small divisors occur. Now, every nilmanifold I'\ N contains the structure of a torus,
'[N, N]\ N, although this torus does not reflect any of the non-abelian structure of
N. The only representations in (I'\ N) which are not infinite dimensional are the
one-dimensional characters of I'[ N, N]\N. Since the presence of this torus is
inescapable, we denote, for each g € C*(I'~\ N), the sum of the one-dimensional
components of g by g,. Then global regularity (Definition (3.4)) is taken to mean
that the solvability of Df = g is equivalent to the solvability of #(D)f = g_ in
C>-vectors for each infinite-dimensional 7 € ( I‘\N)A, modulo the solvability of
Df, = g,in C* of the torus '[N, N[\ N.

If D= X+ iY, X and Y in the Lie algebra ¢ of N, then the algebraic supplementa-
tion property (Definition (4.2)) guarantees that [ X, 3] and [Y, 2N] contain supple-
mentary subspaces of [, 9], each spanned by linear combinations, with algebraic
coefficients, of elements of log(I'). This property is invariant under rationality-pre-
serving automorphisms of R. In Theorem (4.3) we show that, if [ X, Y] = 0 (which
includes the real case) algebraic supplementation is enough to establish the global
regularity of D. In Theorem (4.4) we show that, if [X,Y]= Z # 0, algebraic
supplementation together with a number-theoretic condition on Z is enough to
establish the global regularity of D. It is interesting that number theory enters only
in the case of the latter theorem, and then only as a condition on Z instead of X or
Y. This situation is most unlike that of the torus, and also unlike that of the
Heisenberg manifolds treated by the second author in [13]. Indeed, the commutator
of the Heisenberg algebra is too small for either algebraic supplementation or the
condition on [X, Y] to be observable requirements. We remark that the role of the
algebraic supplementation property is to prevent toroidal phenomena from entering
into the infinite-dimensional representation theory of '\ N as in Example (5.1)(b).
Example (5.1)(c) shows that algebraic supplementation is not needed in certain
degenerate cases. We remark also that other examples illustrating the roles of the
various conditions appear in §5. Also, we begin in §3 with a special rational case of
the algebraic supplementation property, (Definition (3.1)), also algebraically well
defined, in order to simplify the exposition of the two theorems in preliminary
versions: Theorems (3.5) and (3.13). Example (5.5) shows that our theorems are not
true in general for n step groups, which we do plan to treat, however, in a later
paper.

We remark that Greenfield and Wallach have investigated, from a different point
of view, the small divisor phenomenon for homogeneous spaces of compact Lie
groups [5, 6]. As far as we know, [13] was the first treatment of this phenomenon for
any case of a nonabelian, noncompact Lie group. We would also like to remark
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upon a recent paper by R. Penney showing how certain second order operators on
nilmanifolds can be reduced to first order operators on a larger group [11]. There is a
possibility for some interaction between our work and his.

It is a pleasure to thank R. Howe for his very useful suggestions and comments
which he made during an informal conference at the State University of New York,
Albany, hosted by J. W. Jenkins and A. Hulanicki, whose hospitality and assistance
are gratefully acknowledged. It is also a pleasure to thank L. Corwin, who pointed
out Example (5.5) to us, as well as making other helpful observations.

2. Preliminaries. Let 9 denote a finite-dimensional real nilpotent Lie algebra, and
N = exp R the corresponding Lie group. Then Malcev proved there exists a discrete
subgroup T' C N which is cocompact, meaning that the nilmanifold '\ N is a
compact homogeneous space, of cosets of the form I'n, if and only if 9t has rational
structure constants with respect to some suitable basis. Such a I' is never normal
when N is nonabelian. If T exists, the rational basis of 9 can be selected from log I.
If T\ N is a compact nilmanifold, a subspace V' C % is called rational if and only if
it is spanned by vectors which are finite linear combinations with rational coeffi-
cients of elements of a rational basis of J&. A subgroup M C N is called rational if
and only if M = log M is a rational subspace of 9, and this is equivalent to I' N
M\ M being compact [10].

If I'\\N is a compact nilmanifold and M is a normal rational subgroup of N, then
Malcev proved the existence of one-parameter coordinate subgroups d\(t),...,d(t),
where k = dim(M\ N), with the following properties. If N, = M X d,(R), a semidi-
rect product with M normal, and if N, = N, | X d,(R), then N, = N. Also, d,(n) €T
for each n € Z, the integers [10].

Let N denote the space of equivalence classes of all irreducible unitary representa-
tions of N. Then Kirillov proved that the elements of N are in one-to-one correspon-
dence with the so-called Kirillov orbits of Ad* N acting in R’, the linear dual of .
Ifr €N corresponc}s to an orbit Oy (7) = (Ad* N)A, we may write 7 = m,, and we
may speak of A € N, for convenience. If A € O,(7), there is a subalgebra It C N,
of maximal dimension so as to be subordinate to A, in the sense that A2, M]) = 0.
Then A determines a character of M = exp M by x ,(m) = exp[iA(log m)], and x ,
induces 7, in the sense of Mackey. The Mackey induced representation space is

{f: N = C|f(mn) = x,(m)f(n),forallm € M,n € N, and |f|€ LX(M \N)},

and m(n) acts by right translation on this space. If R is nonabelian with a
one-dimensional center spanned by Z, there is a pair of vectors X and Y with
[X,Y]=Z, and then the centralizer 3(Y) has codimension one in RN. If A € N’
and A(Z) # 0, then the maximal subordinate subalgebra I for A may be selected
from inside 3(Y). If I' C N is cocompact and if A(Z) € Z, then Y and % may be
chosen also to be rational [9].

We will denote by (I'\N) the subspace of N occurring in the discrete direct sum
decomposition of L?(I'\ N)). The second author proved that # € (T\ N if and only
if there exists A € Oy(7) and rational I maximal subordinate to A such that
xA(I N M) = 1. In particular, if 3 denotes the center of #, A must be integer
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valued on 8 N log I'. The multiplicity m(7) with which # occurs in the 7-primary
summand JC, C LXT\ N) is known explicitly, but here we need only the fact that
m(7) < oo [12].
If¥,=H,,®---®H, ., is an irreducible decomposition, the spaces H,, ; are
not canonical. Nevertheless, we will use irreducible decompositions because of the
convenience of their Schrodinger models, which we will construct in the proof of
Theorem (3.5). If g € LXT\N), we will write g =3, vy8, the primary
Fourier decomposition into components, and g, = 2747 g, o for some particular
irreducible decomposition. Auslander and Brezin proved that, if g € C*(T\N),
then each g, , € C*(I'\ N), which implies in turn that g, € C*(I'\N). Further-
more, the sums g =3g, =3g, both converge uniformly, if g € C*(T'\N).
Furthermore, if we begin with some functions g, , € Hy?, = H, , N C*(I'\N),
then 2, g, ., =g € C*(I'\N) if, and only if, 2, /||Ug, ,ll, < oo, for each fixed
U e U(N), the universal enveloping algebra of N [2]. If D is a left-invariant
differential operator on N, viewed on I'\ N, it follows that Df = g_ can be solved in
JC if and only if Df, , = g, , can be solved in H°, for each irreducible component

8x.4 Of the m-primary function g,.

3. The global regularity theorems. Let 9t be a nilpotent Lie algebra with rational
structure constants relative to some basis. Let D € N, the complexification of .
Then D = X + iY, where X and Y are in %, and we will write D = X — iY.

(3.1) DerFINITION. We will say that D, as above, has the supplementation property if
the spaces [D + D, R¢] and [D — D, 9 ¢] contain a pair of supplementary rational
subspaces of [?, 9].

Note that if D is real then D — D = 0 and D has the supplementation property if
and only if [D, ] = [N, N], which is automatically rational. But, if D = X + /Y,
we require only that there exist rational spaces ¥V, C [ X, i#] and V, C [Y, R] such
that V, + V, = [R, N], one of these spaces being allowed to be trivial. We will see
that the rationality of V, and V¥, replaces, in some sense, the requirement of
rationality of coefficients of operators on a torus, in eliminating the “small divisor”
problem in estimates for primary or irreducible solutions on compact nilmanifolds.
Note that the supplementation property of D is invariant under those automor-
phisms of % which preserve rationality.

(3.2) ExampLE. If R is the free two-step nilpotent Lie algebra on n generators,
n = 3, then no D € N can have the supplementation property, since the dimension
of [, N]is too large. If n = 2 (the Heisenberg algebra) every noncentral D has the
supplementation property.

(3.3) ExaMPLE. Let R be spanned by {X,, X,,Y,,Y,,U,V, Z,, Z,} where all
nontrivial brackets are generated by [X,,U] = Z, =[Y,,V] and [X,,U] = Z, =
[Y,,V]. Let D= X + iY, where X = X, + V2 X, and Y = y2 Y, + Y,. Then D does
not have the supplementation property. However the operators D + cU and D + ¢V
do have the supplementation property provided that ¢ is any nonzero complex
constant.

Now let '\ N be a compact nilmanifold and let g € C*(I'\ N). Let g, denote the
sum of all the 1-dimensional primary components of g, so that g, really lives on the
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torus I'[ N, N]\ N. (On this torus, the phenomenon of small divisors is inescapable,
but none of the non-abelian structure of N is present here.) Let # € (T\N) be
infinite dimensional, and let 3, = H,, ® --- ®H,_ ., be any irreducible decom-
position of the 7-primary subspace of L*(T'\ N). We write g, = g1 Tt &rmim
for the corresponding components of g, all of which are in C*(I'\N) N ¥} = KZ
= H;OI ®--- GBH;?m(ﬂ)'

(3.4) DEFINITION. D € R is called globally regular on '\ N if the three condi-
tions,

(i) g € C=(T\N),
(ii) for each infinite-dimensional # € (I'\ N )y andj € {1,...,m(7)} there exists
fr.q € HY, such that Df, =g, ., and

(iii) there exists f, € C®(I'[N, NI\ N) such that Df, = g,
imply that the f, ;’s can be chosen, if necessary, in such a way that 2, ¢ r\ vy 277 £, ,
converges uniformly to a function f € C*(I'\ N) such that Df = g.

Note that the function g, , € H, , can just as well be regarded as a C*-vector §, ,
in any realization of the irreducible representation #. From this viewpoint, if D is
globally regular, then the solution in C*(I'\N) of Df = g € C*(I'\ N) is reduced
(except for the problem on the torus '[N, N]\ N) to the solution of #(D) f; 0= 8y
in the C*®-vectors of the chosen realization of #. Thus the global geometrical
problem on I'\ N is replaced by a purely group (representation) theoretic problem
(together with a well understood classical problem on a torus). This viewpoint is also
critical to the~proof of the theorem since we will obtain our estimates on the f, , by
solving m(D)f, , = &, , in a suitable Schrodinger model of 7. The freedom of choice
of this model grants us the flexibility needed to obtain our estimates.

Note that global regularity carries no implication that D is onto C*(I'\N).
Global regularity means only that if m(D) f:, ¢ = &x4 can be solved in the C*-vectors
for m, for each component g, , of g € C*(I'\N), and if Df, = g, can be solved in
C* of the torus, then Df = g can be solved in C*(I'\ N).

(3.5) THEOREM. If N is a two-step nilpotent Lie algebra and if D € N has the
supplementation property, with the real and imaginary parts of D commuting, then D is
globally regular on each compact nilmanifold T\ N, where N =expR and T is
cocompact and discrete in N.

The idea of the proof is as follows. For each infinite-dimensional 7 € (I'\ N ) we
will form a corresponding quotient algebra % with a one-dimensional center on
which 7 o exp is nontrivial. In case D = X € # we will embed a 3-dimensional
Heisenberg algebra containing X into R. If D = X + iY € N, we will embed a
5-dimensional Heisenberg algebra containing X and Y, if [ X, Y] = 0, or a 3-dimen-
sional Heisenberg algebra if [ X, Y] # 0, the latter case being treated in Theorem
(3.13). Our Schrodinger models for 7 will be formed relative to these Heisenberg
subalgebras of R. The C®-vectors in these Schrodinger models will be Schwartz
functions [14], and we will make estimates of the Sobolev type on the Hilbert space
norms of these Schwartz functions and their derivatives.
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PART I OF PROOF. The Schridinger models.

Case 1. Let D € . Let {Z,...,Z,} ClogT be a rational basis for [/, N]C 3

= the center of &. Let ¥,,...,Y, €N be such that [D, Y] =Z,j=1,...,n. Let 7
be an infinite-dimensional element of ("N ) and let A be in the Kmllov orbit

Oy(m) with A|[R, NR] € Z™ ie, A(Z) =\, €Z,j=1,...,n. Then there is some
value of j for which A, # 0. By factoring out the kernel of A |3, and then factoring
out the kernel of A restricted to the center of that quotient, we obtain, since N is
two-step, a quotient algebra R, depending upon A, with a 1-dimensional center
generated by Z and, 1den11fy1ng A with the corresponding functional on €N,
A(Z )=A,;#0. Here (D, Y, 1= 2, and N =RD 698(Y), where 8(Y) denotes the
centrahzer of Y We can plck a maxxmal subordinate subalgebra 9]2 C 3( Y) for A,
with Z and Y thus indM,, but D M.

Now we w1ll construct an appropriate Schrodinger model for 7. Let {X bees X))
be a basis for SR \8(Y), so that {X,,.. X,, D} is a basis for M, N. Let
y(1) =exptX, j=1,. I and yp(¢) = exp tD. Using these l-parameter Malcev
coordinate subgroups, we can decompose

N=exp® = (exp T, )v(1,) - -v(1)70(1p),
where the products must be written in this order. Let x, be the 1-dimensional
character on M, determined by A and inducing 7. Then = can be viewed as acting
in L>(R'*"), where we regard = now as representing N, since we have factored out
only a subspace of ker(). Specifically
a((expm)v(1,) - (1) ¥p(1p)) (51,55 5p) = xA(M) (51,0575 5p),
where
exp(m’)v,(s1) - v, (s))vp(sp) = vi(s)) - - - vp(sp)exp(m)vi(1,) - - - vp(1p)-
This is just an LZLR’ *1) realization of the Mackey space for the representation
induced by x , of M,. From the right-hand position of the coordinate subgroup vy,
we find that #(D) = 9 /dx. On the other hand,
Yo(x)(exp yY}) = exp(»Y, + 9Z, ) vp(x),

by the Campbell-Hausdorff formula [8]. Thus 7r(Y) = i) x, since each X € 8(Y)
Also, w(Z ) = iA;. Thus the equation Df, , = g, , becomes in this model,

afA‘q(sA, x) = &p (55, x) wheres, = (s,...,5,).

Since the C*-vectors in this model of # are the Schwartz functions [14], we are
assuming that g, ~and f, , are both Schwartz. Thus

(3.6) f:\,q(sA’ x) = ‘f gA,q(sA’ 1) dt :[ gA,q(sA’ t)dt.

Instead of proceeding directly to the estimates on f:\ , in this case, we will show
first what the Schrodinger models are for the remaining three types of operators D.

Casell. Let D = X + iY,with X € R and Y € 3, the center. In this case, we pick
an infinite-dimensional 7, and A € 0, (7) such that A(Z)) =X, €Z,j=1,...,n,
just as in Case 1. We proceed just as we did in Case I, except that we pick Y, such
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that [ X, Y;] = Z,. In other words, we proceed right through the construction of the
Schrodinger model in Case I as if D were equal to X. The only change is that
7(Y) = i\ for some real constant A. Thus the equation Df, , = g, , becomes

N 3 - . N
W(D)fA,q = _—f/\,q - AfA.q = gA,q‘

Hence f, S X) = eM{ 5 8r.q(Sas t)e M dt + C} for some constant C.
Subcase 11A. A = 0. Since f, 4(Sa» x) 1s assumed to be Schwartz,

(3.7) f;\,q(s,\, x)= —/ Za.4(5h, 1)eM* 0 dt :f_ I 1)eMx"0 gy,

Subcase 1IB. A < 0. The hypothesis that fA is Schwartz produces exactly the same
formula for fA as in Subcase IIA.

Case 111. Let D=X+iY, Xand YE R, [X,Y] =0, but neither X nor Y in 3.
(This completes the list of cases since if we had X € 3 and Y € 3, we could just as
well have obtained estimates for —iD in the following.)

Pick an infinite-dimensional 7 and A € Oy(7), A(Z)) €Q, j = ,n, as be-
fore. Suppose A(Z;) = A; # 0, and suppose there exists Y, such that [X, Y] Z.(f
not, replace D by —-iD for purposes of estimating the 7-primary solution). We pass
again to a quotient algebra R with a one-dimensional center generated by Z/ and
[X,Y]=Z.LetT, =[Y,Y]andlet V,= Y + A(T))X/\, € 3(Y,). Then [ X, V}] =
0.

Subcase 111A. Let V, E %(‘Jt) Then choose the Schrodinger model of Case II, and
we have

dx

7(D) = (1 — iA;?))i+ (V).
Then we obtain the same formula for f,_ «(Sa> x) as in Case II, except that g, , is
divided by 1 — iA(T})/A,. Since_]l - iA(I})/)\j]‘l < 1, we will see that this can
only strengthen our estimates on f, e

Subcase 111B. Let there exist U, € R such that [ Jis /] Z Without loss of
generality, let U € 8(Y) Now R can be spanned by vectors )7 )_’ Zj, Uj, - and
{X,, X,} - S(Y), where we can assume [ X, X] = [ X] i= 1 sim-
ply by subtracting any necessary multiples of Y and U from each X In these
coordinates, we have D= (I —iNT) /A, )X + zV The crmcal observation is that
D commutes with Xl, .,X,. Now we pick M, max1mal subordinate to A in %,
containing Y and V but not X or U We may suppose {Zj, lj,l/;, X,H, X,}

X,,..., X} generates M ,\ N. Let
D=D/(1—A(T)/\,).

Then D= X + BV where 8 € C. If we can prove our regularity estimates for D,
then, if w(D)JA g = 8,4 the solution of w(D)fA g = 8o Will be

generates M A, and { U,

fag=Fnq/ (1= iMT)/N,),
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which has smaller modulus than }A . So we will obtain an even stronger estimate for
£ .~ S0 we will examine D X+ BV for some 8 € C.

Now let y;(¢) = exptX,,j = 1,...,i, yy(y) = exp yU,, and yx(x) = exp xX. Then
we can parameterize N = exp 9? as (exp ‘.D?A)y,(t ) Y ()Y (Y)Yx(x), where
these factors are unique if we require that they be written in this order. Let x , be the
1-dimensional character of I » determined by A and inducing #. Then 7 can be
viewed as acting in L*(R'*?), where we regard = now as representing N, since we
have factored out only a subspace of ker(). Specifically,

m((exp m)y,(1,) - v, (1) Yo (1) vx (1x)) f(s1s 085 ps x)
= xA(m)f(s1,..805 ", x7),

where

exp(m’)y,(s7) - ,(s)) vy (¥)vx(x)
=%(s)) 1 (s) v (¥)vx(x)exp(m)y,(z)) - - - Yi(ti)YU(tU)YX(tX)‘

This is just an L?>(R*?) realization of the Mackey space for the representation
induced by x , of MA. From the right-hand position of the co_ord_inate subgroup vy,
we find that #(X) = 8/0x. Now recall that [X, V] =0 =[X,, V], k =1,...,i. On
the other hand, y,(y)exp !V, = exp(tV; + tyZ;)y,(y), by the Campbell-Hausdorff
formula. Thus #(V;) = i\, y. Also, m(Z;) = i) ;. Now, denoting s, = (s),...,5,), we
have

77(15)f~/\.q(5/\? yox) = %f/\.q + iAjByfA.q =8n.q
Thus there is a complex number @ = —iA 8 such that
(3) Pl 2000 =~ [ foxs 7 00
N fx 8aq(sas ¥, 1)e 0 dt
-0

since f:\ ,and g,  are both assumed to be Schwartz.
PART II OF PROOF. The estimates. Because of Auslander and Brezin [2], we can
complete the proof by showing that

m(my)

> 2 U, Ui fagllizamany | <o
me(\NY \ 9=1

for every U,...,U, €N, n=1,2,.... Here f, , is the function in C*(I'\N)
corresponding to the C*-m,-vector fA ¢ 1n the Schrodinger model of the appropriate
type above.

We observe first that, if Df, , = g, ,, then

D( Uiy q) - Uiga Pl 2 U UgUoy - U][D’(Jl]f/\,q
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since N is two step, where m = 1,2,.. ., m(m, ). Thus we can write

(39) (ljn T I:]If;\‘q)(s/\* X) = _/_x[]n T Olg‘\.q(‘y/\’ t)‘b(x* t) dt

n © . - N - - - -
-2 f U, UnUy "'Ul[D’U/]fA.q(sm’)¢(X‘f)d’-
1=1"x

or the corresponding equation using [* , where 7(U) = Uj and where
1, in Case I, equation (3.6),
¢(x.1) =1eM"0  in Case Il, equation (3.7),
e® =1 in Case III, equation (3.8).

(For notational simplicity, we have suppressed the dependence of ¢, fA‘ gand g,  on
y in Case III. For this case, we may imagine y to be part of the composite
s,-variable.)

“()bserve also that if Z € 3(W) and Df, , = g, ,. then DZf, = Zg, ,, so that
Zf, , s given by a formula of the type (3.9). involving only a central derivative of
gr.,- We begin by making an estimate on g, (s, 7). Recall that, in each of the three
cases, we have a rational basis element Z, of [, ] such that A(Z)) =X, # 0,

j=1... n. Because of rationality, § = Infj{}\l.|A €l0y(m), m€ (F\N)A} > 0.
And, without loss of generality, if D= X +iY, we may assume [X,Y]=Z,
j=1... n. (The symmetrical case with [Y, Y] = Z; is a trivial variation on the

argument to follow.) Then we have, for k = 0,1,2,...,
- 2\ K _ _ _
(3:10) 1&n o(sa DI=I(X + (A,1)°) 8 o500 ) INFA(L + 22)7*
< < vk _ -
=|(Z22+ V2) gy (sn. ) INHF( + 2)7*
<8251+ ) Fsup| (22 + 72) gy (4, 1)1
t

m 0 - - - k~ |/2
<Cc3y (f | XI(Z2 + 772) gA_q(sA,t)lzdt)
=0

— 00

172k for|t|=1,
{ (¢g=1,2,...,m(m)).

1, for|t|< 1,

Here the constant C comes from the Sobolev lemma [1] applied to the function
1+ (Z} + Y?)g, [(sp.1); C depends only upon the dimension, 1, of R', and the
constant § > 0.

Now, to estimate the solutions f, ,, we make the following

(3.11) Inductive hypothesis.

|0n—| T 'Ulf:\.q(smxﬂ
m o k- o ; 2 1/2
< _2 Cid Y (f IX(Zj +7, ) Uk,"'Uk.Zs,"‘Zs.gA,q(sA”)I dt) }
k.5 =0 '~

-Min(1, | x [k~ kD)
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where k = {ky,...,k,} and § = {5,....s,} are any subsets of {1,...,n — 1} and
where n(k, §) < n and C ; are constants depending only upon k and 5. Here, Z
stands for a typical term of the form [D, j] in[Ne, Nel

Initial case. n = 1. Here we interpret k and § to be the empty set. Thus there are
no differentiations U, and there is no integral involving f:\ ;10 (3.9). Then by (3.9),
there is available an interval I(x) of integration on which |¢(x, ¢)|< 1. Thus

(3.12) nalsns IS [ 18n g5, 1) a1,
I(x)

For n = 1, we will take n(k, §) = 1, and we need only show that
i m o . " 2 L
ralon 1= € 3 ([T1R(Z7+ 07) gy fon 0P de ) Min{1,1x 24},
(=0 V-0

To prove the latter inequality, we simply calculate the integral in (3.12), using the
inequality (3.10) for |g, ,(ss, ?)|, and recalling that /(x) must be either (-0, x) or
(x, 00).

Inductive step. Suppose the inductive hypothesis is true: we will derive the

corresponding formula for n derivatives U,,...,U,. To this end, substitute U
Ul fA (54, x) into (3.9). But, in the resultmg 1dent1ty, the inductive hypothe31s
can be applied to each term of the form U, U U, - U(AD, U] ) since

we have D([D, l{k] fA q) =[D,U,]5, ¢ In a two-step nilpotent algebra. Then we
apply (3.10) to U, --- U, 8, , in place of g, .. The integration with respect to ¢ of
Min(1, | x G4~k ﬂ)) changes the constants Ck s—and increases n(k, §) by 1.

Now, to obtain the desired estimate on ||U AN q|| 12r\~) We square both
sides of (3.11), apply the inequality (27—, | a,|)* < nE ola,[’, and integrate first with
respect to x and then with respect to s,. Thus, if k is selected from a set of n
elements (and the same for 5), we have

2 "0'1—1 T Olf;\'qnz
AE(T\N)Y
I<g<m(my)

m
~ ~ ~ k ~ ~ ~ ~ .
<2 m+1) 3 T ICPIX(Z2+ ¥2) Ty - U Z, -+ Zy Bn glla
k,51=0

'Ck,n(k-.s-) < 0.

Now, since L*(R)) 3 f, , = /., € LT\ N) is an isometry, we have the desired
estimate. Note that the right-hand side is finite since g € C*(I'\N).

This completes the proof of Theorem (3.5).

In our next theorem, we will determine when D = X + /Y is globally regular in
the case in which [X, Y] # 0. It will turn out that there is a number theoretic
condition, invariant under rational automorphisms, not on the coefficients of X and
Y relative to a rational basis of )t (as one might have guessed from the case of a
torus), but rather on [X, Y] relative to a rational basis of [, %#]. That such a
condition is necessary will be shown by the example following the theorem. One
other curious fact is this: we will see that for some A € (I'\ N'), the existence of f,_ q
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such that DfA s = &a. 1s not guaranteed, although this existence would imply strong
estimates on f, .. However, for other A € (I'\N ), the existence of fa.4 1s guaran-
teed, but the estimates then depend upon a number theoretic condition. It is as if
there were a trade-off between these two phenomena of existence and estimates.

(3.13) THEOREM. Let N be any two-step nilpotent Lie algebra and D = X + iY with
Xand Y in . If N=expN and T is a cocompact discrete subgroup of N, let
Z,,...,Z, be a basis of [N, N], rational with respect to I'. Suppose [X,Y]=Z is a
multiple of a vector with algebraic coefficients with respect to {Z,,...,Z,}. Then D is
globally regular provided it has the supplementation property.

PrOOF. By the supplementation property, we pick a rational basis Z,,...,Z, for
[9t, 9] such that, for each fixed j = 1,...,n, either there exists Y; such that
[X, Y] = Z, or else there exists Y, such that [Y, Y] = Z,. Pick an infinite-dimen-
sional = and A € Oy(m), where A, = A(Z)) is integral for eachj = 1,...,n, and for
some j, we have A, # 0. If A(Z) =0, then when we form R with a l dlmensmnal
center, we will be in exactly the same situation as we would have been in if we had
assumed [ X, Y] = 0: this was covered in Case III, Theorem (3.5). So suppose here
that A(Z) = A # 0. Later, when we do our estimates, if it turns out that the only j
for which A ; # 0 come from [Y, Y] = Z;, then we will construct m A excluding Y.
But for now, since we are not yet estimating, let us ignore this technicality and
construct a Schrodinger model just as in Case I, Theorem (3.5), except that we will
use 3(Y) in place of 3( )_’j). Again, there exists real A # 0 such that

(D) :aa—x—xx

and the equation Dfy , = g, , becomes
%f/\,q(sm x) - )\fo_q(sA, x) = gA.q(sAa x),
so that
Pralonn) = [gy (s 0e™ 2 di+ Csy)).
where C(s,) is a constant depending upon s,. We are assuming there exists a choice

of C(s,) which makes fA Schwartz.
Case (A). Let A > 0. Smce fA 4 18 Schwartz, it follows that

. 0o s
(3.14) Fralsns ) = = [ “2a (55, )X = 2
-0
Case (B). Let A < 0. Here we can pick C(s,) =0, so that

(3.15) Faalsns x) = fo ga.o(5p, 1) 2 gp,
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Since we have picked a solution, we do not know a priori that the function we have
picked is Schwartz. Clearly, f, , is C*. It will be sufficient to show that, for each
positive integer K,

. K (s Mx2=1)/2
lim  |(s,, x)]| /()&\.(,(SA”)C’ dr = 0.

I(sy.x)—

What we do know by hypothesis is that there is a function C(s, ) such that

X P
ngA‘q(SA’ t)ex(x-«z V2 g+ e“Z/ZC(sA)

is Schwartz. This implies that C(s,) is C* too. Also, since, for each fixed x,
|sx1¥gx 4(t, 54) — O uniformly as |5, |~ oo on the domain ¢ <1 < x, it follows that
Is)[KC(s,) = 0 as |s,|— 0. The same holds for all derivatives of C(s,). Thus
C € S(R), and e*'/2C(s,) is Schwartz on R'*'. Hence our choice for f;\.q is
Schwartz, being the difference between two Schwartz functions.

For those A such that A = A(Z) >0, we can pick an interval of integration
(either (- o0, x) or (x, o0)) on which ¢(x, t) = eM**~1)/2 < 1. For these A (the ones
for which it is not guaranteed except by hypothesis that f~A s S exists, we get our
estimates exactly as we did following equation (3.9) in the proof of Theorem (3.5).
The critical factor is the infinite domain of integration. For A < 0, in equation (3.15),
we must use a different technique of estimation. (That it is really necessary to use
our number theoretic hypothesis here will be made clear in the example following
this theorem.)

~Let ||fA'q(sA, Moo denot~e supx|]§\‘q(sA, x)|, for each fixed s,, and define
| fa.4(Sa5 )ll, similarly. Let f, , be defined by equation (3.15). By the 1-dimensional
Sobolev lemma applied to g, ,(s,, -) and using our Schrodinger model, we have

”gl\.q(sA’ )”oo < CIEO "X’g,\,q(s,\, Mo

where C depends only on the dimension, 1, of R'. Therefore, since [ * =/ dr <
1 — 1/\ for all x,

”ﬂ\vq(sl\’ )”oo <c(l- 1/)\)120 ”X/gA-q(SA’ )”2

Now we apply formula (3.9) using /3 instead of [ and with ¢(x, 1) = e\*’~)/2,

A <0, to prove by induction that, for any U,,...,U, € R,

(3.16)

where ¢, = 0,1; j = L...,n; V2= U, V' = [X, U], e = (¢,,---,&), |€|= 2= &,
and the summation runs over all 0-1 sequences ¢ of length n.

I +ef m - . .
Oy Oy glsne Mo = Cnr B (1 =5 ) 3 870 Vg o),
3 =0
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In (3.16), we substitute (a) U, = U,_, = Z;, and then (b) U, = U,_, = Y}. Then,
adding the results of (a) and (b),

IN(L+ x*) T,y - Uy fi (55, %) |
<C(n+ )T — I | &Z0Ze Wi - Vg, (a0,
13 =0

+||Xl)7}e")7j~€"“ll7,f'_'_22 . Vlslg.A,q(sA’ )”2}

where Z0 = Z,, Z} =[X, Z)=0,Y°=Y,and ¥ = [X, Y}].
In the estimate above, we divide both sides by A’(1 + x?), square both sides,
integrate over s, and x, take the square root and sum over A and g to get

3

; o 1+ e
Uy U fy o], < 2 A (constant) (1 - l)
A.g A

- (finite sum of terms of the form || X'V, - - - V2, ).

The sum on the right converges since the A;’s are bounded away from 0 (by the
supplementation property), since g € C®(I'\ N), and since A is a constant multiple
of an integral linear combination of algebraic numbers [7]. The latter condition
means that 1/A grows at most polynomially in (A,,...,A,) € Z". However,
| X!'Ven e Vo g4 4ll, decreases much faster than the reciprocal of any polynomial in
(Ay,-..,A,), as can be seen by applying arbitrary elements of the universal envelop-
ing algebra of the center of N to X'V,& --- Vfig € C°(T\N).

This completes the proof of Theorem (3.13).

The following example shows that, when D = X +iY with {X,Y]= Z not
satisfying the number theoretic hypothesis of Theorem (3.13), regularity can fail.

(3.17) ExaMPLE. Let N be spanned by (X, Y,,Y,, Z,, Z,}, where all nontrivial
bracket products are generated by [X,Y;]=Z, i=1,2. Let D = X + iY, where
Y = Y, + £Y,, with £ a Liouville number [7]. Then [X, Y] = Z, + £Z,, which does
not have algebraic coordinates relative to the rational basis {Z,, Z,} of [9t, R]. Let
N = exp N and let T be the discrete, cocompact subgroup of N generated by exp X,
expY,, and exp Y,. Let 7 € (I'\N )A be infinite dimensional, and A € 0,(7), with
A(Z) =\, EZ,i=1,2 Then there is a Schrodinger model of = in L*(R) derived
from the Mackey induced representation space using the maximal subordinate
subalgebra I spanned by (Y, Y,, Z,, Z,}. Here n(X) =d/dt, n(Y;) = iA;t, and
m(Z;) = iX;,j = 1,2. Thusw(D) = d/dt — (A, + £X;)t. Suppose A = A} + €A, <0.
Then we have, as in (3.15),

frgx)= e*"z/z[fo g (1)e /2 dt + CA],

where C, is a constant depending upon A, for the most general solution possible for
fA,q in terms of g, .. We will show that there exists g € C*(I'\N) such that,
although f;\ s € C* exists, for each (A, q), it is impossible to pick C, so that
24 gl fa,qll2 < 00
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In particular, we will use only one irreducible component for each 7 as above,
regardless of m(7). So we will suppress the g in our notation. Let T2 be the
two-dimensional torus, and let ¢ € C*(T?) such that ¢ is real valued. For each A
such that A = A(Z) <0, put g,(1) = (At/2)e™ /%6(A,, A,). Then g, is Schwartz
and g = Z,_, 8, € C*(I'" N), by the Auslander-Brezin condition [2]. Without loss
of generality, let C, € R, since a complex value could only increase the || £, ||,. By
direct calculation,

f/\(x) = (‘350\1’ )‘2) + CA)"MZ/Z - eMZ/A‘i’()\h }‘2)’
so that
1AIZ= (8 + C ) (n/ (A2 + 82n/ (N)7* = 28(¢ + C, )4/ (-31))"
> ngin(-w/x)'/z{&(l +2-4/3)+(2-4/3)é- ¢, + P}

= (-n/N)2§{ 2 — 4/3}.
That is, || f,||, = C - ]&)l/(—)\)‘/“,k for some C > 0 which is independent of A. But £
Liouville implies that there exist ¢ € C*(T?) such that

S 1AL M)A+ EX,)4

ALAEZ
Ay +EX,<0

is divergent. This completes the example.

4. Generalizations. In the estimates used to prove Theorems (3.5) and (3.13), we
needed the existence of a rational basis {Z|,...,Z,} of [}, N] in order to have the
numbers A ;= A(Z;) bounded away from zero for A € (I'\N ). However, as in the
proof of Theorem (3.13), it is possible to compensate for a growth in the estimates of
f:\_ o in terms of g, . which is at worst polynomial in (A,,...,A,). We will formalize
this concept now.

(4.1) DEFINITION. Let N = exp i be a two-step nilpotent Lie group possessing a
cocompact discrete subgroup I'. Let {Z,,...,Z,} Clog(I' N [N, N]) be a (rational)
basis for [, N]. We will call Z € [R, N] an algebraic vector if Z = I | a;Z; with
a, being an algebraic number, i = 1,...,n.

(4.2) DEFINITION. Let N be as in (4.1), and D = X +iY, X and Y € N. We will
say that D has the algebraic supplementation property if every rational subspace of
[:%, N] with codimension 1 can be supplemented by a vector from a finite set
{S),...,S,} of algebraic vectors contained in { X, ] U [Y, N].

Note that Definition (4.2) is invariant under rational automorphisms of 9.
Without loss of generality, we may assume that the number p in Definition (4.2) is
less than or equal to n. Otherwise, if p > n, we could express one of the vectors in
terms of the others: say, S,,, = 2/_, ;S;, where each a; € R. Then, if A is in the
linear dual of [9, N], and if A(S,,,) #0, we must have A(S;) # 0 for some
i € {1,...,n}. The example (5.1)(a) in the next section will show that p may in fact
be either less than or equal to n.

Our new theorems are as follows.
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(4.3) THEOREM. If N = exp N is a two-step nilpotent Lie group and if TN is a
compact nilmanifold, with T discrete, and if D € N - has the algebraic supplementation
property with the real and imaginary parts of D commuting, then D is globally regular
on '\ N.

(4.4) THEOREM. Let N and T be as in Theorem (4.3). Let D = X +iY, X and
Y €N, with [ X, Y] = Z, a multiple of an algebraic vector. Then D is globally regular
on I'\N provided it has the algebraic supplementation property.

PROOFs. In order to modify the proof of Theorem (3.5) to prove Theorem (4.3), we
begin by constructing our Schrodinger models with respect to an appropriate vector
S, € {S,....S,} (e, one for which A(S;)# 0 and either [X,Y] =S, or else
[Y, Y] = §,) rather than withrespect to Z,. If S, = 3, &, Z;, then A(S;) = ZI_ | A,a,,
an integral linear combination of algebraic numbers. Thus A(Sj)‘I grows at most
polynomially in (A,..., A,). At every stage of Part I of the proof of Theorem (3.5),
we now replace A ; with the number A(S)). (We continue to let A, denote A(Z,)—but
the models are now constructed relative to S;.) In Part II of the proof, we continue to
replace A, by A(S)), and the first major change is that, in (3.10), 8 is no longer a
constant. Rather, 1/8 grows at most polynomially in (A,..., A,), which is thus also
true of C in (3.10), and C ;in equation (3.11), the Inductive Hypothesis.

Now, in the final paragraph of the proof of Theorem (3.5), in order to prove the
finiteness of the estimate on q||l7,,_l Y i fA‘ gllas we sin~1p1y observe, as at the
end of the proof of Theorem (3.13), that 2,  p(A,,..., AINUB, I, < oo, for each
polynomial p and U € A(N), since Ug € C*(I'\ N), asis VUg for each V € U(3).

Next we adapt the proof of Theorem (3.13) to prove Theorem (4.4). Here all
Schrodinger models are constructed with respect to Z, and the representations «, for
which A(Z) = 0 are covered by Theorem (4.3). So we will assume that A = A(Z) # 0.
However, we will pick vectors Y, such that [ X, Y] = §; or else [Y, Y] = S, for each
j=1..., p. and we will replace A, in the proof by A(S)), reserving A; again to
denote A(Z;). The first major change is then that the constant C in equation (3.16)
grows at most polynomially in (A,,...,A,). Now the proof is completed as before.

S. Examples. In this section we present some examples showing how regularity can
fail in the absence of an appropriate supplementation property, and illustrating the
meaning of the two supplementation properties (3.1) and (4.2).

(5.1) ExaMPLE. Let R, N, and T be the same as in Example (3.17) but let
D =Y, + £Y,, with £ a fixed real number. Then 7,(D) = (}\_1 + X))t andf;w(t) =
8r.o(1)/(Ay + §Xy)t is the only Schwartz solution of my(D)f, , = &, ,, Which exists
if and only if the Schwartz function g, , vanishes at 7 = 0.

(a) If £ is an irrational algebraic number, then |A, + ¢\, [! is bounded by a
polynomial in A, and A,, and our third regularity Theorem (4.3) does hold here. This
is a case of algebraic supplementation, since no rational A can vanish on Z, + ¢Z,
=[X, Y, + £Y,]. Note that this is a case of p = 1 <2 = n. We remark also that in
Example (3.3) we do have algebraic supplementation, but not ordinary (rational)
supplementation. If the supplementation, in any example, is actually rational, then p
must equal n.
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(b) If £ is a (transcendental) Liouville number and we put g, , = go(t)&)()\l, A,)
with g, a fixed Schwartz function on R, vanishing at ¢+ = 0, and take ¢ as in Example
(3.17), then we observe that global regularity does not hold. Here we do not have
algebraic supplementation.

(c) Finally, if £ is rational, all the numbers A(Z, + §Z,), A € (I'" N ), are either
bounded away from zero or else equal to zero. Thus for A such that A(Z, + £Z,) = 0,
N /1) =0 is a possible Schwartz solution of m,(D) N 4 = 8a., Whenever Schwartz
solutions do exist, i.e., whenever g, , = 0. For a}l other A’s, |f~,\‘q(t) |< 6"||gj\‘q(t)||oc,
as may be checked by finding the maximum of f, ,, where

8 =Inf{X, + éX,| (X, A,) € Z2and A, + ¢A, # 0}.

Once again, this permits a proof of global regularity in this case. The following
remark is relevant.

(5.2) REMARK. The conclusion in (5.1)(c) may be surprising, since neither rational
nor algebraic supplementation prevails in this example. The explanation is as
follows. Modulo a rational automorphism of 3¢, we may as well let £ = 0 in this case.
For each A € (TN such that ker(A |[9%, %]) is unsupplemented by an algebraic
vector in [Y;, N], m,(D) happens to be the zero operator, and of course a sum of
zeros converges. So we could trivially generalize our regularity theorems (4.3) and
(4.4) to require supplementation only for those ker(A) with m,(D) # 0.

(5.3) ExaMPLE. Let ! be a direct product of two copies of the 3-dimensional
Heisenberg algebra. Thus % is spanned by vectors X,, X,, Y|, Y,, Z,, and Z,, with
all nontrivial bracket products generated by [X,, Y] = Z,,i = 1,2. Let N = exp &,
and let I' be generated by exp X;, expY;, and expZ,, i = 1,2. Let D = aX, + BY,
with a and B real, and consider the Schrodinger model for those =, for which
A(Z,) =0 # A(Z,) = \,. Then m, acts in L*(R) with 7,( X,) = d/dt, m\(Y,) = iX,t,
m(Z,) = iX,, m(X,) = iA(X)), and m\(Y,) = iA(Y)). So, for these A, m\(D) =
i(aA(X,) + BA(Y))), and

Fug(t) = =ign [(D[ar(X,) + BA(Y)] ™

Thus a two-dimensional toroidal problem arises in the infinite-dimensional represen-
tation theory, with global regularity depending upon 8/« not being a (transcenden-
tal) Liouville number. This is the effect of the absence of supplementation.

(5.4) REMARK. Note that the group of Example (5.1) is a subgroup of the group of
Example (5.3). Yet the operator D of (5.1)(b) is not globally regular, even though the
same operator, in the group of (5.3), does provide supplementation and is thus
globally regular. It follows that the property of global regularity is not well behaved
with respect to the operation of restricting to subgroups.

The following example, communicated to us by L. Corwin, shows that our
regularity theorems cannot be true without further hypotheses when R is a nilpotent
Lie algebra with three steps. We plan a paper in the near future to show when
regularity works for suitable n-step compact nilmanifolds.

(5.5) ExaMPLE. Let ;% be the Lie algebra spanned by the vectors W, X, Y and Z,
with all nonzero bracket products generated by [W, X] = Y and [W, Y] = Z. Thus
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9N has three steps and is generated by W and X. Let N = exp 2. There is a series of
representations 7, . € N, a, ¢ € R, a # 0, which can be realized on L*(R) in such a
way that

7, (W)= diw 7, (X) = 2mi(c + aw?/2),

7, (Y)=2miaw and =, (Z) = 2mia,

(5.6)

(see Corwin, [3, p. 119]).

Let I' be a cocompact discrete subgroup of N such that X, Z € log I'. Then,
lettinga=1and c = -1,-2,-3,..., we have 7, . € (T\N). Let g, be nonnegative
in C*(R) such that gy(w) =1 for 0 <w <3, and gy(w) =0 for w & [-1,4]. For
each negative integer ¢, define g(w) = g,(w)e™, and let g, be the corresponding
function in C®(I'\ N), each lying in a different primary summand of L*(T'\N).
Since the operators in (5.6) depend only polynomially (in fact, linearly) on c,
22U, = 22 |IUg|l, < o for every U € A(N), the universal enveloping
algebra of #. Hence g = £.%_, g, € C*(I'\N).

Now we shall examine the operator D = W + iX on '\ N. According to (5.6),

m (D) =d/dw — 7(2c + w?)

and

- 0
fw) =~ [ gD)expa[(w? = 2)/3 + 2e(w = )] &t
is the only Schwartz solution of 7, (D)f. = g.. (That £, is in fact Schwartz follows
from the facts that g is compactly supported and e™ /3 5 0asw - —00.)
On the other hand, by a change of variables, if 0 < w < 1,

1f(w)|= /Ooog(.(w + u)exp[-m(wiu + wu? + 1’ /3)]e 2" du = Ce ™,

for some C > 0 (estimate with 3 < u < 2). Thus || f,|| = C’e "™, for some ¢’ > 0 and
c¢=-1,-2,.... Thus ;% , f. does not converge in L>(I'\N), so, a fortiori, it does
not define a function in C*(I'\ N).
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