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NONIMMERSIONS AND NONEMBEDDINGS OF
QUATERNIONIC SPHERICAL SPACE FORMS
BY
TEIICHI KOBAYASHI

ABSTRACT. We determine the orders of the canonical elements in KO-rings of
quaternionic spherical space forms $*'*3/Q, and apply them to prove the nonex-
istence theorems of immersions and embeddings of $*"**/Q, in Euclidean spaces.

1. Statements of results. Let O, =[x, y: x> ~ = y2 xyx = y] be the generalized
quaternion group of order 2K (k > 2). (Note that the relation x2*"" = 1 follows from
the above two relations.) Let d,: Q, — S* = Sp(1) = SU(2) be the natural inclusion
defined by d,(x) = expmi/2k~"), d\(y) =j. Then Q, acts freely on the unit
sphere $***3 in the quaternion (n + 1)-space H"*' by the diagonal action (n + 1)d,:
Q, — Sp(n + 1). The quotient manifold S*'*?/Q, is called the quaternionic spheri-
cal space form. D. Pitt 8] studied the structure of K- and KO-rings of $*"*3/Q, and
considered the problem of immersing or embedding $*"**/Q, in Euclidean space
R™ using the techniques of M. F. Atiyah [1] (cf. also [5, Chapter 6] and [6, Chapter
3)D.

The purpose of this note is to determine the orders of the canonical elements in
KO(S*"*3/Q,) and apply them to improve the nonexistence theorems of immer-
sions and embeddings of S*"*3/Q,. Let M ¢ R™ (or M ¢ R™) denote nonexistence
of a C*-immersion (or a C*-embedding) of M in R™. Let v(n) be the nonnegative
integer such that n = g-2"(, where q is odd. Our main theorem is

THEOREM 1.1. If »(>"*!*')y<2n+ k — 2i + ¢, then S*"*3/Q, g R*"*2*2 and
S§4+3 /0, & R*™¥3%2 where e = 0 if n is even >0, and € = 1 if n is odd.

Define

N(n, k)= max[i: 1 Sisn,v(z"““) <2n+k—2i+ s].

1

The case N(n, k) = n was obtained by Pitt [8, Corollary 5.6}, and the case k = 3 was
obtained by K. Fujii. It follows from Theorem 1.1, for example, that

SlS/Qk Z RZO, SlS/Qk ¢ R21; S3I/Q3 Z R42, S31/Q3 ¢ R43,
S%/Q,Z R%, S*/Q, ZR®  fork=>4.
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The complex representation ring R-(Q,) of Q, is generated as a free abelian
group by 1,a,b,cand d, (r=1,2,...,2"% — 1) defined below (cf. [2, §47.15; 8, §1
and 3, §3)):

{1(x)= 1, {a(x)z 1, {b(x)Z—l, {c(x):—l,

1(y)=1, a(y) = -1, b(y) =1, c(y)=-1,
a =[5 0] am=[0 ]

where w is a primitive 2~ 'th root exp(2mi/2*~') of unity. The multiplicative
structure is given by
a’=b>=c>=1, ab=c¢, dd,=d, . +d,_, bd =dy:_,,
where we define
d0: 1+ a, dzk—z:b‘f‘c, d_,:d,, dzk—2+r:d2k—2_r.

The reduced representation ring R (Q,) is generated as a free abelian group by
a=a—1,B=b—l,y=a+b+c—3,8=d —2(r=12,...,272 — 1) with
relations (cf. [3, Proposition 3.3]):

o= 2a, B2=-28, y=aBf+2a+2B, ad, =-2a,
B8, = -2B+ 8;k-2., — 8,, 8,,,=8 +28 +28 396,
where 8,x-2 = y — a, 8, = a. Thus R(Q,) is generated by a, 8 and 8, as a ring.

Let cg: Rp(Q,) = R(Q,) be the complexification. The real representation ring
Ri(Q,), considered as the subring cr(Rgz(Q,)) of R-(Q,), is generated by
l,a,b,c,d,, and 2d,,. , (r =0,1,...,2¥73 — 1) (cf. [8, Proposition 1.5]).

Define elements v and z in R r(Q,) by
(1.2) cx'(28) =v, c'(8}) ==z

Let A be the canonical complex plane bundle over the quaternion projective space
HP" = §**3/83 and let m: S**3/Q, > HP" be the natural projection. Let £:
R-(Q,) -~ K(5**3/Q,) be the projection defined in [3,§4] and put § = £.(8)).
Then we have § = 7*\ — 2 (cf. [3, Lemma 4.4]). The order #4' of §' € K(S**3/0,)
is determined by H. Oshima in [7, Proposition 5.2] and T. Mormann in [6, Chapter
2, Theorem 4.52] as follows.

PROPOSITION 1.3. #§' = 22"*k~2 (1 < i <n).

Let r.: K(X) - I?\OYX) and cg: fé(X) — K(X) be the realification and the
complexification, respectively. Let £5: Rz(Qx) = KO(S*"*3/Q,) be the projection
defined in [4, (3.9)] (or in [8, Theorem 2.5]). Then, by (1.2),

g0 =ro(m*A —2) and &gz = ci((7*A — 2)°)

(cf. [4, Lemma 3.10]), because 8, is self-conjugate and cgr- = 1 + conjugation. For
simgk’gity we write v and z instead of {zv and £z. Then, for the complexification
cr: KO(8*"+3/Q,) » K(S*"*3/Q,), we have

(1.4) cr(v) =28,  cx(z) =62
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Let #a (or #A4) denote the order of an element a (or a group A4). The orders of the
canonical elements in KO(S*"*?/Q, ) are determined as follows.

THEOREM 1.5. For z' and vz € KO(S*"*7/Q,),

#Zi — 24m+k—-4i+3 (O <i< m),

#oz' = 24mrk-4 0O<i<m).
THEOREM 1.6. For z' and vz' € KO(S*"*3/Q,),
#Zi — 24m+k—4i (O <i< m)’

#oz! = 24mHk4m3 (0 <i<m).
COROLLARY 1.7. Forv € @(S“"”/QQ,

4o {22"“‘2 ifnis odd,

22nk=3 ifnis even > 0.

K. Fujii [4] proved the result for k = 3. H. Oshima [7] announced it for k = 4 and
conjectured Corollary 1.7.

The author wishes to express his sincere thanks to the referee for his valuable
suggestions.

2. Proofs of Theorems 1.5 and 1.6. First we prepare a lemma.

LeMMA 2.1. In KO (S*"+3/Q,):

2/("3
(2) 20+ 2 (20 + ¢4 0)2 =0,
j=1
2/(—3
(b) 2z + E (2—|c2j° + Czj+|z)zj =0,

Jj=1

where c, are integers satisfying

() Q=2T22% 34 1) /3, cpeay, =1,
v(c,) =max(l,k —s) for0<s<2t72

k—

PROOF. It was proved in [6] that 322 +'c.8; = 0 in R «(Q,), where

cs__.(2"_2+s)+2(2"_2+s—1)+(2k—2+s—2).
2s—1 2s — 1 2s — 1

(*) follows easily from
V(’r'zl) = a(n) + a(m — n) — a(m),

where a(n) denotes the number of nonzero terms in the dyadic expansion of n. (a)
and (b) are proved by multiplying this by 2 and §,, respectively, and applying cz'¢.
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LEMMA 2.2. In KO(S*"*7 /0, ):

(i) =0,

(ii) 4%kl =0 (0<i<m),
(iii) QhitkEImoi= 0 (0<i<m),
(lV) 24i+k—~lvzm~i + 24i+k+22m—i =0 (0 <i< m),
(V) 24i+k+2zm—i + 24i+k+302m—i—l =0 (0 <ji< m)

PRrOOF. (i) follows from [8, Theorem 2.5].

(ii) and (iii) are proved by induction on i. (ii) for i = 0 follows from (i) and
(a) X z™. (iii) for i = 0 follows from (b) X 232"~ and (ii) for i = 0. (iii) for any
j<i—1, (i) for any j <i and (b) X 232"~ " imply (iii) for j = i. (i) for any
J <1, (iii) for any j < iand (a) X 2**%z" =~ Vimply (ii) forj = i + 1.

Using (b) X 24*2zm~~1 (resp. (a) X 2%*3z™ i1y and (i) ~ (iii), we obtain (iv)
(resp. (v)).

LeMMa 2.3. In KO(S*"*2 /0, ):

(i) =0,

(i1) vz" =0,

(i) 2tkgmi =0 (0<i<m)
(iv) Qditk+ly m=i=1 — 0<i<m),

(V) 24i+k——lzm—i 4 Qditky,m=i=1 — ( (O <i< m)’
(vi) ditkpym—iml g o4tk mmiml = (0<i<m-—1).

PROOF. (i) follows from Lemma 2.2(i) and the naturality. (ii) is proved in [4, §4].
The proofs of (iil) ~ (vi) are similar to those of Lemma 2.2(ii) ~ (v), so we omit the

details.
PrROOF OF THEOREM 1.5. By Lemma 2.2(iii), (i) we have

#7i< 24m+k—4i+3 (O <i< m) and #UZi < 24m+k—4i (0 << m)

Let j: S**3/0, - §%*7/Q, be the natural inclusion. Then it follows from
[4,§4] that Ker j*, the kernel of the induced homomorphism j*: KO(S*"*7/0,) —
KO(S%"+3/Q,), is generated by vz™. According to [5, Chapter 6, Proposition 5.7],

#%(ng+7/Qk) = )2mk+dm+k+4 o4 #i(\o'(stlm+3/Qk) = )2mk+4m+4

Hence, by Lemma 2.2(ii), we obtain
2k = #KO(5*"*7/Q,)/ #KO(5*"*3/Q,) < # Ker j* = #vz™ < 2k,
Thus #vz™ = 2*. Therefore, by Lemma 2.2(iv), (v) we have
24m+k—4i+22i — _24m+k—4i—lvzi — e = _2k—ivzm # 0.
PROOF OF THEOREM 1.6. By Lemma 2.3(iii), (iv) we have

#z0 <24tk (0<i<m) and  #Ho <2¥mHRAT (0<i<m).
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By Lemma 2.3(vi), (v) we have

DAmrk—8i=l i — _gdmtk—4i=4 i — . — _ydmtk—d,

But, by (1.4) and Proposition 1.3, cg2*"+* %) = 24m*k=3§ 3£ 0, s0 24" Tk ~%p = 0.

3. Atiyah’s criterion. Exterior power operation N(a), a € R~(Q,), is determined
by
N(a)=1, Ma)=a, N(a)=0 fori>1l,a=1,a,b,c,
AN(d,)=1 forrodd, AN(d,)=a forreven, N(d,)=0 fori>2.

Define A, (a) = Z,.oN(a)t". Then the Grothendieck y-operations y' are obtained
from the equality of the polynomials

}‘r/(1~1)(a) =v,(a) = 2 Y'(a)t’.

i=0

The following is well known (cf. [8, p. 2]).

LEMMA 3.1. v,(8,,.)) = 1 + 8,,, (¢t — 1?), where 8,,,, = d,,,, — 2 € R(Q,).

Let v and z be the elements in R z(Q, ) defined in (1.2). Then we prove

LEMMA 3.2. v,(v) = 1 + o(t — 12) + z(t — t?)%

PROOF. Since v, is natural with respect to the complexification cg, we have, by

Lemma 3.1 and (1.2),
- - - 2
Y,(v) = Y,cx'(28)) = CRl{YI(SI)}Z = CRl{l +8,(1— tz)}
=M1+ 28,(r =) + 821 = )"} =1+ o(t = 12) + 2(e — 2).
As an application of Grothendieck y-operations in KO-theory, M. F. Atiyah [1]

obtained the following

THEOREM 3.3. Let M be an n-dimensional compact smooth manifold and 7, € %( M)
the stable class of the tangent bundle of M. Then, if M is immersible (resp. embed-
dable) in R"*", y'(-1,) = 0 for all i > r (resp. i = r).

LEMMA 3.4. Let 1, be the stable class of the tangent bundle T = 7(S*"*3/Q,) of
S4*+3 /0, . Then

. . ; 1 . i ;
Y,(_To) — 2 (2" +211+ 21)2'([_ 12)2 _ 2 5(2712‘51'{1'21)02,([_[2)2 +I.

=0 i=0
PROOF. According to [9, Corollary 3.3],

“=4n+3—1=4(n+1)— (n+ 1)(rea*A) = —(n + 1)o.
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By Lemma 3.2 and (1.2), we have
Y1) = v(- (n + Do) = (o))" ' = {14+ o(t—12) +2(: - tz)z}_"_l

=cg{1+8,(r— tz)}‘z"_2

- { s (P e ,2),}

j=0
- 2n+1+2i i 2i
:ch{z( " 2i l)alz(t_tz)
=0

_ E %(2'12-';3__;-2’)28.2”—.([" 12)2i+1}

=0

_ 2n+ 1+ 2i\ i, 2\2i 1(2n+2+2i) i, 2\2i+]
,.§0( YRGS P YIS e LU

Now we are ready to prove Theorem 1.1.

PROOF OF THEOREM 1.1. Let n be even. Let y,=z/% if i is even and y, =
—27'0z¢=Y/2if i is odd. Then, by Theorem 1.6, #y, = 22"**~2 for i <nand y, = 0
for i > n. Also, by Lemma 3.4,

Y1) = 2(2" +,1 i [)y/t’(l —1)f

!
2 (‘l)l(sil)(zn +11+1)y"

27 ls<(<s

=31

Hence, if $*"*3/Q, is immersed in R*"*2*2/, then for all s > 2i,

» (_1),( ! )(2n+[1+1)y1___0‘

2-ls</<s s—1
The desired equalities

I+ 1+
(n I l)y’:o

are obtained by a downward induction on s, beginning with s = 2n.
The other cases are similar.
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