TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 279, Number 2, October 1983

ESTIMATES OF CALORIC MEASURE
AND THE INITIAL-DIRICHLET PROBLEM
FOR THE HEAT EQUATION IN LIPSCHITZ CYLINDERS
BY
EUGENE FABES' AND SANDRO SALSA’

ABSTRACT. In this paper the authors prove unique solvability of the initial-Dirichlet
problem for the heat equation in a cylindrical domain with Lipschitz base, lateral
datain L?, p = 2, and zero initial values. A Poisson kernel for this problem is shown
to exist with the property that its L2-averages over parabolic rectangles are equiva-
lent to L'-averages over the same sets.

Introduction. Let D denote a bounded Lipschitz domain in R” and D, the
cylinder D X (0, o). Given a continuous function g on 9D, and compactly sup-
ported there, there exists a unique classical solution, u, of the heat equation

Lu(x,t) = Y Dlu(x,t) — Du(x,t) =0 inD,
i=1

with initial-boundary data g. When we fix a point (x,t) € D, the mapping
g — u(x,t) is a continuous nonnegative linear functional on C(dD,) and hence
there exists a unique Borel measure, 0™, on 3D, so that u(x, t) = [, g dw™’. The
measure w*' = w’ is called the caloric measure (associated with D ) evaluated at
(x, t). Because of Harnack’s inequality [7] for nonnegative solutions of the heat
equation, for T fixed and positive all the measures {w™”: x € D} are mutually
absolutely continuous.

In this work we examine the relations between the surface measure and the caloric
measure, w*7, restricted to the lateral boundary, 3D X (0, T), of D X (0, T). Our
main result states that caloric measure and surface measure on dD X (0, T) are
mutually absolutely continuous. Moreover, if dQ denotes surface measure on 9D
then dw*7(Q, A) = K(x, T; Q, s) dQ ds and for any parabolic surface cylinder A of
daD X (0, T') (see notations below)

1,2

where |A| = [, dQ ds and C is a constant depending only on dimension, the Lipschitz
character of D and (x, T'). C can be taken independent of the points (x, T') provided
these points are allowed to vary over a fixed compact subset of D, .
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636 EUGENE FABES AND SANDRO SALSA

The above result leads to the solvability of the initial-Dirichlet problem for
the heat equation with given lateral data in L?, p = 2. More precisely, if g €
L?(@D X (0, T)) with p =2, then there exists a unique solution of Lu =0 in
D X (0, T) satisfying the zero initial condition and at almost every point, (Q, s), of
9D X (0, T') converging to g(Q, s) through parabolic cones with vertex at (Q, s) (see
Theorem 3.2).

We point out that for general domains in R"*! whose boundary is composed of a
base and a lateral part, S, which is described locally by the graph, x,=
f(xy,...,x,_,, t), with f Lipschitz continuous in the space variable and Holder
continuous of order i in time, caloric measure and n-dimensional Hausdorff
measure on S may be mutually singular. For details and further references the reader
should see [10].

Before continuing, the authors wish to thank Professor Carlos E. Kenig for the
many helpful discussions related to this paper. These discussions and his work with
David Jerison provided us with the basic ideas and tools needed for the results.

Our paper is divided into three sections. §1 proves the absolute continuity of w™
with respect to surface measure on 3D X (0, T') and establishes the L2-integrability

of the Poisson kernel,

T

dw*7(Q, s)

K(x,T;0,5) = d(dQ X ds)

The main tool of this section is the identity in Lemma 1.1, which is a parabolic
version of the identity 2.1 in [7] for the Poisson kernel of Laplace’s equation.
§2 studies the boundary behavior of the Poisson integral,

u(x, t) =faD K(x,t;0,5)f(0Q, s)dQ ds Efsfdw"",

for f € L>(3D X (0, T)). The primary result is the pointwise domination of the
maximal function
u*(Qq, o) = sup |u|
rQo..wo
(Ty,.s, is @ parabolic cone with vertex at Qo,s, and contained in D X (0, T)) by a
constant times the (parabolic) Hardy-Littlewood maximal function M( f2)(Q,, 54)"/2
where

M(g)(Qo, 5o) = SUP{ 1

P14, fA |g| dQ ds: A, is parabolic surface cylinder
r> r ,

of 3D X (0, T') with radius r and center Q,, so}.

In §3 we combine the results of §2 with the fundamental work of Muckenhoupt in
[9] to conclude the mutual absolute continuity of caloric measure, w7, and surface
measure on 0D X (0, T'). Another consequence is the construction of the solution to
the initial-Dirichlet problem for the heat equation with zero initial values and lateral
data equal to a given g € L?(dD X (0, T)),p = 2.
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Much of the notation we will use is either standard and needs no elaboration or
will be explained at the time it is introduced. For now we wish to give the basic
geometric definitions and objects repeatedly used in this work.

Our primary domains will be the cylinders D, = D X (0, ) and D = D X (0, T)
for T < oo and their corresponding lateral boundaries S = 3D X (0, 0) and S =
0D X (0, T). Here D is a bounded region in R". The letters x and y will denote
points in R" and will generally belong to D. x’ and y’ will denote points in R"~' and
we will often write x = (x’, x,,) when we wish to distinguish the nth coordinate of x.
Letters P and Q will denote points on 3D, the boundary of D, and ¢ and s will be
used for time variables.

DEfFINITION. We call a bounded domain D C R" a Lipschitz domain if for each
point Q € 9D there exist a ball, B = B(r, Q), with center Q and radius r, and a
coordinate system of R” such that in these coordinates

BND=BnN{(x,x,):x,>e(x') and | V|| j=(gr-1y < m < 00}

and BN 3D =B N {(x’, p(x")): x" € R""'}.

We will assume the radius of the ball, B, and the constant m in the above
definition are chosen independent of Q € 9D. This radius, r,, and the number m
define what we will call the local Lipschitz character of D. If in a given estimate the
constant depends only on the dimension, n, m, r,, and the number of coordinate
balls of radius r, needed to cover 0D, then we will say the “constant depends only on
the Lipschitz character of D”.

Finally we set

4(Q. 1) ={(y.5):y €ED,ly = QI<r|t—s|<r’,0<s<T},
A(Q,1)={(P,s): PEBD,IP—Q|<r,|t —s|<r’,0<s<T}.
A(Q, t) will be called the (parabolic) surface cylinder of S with radius r and center

0,

Throughout the rest of this paper D will denote a bounded Lipschitz domain in
R".'If the functions, ¢, whose graphs describe 3D locally are C*(R""'), then D is
called a smooth domain.

1. The L’-integrability of the Poisson kernel. In this section we turn our attention
to the absolute continuity of caloric measure with respect to surface measure on
S = 0D X (0, 00) and to the square integrability of the Radon-Nikodym derivative,
which is the Poisson kernel.

We set

[(x,t) = (4vrt)'"/2exp(—|x|2/4t),

the fundamental solution in all space for the heat equation, and, for the bounded
Lipschitz domain, D, we denote by G(x, y, t) the Green’s function associated with
D and the heat operator. Specifically for x,y € D and ¢ >0, G(x, y,t) =
I'(x —y,t) — g(x, y,t) where for x fixed g(x, -, -) is the unique solution of the
problem

L(g(x> ) )) =0, g(xv y>0) =0, g(x’ Q’t) = F(x - Q’t) (Q € aD)
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For smooth domains, D, if N, denotes the inner normal to 3D at Q, the function,
(3G/3Ny)(x, Q, t — ), is the Poisson kernel for L in D, , i.e., the potential,

o(x, z)—// 3, (% Q1= 9)/(Q.5) do b,

is the solution to the problem Lv =0 in D, , v(x,0) =0, v|g = f. With obvious
abuse of previous notation for K we set

K(xth)—-K(th—s)=—(th 5).
LEMMA 1.1. Fix x, € D and ty > 0. Assume V(y, s) is a C* vector field defined on

R™* ' with values in R" such that V(x, t,) = 0. For smooth domains, D, the following
identity holds:

/(‘)lo/i;D(V(st)~NQ)K(XO,Q, to — $)K(x,, Q, 5) dQ ds
(11) — _f’ofL(W(xo,y,s) G(xo,y, o — S)dyds
[ o 0. s 0
where
ol __a_ e
w05 %029 = 505y (T = - ))(Q)

and V- N is the standard inner product on R".

PrOOF. If Q € 9D we can write V(Q, s) = T(Q, s) + ¢(Q, s)N, where for each s,
T(Q, s) is a tangential vector field to 0D. Since G(x, Q, s) = 0 on S we have

Hence
o) ) = (0. 5) 33 (1,0.5) = (. )K(x,0.).
It follows that
! (x0,Q, 5)K(x,Q,t—s5)dQds
(12) ffaDaV(Q s) 0

=ff c(Q, 5)K(xo,Q, s)K(x,Q, 1 — 5) dQ ds
03D

forxq,x € Dandt € (0, T).



HEAT EQUATION IN LIPSCHITZ CYLINDERS 639

Recall that G(xg, y, s) = ['(x, — y, s) — g(x,, y, s). Hence the left side of (1.2)
equals

! al’
_fo fwm("“ Q. 5)K(x,Q,1~s)dQ ds

4 ag 3
‘fofaDaV(Q,s)("O’Q*S)K(x’Q,f s) dQ ds.

Finally,

—[—/apaV(Q (x0,0Q,5)K(x,Q0,t—5)dQds
_ [ dg _ g
_/O/DL( aV(y,s)()co,y,s))G()c,y,t s)dyds + T x. 1) (xq, x,1).
We now substitute in (1.2) to obtain
f,f c(Q,s)K(xy,Q,5)K(x,0,t—s5)dQds
0”ap
Z—/th(———ag—(x .y s))G(x y,t—s)dyds
o/p \3V(y,s) """ ’

! _?’I_ . __ 0g
_'/(’)‘/E;DaV(Q, S)(XO’Q’S)K(X’Q’t S)des aV(x’t)(XO’x’t)-

Since 9g(x, X¢, 5)/V(x¢, t5) = 0 equation (1.1) follows after observing that
o(Q,s) = V(Q.s) Ny.

LEMMA 1.2. Assume D is smooth and let m and r, determine the local Lipschitz
character of D. For Q, € 9D, 5, > 0,and 0 < r < r,/4, set
(Qr’ tr) = (Q(,)’ QOn + 3r9 So + 5"2).

There exists a constant ¢ depending only on the dimension n and the local Lipschitz
character of D such that |y o . K(Q,,Q.t, — s)K(Q,, Q,s)dQds < cr """,

PROOF. Pick § = 0(y, s) € CF(R""!) satisfying 0 < @ < 1, § = 0 outside the set
{(y,8):IyI<2|s|<2}and § =1 0n {(y,s): |y|<1,|s| < 1}. Consider the vector
field

r

and observe that

- Q- 0y s 1
V,(Q’s)'NQ/o( r 2 ) Tt m?

r
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We now apply Lemma 1.1 with V replaced by V,, x, by Q,, t, by t, = s, + 5r2
and we obtain the inequality,

1
V1 + m? fA,(Qo.so)

<

K(Qr’ 0, - S)K(Qr’ 0, S) deS

ftrfL(aV(y s)(Qn)’,S) G(Q,, y,1, S)dyds]

a7 (02K (0, 0.1, s)des{-Hn

We have
< C-sup{|D, T(Q,, 0, 5)|: (Q,5) €4,,(Qqg,50)} <c-r" .

To get an estimate for /, notice that

g(Q,,y,9)\ _/n _ .
{555 - e anns

n
= (Dsor)Dy,,g - (Ayor)'Dy,,g_ 2 ‘El (Dy,-or)'Dyz,-y,,g'
i=
By our choice of §, we have
IDG,|<c-r', |IDG|<c-r?, |D}|<c-r.

Performing an integration by parts in the terms involving D),Z, ,, 8 and using the above
estimates we get

1
mee ) 19000yt = T80, o)
¥2(Q0> 50)

1
- G(Q,. 7.1, ~ 5)9,8(0,. 3. 5) dyds}
¥ (Qo» 50)

=c-(A4+ B).

We show how to estimate 4, the way to estimate B being analogous. By Schwarz’
inequality

1,2 1/2
l _ 2 2
|A|<,( [ 19:1(@0 5t~ 9) dyds) ( f%’lvyg(Q,,y,S)l)

1/2

1/2
1 2 2
—_— t —_—
+- (f%rlvyg(Q,,y,S)l dde) (f%’lvyg(Q,»y, ;= 5)) )
Since

1,2
([ 1wty = s ] <
4’27’
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we have to show that

1,2
(f Iv,8(Q,, y, )2 dyds) <cr /2,
‘I’Zr

1/2
(f Ivyg(Qr’ y’ tr—s)lzdyds) Sc.r‘n/z‘
‘PZr

Since the procedure for estimating both integrals is the same, we will give the details
only for the first one.
We consider

1/2
N, ={(y.9): (y = QP +ls— 1) <ar}
with a chosen in a way such that ¥, (Q,, so) N 9N, = @. Now let h = h(y, s) €
C*R"*") with h = 1 outside 9N, and # =0 in N, ,,- Denote by w = w(y, s) the
solution of the problem
Lw=L(hT), w=0o0nS U {Dx{0}}; hereI =T(Q,— -, ).

We have g(Q,, v, s) = h(y, s)I'(Q, — y, s) — w(y, s), and what we wish to esti-
mate now are the integrals

— 2 — 2
I, —/:hrlvy(hl‘)| and I, —f%rlvywl )

In,, kT =T, therefore |v,(hL) < c-r™""'and |I)| < c-r "2 r"*2=c.r™", the
desired bound.

To estimate I,, consider a smooth function ¢(y, s) such that 0 < ¢ <1, p(y, 5)
= liny,,, 9(y, s) = 0 outside y;, ), with y chosen in a way such that y, ., N 9,
= @. Then, from Lw = L(hT') we get

@*wLw =/ @’>wL(hT).

Y2 +y)r Yo+y)r

Using integration by parts we have

1
@’ wlw :f (pz( ED'WZ - wAyw)

Yo+yyr Y2 +y)r

:f ¢2|VyW|2 —f ow?D,p +/ 2wev,p - VW

4’(2+y)r lI’(Z-ﬁ-y)r ‘I’(2+y)r
Therefore

PIvwl<[  WL(D)+ [  olDglw?

¢(2+y)r ¢(2+y)r Q2+y)r

+[ 2wel V01V,

Y2 +y)r
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Using the estimates |V, ¢| < c-r ' and | D,@| < ¢-r™* we get

ool < [
7

4’(2*7"

C )
|wL(hI‘)|+Ff w?

!
(2~ y)r W2y

1 2
+ 5/ @*|v,w|> + —2/ w?.
Y2-yr V ™ Yoy
The latter inequality implies
[ropE<S [ wit [ peL(AT)
'I’Zr ’ r lI’ZI \L(Z’y)r

Since [w| < 2T < ¢r ™"~ 2 we conclude that

c 1 c
I, :f |v,wl* <——2r"+2—2 + —pnt2
Y r renor r

which is the desired bound for I,.
REMARK. Suppose 0 € D. Then the arguments of Lemma 1.2 can be used to show
that

fo K0,0,T—s) K(0,0,s)dQds <c¢
0 YoD

where the constant depends only on the dimension, the Lipschitz character of D and
max(1l, T). To see this, choose § = (y) € C°(R") satisfying 0<60<1, §=0
outside the set {y,|y| <2}, §=1 on {y,|y|<1)} and consider the vector field
Vo(y, s) = Vo(y) = 0((y — Q)/ary)-e, where a is chosen in a way such that
V(0, s) = 0 for each Q € D. Now cover the boundary dD by a finite number of
surface balls S, = B(ar,, Q,) N 9D,k = 1,...,N, N depending only on the Lipschitz
character of D and repeat verbatim the arguments in the proof of Lemma 1.2 with
Voo 0, T instead of V,, Q,, t,, respectively.

We are now ready to prove the main theorems of this section. These results
assume D is a bounded Lipschitz domain in R” containing the origin, 0.

THEOREM 1.3. Let %7 be the caloric measure in D, evaluated at (0,T) and
dQ X dt the n-dimensional Hausdorff or surface measure on Sy. Then «®7 < dQ X dt
with density in L*(Sy).

THEOREM 1.4. The limit

9 :
WG(O, Qp, T = 5) = lim v,G(0, Q0 + rNy,, T — s50)- Np,
0

exists for a.e. (with respect to dQ X dt) (Q,, s,) € S. Furthermore, for each Borel set
E C S we have

9
W*T(E) =/EWG(O, 0, T — s5)dQ ds.

PrROOF OF THEOREM 1.3. Assume first that D is smooth. Since K(x,Q,t) =
(3/3Ny)G(x, Q, t), as a function of (x, t), Q fixed on 3D, is a nonnegative solution
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of the heat equation, the Harnack principle [8] implies that
K(0,Q,s5)<cK(0,0,3T —s) ifse€[0,T].

Thus by the above inequality and the Remark following Lemma 1.2 we can write

fOTfODKz(&Q,T—s)des:/OTfaDKz(O,Q,s)des

<C/3T/ K(0, 0, s)K(0,0,3T — 5)dQ ds <,
o Jop

where the constant depends only on the dimension, the Lipschitz character of D, and
max(7, 1).
Suppose now that D is Lipschitz and B is a ball with center Q € 3D for which

BNaD = {(y.e(y)):y € R |Vl = <m}.

We can find a sequence of smooth domains, D’/, and a sequence of smooth
functions, ¢, such that (a) @ — ¢ uniformly, (b) Vg, > Vg ae. in R"™', (c)
1@l = < 2m, and (d) B N {(", 9,(»"))) C 3D". |

Denote by w; the caloric measure associated with D’ and suppose f is a
continuous function on R"*' whose support is compactly contained in B, = B X
(0, 00). From Lemma 1.2 and the preceding argument in the smooth case

WOD(f) = fonaDJf(Qj, s)K,(0,Q,,T — 5) dQ;ds
< C||f”L2(s’T) (S% = 93D’ X (0, T))

with ¢ independent of ;.

Since w,('O'T)(f) - () and I/l 2spy = N1l s,y asj — oo we have WO f) <
¢l f1l;3s,)- By using a partition of unity of 3D corresponding to a finite covering of
coordinate balls B we obtain the estimate

T f) <l fll sy

An application of the Riesz Representation Theorem concludes the proof of (1.3).
REMARK. It is clear from the argument in Theorem 1.3 that

dw™’
K(x, t; Q, S) = m
1s zero for s > 1.

PrOOF OF THEOREM 1.4. Fix (Q,, 5¢) € S and let B, denote the ball of radius r,
and center Q, for which, in the coordinate system y = (y’, y,), B, D = B, N {y:
> o(y)}. Let I(Q,, s,) denote the parabolic cone with vertex (Q,, s,) given by
{(y,8)c>y,— Q. > |y — Qpl + ¢”Is — s50|'/%,0 <5 < T). Since D is Lipschitz

’

we can find ¢, ¢, ¢” such that T(Q,, s0) C Dr. Set d = d(y, s; Q, o)
= \/U’ = Qol* + s — 5ol
From Schauder estimates and Harnack’s inequality [8],

1v,G(0, y, T = s)|<c-d7'G(0,Q,, T — 5o + 2d?)
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where O, = (Qg, Qp, + d). From Lemma 2.2 of [10] we have
d7"G(0,0,, T — s, + 2d*) < cw®D(A,4(Qy, 5o — 2d?)).
The last two inequalities imply

1v,G(0, y, T — s)| < cd ™" 'w®T(4,,(Q, 55))

<csupr'”_'f K(0,T; Q,s)dQds
A,(Q¢. 50)

r>0
=cM(K(0,T; -, -))(Qq, so)-
Here
K(0.T; -, ) = do'*T/d(do X dt)

and M is the Hardy-Littlewood maximal operator. By Theorem 1.3 and the Remark
following it M(K(0, T; -, - )X Q,> So) 1s finite for a.e. (with respect to dQ X dt) point
(Qo- 50) € S; therefore| v, g(0, y, T — s)|is nontangentially bounded a.e. (dQ X dr)
on S;. By Lemma 2.6 of [S] we get the first part of the theorem. The second part of
the theorem can be proved by very closely following, with obvious changes, the
argument in [2, Lemma 7(b)]. We omit the details.

REMARK. The argument for passing from smooth to Lipschitz domains given in
the proof of Theorem 1.3 can be used directly to extend Lemma 1.2 to Lipschitz
domains. As a consequence if we again abuse the notation for K and set K(x, Q, t)
= (3/9Ny)G(x, Q, t) then

f K(Q,, 0.1, —s)K(Q,,Q,5)dQds <cr !
A,(Qo, o)

with C depending only on the Lipschitz character of D.

2. Boundary behavior of the Poisson integral. In this section we study the parabolic
nontangential maximal function associated with the potential

u(x, 1) = /S £(Q,s) de™H(Q, s).

For Q, € 9D we let B, denote the ball of radius 7, and center Q, for which there
exists a coordinate system of R" so that relative to this system

B,ND =By N {y=(y,»)rn>e0)}
Also in terms of these same coordinates we describe the (inner) nontangential
parabolic cone with vertex (Q,, s,) by

T'(Qo, 50) = {(}’, 5):e>y,— Qo> 1y — Qpl + s — 50'/%,0<s < T}
where ¢, ¢’, ¢” are constants depending only on the local Lipschitz character of D
and chosen so that I'(Q,, s,) C D .

If u is a function defined on Dy we set u*(Qy, o) = SUPr(g,, s,)|#( ¥, 5)| and we
call u* the parabolic nontangential maximal function of u at (Q,, s,). Finally, as in
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the proof of Theorem 1.3, we let

M(g)(Qo 80) = Sglg 1

— fArlg(Q,S)l dQ ds

r'l
denote the (parabolic) Hardy-Littlewood maximal operator.
LEMMA 2.1. Suppose f € LX(S) and u(x,t) = [(f(Q, s)dw* ' (Q,s). For each

T >0 there exists a constant ¢ depending on the Lipschitz character of D and
max(T, 1) such that

u*(Qos 5o) < eM(?)(Qy, So)l/2
for all (Qy, s5) € S;=0D X (0, T).

PRrOOF. Clearly we can assume f = 0. By Harnack’s inequality
(2'1) u*(Q09s0) <csupu(Qr’ tr)

r>0

where (Q,, t,) = (Q4, Qo, + 37, 5o + 5r2). As usual ¢ denotes a constant depending
only on the dimension and on the local Lipschitz character of D.

Set Ry =A,, R;=AN\A,_, where A, = A,,,(Q, s9). We fix r with r <r, (r,

defined in the Introduction) and choose N so that 2¥~'r < r, < 2¥r. Then, we have
N
w(Q,.1,)< 3 f (Q,5)de @ + [ f(Q,5) de@,
j=0"R, &5 NSy

From Lemma 1.2 of [5] we infer

I = , S dw'@rt) < c-
A s J2:9) /

ro

(09 0(0,5) (1= 5+ 57).
Theorem 1.1 and Schwarz’ inequality give

(2.2) 1<c([)"°£pf2(g,s)de)]/2<c{M(f2)(Qo,s0)}'”.

Consider now [z f(Q, 5) dw'@-'), For j = 0 we have

[ A5y duw@ = [ [ f(Q.5)K(Q,. Q.5+ 57— 5) dQ s

max(0, so—r?)*1Q— Qo|<r
7‘2
<[ f(Q s+ 5r*—s)K(Q, Q,5)dQds
0 |Q—Qol<r
1/2

1,2
< (f fz(Q,S)deS) ([ K*(Q,,Q,s)dQds
43(Qo; S0) 83(Q0,0)

Observe now that K(x,Q,t) as a function of (x,¢) for Q fixed on 9D is a
nonnegative solution of Lu = 0. Since s € (0,9r?) we have 20r* —s>s and
Harnack’s inequality implies

K(Q,,Q,s) <cK(Q,,Q,20r* —s)
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with ¢ independent of Q and r. By Lemma 1.2 and the Remark following Theorem
1.4

K*(Q,,Q,s)dQds

83(Q0,0)

<cf K(Q,,0,5)K(Q,,0,20r> — 5)dQds < cr~""".
43(Q0.0)
3 A0

Collecting the above estimates we obtain

1/2

(2.3) [ £(Q, 5) dw@ < cr<-"—‘>/2(/ 40, 5) dQ ds
RO

A3,(Qo5 50)

For j = 1,2,...,6 we proceed in the manner described above. Suppose now that
j > 6. The function h(x, t) = ij f(Q, s)K(x,Q,t — s)dQ ds is a nonnegative solu-
tion of the heat equation vanishing in a neighborhood of A,,-2(Q,, s,). The
boundary Harnack principle in [6] implies
(24) h(X, t) < Ch(Q2/r9 t2’r)
for (x, t) € ¥,,-2,(Qy, ) With ¢ independent of j and r.

We choose coordinates in R” so that Q, is the origin and

¥22(Q0> 50) = {(x, 1)1 [x[< 2/ 72|t = 5o|< 4/ 72r%, x = (x', x,,)
with x, > @(x'), Vel = < m, (0) = 0}.
The function
h(27 2y, 47722 + 54)
h(Qy,, t21,)

is defined on {(y,#): YI<LII<L y=(, )y >¥y)} where ()=

2/72r) 'p(2/72ry"). @ also satisfies the heat equation and |id|<c on this set.
Yy q
Moreover,

a(y,t) =

=0 on{(y,0):lyI<LltI<1ly=(y,¥(y)}.
Since ||V{||;» = ||[V®||;» = m and ¢, the bound for i, depends only on m, i is
Hoélder continuous at (0, 0) with a Holder exponent and constant depending only on
m. Hence

- 1 5 —ia
B0, 1) = M(Qu 13,7 5150 o5 | = ch(Qui 121127

with ¢ and a depending only on the local Lipschitz character of D.
Now set ¢; = 27/%. Then

h(Q,,1,) < ccij £(Q, $)K(Qy)yr Q4772 + 5y — ) dQ ds.
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Again, a change of variables and Schwarz’ inequality give

j; f(Q’S)K(QZ/M Q94jr2+50—s)deS

ZH(QO\ s())

1/2
(25) = ccj(‘/;zf“(Qo‘So)fZ(Q’S)dQ ds)

12
~ ( KZ(Qz/,,Q,S)deS) |
8,7,+1(00.0)

The boundary Harnack principle [6] implies
K(QZ’r’ Q’ S) < CK(Q2/r» Q’ 5- 4jr2 - S)

for s € (0,4 - 4’r?) with ¢ independent of Q,r and j. The above estimate and
Lemma 1.2 give

(2.6) K*(Q,,,0,5)dQds < c(2/r)"".
AZ/“r(QO#O)
Now (2.6), together with (2.5), gives
1/2
1) [ s a7 o) dgul
R; A5+1(Q0, 50)

with 2%¢; < 0.
In conclusion we have, collecting all our estimates,

W01 = ¢ S | (41(2)(y.50) "

This concludes the proof of Lemma 2.1.
In the next lemma we assume 0 € D and we set

_ 1
M (f)(Qo: 50) = o D (2 ,(00,50)) /A,<QO»S<>>

LEMMA 2.2. Suppose f € L*(Sy), f=0, and u(x,1) = [5_f(Q,s)dw™(Q, s).
Then, for (Qy, s¢) € Sy, we have

CMw(f)(QO’ So) < u*(Qy, 5) < CMw(f)(QO’ 50)

with ¢ and C depending only on the dimension and on the Lipschitz character of D.

1/(Q. )1 do®T(Q, 5).

PRrROOF. Clearly we may assume f = 0. The right inequality in Lemma 2.2 is an
immediate consequence of [5, §2]. For the left one, we have

(2.8) u*(Qy, 5o) = u(0,, 1,) :/Sf(Q,s)dw@,,r,)

=[ Q. )R(Q,,Q.1,,5) d®D.
A(Qy. 50)
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In (2.8) we have set K(Q,, -, t,, -) = dw@") /dw®T which belongs to L'(S; dw®D)
by Harnack’s inequality. By Lemma (1.4) of [5], we have

(29) 1= K(O’ Q’ T, S) < CK(QN Q’ L, = s)w(O,T)(Ar(QO’ SO))
and from (2.8) and (2.9) the desired inequality follows quite easily.

3. The initial-Dirichlet problem. In this section we prove our main results concern-
ing the mutual absolute continuity of caloric and surface measure and the construc-
tion of a unique solution to the initial-Dirichlet problem in D, with zero initial
values and lateral boundary values equal to some given L? data, p = 2.

THEOREM 3.1. Assume D is a bounded, Lipschitz domain in R" containing the origin.
Let &®7 denote the caloric measure associated with D, and evaluated at (0, T). Set

dO

d(do < &) (&%)

K(0,0,T—s) =
where dQ = surface measure on dD. Then there exists a constant ¢ depending only on
n, the Lipschitz character of D and max(T, 1) so that for any surface cylinder A of S;
the following inequality holds:

1 1/2
(3.1) (mfAKz(o,Q,T—s)des) <cm/K(OQT—s)des

where |A| = [, dQ ds.
Consequently, dQ X ds and w7 are mutually absolutely continuous on Sy = 3D X
O, T).

PROOF. Lemmas 2.1 and 2.2 imply that M_( f) is a bounded operator from L*(S;)
into weak-L?(S;). Now applying the results in [9] we conclude that M, (f) is
bounded from L2(S;) into L*(S;) and that (3.1) holds. This in turn (see [1, Lemma
5]) implies that dQ X ds < «®T on S,. The absolute continuity of w®7 with respect
to surface measure was already proved in §2.

THEOREM 3.2. Assume f € L?(Sy; dQ X dt) with p = 2. Then there exists a unique
solution u of the heat equation in Dy satisfying
(1) lim,_ o+ u(x, t) = O uniformly on compact subsets of D,
(ii) for almost every (dQ X dt)(Q,, o) € St
om0 = (00, 5)
(x,1)=(Qo, s0)
where T(Q,, so) is a parabolic cone contained in Dy with vertex Q,, s, (see the
beginning of §2);
(iii) u*(Qo, 5o) € LP(S7; dQ X db).
Moreover, we can find u(x, t) satisfying ()~(iii) and ||u*|| Lr(s,) < c|| fll Los,)-
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PROOF. Obviously u(x, t) = [5 f(Q, s) dw™(Q, 5) is a solution of the heat equa-
tion verifying conditions (i) and (iii) of Theorem 3.2. On the other hand Lemma 2.1
implies that the map f — u* with u defined as the Poisson integral of f is a bounded
map from LP?(S;) — weak-L?(S;) for 2 <p < oo. When f is continuous and
compactly supported in Sy, u is continuous in 57. and

lim u(x,t) =f(x,1).
(x,1)EDr—(Qo, s)
Since this class of f’s is dense in L?(S;), 2 < p < oo, condition (ii) follows from a
fairly standard argument.

For the uniqueness we may assume u satisfies conditions (i)—(iii) with f = 0 and,
of course, we seek to prove u = 0. We first fix a coordinate ball B, with center Q,
on dD, ie.

B . ND={x=(x"x,):|x|<ry x,>o(x)}.
For ¢ > 0 and sufficiently small, the function u(x, t) = u(x’, x, + &, t) is continu-
ous in (B, N D), and since it is zero initially (condition (i)

T
ue(x’ t) = f f uedw;cé, ND), (t < T)
0 “3(B,ND) o

Condition (iii) and Lebesgue’s dominated convergence theorem allow us to conclude
that

. _ (T X,
u(x,t) = l%ue(x,t) —j(; f udawly

Since u is zero on dD we have

T
u(x, 1) = f f udwy np), -
0 Y3(B,,ND)\3D 0

It follows that, for 0 <s, < T,

lim u(x,1) =0.
(x,1)€Dr—(Qo, 50)

So u is continuous in D, and is zero on 3D X [0,T) U D X {0}. Hence ¥ =0 in
DT.
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