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ABSTRACT. Let p: C* X X — X be a meromorphic action of C* on a compact
normal analytic space. We completely classify C*-invariant open U C X with a
compact analytic space U/T as a geometric quotient for a wide variety of actions,
including all algebraic actions. As one application, we settle affirmatively a conjec-
ture of D. Mumford on compact geometric quotients by SL(2,C) of Zariski open
sets of (PL)".

Let p: T X X - X be a holomorphic action of T = C* on a compact analytic
variety X. In this paper we are studying the following

Problem. Describe all T-invariant open U C X — XT such that the geometric
quotient U — U /T exists and the orbit space U/T is a compact analytic space.

We solve the problem in the case when X is an irreducible normal analytic space
and p is a meromorphic locally linearizable action (i.e. for any x € X7 there exist a
T-invariant neighborhood V of x, an integer N, and a proper holomorphic T-equi-
variant embedding ¥ —» C", which is T-invariant with respect to p, and a linear
action of T on C"). For example, these conditions are satisfied when X7 # @, and
either X is normal and algebraic over C or X is a Kaehler manifold. Note also that if
the conditions are satisfied for a T-action on an analytic space X, they are satisfied
for any normal analytic T-invariant subvariety of X with the induced action.

The main application of our solution of the above problem is an affirmative
answer to a conjecture of D. Mumford [M + S, p. 187].

CONJECTURE. Let X = P{ X - -+ XP. (n copies) with n = 3. Let G = SL(2,C) act
on X by the diagonal action g(x,,...,x,) = (gX,,...,8X,), where the action of G on P!
is induced by the canonical action of SL(2,C) on the affine plane. Let U C X be a
G-invariant Zariski open set that is also invariant under the action of the symmetric
group that interchanges coordinates. Assume that the geometric quotient U - U/G
exists as a compact algebraic space in the sense of Artin. Then n is odd and U is the set
of (x5...,x,) with at most (n — 1) /2 coordinates the same.

In order to give a detailed description of this paper, we need some notation. Let p:
T X X - X be a holomorphic action of T= C* on X, an irreducible compact
normal analytic space, and further assume that it is a meromorphic action, i.e. p
extends to a meromorphic map p: PL X X - X. Let {F,,...,F,} be the connected
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components of X7 and let tx denote p(t, x) for simplicity. Let ®*: X — X7 be
defined by
@ (x)=lim tx
-0
and ®: X - X7 by
¢ (x) = lim rx;
t— 00
these functions exist (cf. §0).
Let

X'={xeX|®"(x)€F} and X, ={x€X|®(x)€E€F}.

If X is an algebraic manifold [B-B,] or a Kaehler manifold [(C + S),,F,], then
X = U, X = U, X are decompositions of X into very well-behaved locally closed
analytic sets. For example, each X;" (X;) under ®* (®") is a T-equivariant
holomorphic fibre bundle over F; in the Zariski topology with affine space as a fibre.
In the above generality, though the X;" (X;7) are still constructible, these facts are
not true [So,]. One of the things we do in §0 is collect facts about the above
decompositions for the general actions which we consider. Some are not proved
anywhere in the literature in the generality we need them; for these we give proofs in
an appendix to §0.

There are two fixed point components, F, (the source) and F, (the sink) (after
possibly renumbering), of the action, characterized by the properties that X;" and
X, are Zariski dense in X.

A basic intuition about C* actions is that there is a ‘flow’ from the source to the
sink. The ‘flowlines’ are closures of ‘generic’ orbits and limits of such closures. The
closure Z of a ‘generic’ orbit is the union of a point of F), a point of F, and an orbit
Tx biholomorphic to C*, where x € X — X”. A limit of such closures of orbits is a
union of orbits each biholomorphic to C* and fixed points. Theorem (0.1.2) makes
this intuition precise. It is modeled on a result of Fujiki [F,, 2.8] which uses the
Douady space to parametrize the closure of ‘generic’ orbits and their limits. It is
somewhat surprising that the parameter space in (0.1.2) turns out to be compact in
the above generality! The proof, in fact, yields an analogous result for any meromor-
phic action of a linear algebraic group on an irreducible compact analytic space.

We also introduce in §0 the notion of a locally linear action. It is a classical result
of Sumihiro [Su] that algebraic C* actions on algebraic varieties are locally linear in
the Zariski topology. For Kaehler manifolds, local linearity is an easy consequence
of the existence of the Frankel-Matsushima Morse function associated to p. Local
linearity is a weak condition satisfied for all actions that we know. Nonetheless, it
has two important consequences. The first, and fairly obvious, one is that a slice
lemma ((0.2.1)) holds and, therefore, geometric quotients are easy to handle ((0.2.2)).
The second, and less obvious, consequence ((0.2.4)) says intuitively that ‘flowlines’
do not return to a point after they leave it; there are examples [So,] showing they
can return many times to the same fixed point component.

We end §0 with a discussion of geometric quotients and algebraic spaces in the
sense of Artin; we need this in §§4 and 5.
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In §1 we prove our main theorem on geometric quotients by C*. For a T-invariant
open set U C X — X7 to have a compact analytic space U/T as a geometric
quotient, it is enough, for the actions that we consider, to show that the space U/T
of orbits with the induced topology is

(a) compact, and

(b) Hausdorff, i.e. separated.

Lemma (1.2) uses the construction of Theorem (0.1.2) to make precise the intuition
that such U are precisely those that

(a’) meet every ‘flowline’, and

(b') meet any ‘flowline’ in at most one orbit.

Let us give an example illustrating what this lemma says. Let T act on P} by the
action t[z, z,] = [z, tz,]. The source is 0 = [1,0] and the sink is o0 = [0, 1].

Now let T act on X = P{ X P{ by the diagonal action, where the action on each

factor is given as above. There are 4 fixed points:

F,= (0, ), thesink; F, = (0,0);
F, = (00,0); F, = (0,0), the source.

‘Generic orbits’ are those that leave F; and end up at F,, e.g., the diagonal. There are
two distinct limits of closures of generic orbits:

PEX {0} Uf{oo} XPE=2Z and {0} X PLUPLX (0} =2Z,.
Schematically, we can draw the graph
F,
N
B\
N F,
with fixed points as vertices, and edges representing the fact that there is an orbit
starting at one fixed point and ending at the other. By Lemma (1.2) all orbits from
F, to F, must be in any U C X — X7 with a compact analytic quotient U/T. Also
Z, N Uand Z, N U must each consist of exactly one orbit.

Schematically using the above graphs and letting a dotted line cross the edges
representing orbits in U, we have:

U=P¢X (Pe = (0) = {e0));

U

(PE = {0} — {w}) X P;
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U=PLXPL—F —({o0}) X PL) = (Pl X {0});

U=P¢ X PL— F,— ({0} X P¢) —(P¢ x{0}).

The Main Theorem of this paper systematizes the above. We first make precise the
sectioning of the above graph.

DEFINITION. The component F, is said to be directly less than the component F; if
C,=(X" —F)N (X7 — F)+# @. We say that F, is less than F, if there exists a
sequence i = iy, Iy,...,I, = jsuch that F, is directly less than F,  for|=0,....k — 1;
in this case we write F; < F,. We write F, < F, to mean either F, < F, or i = j.

DEFINITION. A cross-section of {1,...,r} is a division of {l1,...,r} into two
nonempty disjoint subsets A~ and A™ satisfying the condition that i € A~ and F, < F,

implies that j € A™.

MAIN THEOREM. Let X be a normal analytic space and p a meromorphic locally
linearizable action. There is a one-to-one correspondence between cross-sections
(A~, A%) of {1,...,r) and T-invariant open sets U C X — X” with U/T a compact
complex analytic space. This association is given by sending (A=, A*) to

v=x-Ux-Ux = U c,.
i€EA” JEAT i€EA”
jEAT
In particular, all such U are Zariski open in X. We call such U sectional open sets.

It is noteworthy (cf. (1.6)) that if either F, < F, or F,  F,, then there exists a
T-invariant open subset U C X — X7 with U/T a complex analytic space and
C,; C U. In particular, if X is projective or a compact Kaehler manifold, then, given
two different indices i, j, either F, £ For F, £ F, and, hence, the union of open U as
in the Main Theorem is X — X 7.

(1.4) COROLLARY. Let p and X be as in the Main Theorem. Let UC X — X" be a
T-invariant open set with a complex analytic space as quotient. The following are
equivalent:

(a) X — U has two connected components;

(b) X — U has two or more connected components;

(c) U/T is compact.

This corollary is noteworthy because (a) and (b) do not depend on X or on the
action p. Indeed, given two normal varieties A and B and a bimeromorphic map
from A to B which is a biholomorphism from a Zariski open set U of 4 to a Zariski
open set V of B, then the number of connected components of 4 — U equals the
number of connected components of B — V.
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Another corollary to the above description of open U with compact quotients is

(1.5) COROLLARY. Let p;: T X X, —» X, for i = 1 and 2 be as in the Main Theorem.
If f: X, - X, is a T-equivariant holomorphic map and if U C X, — X! is a T-
invariant open set with U/T a compact complex analytic space, then f\(U)/T is a
compact complex analytic space.

The following result concerning cohomology of compact quotient spaces is a
consequence of our results and Weil conjectures.

(2.1) THEOREM. Let X be a smooth compact complex algebraic variety with an action
of T. Let U be an open subset of X corresponding to a cross-section (A~, A*). Then

= 2 P(F)

j€A+ tz_l

(245 p2d; (247 — p2d;
P(U/T)= ¥ P(F)—F5—— —

IEA”

12— 1 ’
where for any space Y, P(Y) denotes its Poincaré polynomial and d} = dim X;" —
dim F,, d] = dim X; — dim F,.

In §3 we give a criterion for certain Zariski open sets U with a separated geometric
quotient to be contained in a sectional open set.

In §4 we prove a basic result ((4.1)) relating the existence of a geometric quotient
by a reductive group to the existence of geometric quotients by subtori. This result
and those of §3 imply that for an action of G = SL(2, C) on X, a product of P.’s, a
Zariski open set U has a compact geometric quotient by G if and only if U =
N 2€G gU’, where U’ is a sectional open set of X for T a maximal torus of G.
Further, N(T')- U’ = U’ for N(T) the normalizer of T in G.

In §5 we use the last result, our Main Theorem, and simple combinatorial
arguments to settle Mumford’s Conjecture.

We would like to thank the University of Notre Dame for financial support on
several occasions, especially the fall semester of 1981, without which this paper
would not have been written. Work was also done during the January 1981 seminar
on G, actions at the University of British Columbia; we would like to thank James
Carrell for organizing this seminar and the NSERC for providing funds.

0. Notation and background material. Here we establish our notation and collect
results we need; [B-B,], [(C + S),], [F;], [Kon,], and [Kor,] are the basic references
for the following.

(0.1) T will always denote C*, the multiplicative group of nonzero complex
numbers. A holomorphic action p: T X X - X of T on a normal compact complex
analytic space X is said to be a meromorphic action if p extends to a meromorphic
mapping p: PL X X - X.

A holomorphic action p: T X X — X on a compact complex space is meromorphic
if:

(a) X is algebraic and p is an algebraic action; or

(b) X is a Kaehler manifold and X7 has nonempty intersection with every
component of X.

(a) is straightforward and (b) is proved in [So, ].
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Let ®* and @ be defined as in the introduction; it is easy to check that they exist
for meromorphic actions (e.g. [Kor,]). Let {F,,...,F}, {X/|i=1,...,r}, and
{X|j=1,...,r}) be as in the introduction.

(0.1.1) The results in this section are proved in an appendix to §0. Let p:
T X X - X be a meromorphic T-action on an irreducible compact complex analytic
space X. There exist two connected components of X7, F, and F,, characterized by
the following equivalent properties:

(a) X;” and X, contain sets ¥, and V,, respectively, which are Zariski open and
dense in X;

(b) X and X, contain sets ¥, and ¥, which are Zariski open and dense in X such
that ®* : ¥, - F,and ®": V| - F, are holomorphic.

We call F, the source and F, the sink of p. If X is normal then F, and F, are
distinct. In this case we renumber if necessary and denote the source by F, and the
sink by F,. If X is normal then either (a) or (b) is equivalent to

(c) Xy =F,and X = F,.

The sets X;" and X are constructible for i, j = 1,...,r.

The following useful result is modeled after a result of Fujiki [F,, 2.8]; it is not a
consequence of it since it requires no Kaehler assumption.

It says intuitively that Q parametrizes closures of ‘generic’ orbits and their ‘limits’.
The flatness of f means, among other things, that f is an open map; i.e. no isolated
orbit suddenly appears! The compactness of Q is the key to using limit arguments.
(b) guarantees that there is a limit of closures of ‘generic’ orbits through each point,
but only one through a generic point. (c) says that the family of closures of orbits is
compactible with the group action. (d) relates the notion of ‘generic’ orbit relative to
this flat family to the more down-to-earth notion of a ‘generic’ orbit as one that goes
from the source to the sink. (€) states that the only redundancy in the parametriza-
tion from the set-theoretic point of view comes from the nonreduced nature of some
of the fibres. (f) says that all limits of closures of generic orbits start at the source
and end at the sink. (g) guarantees that the limit of closures of generic orbits does
not contain a positive-dimensional subset of XT. (h) lets us use Levi extension type
arguments.

(0.1.2) THEOREM [F,, 2.8]. Let p: T X X — X be a meromorphic action of T = C* on
an irreducible compact complex analytic space X. There is a diagram

¢
Z - X
fi
0

with the following properties:

(a) f is a flat morphism of irreducible compact complex spaces Z and Q;

(b) ¢ is a bimeromorphic holomorphic map of Z onto X such that the restriction of ¢
to each fibre Z, = f ~1(q) is an embedding;

(c) there is a natural holomorphic action of T = C* on Z making f and ¢
T-equivariant with respect to the trivial action on Q and p on X, respectively;
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(d) there is a dense Zariski open set O C Q such that for every q € O, Z_ is reduced
and ¢(Z,) is the closure of a T orbit from X} N X;;, where F, is the source and F) is
the sink;

(e) every fibre Z of f is one dimensional, and for fibres {Z,, Z .} that are reduced,
#(Z,) = §(Z,) onlyif 4 = q';

(f) $(Z,) is connected and meets F, and F, for all ¢ € Q; here F, and F, are the
source and sink, respectively, of p;

(8) forallg € Q, Z, N ZT is finite;

(h) any continuous map A: § — Y of an open set § C Q to a complex analytic space
Y which is holomorphic on a Zariski open dense subset of G is holomorphic on all of §.

PrOOF. Let T' be the graph in Pl X X X X of the meromorphic extension p:
Pl X X X X of p that exists by hypothesis. Let I'" denote the image of I in X X X
under the product projection. Let a: I" — X and b: I'" - X denote the maps of I/
onto X induced by the projections of X X X onto its first and second factors,
respectively. There is a natural action y: T X X X X - X X X induced by p. It is the
product action where:

(1) T acts on the first factor of X by leaving all points fixed;

(2) T acts on the second factor of X by p.

Note that:

I'” is invariant under the above T-action. The maps a: " - X
and b: I —» X are equivariant with respect to this T-action on
I'” and the T-actions on X given, respectively, in (1) and (2)
above.

(%)

Applying Hironaka’s flattening theorem [Hir] (use of this method has been
suggested by [L]) to a: I - X and keeping (*) in mind, we immediately obtain the
following:

(@) an irreducible compact complex analytic space X and an irreducible complex
analytic subspace G of X X X;

(B) the holomorphic maps @: G » % and b: G - X (induced by the product
projections) are, respectively, flat and surjective;

(v) letting T act trivially on X and by p on X, and by the product action on
% X X, it follows that G is invariant under T, and {a, b} are equivariant.

We let Q denote the image of X in the Douady space of X [D] induced by a, f:
Z — Q the flat family over Q, and ¢ the induced map to X.

Since %X is an irreducible compact complex analytic space, it follows that Q is an
irreducible compact complex analytic space. This implies (0.1.2)(a) is satisfied.

From (a), (8) and (v) it follows that:

With the trivial T-action on Q, the action p on X, and the
(*%) product T-action on Q X X, Z is invariant under 7, and
{f, ¢} are T-equivariant.

It follows from the definition of a that there is a dense Zariski open set V of X
with the property that for v € ¥V, b(a'(v)) = {Tx} U ®* (x) U ®7(x), where
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x € X; N X, . From this, and the construction of Q, it follows that:

There is a dense Zariski open set V' of Q such that for g € V’
(%) the fibre Z, of f has an image ¢(Z,) = {Tx} U ®* (x) U
®(x), where x € X; N X;.

By (***) and the flatness of f it follows that all fibres of f are one dimensional. By
this and the definition of the Douady space, (0.1.2)(e) is verified.

There is a dense Zariski open set V" of Q such that the fibres Z, of f are reduced
forg € V”.Let O = V” N V', where V' is as in (*xx). The map ¢ is surjective since,
as noted in (B), b: G — X is surjective. From this and (0.1.2)(e), it follows that ¢:
f7'(€) = £7(©)T - X is a one-to-one map of a dense Zariski open set of Z onto a
Zariski dense constructible set of X. From this it follows that ¢ is a bimeromorphic
holomorphic map of Z onto X. From this, and the definition of the Douady space, it
follows that (0.1.2)(b) is true. This also shows (0.1.2)(d).

Since for a dense set of g € Q the fibre Z, of fis connected, and since f is flat, it
follows that for all ¢ € Q, Z, is connected. Note that (0.1.2)(f) is true since
f(¢7'(F,)) and f(¢"'( F,)) are dense in Q by (0.1.2)(d).

(0.1.2)(g) follows from a general lemma of Fujiki [F;, (2.3)].

Let A be a reduced complex analytic space. We say that A is weakly normal (cf.
[A + N)) if given any x € A and any complex valued function f continuous in a
neighborhood U of x and holomorphic at the smooth points of U, it follows that f is
holomorphic on all of U. It is straightforward that (0.1.2)(h) would be true if Q is
weakly normal. If Q is not weakly normal then by [A + N] there is a weakly normal
complex analytic space Q' and a holomorphic map 4: Q' — Q which is a homeo-
morphism. Let Z’ denote the fibre product of Q" and Z over Q. Let f': Z’ - Q' and
¢’: Z' — X denote the induced maps. Since flatness commutes with base extension,
f’ is flat. Since A is a homeomorphism, the induced map Z’ —» Z is a homeomor-
phism. Using the last two sentences it is easily checked that (0.1.2) is true with
(Z,Q, f',¢)renamed (Z, Q, f,¢). O

Next we define a large class of meromorphic actions (cf. (0.3)).

(0.2) DEFINITION. Let p: T X X — X be a meromorphic T-action on a normal
compact complex analytic space. We say that p is a locally linearizable action if given
any x € X there is a T-invariant neighborhood V of x and a proper T-equivariant
holomorphic embedding of V into C" with T acting linearly on C".

(0.2.1) SLICE LEMMA. Let p: T X X — X be as in (0.2). Then given any x € X — X"
there is an irreducible analytic set D in a neighborhood B of x satisyfing:

(a) G- D = D, where G is the isotropy subgroup of T at x;

(b)(T X D)/G,whereg € Gactson (t,d) by (t,d) — (tg™', gd), maps biholomor-
phically and T-equivariantly on a neighborhood of Tx. D is called a local slice for T at
x.

The proof proceeds by using the definition of locally linearizable action to reduce
to the construction of a slice for T at x € C". After pulling out an invariant
hyperplane of C" we can assume the image of x in C" has a closed orbit. Using the
standard result [Sc, p. 55ff], we are done. [

The following is due to Holmann [Heol].



QUOTIENTS BY C* AND SL(2,C) ACTIONS 781

(0.2.2) LEMMA. Let p: T X X - X be asin (0.2). Let U C X — X7 be a T-invariant
open set. Let U/T be the set of orbits of T on U with the topology given by declaring
W C U/T to be open if and only if the inverse image of W in U is open. If U/T is
Hausdorff, it possesses a unique structure of a normal analytic space consistent with the
above topology on U/T and such that the quotient map U — U /T is holomorphic. U/T
is then called the geometric quotient of U by T.

PRrROOF. Let m: U — U/T denote the quotient map. Given x € U, let D be a local
slice at x and G the isotropy subgroup of T at x. It can be assumed that D is Stein.
As a consequence of the properties of D in (0.2.1), it is easily checked that:

(a) D/G is homeomorphic to V /T, where V = 7~ !(7(D));

(b) letting O7(V) and O9(D) denote the holomorphic functions on ¥V and D
invariant under T and G, respectively, it follows that the natural map

(*) 0T(V) - 0%(D)

is an isomorphism.

Using (a) and the natural structure of normal complex analytic space on D/G
compatible with D — D /G being holomorphic, we see that U/T can be covered with
open sets each having a structure of a normal analytic space. It is easily checked,
using (b), that these structures are compatible and #: U —» U/T is holomorphic
when U/T is given this structure.

Assume that U/T could be given a second structure (U/T) as a normal complex
analytic space so that #’: U - (U/T)’ is holomorphic. By definition of the complex
structure on U/T in the last paragraph, we see that any germ of a holomorphic
function on (U/T)" must give rise to a holomorphic function on U/T. Therefore the
natural identity map : U/T — (U/T)’ is holomorphic and, therefore, since both
spaces are normal, ¢ is biholomorphic. O

Note that since U is 2nd countable, U/T is also, and sequences suffice to study
questions like the Hausdorff property and compactness.

In the sequel, for any open subset U C X, U/T denotes the topological orbit
space (with quotient topology). However, if we refer to U/T as an analytic space, it
means that it has been proved or assumed that the geometric quotient of U exists,
and U/T stands for this quotient.

The next lemma yields the important Corollary (0.2.4), which shows that given
q € Q, ¢(Z,) has no “loops” or “kinks”. Though often not indispensible, it
simplifies many arguments.

(0.2.3) LEMMA. Let

. ) . . b b,
t.(z,,...,zs,ul,...,uk,w,,...,w,)—>(t“'z,,...,t“‘zs, Upyeo sty 10wy, w,)

be an action of t € C* on C****" with a, > 0 and b; <0 for all i, j. Abbreviate this as
(a; u; w) - (t%; u; 1°w). Let (z,; u,; w,) be a sequence of different points in C*+*+"
withz, » x #0,u, > 0andw, - 0. Let A = {(t°2,; u,; t*w,); t € C*,n =1},

@) If 9" (z,; u,; w,) exists in C***** for almost all n, then w, = 0 for almost all n
and

A—A4=1{(0;0;0)} U {(t%x;0;0); z € C*}.
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(b) If w, 0 for almost all n, there exists y € C" — (0) such that
A—A={(0;0;0)} U {(r°x;0;0); 1 € C*} U {(0;0; tPy); 1 € C*}.

PROOF. (b) Assume (x’; v’; y) is on the boundary of A. Let {¢,} C C* be such
that, after possibly renumbering, %z, - x’, u, - v', t’w, - y'. Since u, » 0, v’ = 0.
Assume first that x” # 0. We can choose a subsequence of {z,}, also denoted {z,},
that converges to £ € C*. Then %z, — t°x and t’w, — 0. Thus x’ = t%x and y’ = 0.
Since (0; 0; 0) = ®* (x’;0;0) € A — A, it suffices to assume that y’ # 0.

If y* # 0 then {z,} can have no convergent subsequence with a limit 7 € C* U {00},
otherwise we would have 12w, — 1°-0 =0 = y’ (b, <0 for all j). Thus |7,|- 0 and
x’ = 0. By the reasoning of the last paragraph, if we have any other point
(0;0; y”") € A — A, then there exists a 1 € C* with 1%y’ = y”. Finally, notice that
since w, = 0 for almost all n, there exists a point (0; 0; y’), with y’ 5 0, contained in
A — A. This proves (b).

The proof of (a) is similar, but simpler. [

(0.2.4) COROLLARY. Let p: T X X —» X be a locally linearizable T-action on a
normal compact analytic space X. Given any q € Q (see (0.1.2) for definitions of Q, Z,,,
¢) we can choose {x,...,x;} C ¢(Z,) — qb(ZZ) with:

(@) ®* (x,) € F; ®(x,) EF;

®) @ (x,) =" (x4 ) forj=1,....k = I

(©if®(x;)) =@ (x,), theni=j +

(A T{x,,..., %} = &(Z).

Moreover, $(Z,) N F, = @ (x,) and $(Z,) N F, = ®7(x,).

PROOF. Let K be a subset of $(Z,) — ¢( Z:) such that K intersects any connected
component of ¢(Z,) — qb(ZqT) in exactly one point. Using (0.1.2)(d) we see there
exists a sequence {q,} C O with g, # ¢, g, — g. Then by flatness of f it follows that,
forda = U;_ ¢(Z,),

[4 -4l u[ime* (¢(Z,) - F)] u[tim®~(s(Z, ) — F,)] = 9(Z,)-
Using this, the hypothesis that p is locally linearizable, and the last lemma, we see
that:

) Ifforx,x’ € K, 0" (x) = ®*(x’) or ®°(x) = ®7(x’), then x = x;
(*+) For x € K, there is no x’ € K such that ®(x) = ®* (x’) if and only if
@ (x) =lim®(¢(Z, ) — F,); similarly, for x € K, there is no x’ € K such that
®*(x)=® (x)if and only if ®* (x) = lim<I>+(¢(Zq") - F);

(++5) im®* (§(Z,,) = F) € F, N §(Z,) and m@($(Z,) ~ F,) € F, N $(Z,).

Now it follows from (x), (**), (*+x) and (0.1.2)(f) that we may find a sequence
Xy,...,X%, composed of all elements of K so that (a)—(d) are satisfied. The order of
the sequence is uniquely determined by the properties, and any element of K occurs
in the sequence exactly once.

Since X is normal, X; = F,, X;" = F, (see A.3). Therefore the last part of the
corollary is also evident. [

(0.2.5) COROLLARY. Let X and p be as in (0.2.4). For any connected component F; of
XT, F, < F,<F, unless F,= F, or F,.
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ProoF. We can find g € Q such that ¢(Z,) N F; # &. Then we may apply
Corollary (0.2.4) for this g and obtain F}, < F, < F,. [0

(0.3) THEOREM Let p: T X X — X be a holomorphic T-action on a normal irreduci-
ble compact complex space X. Then p is locally linearizable if either of the following is
true:

(a) X is an algebraic variety and p is an algebraic action;

(b) XT = & and X can be equivariantly embedded in a compact Kaehler manifold Y
with a holomorphic action p: T X Y - Y.

PROOF. (a) is a consequence of Sumihiro’s theorem [Su]. (b) follows from [Se,]
and a use of the Frankel-Matsushima Morse function [(C + S),; F,; Kor,, Theorem
1. O

(0.3.1) REMARK. We do not know of any meromorphic T-action p: T X X - X on
a compact normal analytic space X which is not locally linearizable.

(0.4) Sumihiro’s theorem [Su] says that given any algebraic C*-action on X, an
algebraic variety, it follows that there is a C*-invariant cover by Zariski open sets,
each of which is equivariantly isomorphic to a closed subvariety of C" with a linear
action. This guarantees that given a Zariski open U C X — X7 whose geometric
quotient U/T exists as an analytic space, then U/T is an algebraic variety and
U - U/T is an affine map. For this reason people can be somewhat nonchalant
when dealing with C*-actions; all definitions of geometric quotients agree for
meromorphic actions on algebraic varieties. With other actions by reductive groups,
one must be more careful. There are a number of different definitions in use. The
following is the analytic version of the one used in [M + S, p. 180]; it is the
definition with the minimum number of requirements.

(0.4.1) DEFINITION. Let p: G X U — U be an algebraic action of an affine reductive
algebraic group, e.g., SL(2,C) or C*, on an algebraic variety U. A geometric quotient
of U by G is a pair (U/G, ¢) consisting of an analytic space U/G and a holomorphic
map ¢: U — U/G satisfying:

(a) for each pointy € U/G, ¢ \(y) is an orbit of G on U,

(b) V C U/G is open if and only if $~'(V) is open;

(c) for each open V C U/G, ¢*: T(V, 0,) > T(¢7'(V), Oy-1(v)) is an isomorphism of
L(V, 0,) onto the ring T(¢™'(V), Oy-1,) of invariant functions on ¢'(V').

There are two things to note:

(i) U/G does not have to be an algebraic variety, though it will be an algebraic
space in the sense of Artin [Ar] (see [P] for a discussion and details).

This is often not a very serious point. A point y of an algebraic space has an étale
neighborhood that is affine. Thus, for example, local results of Mumford [Mum)]
often immediately carry over to the case of algebraic spaces as quotients.

A more serious point is

(ii) U -» U/G does not have to be affine.

U - U/G is affine means that given y € U/G there is an étale neighborhood ¥V of
y such that UX V - V is affine, where U X V denotes the fibre product of
U-U/G and V - U/G. In this paper (ii) is no problem; the geometric quotient
maps U - U/G that we consider, where U is Zariski open in (Pl)", are affine.
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Appendix to §0. Here we prove the facts about meromorphic actions stated in
(0.1.1) and used in this paper.

(A.1) LEMMA. Let p: T X X — X be a meromorphic T-action on an irreducible
compact complex analytic space X. There is a unique connected component F, (F,) of
XT with the property that there is a T-invariant dense Zariski open set V, (V) of X for
which ®* . V, > F,(®: V., - F,) is holomorphic.

PROOF. Since X is irreducible it follows that F, and F, are characterized by the
above properties. It only remains to show that such V;, and V_ exist.

Let p: P. X X — X be the meromorphic extension of p that exists by hypothesis.
Let I be the graph of pin Pl X X X X. Leta: T - Ptand b: T - X X X denote the
holomorphic maps induced by the product projections of P{ X X X X. Let T, =
a’'(t) for t € P, and let ¢ T, > X and d,: T, > X be the maps induced by the
compositions ¢ and d of b and the product projections of X X X onto the first and
second factors, respectively.

CLAIM. There is a dense Zariski open set V C X such that cy: ¢;'(V) - V is a
biholomorphism.

PRrOOF. Since T is irreducible and P¢ is a curve, all fibres T, of a have dimension
equal to the dimension of X. Therefore the generic fibre of ¢ is finite. Since for all x,
co(x, ®* (x)) = x and (x,®* (x)) €T, it follows that the generic fibre of ¢,
contains at least one element. The map ¢: I' — X is onto. Moreover, since dim I' =
dim X + 1, and since (a,cob): I - P(‘: X X is bimeromorphic, there is an open,
smooth and dense subset ¥ C X such that, for y € V, ¢7!(y) is an irreducible curve.
Let y € V and let a,: ¢”'(y) — P¢ be the map induced by a. Then a, maps c¢™'(y)
onto P{. Now for any t € C* C P¢, a;'(1) is a one-element set {(z, y, ty)}, hence
(because P¢ is smooth), a, is an isomorphism. Thus, for any y € V, a.;'(O) is a
one-element set, i.e., ¢,: c(;'(V) — V is 1-1 and, hence, a biholomorphism. This
proves the claim.

It is immediate that ¥}, in the claim can be chosen to be T-invariant; if it was not
T-invariant, simply replace V;, with U, ,o(2, V}).

Since (x,®*(x)) €T, for every x € X, the holomorphic map obtained by
sending x € V¥, to by(ag'(x)) is the map x —» ®* (x). Since X is irreducible, V is
connected and, therefore, @, (¥;,) must belong to a connected component of X7. A
similar argument works for V. 0O

(A.2) COROLLARY. Let p: T X X - X be a meromorphic action on a reduced
compact analytic space X. Then X can be written as a disjoint union of T-invariant
locally closed and irreducible constructible sets {E;|i € I}, where I is a finite set and
both ®* and ®~ are holomorphic on each member of {E,|i € I}.

ProoF. It is easily seen that it suffices to show the above with only @,
holomorphic. Let / = dim X and let k denote the number of irreducible components
of X of dimension /. Let X’ be some /-dimensional irreducible component of X. Let £
be the union of all irreducible components of X other than X’. Let V; C X’ be as in
the last lemma. Let ¥ = ¥, — £. Then ®* is holomorphic on ¥ C X. Let X* = X
— V;. Since ¥ is T-invariant, X* is also. Either dim X* </or dim X* = / and there
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are less than k irreducible components of X* of dimension /. By descending
induction on the dimension of X and the number of irreducible components of X of
maximal dimension, we are done. [

(A.3) COROLLARY. Let (X, T, p), F,, and F, be as in (A.1) and assume X is normal.
Then F, = X; and F, = X, . Moreover, if F, = X then i = a; if ;= X" thenj = b.

Proor. The following lemma, suggested by [F,, Lemmas (1.1), (1.3)] is the key to
the proof. Unfortunately there is a gap in Fujiki’s proof of Lemma (1.1). (His

argument shows only that y(gx) = p,(g)Y¥(x) when gx € U and g belongs to some
fixed neighborhood of S' C C*)

(A.3.1) LEMMA. Let (X, T, p) be as in (A.1) above. Moreover, assume X is normal.
Let x be a fixed point of T on X. There is a neighborhood W, of x in X that is invariant
under S' and a closed analytic subset W C W, such that:

(1) T has no negative eigenvalues on Ty , if and only if W, contains an open subset
% of X such that 3 x;

Q) fory € W, ®* (y) € W if and only if p(T, y) meets W .

PROOF. By a classical result of Kaup [K, Satz 4.4] there is a holomorphic
embedding f of a connected invariant neighborhood W, of x in X into C" such that:

(@) f(x) = 0 and f is S'-invariant with respect to the action on W, induced by p,
S' C T and a linear S'-action on CV;

(b) df gives an equivariant isomorphism of T, , with the tangent space to C" at 0;

(c) there is an S'-invariant neighborhood 9 of 0 in C" such that f(W,) C 9 and
f: W, - 9Uis proper.

Let p’: T X CY - C" be the linear action induced by the linear S'-action. 9N can
be chosen so that

(d)ifa € Nand lim,_ 4 p'(t, a) € CV'7, then

{p'(z,a)l0<|z|<1} U litr(gp’(t, a) C N.
t—

Let W} = f~'(CM*), where CV' 7 is the vector subspace of CV on which T acts
with nonnegative eigenvalues. If there were no negative eigenvalues then CV:* = CV
and W' = W,. Assume now that W contains an open subset Vof W, and x € V.
Since X is normal it follows that X and, hence, W, are locally irreducible. Therefore
since W, is a closed analytic subset and contains V, an open set of W,, it follows
that W' must contain a connected component of W,. Since x € <, this connected
component contains x. Therefore W, contains a neighborhood of x in W,. Thus, by
(b) above, C¥ = CM*, and part (1) of the lemma is proven.

To see (2) let y be such that ®* (y) € W,T. Then 4 = {p'(z, y)| 0 <|z|< ¢}, for
some ¢ > 0, must belong to W, since W, is open. Note that f(4) U f(®* (y)) c CM*.
This comes down to checking that f(A) is part of an orbit of the C*-action induced
by the linear S'-action. This in turn follows from the fact that any orbit of 7 = C*
in CV through any point a € f(A) meets f(A) in at least a circle p’(S', a) and,
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therefore, contains f(4). Assume, finally, that p(T, y) meets W, . Let y’ € p(7, y)
N W;.By(d),

A= o'z, [0 <|z1< 1} U limp'(z, ') C N
By properness of f this implies that
B={p(z,y)0<|z|]<1} U®*(y)C W,

Since 4 C CM*, B C W, . This proves (2). O

Let ¥, be as in (A.1). There must be a point x € F, such that the induced T-action
on Ty ., the Zariski tangent space of x, has no negative eigenvalues. Assume
otherwise. Then from Lemma (A.3.1) and the compactness of F, it follows that there
is a neighborhood W, of F, and a closed analytic set W, of W, such that:

(a) W, 2 F,and W, contains no open subset of X;
(%) ) V,c Up(t.W7)UF,=X;.

t>0

It is straightforward to show that () is true for a countable set of t = 0 (since
p(z, W) C W, when |z| is small enough). A simple category argument based on
this and the fact that W;" is a nowhere dense closed subset of W, shows that X
cannot contain an open subset of X. This is absurd because of (x) and the fact that
V, is open and dense in X.

Lemma (A.3.1) implies the condition

(**) T has no negative eigenvalues acting on Ty
is true for an open set of x € F,. We claim it is true for all x € F,. Let ¥ be the set
of x € F, for which it is true. Since F, is connected and ¥ is nonempty and open, it
suffices to show that & is closed. Let x € F. Let W, and W be as in Lemma
(A.3.1). Since x € % it follows that W, contains an open subset of W, and, thus, by
(A.3.1), (**) is true for x. From this it follows that % = F, and, thus, X[ = F,. To see
that this characterizes F,, it must only be shown that:

(*+) If T has no negative eigenvalues on Ty , for some x € F), then X;* contains
an open subset of X.

This follows from (A.3.1). O

(A.4) REMARK. Further arguments show that under the conditions of (A.3), F, and
F, are irreducible and {®y: , @y} are holomorphic.

1. On quotients.

(1.0) Throughout this section p: T X X — X is a locally linearizable meromorphic
action of 7= C* on an irreducible normal compact complex analytic space X.

The main theorem is the union of (1.1), (1.3) and (1.4).

(1.1) THEOREM. Let p: T X X » X be as above. Then any T-invariant open set
U C X — XT with U/T a compact complex analytic space is Zariski open.

PROOF. Since U is open it suffices to show that it is constructible. To show this it
suffices to show that U is the union of finitely many constructible sets. To see this it
suffices to prove the following lemma.
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(1.1.1) LEMMA. Let E be a member of the set {E, |k =1,...,N} from Corollary
(A2.IfEN U+ &, then E C U.

PROOF OF THE LEMMA. Assume E ¢ U. Choose a sequence {x,|n = 1,2,3,...} C
EN Uwithx, -y € E, buty & U. Pass to a subsequence of {x,} and renumber if
necessary so that the images {%,} of x, in U/T converge to y € U/T. Since
{x,} U {y} C E, it follows by continuity of ®* and ® on E that ®* (x,) - ®* (y)
and ®7(x,) — ®(y). From this, and the fact that Ty = Ty U ®* (y) U @ (y) is
compact, it follows that for each neighborhood ¥ of Ty there is an N with T_x,, cVv
forn=N.

Choose y’ € U with the image of y’ in U/T equal to y. Since U — U/T is an open
map, there is a sequence of neighborhoods B, of y* with B, C U, N B, = ', and
the images B, of B, in U/T open. Thus, given any m > 0 there is an N = 0 with
%, € B, for all n=> N. This implies (Tx,) N B, # @ for all n = N. Choose a
sequence {x,} with x; —y’ and where, after possibly renumbering, x, € Tx,.
Choose an open set ¥ D Ty so that y’ & V. By the first paragraph we get that
Tx, = Tx, C V for all n’ large enough. This gives the contradiction that y’ € V. O

By (1.1.1) and (A.4) we see that ¢(f~}(0) — f~1(9)T) C U for any U as in (1.1)
and O in (0.2.1). In fact we do not have to use (A.4) here, since we can replace O by
0 N ¥, N V. It follows that, given any T-invariant open set U C X — X7 with U/T
a compact complex analytic space, we can identify the set O with a dense Zariski
open set of U/T.

(1.2) LEMMA. Let p: T X X — X be as in (1.0). Let U be a T-invariant open subset of
X — XT. Then U/T is a compact complex analytic space if and only if, given any
t € Q, there is an x € X such that Tx = ¢(Z,) N U.

Proor. We will only prove the “if”” part of the lemma, the “only if” part is similar
and easier.

Assume U/ T is non-Hausdorff. Then there are two points, g and ¢’, of U/T and a
sequence {q,} C O with g, —» g and ¢, — ¢’. By compactness of Q, it can be assumed
that g, — § € Q after possibly passing to a subsequence and renumbering. Let
{x, y} C U be such that x goes to g and y goes to q’. Let %) and )’ be slices (cf.
(0.2.1)) through x and y, respectively. Since %) /G gives a model for a neighborhood
of x, where G is the isotropy group of x, it follows that we can choose a sequence of
points {x,} with x, € $(Z, ) N D and x, — x; here, of course, the sequence might
only begin with a large n. Similarly, we can choose a sequence of points {y,} with
W EPZ, )N %)’ and y, — y. From this, and continuity of ¢: Z - X, it follows that
¢(Z,) 2 Tx U Ty. Since {x, y} C U and q # q’, we get a contradiction.

By (0.2.2) we must only show compactness of U/T. Assume U/T is not compact.
Choose a sequence {g,} C O C U/T with g, divergent, but ¢, - ¢ € Q. By hypothe-
sis there is an x € U with Tx = ¢(Z,) N U. Choose a slice 9D to Tx at x. By the
same reasoning, with ) as in the last paragraph, there is a sequence {x,} with
x, €E$(Z, )N D with x, - x. By continuity of U~ U/T we conclude g, — %,
where % is the image of x in U/T. This contradiction establishes the lemma. O
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(1.2.1) COROLLARY. The inclusion © into U/T in the lemma extends to a holomor-
phic map of Q onto U/T.

PROOF. We must only show there is a continuous extension. Lemma (1.2) gives a
set-theoretic extension, sending g to the image of x in U/T where ¢(Z,) U U = Tx.
To see it is continuous, it suffices to show that given a sequence {gq,} C O with
4, > q € Q and g, > x € U/T, then ¢(Z,) N U= Tx with x going to X. This is
clear by taking a slice D of x and noting that %) /G gives a model of a neighborhood
ofx. O

Note that the above shows that U/T is a meromorphic image of X. If X is a
meromorphic image of a Kaehler manifold then U/T is also. Such spaces are well
behaved (cf. [F,]). If X is an algebraic variety, then U/T is also. In fact any orbit in
U is closed (in U), and any such orbit has an open T-invariant neighborhood in U
[Su, Corollary 2]. Hence, the geometric quotient U/T is an algebraic prevariety by
[Mum, Proposition 1.9]. Since U/T is Hausdorff when considered with natural
complex topology, U/T is an algebraic variety.

(1.3) THEOREM. Let p: T X X > X be as in (1.0). Let (A~, A" ) be a cross-section of
{1,...,r}; here we use the notation of the introduction. Let
v=x-Ux - U X’.
i€EA” jEA*
Then U C X — XT and is a T-invariant Zariski open subset of X. The quotient U/T of
U by T is a compact complex analytic space.

PROOF. It is clear by its definition that U is T-invariant and U C X — X 7.
By (0.1.1) X;” and X;" are constructible for all i. Therefore it suffices to show the
following lemma.

(1.3.1) Lemma. U, . X" and U, .« X" are both closed.

PROOF. Since the arguments are mirror images of one another, we will only show
that U._ - X is closed. Let y EXk for some kK € A™. Let V be an irreducible
component of X, such that y € V. Let F’ be the connected component of VT
containing ®( ). Then, by Corollary (0.2.5), F’ is < the sink of V. Let F, be the
connected component of X7 containing F’. Then F, < F,, since the sink of Vis
contained in F,. Because k € 4™, hencej € 4™ and y E X CUc,-X. O

We will use (1.2) to finish the argument.

Let g € Q. ¢(Z,) N U cannot be empty. If it was, then (by (0.2.4)) we see that the
set of i with F; N ¢(Z,) # & would all be in either A~ or A™ . But again by (0.2.4)
this means that 1 and r both belong to either 4~ or A . This implies that either 4~
or A" is empty, and that contradicts the definition of a cross-section.

Let g € Q. It is not possible that Tx U Ty C ¢(Z,) N U, where Tx and Ty are
disjoint. If this happened then either ®* (y) € F, and ®(x) € F, with F, < F, or
®* (x) € F, and ®°(y) € F, with F, < F,. In either case we get a contradiction.
For example, if F, < F, and a € 4", then x € X and thus x ¢ U. This contradic-
tion establishes the lemma. O
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(1.4) THEOREM. Let p: T X X — X be as in (1.0). Assume that UC X — X" is a
T-invariant Zariski open set with U/T a complex analytic space. The following are
equivalent:

(@) U/T is compact,

(b) X — U has at least two connected components;

(¢) X — U has two connected components;

(d) U=X— U+ X7 — U, - X, where (A~, A*") is a cross-section of

{1,...,r}.

PrOOF. First notice that because U/T is Hausdorff, it follows from the proof of
(1.2) that U N ¢(Z,) is empty or is an orbit for any ¢ € Q. Hence by (0.2.4), any
connected component F, of X7 is in the same connected component of X — U as F,
or F.. This shows that (b) and (c) are equivalent, and if (b) holds then F, and F; are
contained in different connected components of X — U. By (1.3) it suffices now to
show (a) = (b), (c) = (d).

Assume (a). Consider U/S' — U/T, where S' = {z € C*||z|= 1}. It is an easy
check, using the Slice Lemma (0.2.1), that this map is a fibre bundle with R* as
fibre. Since U/T is a compact triangulable space, there exists a continuous cross-
section 6 of U/S' - U/T. Using the R* action on U/S' and noting that any
translate of o does not meet o, we conclude that U/S' — o is disconnected. In
particular, U — o’ is disconnected, where o’ is the inverse image of o in U. Since
X — ¢’ is a normal analytic space and U — o’ is Zariski open in X — ¢’, we conclude
that U — ¢’ can be disconnected only if X — o’ is disconnected. Since U/T is
compact we know that the closure of ¢’ in X is o', and thus from the fact that X — ¢’
is disconnected, we see that X — U is disconnected. This proves (b).

Assume (c). Let 4, (4,) be the connected component of X — U that contains the
source (sink). We have already noticed this implies 4, # 4,.

Let A"= {i|F, € A)} and A" = {j|F, € A,}. It is an easy check, upon noting
that TA, C A, and TA, C A4,, that (4™, A") is a cross-section. [

(1.5) COROLLARY. Let p: T X X; = X, be holomorphic actions of T = C* as in (1.0)
fori=1and 2. If f: X, - X, is a T-equivariant holomorphic map and U C X, — X7
is a T-equivariant open set with U/T a compact complex analytic space, then
fNU)/T is a compact complex analytic set.

PROOF. U is associated to a cross-section by (1.4). It is easy to check that f ~\(U) is
also associated to a cross-section. Now use (1.3). O

For simplicity of notation we will denote F, < F, and F,  F; by i <j and i ¥ j,
respectively, in the rest of this section.

(1.6) THEOREM. Let p: T X X — X be a holomorphic action of T = C* as in (1.0).
Let {U,,...,U.} be the collection of T-invariant open U, C X — X7, with U,/T a
compact complex analytic space. Then:

(2)

k
Uu= U C,, whereC;= X N X/
A=1 itjorjti
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and, therefore, if X is projective, or a compact Kaehler manifold, then U';:, U=X
- XT.

(b) In the case where X is a compact Kaehler manifold, the diagonal embedding
(1.2.1) of O into 11, (U, /T) extends to a holomorphic map u of Q into I1\(U,/T) with
the property that u(q) = u(q’) if and only if $(Z,) and $(Z,) are equal as sets.

PROOF. (a) Suppose i € j or j < i. If neither i <j nor j <i, then C;; = @ and
C,; C U,U,. Suppose i<j. Let Ag={/€ {l,....r}|/<i} and 4g ={l €
(1,...,r}|j <!}. Then for [, € Ay, I, € Ay , [, < I,. To see this, note that if /, </,
thenj </, <!/, <iandj <, contradicting our assumptions on {i, j}.

Let (4™, A" ) be a maximal pair of subsets of {1,...,r} satisfying the properties:

(Q)A D A5, AT DA

(b)if pE A andqE A, then q & p.

Then (4™, A") is a cross-section. To prove this it suffices to show that A~UA™* =
{1,...,r}. Let I € {1,...,r} — A" —A". It follows from maximality that there exist
p €A ,q € A" such that p >/ and ¢q < /. Therefore ¢ < p, which gives a contradic-
tion. U, determined by this cross-section contains C;;. As in (0.3), a use of the
Frankel-Matsushima Morse function shows that < is an order in (1.0)(b) for which
i <j and j < is not possible for any i/ and j.

To see (b) choose {q,q'} C Q. If ¢(Z,) # ¢(Z,) as sets then there is an
x € P(Z,) — ¢(Zq)T which does not belong to ¢(Z,). Let U, 3 x be as in (a). The
map of Q — U/T constructed in (1.2.1) sends ¢ and ¢’ to different points. [

(1.7) REMARK. We would like to call attention to the related papers [B-B + Sw
and G].

2. Cohomology of compact quotients.

(2.0) If X is a normal complex algebraic variety with a meromorphic T-action, and
if U is an open T-invariant subset with quotient U/T, then we already know that
U/T is compact if and only if X — U has exactly two connected components. Our
next result is of the same character. We show that if X is a smooth complex algebraic
manifold with an algebraic T-action, then for any T-invariant open U C X with
compact quotient U/T, the Betti numbers of U/T are uniquely determined by
X — U (with the induced action of T').

First, we are going to summarize results concerning the Weil conjectures needed in
our proof of the result. Let Y be any complete algebraic variety defined over the
complex number field C. Any such variety Y is defined over a finitely generated
subring A4 of C, i.e. for some 4 = Z|[a,,...,a,] C C there exists an A-scheme Y,
such that Y, X ,SpecC = Y. For any prime ideal p C 4, let Y, denote the fibre of
Y, overp,ie. Y, = Y, X, SpecA/p. In particular, let ¥, be the generic fibre of Y.
For any such subring 4 C C, there exists a nonempty open subset ¥ C Spec(A4) such
that for any p C V and a prime number / different from ch(A4/p), the l-adic Betti
numbers of Y, and Y are equal (by constructibility of the direct images of constant
torsion sheaves and the proper base change theorem). On the other hand, by the
Comparison Theorem the /-adic Betti numbers of Y are equal to the corresponding
Betti numbers b,(Y’) (with respect to the natural topology) of Y. Finally, if m C 4 is
a maximal ideal and Y,, is a cohomology manifold, then the /-adic Betti numbers can
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be computed using Weil conjectures proved by P. Deligne. More exactly, let
q = $A/m. Then there exist complex numbers «,...,a,, B,,...,B, such that
1Y, (GF(¢")* = Zaf — 3 B". Moreover, if o, # B, i =1,...,r, j=1,...,s, then
the absolute value of any a, is of the form ¢"(”), where n(i) is a nonnegative integer,
and the absolute value of B; is of the form ¢"’*!/2, where n(j) is also a
nonnegative integer. Finally, the 2kth /-adic Betti number of Y,, is equal to the
number of a,’s with absolute value equal to ¢, and the (2k + 1)st /-adic Betti
number of ¥, is equal to the number of 8;’s with absolute value equal to g**'/2.
Using these results we are able to prove the following

(2.1) THEOREM. Let X be a compact smooth complex algebraic variety with an
algebraic T-action. Let U be an open subset of X corresponding to a cross-section
(A~, A*"). Then

(1) P(U/T) =3 P(E)’M;_—’M,
i€A 1°—1

2d; _ ,2df

) PU/T) = 3 P(F)EITED
j€A+ t _1

where for any space Y, P(Y') denotes its Poincaré polynomial.

PrOOF. We shall prove the first equality. The proof of (2) is similar. We know that
®*: X" - F, is a locally trivial fibre space over F, with fibre an affine space 4," of
complex dimension d;” . Moreover, the fibres are T-invariant and the action on fibres
is linear in a properly chosen coordinate system. It follows from these results that
(X" — F,)/T with the map ¢*: (X;' — F,)/T - F, (induced by ®*) is a Zariski
locally trivial fibre space with a weighted projective space P* = 4" /T as a fibre.
The analogous results hold for the cells X;” of the (—)-decomposition.

We may find a finitely generated ring 4 = Z[aq,,...,a,,] C C such that the
following are defined over 4: X, the T-action on X, U, U - U/T, irreducible
components F; of X7, the (+)- and (-)-decompositions of X, the morphisms ®* :
X" > F,®": X7 > F, open coverings {U,} of F; such that (®*)™\(U,) = U;; X 4",
(<I>')"(U,.j) ~ U; X 47, and, finally, coordinate systems in U;; X 4;", U,; X 4; (i.e.
isomorphisms U;; X AT - U, X cé, U, XA4; - U; X C%') for which the action
of T is diagonalized. Then there exists a nonempty open subset V of Spec(A4) such
that, for any p € V, the fibre X, (and hence (F)), for i = 1,2,...,r) is smooth.
Moreover, we may assume that, for p € V, the corresponding Betti numbers of U/T
and (U/T),, F; and (F),, fori = 1,...,r, are equal. Since (U/T), is a cohomology
manifold for p € V, we may for maximal ideals m € V apply the Weil conjectures to
compute Betti numbers and the Poincareé polynomial P(U/T),,).

First notice that

u=U X - U X7 where U x7c U x;",

JEA™ JEA™ JEA™ JEA™

2 For any variety Z defined over a finite field K and its finite extension K, $Z(K,) denotes the number
of K,-rational points of Z. Moreover, GF(q") denotes the finite field with ¢” elements.



792 ANDRZEJ BIALYNICKI-BIRULA AND A. J. SOMMESE

and both of these unions are disjoint. Hence,

$(U/T).(GF(q")) = 3 #((X7 — F)/T), (GF(q"))

JEA

- 3 #((x7 - F)/T), (GF(q")).

jEA™

Since (X" — F))/T),,= (X — F),,/T,, is a locally trivial (in the Zariski topol-
ogy) fibre space with fibre (Pj+ ). (a weighted projective space of complex dimension
d; — 1) and base (F)),,

#((x" = £)/T), (GF(¢")) =[#(E),(GF(¢g")]- [#(P" ),.(GF(¢"))].
If we prove that for a weighted projective space P4 of dimension d,
(*) $(P)..(GF(q")) = ¢+ q"“ D+ - +q"+ 1,
then we obtain
$(U/T)n(GF(q")) = $(F)) .(GF(g")(q"“ D + -+ +¢" + 1)

+ 2 #(E), (GF(g")((q"@ D+ -+ +4"+1)

JEA
j#1
- (qn(d;—l) + g+ 1))
ndf _ _nd;
= 3 #(F),(GF(¢)i—4—,
JEA™ q

and it follows from the results quoted at the beginning of the section that

n _
(24 _ g2d;

(1) P(U/T),) = 32 P((F),)

2

Replacing “ +” by “-" and “-" by “ +”, we obtain (2) of the theorem.

Hence it suffices to prove equality (*).

It is known that if T acts on any algebraic variety Y, then Y can be decomposed
into a finite number of disjoint locally closed subsets Y,,...,Y, such that for
i=1,...,s:

(a) Y, is T-invariant;

(b) there exists the quotient Y; — Y, /T, and the isotropy groups T, for all x C Y,
are the same and equal to 7; C T;

(c) Y, is T-isomorphic to Y,/T X T/T, with the T-action on Y,/T X T/T, induced
by multiplication on the second factor.

If Y and the T-action on Y are defined over a finite field, then the decomposition
Y,,...,Y; and the T-isomorphisms Y;~ Y,/T X T/T,, i = 1,...,s, are also defined
over some finite field GF(q). Suppose the quotient Y —» Y /T exists. Then Y/T is a
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disjoint union of locally closed subsets Y;/T,...,Y,/T and, hence,

#(Y,/T)(GF(q"))

1

#Y.(GF(q"))/#(T/T,)(GF(q")).

#(Y/T)(GF(q")) =

l

Mo I Mo

If the T-action on Y is not trivial, then Y7 = & (since we have assumed that Y/T
exists and thus the orbits are of the same dimension) and T/T,~ T fori = 1,...,s.
Therefore,
i1 Y.(GF(q")) _ $Y(GF(q"))
#(Y/T)(GF(q") ==~ =+ :
#7(GF(q")) q"—1
In particular, if Y = k™*' — 0 (where k is a field) and the T-action is given by
t[xg,- .., %] = [t"xq,...,t""x,,], where n,...,n, are nonzero integers all of the
same sign, then for the weighted projective space P = (k™ — 0) /T we obtain

(q,,)m+l _ 1
"1

#P"(GF(q")) = =q"+---+q¢"+1. O

(2.2) COROLLARY [B-B,]. Let X be as in (2.1). Then

S P(E) = 3 P(E).

i=1 i=1
PRroOOF. This follows immediately from Theorem (2.1)(1), (2). O

3. A criterion for certain sets to be contained in sectional sets.

(3.0) Throughout this section let p: T X X — X be a meromorphic locally lineariz-
able action of T~ C* on a compact complex manifold X. Given a subset V' C X, let
AaW)={ilX*nv=+0} and 4*(V)={i|X; nV+2}.

Let N(T') denote the linear algebraic group

o Ao 2) el

where t € C* and

We identify T with the subgroup

(5 2Jrec

(3.1) THEOREM. Let p, T, and X be as above. Let U be a Zariski open T-invariant
subset of X such that the geometric quotient U — U /T exists. If

(%) there isno i € A"(U) and j € A™ (U) such that F, < F,
then there is a sectional set U’ D U. Further, if p is the restriction to T of a holomorphic
action of N(T) on X, not both F, < o(F,) and o(F,) < F, for any k € {1,...,r},
N(T)-U = U, and (*) is satisfied, then U’ can be chosen so that also N(T)- U’ = U".
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PrOOF. First we need a lemma.

(3.1.1) LEMMA. Let p, T, and X be as above. Let U C X be a Zariski open
T-invariant open set such that the geometric quotient U — U /T exists. Then A~(U) N
AT (U)= B,ie foranyi=1,...,r,either UN X =@ or UN X7 = @.

PROOF. Assume U N X" # @ # U N X;. Then there exists a point x, € X, such
that x, € X;" N U, with ®* (x,) = x,, and x, € X; N U, with ®7(x,) = x,.

By the local linearizability of p, we may find a T-invariant neighborhood V of x,,
that is T-isomorphic to a neighborhood of 0 in C” with a linear T-action. We may
therefore assume that x, = 0, ¥ C C”, and the action of T on C" is diagonalized:

—_ n n
H(zy,eos2,) = (12, %2 2y sy 2y 1502y E2,)

for any t € T and (z,,...,z,) € C", where n,...,n, >0 and n,,,...,n,<0. In
the above coordinates,

x; = (x50 ,%4,0,...,0)
and
X =(0,...,0, X5 4150000 X0 ).
Then the sequence {y,,}, where
Y = (M) om0 0,0..,0, x5 14000, X0 ),

converges to x, (when m — o0), and for ¢,, = m the sequence {t,,y,,} converges to
x,. Since x,, x, € U, it follows that y, and ¢,,y, belong to U if m is big enough.
Then the image of {y,} in U/T has two different limits corresponding to two
different orbits Tx, and Tx,. This contradicts the assumption that U/T is separated
(Hausdorff). O

Let A™ be the set of all i such that either

(a)ie A~ (U)or

(b) F, is not = F, for any j € A™ (V).
LetA* = {1,...,r} — A~. We claim that (4", A™) is a section. To see this we need
only show that if F, < F, for some i € A”, then k € A~. Butif k & A” then F, = F,
for some j € A;" . Therefore, F, > F, = F; or F,> F,. By the definition of 4, this
implies that i € A~(U), which contradicts (*).

By Lemma (3.1.1) A* D A* (U) and, therefore, U’, the sectional set associated to
(A7, A*), contains U, ;- ) e q+@w) (X N X7) 2 U

If p is the restriction of an N(T )-action then it follows from

lo )e=(5 0

that o(XT) = XT. By abuse of notation let o also denote the induced permutation of
{1,...,r} givenby o(F)) = F,;.

Let A~ denote a maximal element under inclusion of the subsets @~ of {1,...,r}
satisfying:

@& No(@)= o,

(b) @2 4°(U);
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(c)if F,<F,fori € @ thenk € &".

CLAIM. A"Ua(A47) = {1,...,r}.

ProOF. First we must show that the set of subsets @ satisfying (a)—(c) is
nonempty. To see this consider @, the set of all kK € {1,...,r} with F;, < F, for some
i € A°(U). Clearly @ satisfies (b) and (c). To see that it satisfies (a), assume
otherwise. Therefore there is a k such that F, < F,and F,,, < F, for {i, i’} C A°(U).
Since o reverses the order < , we have

Foiy < Fyouy = F,<F.

This contradicts () since N(T)- U = U implies (A~ (U)) = A" (U) and, therefore,
o(i") € A" (U). Therefore @ is a nonempty set.

To finish, assume that C = {1,...,r} — A" —0(A4") is nonempty. Let k € C. Since
0(C) = C we conclude that o(k) € C also. By hypothesis, not both F, < F,,, and
F, 4y < F, are true. Therefore, by renaming if necessary, it can be assumed without
loss of generality that

6:9) F,ky 1snot <F,.

Let A"= A"U{j]| F, < F,}. Clearly A" satisfies (b) and (c). It also satisfies (a). To
see this, assume otherwise. Then there is an F; such that F; < F; and F,;, < F, for
{i,i"} € A’". The earlier argument with @~ shows that not both i and i’ can belong
to A~. Thus at least one of the {i, i’} can be taken to be k. By renaming if necessary,
it can be assumed without loss of generality that F,<F, and F, ; < F, where
i € A". Therefore
F,<F<F,.
Either F, < F, in which case we get a contradiction to (), or i € 4~. But then by
property (c) of A~, 6(k) € A™ and, hence, o(k) & C. This contradiction shows that
A’~ satisfies (a). By maximality of 4~ we get the contradiction 4-= A4’~, which
proves the claim. O

In view of (c¢) and the claim, (A~, 0(A47)) is a cross-section. Let U’ be the
associated sectional open set. Note that since oU’ = U’ by construction, N(T)- U’
= U'. Asbefore, U’ D U. O

(3.1.2) REMARK. There are many variants of the above. For example, assume p is
the restriction to T of a holomorphic action on X of a group G containing 7. If G
centralizes T, G- U = U, and (*) holds, then there is a sectional U’ D U satisfying
G-U=U.

When is (*) of Theorem (3.1) satisfied?

(3.2) THEOREM. Let p: T X X — X be as in (3.0). Assume that for any F, <F, it
follows that Yf D X . Then, given any T-invariant Zariski open set U C X such that
the geometric quotient U — U/T exists, it follows that (*) holds. In particular, there is
a sectional set U’ D U. If, further, p is the restriction of a holomorphic action of N(T')
on X,o(F,)# F, forallk € {1,...,r}, and N(T)- U = U, then U’ can be chosen so
that, in addition, N(T)- U’ = U'.
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ProoF. If F; < F,,, and F,,, < F, for some k, then by the above assumptions
k # o(k) and, therefore, both X; D X,k and m D X, are true. This is absurd
and therefore (3.2) will follow from (3.1) if we show that (3.1)(*) is true for U.

Assume that F;, < Fyand that X, N U# @ # X, N U.Then 6 #UN X, C U
N X by hypothesis. Therefore U N X" % @. This contradiction of Lemma (3.1.1)
proves (x). O

(3.2.1) ReMARK. The above theorem holds, of course, with the condition that for
any F; < F it follows that X, D X This minus condition can hold when the plus
condition of (3.2) fails and vice versa; e.g., take the action [z, z,, z,] = [tz,, tz,, z,]
on PZ and consider the induced action on P2 with one point of {z, = 0} blown up.

(3.3) ReMARk. The class of actions ( X, p) satisfying the hypotheses of Theorem
(3.2) is clearly closed under taking products. Hence (3.2) holds for any nontrivial
N(T)-product action on a product of Pl’s.

4. Quotients by SL(2, C).

(4.1) THEOREM. Let X be a projective manifold with an algebraic action of a
reductive group G. Let U be an open G-invariant subset of X such that for any x € U,
the stabilizer G, is finite. The following conditions are equivalent:

(a) There exists a geometric quotient U — U/G such that U - U/G is affine with
U/G an algebraic space in the sense of Artin (cf. (0.4)).

(b) For any one-dimensional torus T C G, the geometric quotient U — U/T exists
with U/T an algebraic variety.

PROOF. (a) = (b) Assume (a). There exists a geometric quotient U — U/T with
U/T an algebraic prevariety [Mum, Proposition 1.9, p. 37]. We have the induced
morphism r: U/T — U/G. For any étale open affine ' —» U/G, the inverse image
VX U/T is affine (since VX U/T =¥ X U)/T and V X U is affine because
U - U/G is affine). Hence the image of ¥V X U/T in U/T is separated (in fact
V X U/T - U/Tis induced from V' — U/G by base change U/T — U/G).

If U/T were not separated there would be a valuation ring O C K(U/T) with
residue field K which would dominate local rings O, , 0, of two different points x,,
x, € U/T. Then since U/G is separated, it is easy to see that r(x;) = r(x,). Let
V — U/G be an étale affine neighborhood of r(x,). Then x,, x, belong to the image
of VX U/T in U/T. Since the image is separated, we have a contradiction. The
contradiction shows that U/T is separated.

(b) = (a) Assume (b). Then for any T C G the induced T-action on U is proper
[Mum, Lemma (0.5), p. 12]. Hence the G-action on U is proper [Mum, Proposition
2.4, p. 54]. Then by [P, Theorem 3.7] the geometric quotient U — U/G exists with
U/G an algebraic space. Since the action in U is proper we may use (1.13) of [Mum,
Chapter 1, §4] in order to conclude that U — U/G is affine. O

Throughout the rest of this section p: G X X —» X will be an algebraic action of
G = SL(2, C) on a projective manifold X. By Sumihiro’s theorem [Sul], the action of

t 0
T~ caG
(0 )_

t—l
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is locally linear. The group denoted by N(T') in §3 is isomorphic to the normalizer of
T in G and will, by abuse of notation, denote this normalizer in the rest of this

paper.

(4.2) THEOREM. Let p: G X X — X be as above. Let U be a sectional subset of X for
the T-action. Then M gU is Zariski open.

PROOF. Let U be defined by a section (4™, A™). Then

U=X—(UX,.-U U x;)

i€A” JEA*

and

Nev=x-Ug(Uxu Uxr).

gEG gEG ‘i€eA” jEAT
Therefore it suffices to show that for any i € 4~ and j € 4™, both U gec 8X; and
U 2€G ng+ are closed analytic sets. The main theorem of [(C + S);, §2] shows that
X is B~ invariant, where B~ is a Borel subgroup containing 7. Hence the family
{8X[ };eq is also parametrized by G/B~. Since G/B" is projective and U, .. X" is
a compact analytic subspace, the union U ; g(U,c,- X;7) is a compact analytic
subspace and, hence, a closed analytic subspace of X. Similarly, U e 8( U jear Xj+ )
is a closed analytic subspace of X. 0O

(4.3) THEOREM. Let p: G X X — X be as in (4.2). Let U be a G-invariant Zariski
open set such that the geometric quotient U — U/G exists with U/G as a compact
algebraic space in the sense of Artin and U - U/G an affine map with 3-dimensional
fibres. Assume U satisfies () of Theorem (3.1) for T and not both F, < o(F,) and
o(F)<F, for any k € {1,...,r}, e.g., assume by Remark (3.3) that X = P!
X oo XP&. Then there exists a T-sectional open set U' D U with N(T')- U’ = U’ and
U= N8V

PrOOF. By Theorem (3.1) there exists a T-sectional open set U’ D U satisfying
N(T)- U’ = U'. By Theorem (4.2) U = ﬂgEGgU’ is Zariski open. It clearly con-
tains U since U is G-invariant. Since the geometric quotient U’ — U’ /T exists as an
algebraic variety, and since all maximal tori of G are conjugate to T, it follows from
Theorem (4.1) that the geometric quotient U — QU /G exists as an algebraic space.
We get a holomorphic map U/G — /G from the inclusion U — QL. Since U/G is
compact, U=. 0O

(4.3.1) ReMARk. If U/G is not compact, then the above proof shows QU =
N gec 8U’ is a maximal, G-invariant, Zariski open set of X such that the geometric
quotient exists.

(4.3.2) REMARK. The assumption that X is projective can easily be relaxed to the
assumption that X is algebraic.

5. On a conjecture of Mumford.

(5.0) Throughout this section X = P¢ X - - - X P (n copies). Further, p: G X X -
X is the diagonal action of G = SL(2, C) defined by g(x,,...,x,) = (8X,,.-.,8%,)
where the G-action on P! is induced by the canonical SL(2, C)-action on the affine



798 ANDRZEJ BIALYNICKI-BIRULA AND A.J. SOMMESE

plane. We are also going to consider the action of S,, the symmetric group, on X by
interchanging coordinates.

The following theorem completely settles the problem posed by D. Mumford
M+ S, p. 187].

(5.1) THEOREM. Let p: G X X — X be as above with n=3. Let UC X be a
G-invariant nonempty Zariski open set such that the geometric quotient U — U/G
exists with U/ G compact. Assume S, - U = U. Then n is odd and

U= {(x,,...,x,): at most (n — 1) /2 coordinates are equal } .

The rest of the section will be devoted to proving (5.1).

(5.1.1) LEMMA. There is a T-sectional open set U’ which contains U and satisfies
NT)-U=Uand U= N, ;8U"

PRrOOF. This follows immediately from Theorem (4.3) if we show that U — U/G is
an affine map of U onto a compact algebraic space in the sense of Artin, U/G. By
the theorem of Popp [P, Theorem 3.7] used earlier, only the affineness of U - U/G
remains to be shown. For this it is enough to check that any such quotient map has
to be affine. Notice first that any 3-dimensional orbit SL(2)a in X is contained in an
open affine G-invariant Zariski open subset V such that all orbits of G in V are
closed (in V). This can be seen as follows: Let a = (a,,...,a,). Since Ga is of
dimension three, we may assume a, # a, # a, # a,. Moreover, we may assume
a,,...,a; are different from a, and a,, |,...,qa, are different from a,. Now take the
map of X into a projective space defined by the linear system associated to the
divisor corresponding to the G-invariant form (homogeneous with respect to every
pair (x{, x(), (x§?, x?),...,(x§?, x{™) of variables):

[(xg)l)xg) — x{"x@) (xPx® — x(OxP)- (xPx — x§2>x33>)],
[(xPx® = x{Ox) -+ (xPx(D — xg)x(()i))],
(el = Pl e0) o (e = xPx0)].

This divisor is very ample, G-invariant and a@ is not ih\its support. Thus its
complement V is affine, G-invariant and a € V. Now if b = (b,,...,b,) € V, then
b, #b,# b; #b,. Hence, every b € V has a 3-dimensional G orbit and all orbits
in V are closed (in V). Therefore X*(Pre) (see [Mum, Definition 1.7, Chapter 1, §4])
contains all 3-dimensional orbits in X. Now it follows from [Mum, Proposition 1.9]
that the geometric quotient ®: X*(Pre) — X°(Pre)/G exists with X*(Pre)/G being an
algebraic prescheme and ® an affine morphism. If U C X admits a geometric
quotient, then U C X*(Pre) (because all orbits in U have to be of dimension (3) and
thus the quotient map U —» U/G is affine. [
As in §4, N(T) denotes the normalizer of the subgroup T of G:

r={[5 Aflese)
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It is an easy check that any sectional set U C X is determined by a choice of a
family ® = {B,,...,B,} of subsets of {1,...,n} with the property that

(A) B D B, implies B € 9.
In fact, given {B,,...,B,} then the corresponding section is defined by 4% =
((E,,...,E,): E; € {0, 0} and the set of indices where E; = oo belongs to 3}. The
corresponding sectional set U’ C X is defined by

U = {(xy,...,x,) € X: the set of indices i where x; # 0 belongs

to b and the set of indices i where x; = oo isnotin % }.

Then U’ is N(T )-invariant when

(B) B € % if and only if -B & B,
where —-B denotes the complement of B in {1,...,r}. In this case, the point
(xy,...,x,) & U’ if and only if the set of indices i, where x; = oo, belongs to B, or
the set of indices i, where x; = 0, belongs to %. N gcg 8U’ is the complement of
those points (x,,...,x,) € X for which there exists B € % such that

(*) x; = x; forall {i, j} CB,and x; # x,if i € Bandj € -B.

(5.1.2) LeMMA. Let U, and U, be two N(T )-invariant sectional sets. If N . gU, =
Necc 8l # D, then Uy = U,.

PROOF. Let B, and B, be the sections associated to U, and U, respectively. Since
ﬂg < 8U; for i = 1 or 2 is nonempty, it is Zariski open by Theorem (4.2). A generic
element of X, (x,,...,x,), must therefore belong to N 2€G gU.. Such an element has
all coordinates distinct. Therefore it follows from (x) that

(**) there is no subset A € B, for i = 1 or 2 with only one element.

Assume B € %,. Then a point (x,...,x,) with

(***) x; = x; for i # j if and only if / and j both belong to B,
does not belong to N g6 8U1 by (»). Of course it does not belong to N cec 80 =
N cec 8UL- Therefore by (x) and (x*), B € B,. The same argument applies with the
roles of %, and %, interchanged. O

Let U’ be the N(T )-invariant T-sectional set of Lemma (5.1.1). We claim that U’
is S,-invariant. Indeed, assume there was a 7 € S, such that 7U’ # U’. Since
7-N(T) = N(T)-7, 7U’ is a T-sectional open set invariant under N(T') and D U.
Note that

g #U= (gl = g(U).
gEGC gEG

By the last lemma U’ = U’. This contradiction proves the claim. Note that the set
U’ is S,-invariant if and only if there is a natural number s such that B € % if and
only if $B =s. Finally U’ is N(T)- and S,-invariant if n is odd and B € % iff
B = (n + 1)/2. Therefore if n is even there is no S,- and G-invariant Zariski open
set U with a compact geometric quotient U/G. If n is odd this U’ associated to

B={(BC(l,....r}|#B=(n+1)/2)

gives rise to precisely the classical U described in Theorem (5.1). O
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