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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF SECOND ORDER
DIFFERENTIAL EQUATIONS WITH INTEGRABLE COEFFICIENTS
BY
MANABU NAITO

ABSTRACT. The differential equation x”* + a(r)f(x) = 0, ¢ > 0. is considered under
the condition that lim,_ . ["a(s)ds exists and is finite, and necessary and/or
sufficient conditions are given for this equation to have solutions which behave
asymptotically like nontrivial linear functions ¢, + ¢»1.

1. Introduction. We study the asymptotic behavior of solutions of the second order
differential equation

(1.1) x"+a(t)f(x)=0, >0,
under the following assumptions: (i) a(z) is continuous on [0, o0); (ii) f(x) has a

continuous derivative for x # 0 and satisfies xf(x) >0, f'(x) =0 for x #0. A
typical example of (1.1) is the generalized Emden-Fowler equation

(1.2) x” +a(t)|x'sgnx =0, t>0,

where y is a positive constant. The aim of this paper is to obtain sufficient and /or
necessary conditions for (1.1) to have solutions which behave like nontrivial linear
functions ¢, + c¢,¢ as ¢t » oo. It is known that if lim,_ . [‘a(s)ds = oo, then all
continuable solutions of (1.1) are oscillatory (Bhatia [1], Wong [15]), so, in this case,
(1.1) never has a solution which behaves like ¢, + c,¢ as ¢ — oo. Our particular
interest, therefore, is to consider the case in which a(¢) satisfies the condition that
(1.3) lim [‘a(s)ds existsand is finite.
I—oc

If (1.3) is satisfied, one may introduce the function A(z) defined by
(1.4) A(t)=fxa(s)ds, 1>0.
r

Throughout the paper, (1.3) is tacitly assumed, and A(¢) always denotes the function
defined by (1.4). Note that the integral of (1.4) may converge conditionally.

Under condition (1.3) various nonoscillation criteria have been given by numerous
authors; see e.g. Willett [13], Wong [16] (the linear case) and Butler [2], Kwong and
Wong [8] (the nonlinear case). In this paper it is shown that for a wide class of
equations, not only the existence of a nonoscillatory solution can be determined, but
also an explicit asymptotic form of the nonoscillatory solution can be obtained.
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Moreover, if A(¢) does not change signs, then we can establish necessary and
sufficient conditions for (1.1) to have solutions with specified asymptotic behavior as
t — 00. In §2 we deal with solutions which behave asymptotically like nonzero
constants and in §3 we deal with solutions which behave asymptotically like ct
(¢ # 0). The results of §§2 and 3 are almost parallel.

Related results are also contained in Hartman [5, Chapter 11, §9], Hartman and
Wintner [6], Trench [11,12], and Wintner [14]. In the papers of Trench, equations of
higher order are considered.

Before stating and proving the main results we give a theorem which is concerned
with a nonoscillatory solution of (1.1).

THEOREM 1.1. Suppose x(t) is a nonoscillatory solution of (1.1) on [T, o0). Then the
integral equation

s ) _ s (LGOI

() e R Ay

is satisfied for t = T, where a is a nonnegative constant. Moreover, if the condition
(1.6) ‘lir+n f(x)= *o0

is satisfied, then o = 0.

This theorem has been proved by Kwong and Wong [9] and is very useful in the
following sections.

2. Bounded asymptotically linear solutions. In this section we obtain necessary
and /or sufficient conditions for (1.1) to have solutions which behave asymptotically
like nonzero constants.

THEOREM 2.1. Suppose

(2.1) [ 14(s) 1ds < <o,

(2.2) fstz(s)ds < .

Then, for any ¢ # 0, (1.1) has a solution x(t) such that

(2.3) x(t) = c + o(f1°°{|A(s)| +B(s)) ds ).
(2.4) x'(1) = 0 A(1)| +B(1))

oC
as t — oo, where B(t) =/ A*(s) ds.

r

Proor. Condition (2.2) implies B(t¢) is nonincreasing and integrable on [0, o0).
We may assume ¢ > 0. Put

m = max{ f(x): x € [¢/2,3¢/2]}, m = max{|f'(x)|:x € [c/2,3¢c/2]}
and choose constants b, T > 0 so that

oc
(2.5) mm’ + bm’f |A(s)|ds < b,
T
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(2.6) m/:|A(s)|ds+bf:B(s)ds<%.

Let F be the Fréchet space of all continuously differentiable functions on [7, o)
with the family of seminorms {|| - ||,: / = 1,2,...} defined by
Ilx|l, = sup{|x(¢)| +|x(¢)|: T<:<T+}.

We have the convergence x, — x (k — o) in the topology of F if and only if
x,(t) = x(t) (k— o) and x,(t) —» x'(t) (k - o) uniformly on every compact
subinterval of [T, 00). Let X denote the set of functions x € F such that|x(¢) — c|<
c/2,|x'(t)|< m|A(t)| +bB(¢) for t = T. Note that X is a nonempty closed convex
subset of F. Define the operator ® on X by

(2.7) (®x)(t)=c— /IOCA(s)f(x(s)) ds — '/’m(le(u)f’(x(u))x’(u) du) ds

for 1 = T. We seek a fixed point of ® in X with the aid of the Schauder-Tychonoff
theorem.
(1) ® is well defined on X and maps X into itself. Let x € X. We haveforr=s=T

/s "A(u) £ (x(u))x () du

<£r|A(u)|m’{m|A(u)|+bB(u)}du
< mm’frAz(u) du + m’bB(s)frlA(u)|du.

Therefore, letting r — oo and using (2.5), we see that the integral of A(u)f'(x(u))x"(u)
over [ s, co) converges and satisfies

MocA(u)f'(x(u))x’(u) du| < bB(s)

for s = T. This implies
(@) (1= 1+ [ A7 (xw)) )
<m|A(t)| +bB(1)
fort = T, and in view of (2.6) we have

[(®x)(1) — c|< /T°°|A<s>f<x<s)>|ds

+j;w’-£mA(u)f’(x(u))x’(u) dulds
<c/2

for t = T. Thus ® is well defined on X and maps X into X.

(i1) @ is continuous on X. Let x, x, (k= 1,2,...) be functions in X such that
x,(t) = x(¢t), x;(t) — x'(t) as k — oo uniformly on every compact subinterval of
[T, ). Then we have

[(@x,)(£) — (Dx) (1) I<IA(2) [1f(x4(1)) — f(x(£))]
+f S 1A 17 Cew))xi () — £ (x())x"(u) | du
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for t = T. Observe that f(x,(2)) — f(x(1)) as k = oo uniformly on compact sub-
intervals of [T, o) and |A(u)||f'(x(u))x;(u) — f(x(u))x'(u)| is bounded above
by the integrable function 2m’|A(u)|{m|A(u)| +bB(u)} on [T, o), and
[ACu) || f'Cx(u))x(u) — f'(x(u))x'(u)| tends to 0 as k — oo. Applying the Le-
besgue dominated convergence theorem, we find that (®x, )(¢) - (®x)'(¢)ask — o©
uniformly on every compact subinterval of [ T, co). Moreover, since

1(@x,)(1) — (®x)(1) |< /fn(@xk)'(s) — (®x)(s)| ds

and |(®x.)(s) — (Px)(s)| is bounded above by the integrable function
2{m|A(s)| +bB(s)} on [T, c0), using the Lebesgue dominated convergence theorem
again, we conclude that (®x,)(z) - (®x)(t) as k — oo uniformly on every finite
subinterval of [T, o0). Thus ® is continuous on X.

(iii) ® X is compact. This can be proved with the aid of Ascoli’s theorem. Since the
proof is standard, the details are omitted.

From the preceding considerations we are able to apply the Schauder-Tychonoff
fixed point theorem to the operator @ defined on X. Let x € X be a fixed point of ®.
It is immediately verified that x = x(z) is a solution of (1.1) for > T and has
properties (2.3) and (2.4). This completes the proof of Theorem 2.1.

REMARK. In Theorem 2.1 the assumption of f'(x) = 0 (x # 0) is unnecessary. In
fact, this sign condition of f” is nowhere used in the proof.

It is known that if (2.1) and (2.2) are satisfied, then (1.1) has a nonoscillatory
solution (Butler [2]). Theorem 2.1 asserts more strongly that under the same
conditions (1.1) has a nonoscillatory solution with the asymptotic behavior (2.3) and
(2.4). As an example consider the equation

(2.8) x” + (kt*sint)|x|'sgn x = 0, t>0,

where k, A and y > 0 are constants. Applying Theorem 2.1 to the case f(x) =
| x['sgn x,

|A(z)|=‘f°°ks*sinsds <20k|*  (A<0),
t

we find that if A < -1, then, for any ¢ # 0, (2.8) has a solution x(¢) such that
x(1) =c+ O(r*"), x'(1) = O(t*) as t —» . Note that (2.8) has a nonoscillatory
solution if and only if
A< -1 fory>1 (Butler[2-4]);
A < -1, k arbitrary (Willett [13]),
_ A for Y = .
=-1,]k|< 1/y2 (Willett [13], Wong [16]);

A< -y for0<y<1 (Kura[7], Onose[10], Kwong and Wong [8]).

The superlinear case (y > 1) shows that our result is “sharp” in the sense that (2.8)
never has a nonoscillatory solution unless A < -1.
We have the following results as corollaries of Theorem 2.1.
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COROLLARY 2.2. Suppose (2.1) and (2.2) are satisfied. Then, for any ¢ # 0, (1.1) has
a nonoscillatory solution x(t) such that

(2.9) x(t)=c+o(l) ast— oo.
COROLLARY 2.3. Suppose (2.1) and
(2.10) tA(t) -0  (r- )
are satisfied. Then, for any ¢ # 0, (1.1) has a nonoscillatory solution x(t) such that

(2.11) x(t)=c+o(l), x(t)=o0(t") ast- .

Corollary 2.2 is a direct consequence of Theorem 2.1. For the proof of Corollary
2.3 we have only to note that (2.1) and (2.10) imply (2.2), and
oC oo
t/ Az(s)dSSf sA*(s)ds -0  (t- o).
! t
REMARK. In Corollary 2.2, if (1.1) is linear, then the absolute integrability of A(7)
(i.e. condition (2.1)) can be replaced by the conditional integrability of A(t)
(Hartman and Wintner [6] or Hartman [S, Corollary 9.3, p. 382]).
In what follows it is shown that the converse of Corollaries 2.2 and 2.3 in some
sense can be obtained when A(¢) does not change sign.

THEOREM 2.4. Suppose A(t) = 0 for all large t and f'(x) > 0 for x # 0. Then the
following statements are equivalent:
(1) for any ¢ # 0, there exists a solution x(t) of (1.1) satisfying (2.9);
(i1) for some ¢ # 0, there exists a solution x(t) of (1.1) satisfying (2.9);
(iii) the integral conditions (2.1) and (2.2) are satisfied.

PROOF. (i) implies (ii) trivially, and (iii) implies (i) by Corollary 2.2. We claim (ii)
implies (ii1). Let x(¢) be a solution of (1.1) for which (2.9) holds for some ¢ # 0. We
may assume ¢ > 0. There is a number T such that ¢/2 < x(¢) < 2c for t = T. By
Theorem 1.1, (1.5) with a nonnegative is satisfied for ¢ = T. It is easy to verify that,
under the condition A(¢) = 0,

xl(t) > * 2

=A(t)+ | mA*(s)ds=0
f(x(1)) /,

for t = T, where m’ = min{f'(x): ¢/2 <x <2c} > 0. An integration over [T, t]

gives

x(1) dy - r( © )

— = A(s) + m'| A“(u)du)ds
fx(T) f(y) '[T (s) ‘/; ()

for t = T. Since the left-hand side of the above remains bounded as ¢ — oo, we

conclude that (2.1) and (2.2) are satisfied. The proof of Theorem 2.4 is complete.

THEOREM 2.5. Suppose either A(t) = 0 or A(t) < 0 for all large t. Then the following
statements are equivalent:
(i) for any ¢ # 0, there exists a solution x(t) of (1.1) satisfying (2.11);
(ii) for some ¢ # 0, there exists a solution x(t) of (1.1) satisfying (2.11);
(iii) the conditions (2.1) and (2.10) are satisfied.
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PROOF. As (i) implies (ii) trivially and (iii) implies (i) by Corollary 2.3, it suffices
to show that (ii) implies (iii). Suppose x(¢) is a solution of (1.1) such that (2.11) holds
for some ¢ # 0. From Theorem 1.1, (1.5) is satisfied for all large ¢. Since a =
lim,_  x'(¢)/f(x(t)) = 0, we have

X0y [ LEDGL

f(x(1)) c [ f(x(s)]
or, equivalently,
_owx() = f(x(s))[x (S)]
(2.12) tA(t) e zf, x0T

for all large 7. The first term of the right-hand side of (2.12) tends to 0 as t —»
since x(t) satisfies (2.11). Using ’'Hospital’s rule and (2.11), we find that the second
term of the right-hand side of (2.12) tends to 0 as 1 — o0:

d = f'(x(s))[x (S)]2 o f(x()

4 4 = {

i) T honr “)(@) = oy T
-0 ast— 0.

Therefore we have (2.10).
In order to prove that (2.1) holds, we may use the technique in Hartman and
Wintner [6]. According to (1.1), we get

(x(¢) = ex'(1)) = ta(2) f(x(1))
= = (t4(0) f(x())) + A() f(x(2)) + 24(2) £ (x(1))x"(2).

An integration of the above gives
x(t) — tx'(1) = const — tA(t) f(x(¢))
+ [AS() + o (x(5))x'(5)] .

where const = x(T') — Tx'(T) + TA(T)f(x(T)). Since tA(t) = 0 (¢t — o) and x(¢)
satisfies (2.11), we have x(¢) — tx'(¢) = ¢, tA()f(x(¢)) - 0, and f(x(1)) +
x'(1)f'(x(t)) = f(c) # 0 as t — o0. In view of these facts combined with (2.13) and
the sign condition of A(¢) we can easily verify that (2.1) holds. This completes the
proof of Theorem 2.5.

From Theorems 2.4 and 2.5 we see that, even for solutions which have the same
limits as ¢ — oo, there is an essential difference between restricting and not restrict-
ing the asymptotic behavior of the derivatives of the solutions.

Very recently Trench [12] proved that, among other results, if a(¢) satisfies

(2.13)

(2.14)  lim /lsa(s)ds exists and is finite, and foo|A(s)|ds< 0,
—oC

then for any ¢ # 0, (1.2) has a solution x(¢) satisfying (2.11). But it is not difficult to
show that conditions (2.1) and (2.10) together are equivalent to (2.14). Moreover, it
can be shown that if either A(¢) = 0 or A(¢) < 0 for all large ¢, then conditions (2.1)
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and (2.10) together are equivalent to the condition that

(2.15) lim ftsa(s)ds exists and is finite.
[—oC

(In other words the absolute integrability of A(¢) in (2.14) is superfluous when A(¢)
does not change sign.) Consequently, we see that condition (ii1) of Theorem 2.5 may
be replaced by (2.15).

3. Unbounded asymptotically linear solutions. The purpose of this section is to
obtain necessary and/or sufficient conditions for (1.1) to have solutions which
behave asymptotically like ¢t (¢ # 0). In the preceding section, no growth condition
on f was required in proving the existence of a solution asymptotic to a nonzero
constant as ¢ — oo0. The situation becomes different now and we shall impose one of
the following growth conditions on f:

(3.1a) f'(x) is nondecreasing for x > 0 and nonincreasing for x < 0;

(3.1b) f'(x) is nonincreasing for x > 0 and nondecreasing for x < 0.

THEOREM 3.1. Suppose either (3.1a) or (3.1b) is satisfied. Also suppose

(32) 1 [U(ks)IA(s) | ds =0 (1= 20) foreveryk #0,
(3.3) fxf’(ks)lA(s)|ds<oo for every k # 0,

(3.4) [V kis) 17 (kys) A43(5) ds < o0 for every ky, ky # 0.
Then, for any ¢ # 0, (1.1) has a solution x(t) such that

(3.5 x(t) = et + O ["(1A(Es)1A(s) | +Bs)} ds .
(3.6) x'(1) =c+ O(f(ct) || A(2) | +B1))

ast — oo, where

B,(1) = sup max{/ff’(és)m(snds, /r°°|f(6s)|f'(c~s)A2(s)ds},

r=t

and ¢ = 3¢/2, ¢ = 3¢/2 (if (3.1a) holds), ¢ = c¢/2 (if (3.1b) holds).

PROOF. We outline the proof. The details are left to the reader. Let ¢ be a given
nonzero number. Without loss of generality we may assume ¢ > 0. By (3.2), (3.3) and
the fact that B(¢) - 0 (1 — o), there is a sufficiently large T such that the following
three conditions are satisfied for t = T:

[7(@s)1A(s)1ds < G,
T
(c+ z)[*f'<eu)|A<u)|du< 1,

(c+ 2)];3(.(s) ds < %t.
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Let F be the Fréchet space of all continuously differentiable functions on [7, o)
with the topology as defined in the proof of Theorem 2.1, and let X denote the set
of functions x € F such that |x(¢) — ct|< (c¢/2)¢t, |x'(t)|<c+ f(ct)|A(1)]| +
(¢ +2)B(t) for t = T. Clearly, X is a nonempty closed convex subset of F. Then
consider a mapping ®: X — F defined by

(®x)(1) = et + thA(s)f(x(s))ds-i- fr’(/“A(u)f'(x(u))x’(u)du)ds

for t = T. As in the proof of Theorem 2.1 it can be shown that (i) ® is well defined
on X and maps X into X, (ii) ® is continuous on X, and (iii) ® X is compact. By the
Schauder-Tychonoff fixed point theorem the operator ® has a fixed point x € X.
This fixed point x = x(¢) provides a solution of (1.1) satisfying (3.5) and (3.6).

As an example we again consider (2.8). Applying Theorem 3.1 to the case
f(x) =|x['sgn x, |A(t)|< 2|k |t* (A <0), we see that if A < —y, then (2.8) has a
solution x(¢) such that x(¢) = ct + O(¢%), where § = max{\ +y + 1,0} if A + vy +
1 #0and x(¢t) = ¢t + O(logt) if A + y + 1 = 0. Theorem 3.1 is also “sharp” in the
sense that (2.8) in the sublinear case (0 < y < 1) never has a nonoscillatory solution
unless A < —vy.

As corollaries of Theorem 3.1 we have the following results.

COROLLARY 3.2. Suppose either (3.1a) or (3.1b) is satisfied. Also suppose (3.2)—-(3.4)
are satisfied. Then, for any ¢ # 0, (1.1) has a solution x(t) such that

(3.7) x(t) =t[c+o(l)] ast— oo.

COROLLARY 3.3. Suppose either (3.1a) or (3.1b) is satisfied. Also suppose
(3.8) f(kt)A(t) -0 (- o0)  foreveryk #0,
(3.9) foof’(ks)|A(s)|ds<oo for every k # 0.

Then, for any ¢ # 0, (1.1) has a solution x(t) such that
(3.10) x(1) =t[c+o(1)], x(t)=c+o(l) ast— .

We can prove the converse of Corollaries 3.2 and 3.3 when A(7) does not change
sign.

THEOREM 3.4. Suppose A(t) = 0 for all large t. Moreover, in addition to (3.1a) or
(3.1b), suppose f'(x) > 0 for x # 0, and

(3.11)  limsup lzfllf(kls)l[f’(kzs)]_lds < oo foreveryk,, ky #O0.

—oc I
Then in order for (1.1) to have a solution x(t) satisfying (3.7) for some ¢ # 0 it is
necessary that:

(3.12) %fllf(ks)|A(s)ds—>0 (t > 00)  for somek # 0,

(3.13) focf’(ks)A(s)ds< oo forsomek # 0,
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(3.14) f°° [f(kys) 1f(kys)AX(s) ds < oo for some k,, k # 0.

PROOF. Let x(t) be a solution of (1.1) which satisfies (3.7). We may assume ¢ > 0.
There is a number T such that (¢/2)t < x(t) < 2¢t for t = T. From Theorem 1.1 it
follows that

x'(1) = af(x(1)) + A(1) f(x(1))

+(x0) [7F ("(; ([))(]] ds

for t = T, where « is a nonnegative constant. On the other hand, an integration by
parts of (1.1) gives

(3.16) x'(1) = const + A(1)f(x(1)) — f'A(s)f’(x(s))x’(s)ds,
T
where const = x(T) — A(T)f(x(T)). Combining (3.15) with (3.16), we have

= ['(x(s)[x'(s)]*
af (x(1)) + f(x(1)) L
(3.17) t f' [A(x(s))]
= const — f’A(s)f'(x(s))x’(s) ds.
T
Since x’(t) = 0 by (3.15), (3.17) implies
(3.18) meA(s)f'(x(s))x’(s) ds < o0.

Using the inequality x'(¢) = A(2)f(x(¢)) (¢ = T), which is derived from (3.15), we
conclude that

(3.15)

LA NS (x(5) A5 ds < oo,

which, in view of (3.1), implies (3.14). By (3.18) we find that the right-hand side of
(3.17) has a finite limit as t —» 0. Let 8 denote the limit:

(19) A= lim {af(x(t))+f(x( T L) [x'(s)] ds}.

LA(x(s)]?
Integrating (3.15) over [7, t] (¢ = 7 = T') and dividing by 7, we get
HOZHD = L o)) as + 2 [1(x(s)) as
(3.20) : ‘ !

H [ ())(/ AL x([u))] ClIi )ds

Since x(t) satisfies (3.7), from (3.19) and (3.20) it follows that

(3.21) 'gn;}[T’A(s)f(x(s)) ds=c—B
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It is easy to see that
(3.22)

< Lfaotxonas = H 29 ) Frstonrn s @)

for t = 7, where ¢’ = ¢/2 if (3.1a) holds and ¢’ = 2c¢ if (3.1b) holds. Note that (3.11)
implies there exists a positive constant M independent of 7 such that

t f(2cs) 5
ds< M
t2 f(cs)
for ¢t = 7. Taking the limit as t — oo in (3.22), we have, from (3.21),
oc 1/2
(3.23) o<c—3<M(f f(x(s))f’(x(s))Az(s)ds)

Since 7 is arbitrary, letting 7 — oo in (3.23), we see that ¢ = B. Therefore, we have
from (3.19) and (3.21) that

(24)  lim {af(x(t)) /) [ I ("(zx)([);')(]s)]’ds} _

(3.29) IEII; TfIA(s)f(x(s)) ds = 0.

In view of (3.25) we find that (3.12) is satisfied. By (3.15) and (3.24), we obtain
x'(t) = c¢/2 for all large ¢. Combining this with (3.18), we see that (3.13) is satisfied.
This completes the proof of Theorem 3.4.

When applied to the special case of the generalized Emden-Fowler equation (1.2),
Corollary 3.2 and Theorem 3.4 yield the following result.

THEOREM 3.5. In (1.2) suppose A(t) = O for all large t. Then the following statements
are equivalent:
(1) for any ¢ + 0, there exists a solution x(t) of (1.2) satisfying (3.7);
(ii) for some ¢ # O, there exists a solution x(t) of (1.2) satisfying (3.7);
(1ii) the two integral conditions below are satisfied:

oC
(3.26) f sTT4(s) ds < oo,
(3.27) [7st e (s) ds < .
For the proof we have only to notice that the condition r7!f’sYA(s)ds — 0
(1 - 00), which corresponds to (3.2), is implied by (3.26).

THEOREM 3.6. Suppose either A(t) =0 or A(t) <0 for all large t. Also suppose
either (3.1a) or (3.1b) is satisfied. Then in order for (1.1) to have a solution x(t)
satisfying (3.10) for some ¢ = 0 it is necessary that:

(3.28) f(kt)A(t) >0 (t—- o00)  forsomek # 0,
(3.29) fwf'(ks)[A(s)|ds< oo for some k # 0.
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PROOF. First we prove (3.28). If f(x) is bounded as x — oo or —oco, then (3.28) is
trivially satisfied since A(t) - 0 (t — o0). Thus we may assume lim, ., f(x) =
+00. Let x(7) be a solution of (1.1) satisfying (3.10). By Theorem 1.1 we have

’ ’ 2
o f'(x(s))[x'(s
(30)  AWD(0) = x (1) ~ f(x(r)) [FLECNE W,
o [A(x(s))]
for t = T. Using ’Hospital’s rule, we see that the second term of the right-hand side
of (3.30) tends toc as t — oo:

x f’ ’ 2 d T

%f / (F;:))([);)(]i)] ds) (E[f(x(t))] ') =x'(t)->c ast— .
t x(s

It follows from (3.30) and (3.10) that A(¢)f(x(¢)) — 0 as ¢ — oo, which implies (3.28)

is satisfied. Integrating (1.1) by parts, we have (3.16). Since x'(¢) — ¢, A(¢)f(x(¢)) = 0

(t - o), we see that

J714()17(x()) 1x'(5) L ds < oo,

and from this (3.29) readily follows. The proof is complete.
Combining Corollary 3.3 with Theorem 3.6, we have the following result.

THEOREM 3.7. In (1.2) suppose either A(t) = 0 or A(t) <O for all large t. Then the
following statements are equivalent:
(1) for any ¢ # 0, there exists a solution x(t) of (1.2) satisfying (3.10);
(ii) for some ¢ # 0, there exists a solution x(t) of (1.2) satisfying (3.10);
(i11) the two conditions below are satisfied:

(3.31) t"A(t) - 0 (1 - ),
(3.32) focsy_'lA(s)[ds< 0.

It is easily seen that Corollary 3.3 is a generalization of a result of Kwong and
Wong [8, Theorem 2]. Trench [12] showed that, if a(¢) satisfies

(3.33) lim f[sya(s)ds exists and is finite, and fwsy"|A(s)|ds<oo,
I—oc

then (1.2) has a solution x(7) satisfying (3.10). It can be verified that conditions
(3.31) and (3.32) together are equivalent to (3.33), and that if either A(¢) = 0 or
A(t) < 0 for all large ¢ then (3.31) and (3.32) together are equivalent to

(3.34) lim ['sa(s)ds exists and is finite.

r—oc
Thus condition (iii) of Theorem 3.7 may be replaced by (3.34).
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