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AN INTERFACE TRACKING ALGORITHM
FOR THE POROUS MEDIUM EQUATION!
BY
E. DI BENEDETTO AND DAVID HOFF

ABSTRACT. We study the convergence of a finite difference scheme for the Cauchy
problem for the porous medium equation u, = (u™),,,m > 1.

The scheme exhibits the following two features. The first is that it employs a
discretization of the known interface condition for the propagation of the support of
the solution. We thus generate approximate interfaces as well as an approximate
solution.

The second feature is that it contains a vanishing viscosity term. This term permits
an estimate of the form |(u™ 1) [, & < ¢/t.

We prove that both the approximate solution and the approximate interfaces
converge to the correct ones.

Finally error bounds for both solution and free boundaries are proved in terms of
the mesh parameters.

1. Introduction. In this paper we derive and analyze a finite difference scheme for
computing both the solution and the interfaces for the porous medium equation in
one space dimension. We demonstrate that the approximate solutions and the
approximate interface curves converge to the correct ones, and we obtain L* bounds
for the error in terms of the mesh parameter.

Consider the laminar flow of a polytropic fluid of density (x, t) = u(x, ) in a
porous medium which is assumed to occupy the whole space, and suppose that at
time ¢ = 0 the fluid is contained in the slab {,(0) < x < §,(0). The phenomenon can
be modeled by

(1.1) u,=(u") e, (x,0)€S,=RX(0,7T], 0<T< 0,
(1.2) u(-,0) =uy(-) inR,

where m > 1 is a given constant, and u,, is a given nonnegative function such that
uy(x) > 0if x € (§,(0), £,(0)) and uy(x) = 0 elsewhere. We assume u, is continuous
inR.

Since the problem is degenerate, (1.1)-(1.2) is interpreted in a weak sense and the
solution possesses a modest degree of regularity. Precisely (x, ¢) — u(x, ) is said to
be a weak solution of (1.1)-(1.2) if

ue C(ST)9 (um)xeLz(ST)
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464 E. DI BENEDETTO AND DAVID HOFF

and
(1.3) fRu(x, e (x, ) dxlt +fl’fk[—u¢, +(um) .| dxdt =0

for all ¢ satisfying

¢ € H'(S;) N L*(S;) and
(1.4) x = ¢(x, t) is compactly supported
in R uniformly in ¢,

and for all intervals [¢,, ] € [0, T'].
The pressure v in the fluid is connected to the density by

(1.5) v=um"!
up to some multiplicative constant, and it satisfies

m 2 .
(1.6) b= Moo, + (v,)" in Sy,
(1.7) vo(+) = v(-,0) = ug ™.

The Cauchy problem (1.6)-(1.7) is also interpreted in the weak sense
ve C(Sr); v € L(Sr)

and

(1.8)
, t m(m—2), .2 _
/Rv(x, e(x, -)|f, dx +£0L[—v¢, + movg, + = (v,)¢|dxdt=0

for all ¢ satisfying (1.4), and all intervals [¢,, ] < [0, T'].

Existence and uniqueness of weak solutions of (1.1)-(1.2) was first proved by
Oleinik, Kalashnikov and Chzou Yui-Lin in [15], and the equivalence of (1.3) and
(1.8) is due to Aronson [2].

A consequence of the degeneracy is that u(-, ¢) and v(-, t) are supported in a
finite interval [{,(2), §,(¢)].

The curves (¢,§,(¢)) and (7, {,(¢)), which we refer to as the left and right
interfaces, are Lipschitz continuous and monotone decreasing and increasing respec-
tively (see [3]). The interface curves and the pressure v are connected by the
Stefan-like conditions (see [3, 11])

m-—1
limo (x,t)=-——¢/(¢),
lim o, (x,0) = =" (0)

(1.9)
m-—1

lim 1) =-——""=¢/(¢t).

Jim o) = =" ()

It should be noted that conditions (1.9) are not part of the original problem, but
rather are known to be satisfied by the unique solution of (1.1)-(1.2). Nevertheless
our algorithm will be based upon suitable discretization of both (1.6) and (1.9).
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We now give a detailed description of our algorithm. Let Ax and At denote
increments in x and ¢, and let

x,=kAx, k€, t,=nAt, neNU{0}.

n

The approximations to v(x,, t,), {,(¢,) and §,(z,) will be denoted by v, /" and {
respectively.

Actually we shall describe the computations only for the right-hand interface; the
computations near {" are completely analogous. We therefore suppress the subscript
and denote {" by {".

To start the scheme let v) = vy(x,) and {° = {(0). Next define K(1) = max{k:
Xp+1 < §°) and sy = §° = xx(,- Then in analogy with (1.9) we compute {* from the
equation

=00+ m U?((I)At
m—1 s,

Observe that s, > Ax and §* > {°.
Now given {"*! > {" and UA for j € Z, we proceed as follows. First define

(1.10) K(n+1) = max{k:x;,, <§'},
. K(n+1)=min{k:x,_, > ¢},
t
Sn+t
tn+l" . . * ¢ * ¢
tn'. Y . hd M ¢ *
+— *
XK(n+1) gnognrl
FIGURE 1

Then for K(n + 1) < k < K(n + 1) compute v} ™! from the finite difference equa-
tion

n+1 n n _ n n n a0 2
Up — — Uy V1 — 20 + U3y m (Uk+1 vk—l)
- )

At (Ax)2 m-—1 2Ax

where € > 0 will be chosen later. Observe that we do not enforce the difference
equation across the interface.

(1.11)
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Next let
(1.12) Spr1 =81 = XK(n+1)s
and observe that
(1.13) Ax < 5,44
Then for xx,+1) < X, < §"**, compute v ** from the linear interpolation
n+1
- X
(114) R . 7
n+1

Finally set v7*! = 0 for x, > {"*! and compute {"*? from

n+1
m  Uk(n+1)
m—1 Sn+1
We shall prove that v} > 0 for all n and & so that by (1.15) {"*2 > ¢"*!. Thus the
support of the approximate solution increases monotonically in ¢.
In addition, the fact that s, > Ax insures that numerical instabilities are avoided

in the computations (1.14) and (1.15).
Introducing the notations

At
B= PRERE
(Ax)
we can rewrite the difference scheme (1.11) in the form

mB (Vg — Vg 2
-1 2 ’

(1.15) gz gt M At

Avp = 0ppq — 20, + 04y,

(1.16) ot = ol + mB(v] + &) Av} +

We shall assume throughout that

[A1] 0<vy(x)<M Vx€eR,

[A2] loo(x) = vo(¥)I < Yolx = yI Vx,y €R;

[A3] gis of the order of Ax and &> 9——= ks 270Ax
m —

[A4] 2m,B[M tet yOAx]

where M and v, are given positive constants. Since ¢ = O(Ax), condition [A4] on 8
is seen to be a slight strengthening of the usual parabolic stability condition.

We let i denote the pair (Ax, At), and we construct approximate solutions v” and
approximate interface curves §/' and {” by piecewise linear interpolation. Our results
may be summarized as follows:

[1] " = vll, s, < C(T)(Ax)”,
[11] vl > v, in L(Sy), forallq € [1, ),

X

(1] 152, 88) = (51 &) |aogo. 1y < C(T)(Ax)72,
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where p is defined in terms of m in Theorem 4.1 below. Further comments will be
made in §6 about these rates of convergence, where we present and discuss the
results of some numerical experiments.

The idea of exploiting an interface condition such as (1.9) for computational
purposes seems to have been first used by Hiiber [10] in connection with the
one-phase Stefan problem (see also [7]).

We remark on the introduction of the vanishing viscosity e. If ¢ were zero, the
continuous analog of (1.11)-(1.15) would be overspecified. The artificial viscosity &
thus seems to stabilize our finite difference scheme. More specifically, the presence
of the ¢ allows us to derive a lower bound for v’ (in the sense of distributions). This
in turn yields a uniform modulus of semicontinuity for v and, via the interface
condition, for {". It is this semicontinuity which is crucial in proving the convergence
of the approximate interface curves, as well as in estimating the rate of convergence.

We briefly comment on related, known results. In [9] Graveleau and Jamet
obtained solutions of the porous medium equation and related equations by employ-
ing a difference scheme similar to ours. However their scheme is applied in all of
{t > 0} so that approximate interfaces are not computed. Moreover numerical
evidence indicates that the supports of their approximate solutions spread out too
rapidly in time. Thus computing the interfaces by “shock capturing” seems to be
unsatisfactory.

While this paper was in preparation, Mimura and Tomoeda [13] informed us that
they have recently derived an interface tracking algorithm for the porous medium
equation. Numerical evidence suggests that the approximate interfaces computed by
their scheme are accurate, but they are unable to prove this result. In addition, their
scheme is somewhat complicated to implement, since it involves solving Riemann
problems for the Burgers equation at each mesh point. Both their scheme and ours
suffer from the parabolic stability condition Az = O[(Ax)?].

The paper is organized as follows. §2 contains the derivation of basic estimates.
Specifically we prove the finite difference analog of the following facts, which are
known to hold for the exact solution v of (1.6)—(1.7):

(1.17) O<sv<s M,

(1.18) lodlloos, < Yo (see[2]),

(1.19) lo(x,t,) —v(x, )| < Clt, — 1,]"*  (see [8,12]),
m—1 1

v, > -————— and
XX t
(1.20) m(m + 1)

(see [5]).

C

”Uxx(' ’ t)’ Ut(' ’ t)”l,R s -t—

In §3 we demonstrate the convergence of the approximate solutions and interfaces

to the correct ones by making use of various compactness arguments. The error

estimates are proved in §§4 and 5. Finally in §6 we present and discuss the results of
several numerical experiments.
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Throughout the paper we make the convention that C shall denote a generic
positive constant depending only on m, M, v, and some specified time 7.

2. Basic estimates. We begin the analysis by establishing maximum principles for
vy and for the discrete space derivative
Uk ~ Vk—1
Ax ’

We assume throughout that the initial function v, satisfies assumptions [Al] and
[A2], and that the mesh parameters € and S8 satisfy [A3] and [A4].

wy =

LEMMA 2.1. The bounds

(2.1) O<svisM
and
(2.2) Wil < Yo

hold for all k and all n > 0.

PROOF. The results hold for n = 0 by hypothesis. Proceeding by induction on n,
we rewrite the last term in the difference equation (1.16) as

mAt (Wi + W\ (Vg T Uk
m—1 2 2Ax ’

Rearranging, (1.16) thus becomes

"+1 [1_2’",3(0/( 5)]"2

23) +[mBog + o) + = B ) ot

+ [m.B(Uk €) - ’Z 'BAx

Using the induction hypotheses (2.1) and (2.2), we have that the coefficients of v}
and v},, in this expression are bounded below by 1 —2mB(M + ¢) and
mpB(e — v,Ax/2(m — 1)) respectively. Since these quantities are nonnegative by
[A3] and [A4], (2.3) shows that v;*! is a convex combination of v}, vf_,, and v}, ;.
This proves that 0 < v;*' < M for k < K(n+1). When k > K(n + 1), these
bounds follow from (1. 14)

We prove (2.2) first for k < K(n + 1). Rewrite (1.16) as follows:

(Wk+1 + wy )]Uk 1

mAt (W/:'+1 + w )2

(2.4) oi*!? —v;('+m,8(vz+e)(w,§’+1—w,?)Ax+m_1 3

We subtract from this the equation corresponding to v7*} and divide by Ax. Using
the discrete product rule

4t 4
2

b, + b4

ayb, —ay_ by = (bk—bk—1)+—2——(ak_ak—1)9
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we obtain

vy + v wl, — w_
w,:'“—w,:'+m,8(——k 2" 1+e)Aw,:’+m,BAxw,:’(——"+1 5 k 1)

m wio+ 2wl + w]_ n n
+ o I,BAX( hrl 4k A )(Wk+1 - Wi 1),
so that
n + n
(25)  witl=wr+ mﬁ(w + e)Aw,:’
m A x
m-1 B (Wi + 2mwl + wi_ ) (Wi — wisy).
This equation has the form
(2.6) witl =1 =2a)w +(a+b)wr, +(a—b)w_,,
where
n + n
2.7) a= mﬂ(% + s)
and
m Ax
(2.8) b= By + 2mwg 4w ).
By the induction hypotheses (2.1) and (2.2), a and b satisfy
(2.9) mBe < a < mB(M + ¢)
and
(2.10) 1b] < m(m+ 1) ByoAx

m-—1 2
Thus, using the mesh conditions [A3] and [A4], we obtain immediately that 1 — 2a
and a — |b| are nonnegative. Hence (2.6) shows that w/*! is a convex combination
of w{, w{_, and w, , and so satisfies the bound (2.2).

Finally, we prove (2.2) for x, near the interface. Thus let k = K(n + 1) and let
s, = §" — x4, so that
Wie1 = —Ur/Sy.

Using the difference equation (1.16), we then have that

n+1
1
it =B = Lt o+ )ty — i)
sn+1 sn+l

mAt wh + w 2
+Tl{(wk+1)2+(—k“2—k) _(wl:'+l)2}:|

rf 1W:+1At)

n
__wk+l( ’

Sn+1 m

+ (Wi = wy (vk +¢) -

At (3wl + wg)
1 4 :
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Buts,,, = s, — mAmw},,/(m — 1) by (1.15). Therefore

(2-11) lelill =wip t C(Wl? - WI:'+1)»
where

o m " At (i, + W
(2.12) 0= [BAx(vk +e) =t 1( . ) .

Again, using the induction hypotheses (2.1) and (2.2), we obtain that

mpBAx (e _ YoAx

(2.13) T2

A
)<c<m,B(M+e+ Yo x).
Sn+1 m—1

The mesh conditions [A3] and [A4] then imply that 0 < ¢ < 1. Thus (2.11) shows
that w'}! is a convex combination of w}, ; and w}, and so satisfies the bound (2.2).
Finally, when kK > K(n + 1) + 1, wf*! is between w/;! and 0, and so again
satisfies (2.2). O
The bound (2.2) for wf, together with the interface condition (1.15), shows that
(§"*Y = ¢™) /At < C. Since At = O(Ax?) by [Ad], it follows that s, < 2Ax +

O(Ax?) (see (1.10) and (1.12)). Combining this with (1.13), we therefore have
(2.14) Ax <5, < 3Ax

for small Ax. Actually, any upper bound on s,/Ax will suffice for our purposes.
However, for the sake of simplicity, we shall make use of (2.14) without mentioning
the precise conditions on Ax which justify it.

In the next lemma we establish a lower bound for the second spatial differences of
v%. This lower bound will provide a uniform modulus of semicontinuity for w;' and,
via (1.15), for ({"*! — ¢™)/At as well. This semicontinuity will be crucial later for
obtaining error estimates for the approximate interfaces.

LEMMA 2.2. Define K by K = (m — 1)/m(m + 1). Then the bound

Av, Ui — 20f + U} K
215 k _ Uk+1 kT U R
( ) Ax 2 sz tn

holds for all k and all n > 0.

PRrOOF. Denote the variable in question by Z;'. That is,

n n oy
_AvE Wi W

Zk sz Ax

Now, if 0 < ¢, < KAx/2Y,, then

el + Wil _ 2%

1Zel < =—A <3y

<K
\tn-

We proceed by induction, assuming that (2.15) holds at time level n, and that
(2.16) t,+1 > KAx/2y,.
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The first case is that in which k < K(n + 1) — 1, so that both w]'*! and w/'} ] satisfy
(2.5). Subtracting and dividing by Ax, we thus obtain

n + 2 n + ’l_
Zpt =z + mﬂ(vk+1 :k k-1 e)AZ,f
Uks1 ~ V-1 \[ AWs1 + AW
+mB( 2Ax )( 2

m ,B n
m—1 8 [Wk+2 +2m + 1)(wpyy +wi) +wi (20 - Z7))

m_ BAx
m—-1 8

We rewrite the third term on the right as
mBAx

=(Zg o+ 2mZ; + Z7 ) (wiy = we Wi — wily).

—— (Wi +wi(Zia - ZE),
and the last term on the right as

m At
m—128 (Zk+1 +2mZp + Z_ 1)(Zk+1 +2Z¢ + Z; 1)

The result is that

217y Z'=Q-2p)Z; +(p+q)Z} 1 +H(Pp—9)Z;,
+"(Z/?+1 +2mZ; + Zl?—l)(ZI:l‘H +2Z; + ZI:—I)’

where

k+1 T 20 + U}

p - mpFATE )
m BAX n n n n
q=mT[Wk+z+(4m_1)(Wk+1+wk)+wk—1]

and

pem At

m-18°

We shall show that Z*! in (2.17) is an increasing function of each of the
quantities Z;, Z;_, and Z;, ;. Using Lemma 2.1, we have

aZ,?+l
YA

=(1-2p)+r[@m+2)(Zy,, + Zp_,) + 8mZ]]

=(1-2p)+ A—rx[(2m + 2)(Wiiy — wisy) +(6m = 2)(wi, — w; )]

_m At
m—1 8Ax

—1—2mB[M+e+ loAx] >0

>1-2mB(M +¢) - - 16my,
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by [A4]. And similarly,

aZI:'+l n n n
Y =ptq+2r[Z;, +(m+ 1)Z7 + Z7_ ]
2r n n n n
=Pi”q+‘Ax[Wk+2‘Wk—1+m(wk+1‘wk)]
m_ BAx 2m At
>mBe =21 ¢ T a1 g (T 2w

3m+l

by [A3].
Thus Z7*! is bounded below by the right side of (2.17) with Z}, ZF_, and Z},,
replaced by -K/¢,.. That is,

Zntl s _ K+m(m+1) £2At=—£[l—m(m+1)£
k=, m-1 \1, n m—-1 n
Kn-1 K n K
= —— 2_— =
t, n t,n+1 ths1
as required.

There are several cases to consider in order to establish the bound (2.15) for Z*!

when x, is near {"*'. Now, when Z/*! > 0, (2.15) is automatically satisfied. We
may therefore assume that Z*! < 0; that is, that
:} + Un+1
2

But this shows that v]*! is positive and that v} *! is not computed from the linear
interpolation (1.14). Therefore it must be that k < K(n + 1). Since we already dealt
with the case that k < K(n + 1) — 1, we may therefore assume that k = K(n + 1).

Thus wi*! and wy'}| satisfy (2.6) and (2.11) respectively. These equations may be
rewnttcn

< vn+1

n+1

Wiil = Wiey — cAxZy
and
witl =wi +(a+ b)AxZ} —(a — b)AxZ]_,,

where a, b, and ¢ are as in (2.7), (2.8), and (2.12). Subtracting and dividing by Ax,
we thus obtain
(2.18) Zit'=(Q1-a-b-c)Z} +(a—-b)Z]_,.

We checked in the proof of Lemma 2.1 that a — |b| > 0. Using (2.9), (2.10), and
(2.13), we have that

o _ m(m + 1) ByAx YoAx
l-a-b-c>1-mB(M+¢) - e > m,B(M+s+m_1)

=1-2mB|{M+¢e+ yOAx},

(1)

which is nonnegative by [A4].
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Finally, using (2.9), (2.10), (2.13), and (2.14), we have that the sum of the
coefficients in (2.18) is
m(m + 1)
m-—

A
1-2b—c<1+ y°x)

ByoAx — 'B( e- 1)

Using the definition of K, this bound may be rewritten as

By,Ax 1 mpe
1+ 1+ - .
K 3(m+1) 3
Using condition [A3], we then find that
2By,Ax 2y At
1-2b-cx1 s 1- X Ax'
On the other hand, we have from (2.16) that ¢, ., > KAx/2Y,, so that
1 27() At

n+1° SK K Ax’
Thereforel —2b—c<1-1/(n+ 1)=n/(n + 1), and (2.18) shows that
K n K

Zn+l>__ = _ . O
ke Z 1,n+1 Lyt

ReMARK. The Barenblatt-Pattle solution [6, 16] shows that the constant K =
(m — 1)/m(m + 1) is the best possible (see also [5]).

We can improve the bound (2.15) by imposing additional regularity conditions on
UO-

COROLLARY 2.3. (a) If v, is a concave function, then
(2.19) Avy/Ax* < 0
forallk and alln > 0.

(b) If there is a constant C, such that
vo(x + h) — 2v5(x) + vo(x — h)

W2

(2.20) -c,

holds for all x and all h > 0, then
(2.21) Avl/Ax? > -G,
forallkandalln > 0
PROOF. We showed in the proof of Lemma 2.2 that, in all cases, Av}*!/Ax? is an
increasing function of Avj/Ax? and Av} , ,/Ax?. The bounds (2.19) and (2.21) then

follow easily from (2.17) and (2.18). O
Next, we obtain a bound for the discrete time derivative near the interface.

LEMMA 2.4. There is a constant C such that
AR
| At
holds forn > 0 and k > K(n + 1).

<C
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PrOOF. We use the symbol O(-) to denote dependence on mesh parameters. Let
k> K= K(n+ 1)andlets, = {" — xg. Then from (1.14) we have that

n+l _ .n n+l __ n _
vk Uk= 1 [f xkvn+1_§ X n:|

— v
At At s, K s, K

_ v;r(+l _ v;l( L §n+l - x; B {n - X .
B 0(1)[ Ar T At( Spa1 5] k|-
The first term on the right can be estimated by using the difference equation, (1.16):
n+l __ .n n — wh
KK — (v + ) K 4 0(1) = 0(1)

since vy + € = O(Ax). And the second term on the right is

0(Ax) - [s" + o(Ar) - xkliés;[lsé: 0(A)] (5" ~ x,)

=0(1). O

Lemmas 2.2 and 2.4, together with the difference equation (1.11), now imply the
following bound for the discrete time derivative.

COROLLARY 2.5. There is a constant C such that

(2.22) > —C(l + l)

tn
holds for all k and all n > 0.

In the next lemma we use the one-sided bounds (2.15) and (2.22) to derive L
estimates for Avf/Ax? and (v}*! — v})/At.

LEMMA 2.6. (a) For a given T > 0 there is a constant C such that

n
v 2% s, ¥ 1

Ax < C[1+ =
% | Ax? K h ( ’)

n+1

v = Uk

At

n

holds fort, < T.
(b) If the initial function v, satisfies the hypothesis (2.20), then

Av} vptt — vy

e
(c) And if v, satisfies (2.20) and is concave, then
Avj vitl — ot
Ax? At
PROOF. From Lemma 2.2 we have that
Ax?| T Ax? 4,
We multiply by Ax and sum over . Since v} is zero outside an interval of length
C(1 + t,), we obtain that

n+1

Ax < C.

< C.

b

Avy
Ax?

)»

k

Ax < ?C—(l +1,).
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The other bounds in (a) and (b) are proved similarly. (c) follows from Corollary 2.3,
the difference equation (1.11), and Lemma 2.4. O

In the final lemma of this section we establish the Holder continuity in time of the
sequence { v} }.

LEMMA 2.7. Let T > 0 be given. Then there is a constant C such that the inequality
0F = 071 < C(It, = 1,2 + Bx) < (C+ B7/2) e, — 1,['/2
holds for t, and ¢, in [0, T] and for all k.
ProoF. Fix a point (x,, 7, ) and let 7, > ¢, be given. Let Q be the rectangle
= [xko P, X, t el X[tno’ L

where p is a multiple of Ax to be chosen later. Define the quantities

(2.23) H= max |vj — v},
ngsn<n
c=2m(M+s)+ lyop,

Ul = vk — UZ?, ~ YoP — ?[(xk - xko)z + C(‘n - tno)]‘

We shall show that U < 0 for (x,, t,) € Q by induction on n. When n = n, and
|xx, = Xl < p, we have, using Lemma 2.1, that Ug® < v3° — v} = Yop < 0.

For the induction step we consider the following three cases: |x, — x, | = p,
k> K(n+1)and |x, — x, | < p with k < K(n + 1). In the first of these, we have
that

Ukn+1 < (UZ+1 _Uz+1)+(vr,::1 g)_.YOp_H’

0

which is nonpositive by (2.2) and the definition of H. In the second case, we have

VRt < YoSp41 < 3¥0Ax, so that

U™t < 3v08x — vop,
which is nonpositive provided that
(2.24) p > 3Ax.

For the third case, we employ the linearized difference operator L, defined for a
given sequence Z; by

Zn+1 Z Z
LZn+l % _ (U + 8) k
_  m UZ+1'U/<—1)(Z/<+1 _Z/:'—l)
m-—1 2Ax 2Ax )

Applying L to U;" and using (1.11), we find that

H m Vo1 = V=1 \[ Xks1 + X1
LU = 2 —c+2m(vZ+e)+m_l( +2Ax )( * 5 —xkn)
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so that, by (2.1) and (2.2),
n H
Lyr? -p—z[ c+2m(M+e)+ lyop] 0

by the definition of c, (2.23).
On the other hand, we can rewrite the inequality LU*! < 0 in the form

n+l [1 - Zmﬂ(vk + 5)] Ue

+[’”B("2 + 3) _gf(vﬁl - 02—1)]Uk"+1
[mB(Uk +¢) + 'B (Uk+1 U 1 ]Uk 1

The coefficients of U on the right-hand side of this inequality are exactly the same
as those of v/ in equation (2.3). We showed in the proof of Lemma 2.1 that these
coefficients are nonnegative. We therefore have that U*! is a convex combination
of Uy, Uy and U}, ,, and so is nonpositive by the induction hypothesis.

Setting k = k in the result U” < 0, we thus obtain that

H
vko—v < Yoo+ — p

where s = ¢, —1,. In a similar way, we can establish the same inequality for
VR = Uk, Taklng the maximum over n € [n,, n,], we thus obtain

(2.25) H < vop + 2
p

We shall choose p so that cs/p? < 1/2. Specifically, p should satisfy
p; + 3Ax < p < p; + 4Ax,

where p, is the larger root of the quadratic equation

p? — 2¢cs = p? — mZT Yosp — 4m(M + €)s =0

1

An easy computation shows that p, = O(s + s/?) = O(s'/?) for 1, < T, and
p > 3Ax, as required by (2.24). Since ¢s/p* < 1/2, (2.25) becomes

H < 2yp < 27,(p; + 4Ax) < C(s¥% + Ax).
In particular,
lop = vie| < C(It,, — 2,2 + Ax). O

We remark that the proof of the above lemma is the discrete version of an
argument given by Kruskov [12] and Gilding [8].

3. Convergence of the approximate solutions. Let & denote a pair (Ax, Ar) whose
elements satisfy the mesh conditions [A3] and [A4]. We define approximate interface
curves f = {"(t) and 1 — {/'(¢) by piecewise linear interpolation: for ¢, < t < 1,1,
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m Uk
L"(t)=$°,"+m ';(")(t—t,,),

where {”, v}, and s, are as in §§1 and 2; and similarly for {}'(¢). The estimate (2.2)
for vk,,/s, then shows that the nets {{(¢)} and {{/(¢)} are uniformly Lipschitz
and uniformly bounded in finite time.

t
t - R
n+1
Sk

n

- Tk
tn

: + x
X Xk+1
FIGURE 2

We construct approximate solutions v*(x, t) in an-analogous way, as follows. If
T and S are the triangles in Figure 3.1, then

o"(x, ) = of +(x = x )Wl +(E - )0, (1) ETy,

and
h — +1 +1
v(x, 1) = vpi] +(x = x ) )will + (0 = t,41) 08, (x,1) €S,
Here
no_ n n+l _ .n
B Sl S G il
k Ax k At '

It follows immediately from Lemmas 2.1, 2.2, 2.6, and 2.7 that the functions v"
satisfy

3.1) 0<v(x,t)< M,
(32) W o aes
(33) Sl o)
for t > 0 are finite measures in R with mass
Mol fsl<eld)

and
(3.49) |*(x, 1+ 5) —v*(x,1)| < C(T)s*?, O0<t<t+s<T.
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Throughout this section we fix a time T and a rectangle Q = [a, b] X [0, T'], where
[a, b] is large enough to contain the supports of v*(-, ¢) for all 4 and all ¢ € [0, T]
(see (1.15) and (2.2)).

The properties of {7, {/, and v" described above insure that, for every sequence 4,
tending to 0 subject to the mesh conditions [A3] and [A4], there is a subsequence,
which we index simply by 4, for which

v" - v* uniformly in Q,
h ¢t — ¢*, ¢ uniformlyin [0, T],
and
vt > w*  weakly in L2(Q).

Our goal in this section will be to prove that v*, {¥*, and {} coincide with the exact

solution and interface curves for the problem (1.8). Actually, the convergence of v”,

. and { also follows from the error bounds which we shall derive later in §§4 and
5. However, the arguments of the present section are much more direct. Moreover,
we obtain here the convergence of v in L?(Q) for all p < . As a byproduct of
these arguments, we thus obtain in addition a constructive proof of the existence and

regularity properties of the solution of (1.8).
We begin by showing that v” — w* strongly in L?(Q) and that, in fact, w* = v*.

LEMMA 3.1. For any t > 0 the net {v(-, t)} is precompact in L'[a, b].

PRrOOF. The proof consists of estimating the L' difference between v”(-, t) and its
spatial translates. Given ¢ > 0, choose n so that 7, <t <¢t,, ;. Then when & is
sufficiently small, 0 < ¢ — At < ¢,,.

If we take p = /Ax where / is a positive integer, then it is easy to see that

(3.5) f]vf(x +p,t) — v (x,1)|dx
R
< C( Dt = wilax + Tiwih = wiax).
k k

The first of these sums is bounded by

K+l jw" — w | S w - |Av?| G
J J-1 2 J J-1 2 J p
) Ax?<) ) Ax?=p) Ax <
% ekl Ax T ki Ax y Ax? t— At

by Lemma 2.6. Dealing with the second sum in (3.5) in a similar way, we find that

Cp
h — ph
(3.6) [t G+ oy 1) = (w0l dx < =

holds when p/Ax is a positive integer.
When p; < Ax, |v!(x + p;, t) — v¥(x, t)| will be zero except when x is within p,
of the nonhorizontal sides of the triangles 7, and S;. Thus

LIt + i) = b Ol d < Cou( Zwfy = w1+ Tzt = wi ).
k k
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But this expression is p; /Ax times the right side of (3.5) with / taken to be 1. The
computations we made above therefore show that

Cp
h _ ok 1
/;lvx(x-i-pl,t) vi(x,t)|dx < AT

Combining this with (3.6), we see that (3.6) now holds for all p > 0. The conclusion
of the lemma now follows from [1]. O

Lemma 3.1 thus shows that { v/} has strong L' limit points. In the next lemma, we
prove that these limit points can be identified as the derivatives of limit points of

{v").
LEMMA 3.2. Let v" denote a sequence of approximate solutions which converge to v*
uniformly in Q. Then v! — v* in L?(Q) for everyp € [ 1, ).

PrOOF. By Lemma 3.1, every subsequence of {v”(-, r)} has a subsequence which
converges in L'(R). Thus let {A’} C {4} and let v!'(-, r) converge to a function §(x)
in L'(R). We shall show that §(x) = v*(-, t) ae.

First, if y € Hj(a, b), then

fa”[v,'g'(x, 1) = ¥ (x, O] [07(x, 1) = (x,1)] = 0.

We take ¢ = n¢ + (1 — n)v*(-, ¢) in this relation, where ¢ € H}(a, b). Since v" -
v* uniformly and v'(+, t) - ¢ in L' we obtain, by letting & — 0, that

b
0 16 = ne, (1 = m)oz(-, ][ = v*(-, )] dx = 0.
Dividing by 7 and letting 7 — 0, we then find that
b
[le= o 0lle = v*(-,0)] dx =0

for all ¢ € H)(a, b). This shows that ¢ = v*(-, ¢) a.e. Thus every subsequence of
{v(-, 1)} has in turn a subsequence which converges to v*(-, ¢) in L'(R). Therefore
the entire sequence converges to v*(+, ¢) in L'(R). Finally, since ||v||, < v, for every
h, we have that

T 1/p
162 = ol ¢ < C()| [ 10, 0) = o2 )bt =0

by the dominated convergence theorem. O

We remark that the proof of Lemma 3.2 is an adaptation of an argument given by
Minty in [14].

The next theorem contains the main results of this section.

THEOREM 3.3. Let v, §,, and §, denote the exact solution and interface curves for the
problem (1.8). Then

(3.7) v" = v uniformly in Q,
(3.8) vt > v, inL?(Q),p < oo,
and

(3.9) $F¢h - 8,8 uniformly in [0, T.
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We prove (3.7) by showing that limits of converging sequences from {v"} satisfy
the weak equation (1.8), and so agree with its solution v, which is known to be
unique. Thus let {v"} denote such a sequence and let v* — v* uniformly in Q, so
that v”(-, 1) = v¥(-, t) in L'(R) for every ¢ > 0. It will be sufficient to show that
(3.10)

j;v*(x, eé(x, ) :dx + /T’TZ‘[R[—v*q), + mv*v¥e, +

for all C* functions ¢ satisfying (1.4) and for0 < T, < T, < T.

Given such a function ¢, let ¢}, = ¢(x,, t,) and consider the quantity
(3.11)

Nz 1 n+1 A n — 2
{Z[ —m(vk+s) Uk - mnil(kazAka_l) ]q)','(Ax}At
n=N,

for appropriate N, and N,. Now, the expression in brackets vanishes for K(n + 1) <
< K(n + 1). And for other values of k, we have that (v7*! — v7)/At = O(1) by
Lcmma 2.4, and

m(m

m—Z)(v*) ¢] dxdt =0

An n — n
(v +¢ A)‘ikz— x l”k—“—A—x&=o(1)

by Lemma 2.1. Thus the quantity (3.11) approaches 0 as & — 0.
On the other hand, we can sum by parts in (3.11) and match the resulting terms
with the corresponding integrals in (3.10). We shall carry out the details only for the

most complicated term. Using Lemma 2.2, we may rewrite the second two terms in
(3.11) as follows:

(3.12)
W"+ — W 1 W"+ 4+ wt 2
—mZZ[(vZ+e)¢',§ . ./1&x . +m_1( £ 12 w") qb’,;]AxAt

(vi + )¢ —(vi_y + e)ehiy 1 n\2 on
—mZZ[ { Ax }—m_l(wk bk
X AxAt + O(Ax)
n __ n_ 1
—mZZ[Wk{ i ¢k+(vk 1+3)¢k Afk 1}_m_1(w:)2¢1]
X AxAt + O(Ax)
=2 22 (g axar + mE K vpwge, (34, 1,)AxAr + 0(45)

for some X} € [x,_;, x,]. We shall show that the second sum here converges to the
second term on the right in (3.10). First note that, since v*(x, t) = wf on T, U
Ny

wiAxAt = fj v (x, 1) dx dt.
" US"—I
k-1 k-1

Since ¢ is smooth and v” is Lipschitz in x and Hoélder continuous in ¢,
viwis, (%1, 1,)AxAr = [ f Vit dx dt + O(Ax + Ar/?)AxAt.
EUSET)
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Therefore the second sum in (3.12) is
T
f Z/mv"v,’('@ dxdr + O(Ax),
7, 'R
which approaches

LTZ mev*v_‘:q)x dx dt

1
as h — 0, since v" - v* in L* and v — v in L, with v and v” uniformly bounded.
The other terms in (3.11) are handled in a similar manner. Thus v* satisfies (3.10) for
all appropriate test functions, and so coincides with the unique solution v of the
problem (1.8).
The proof of (3.9) is based upon the following technical lemma, which will be used
again in §4 for the derivation of error bounds for the approximate interface curves.

LEMMA 3.4. Let {{"} be a subsequence such that {! — {* uniformly in [0, T] as
h — 0. Then for every t > 0 and for any positive numbers & and n,

{8[§f(t+n)_§;k(t)]__62¢}

(m+ 1)t

m

(3.13) [*"u(;;*(s) - 8,5)ds > L

for 0 <t, t + 1 < T. Moreover, if d{¥/dt exists and is positive at t, then there are
positive numbers 8, and C such that

(3.14) v(§*(t) —8,1) > C8
holds for 0 < & < §,.

PROOF. Let p, q, and N denote the largest integers in 8 /Ax, n/At, and t/At
respectively. Then

N+g-1 N+g-1 K(n)
(3.15) Y Uk, = X |k — Y wihx|A

n=N n=N j=K(n)—p+1

Using Lemma 2.2 and the definition (1.15) of {#, we have that
K(n) K(n) K(m=1 4 n

- Y w'Ax = Y Wit X lex Ax
J=K(m—p+1 j=K(m—p+1 1= Ax
m-1 Y [fﬁ(z,,ﬂ) —8() 1 pr] Ax
Mo K(-p+l At m+1 1,

=m-1[§f(zn+1>—ff<tn) N <PAx>2].

m

At P m+1 t

n

Substituting this into (3.15) and discarding the nonnegative term v, we obtain
N+g-1

(3’16) Z U;'((n)-pAt > ol {[frh(th) - grh(tN)] pAx — —'—( pr)z(th) }

't m (m+ 1)ty

Now (3.13) follows by letting & — 0 and using the uniform convergence of v" and {”.
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If d§*(1)/dt > 0, then there is a positive number p such that {*(z + 1) > {*(¢) +
pn for small . For such 7, then, (3.13) shows that

t+7 " m—118 8277
ft U(K,(S)‘S,S)d-f?'m—[‘ipn-m]-

Dividing by 75 and letting n — 0, we thus obtain that

v({i"(t)—-&,t);mm [7”_ ]>(m 3)8

(m+ 1)t m 4

iféd<8=(m+ /4 O

PROOF OF (3.9). Let {{"} denote any subsequence converging to a curve {*
uniformly in [0, 7). We shall show that {*(¢) = {,(¢) for every T. First observe that,
since v"(x, t) = 0 for x > {"(¢), v(x, t) must be 0 for x > {*(¢); thus §,.(¢) < $*(¢).

Now suppose that §, < {* on (¢, ¢ +m) with {.(z) = {*(¢). Then since ¢, is
increasing, there must be a time ¢ € (¢, ¢ +7) at which d{* /dt exists and is positive.
But then (3.14) shows that v($*(¢) — 8, t) is positive for small §. However, this
implies that §,(¢) > §*(¢), which is a contradiction. Therefore there is no maximal
time ¢ for which {*(¢) = {.(¢) for 0 < ¢ < t. Since {, and {* agree at ¢ = 0, they
agree for all 7. Similar arguments hold for /(). O

4. Error bounds for the approximate solution and interface curves. In this section
we prove the following theorem.

THEOREM 4.1. Fix T > 0. Then there is a constant C such that, for 0 < t < T,

a 1/(p+3)
(4.1)  [v*(-, 1) = v(-, 1)l g < Cmin [(M;w) ,,1/2+Ax]
and
(4.2) () = $(0)] < CAAm I (Axcjlog Ax]) /X,

where § is either {, or §,. Here

(1 1<m<2,
«= l/(m_l), zsm,

and
p={(m+1)/(m—l), 1<m<2,
m+1, 2 < m.
We remark that, if the initial data v, satisfies the hypothesis (2.20), then the term
[log Ax| may be omitted from the bounds in (4.1) and (4.2).
The proof of Theorem 4.1 will be given in a sequence of lemmas. First we

introduce the weak truncation error associated with an approximate solution. If ¢ is
a smooth function satisfying (1.4), define

(4.3) J(v, 9,8, 1) = ff[v¢+mvu¢+ ( )2 dxdt.
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Thus v is a weak solution of (1.6) if and only if J(v, ¢, t;, t,) = 0 for all ¢ and all
intervals (1, ¢,). The weak truncation error associated with the approximate solution
v* is then the functional J(v" + ¢, -, t;, t,). We have the following estimate for J.

LEMMA 4.2. Let f satisfy (1.4) and assume that f, and f, are in L*(R X [0, T']) with
f(x, T)=0for all x. Then if ¢ = (V" + &)@ =™/ (m=Df,

(4.4) |J(v" +e,9,8,T)| < CllifllAx*flog 8],
where lIfIl = 11flle + I fills + Il filloo-

The proof of Lemma 4.2 is quite technical and lengthy. We therefore postpone it
to §5.
Next, we define functions « and u” by the relations

u=o/m"D and y* = (vh + 8)1/('”_1).

In the following lemma we exploit the above estimate for J to obtain a bound for
uh — uin L™,

LEMMA 4.3. There is a constant C such that
T rb T m m 2
(4.5) j(;/‘;|u"— u|"'“dxdt+jl;[/0 ((u")™ = u )xdt] dx
< C[L(u, ut)Ax|log Ax| +(Ax)m/("'_1)],
where
L(u,u")= ||(“h)m — U™ Rx(0, 7] +|’j;r((“h)m - “m)xd"'

PROOF. Let ¢ and f be as in Lemma 4.2. Then after integrating by parts in (4.3)
and substituting, we obtain

46)  J(v"+¢,6,6,T)=(m— l)j;TL[uff+(uh);"fx] dx dt

0. RX[0,T]

=(m- 1)[—'/;u"(x,8)f(x,6) dx —j:j;(u"f, —(u")7f.) dxdt].

We shall replace § in these integrals by 0. The resulting error in the second integral
on the right will be no more than Cl||f|Il8. To estimate the change in the first
integral, we use the fact that " is Holder continuous in ¢, which may be established
as follows. When m € (1,2 ] we have from Lemma 2.7 that

lu(x, 1,) = u"(x, ;)| < Clo*(x, ;) = v"(x, ;)] < Clt, — 1|2
And when m > 2,
luh(x, t;) = u"(x, )" < Jut(x, tz)m_l - uh(x, tl)m_ll
= |o"(x, ;) = v"(x, ;)| < Clt, — 1'%

Thus u* is Holder continuous in ¢ with exponent a/2, and

jk [u"(x, 8)f(x,8) — u"(x,0)f(x,0)] dx| < ClIfIlI§=/2.
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We thus obtain from (4.6) and Lemma 4.2 that

fu"(x,O)f(x,O) dx + frf [uf, = (u")7f.] dxdt < ClIfNI(Ax=log 8] + 8°/2).
R 0 ’R

Now subtract from this the weak form of the original equation for «, (1.3), and take
8 = Ax?. The result is that

T m
(4.7) f f[(u" —u)f, = (&)™ = u™) f.] dx dt < ClIfllAxlog Ax|.
o 'R
We have used here the fact that
llu(-,0) = u"(+,0)llo g < CAX?,
which follows directly from the definitions of u and #” and from the Lipschitz

continuity of vj.
In (4.7) choose

f(x, t) = f’[(uh)m _ um](x’ S) ds +(T _ t)e'"/<m_l).
T
It is clear that f satisfies (1.4) and the conditions of Lemma 4.2. Observe also that

/OTfR(“h - u)f, =f0TfR(u" —u)[(u")" = um — em/m1]
S ‘/(‘)T/‘bluh _ ul,,,+1 — Ceom,

and that

(6" = w) = 3| L7 =) (x5 o]

so that

[l =g = =5 L7 = ) x0) ]

Now (4.5) follows by making these substitutions into (4.7). O
The next lemma contains the corresponding estimate for the error in v”.

LEMMA 4.4. There is a constant C such that

fT/blu" — v|P dxdt < C[L(u,u")Ax?log Ax| + Ax*™],
0 Ya

where L is as in Lemma 4.3 and a and p are as in Theorem 4.1.
PROOF. When m > 2, we have
(0" + &) = o] = (") " = w7 < (m = 1) MDDk — ),
And if 1 < m < 2, then
I(vh + 8) _ vll/(m—l) < I(v" + 8)1/('"—1) _ Ul/(m—l)l = Iu" — ul.
Since € = O(Ax), we have in either case that
|o* — v]? < C(Ju" — u|™*! + Ax”).

The conclusion then follows from Lemma 4.3. O
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In order to deduce the L* bound for v — v" from the above L? bound, we shall
require the following interpolation inequality.

LEMMA 4.5. Let z be a continuous function on S; =R X [0, T] with support
z(+,t) C [a, b] for t € [0, T]. Assume also that

(@) z, € L*(Sr), and

) 2,(-, 1) € L\R) with||z,(-, 1)ll,r < Co/1.

Letp € [1,0) and ! > 0 be given. Then there is a constant C independent of | such
that the inequality

C
(-, Ol g < _(lt)—l/(1;+—3)F(z)”Z”§,/fvf+3)

holds for0 <t < T — . Here

1/(p+3)
F = +1 z 2 { +1 Cillz p—1 +1
(z) = “z ||l/(£ )[ sup ” ('a s)”plj » )+ 0” x”oo( ,Sr)/(p )

t<s<T

PROOF. For ¢ > 0 we have
(48) 2(x, 1P < (p + 1) [[12(x, )71z, (x, 1)) dx
R

< C”zx“co.Qy(t)p9
where y(t) = ||z(-, 1)|| » & Differentiating the definition of y(¢), we obtain

(4.9) y ()™

Combining (4.8) and (4.9), we thus obtain

d -
@< ClzCL0NERz L Dl

-1 dy (p-D/(p+1) _
O et e PN 1L TR G T
so that
(r-1/(p+1)| 4 -
(@100 (OGS UL Nz (- s
Now let x(¢) be the cut-off function

1, 0
x(1) = {1_%[,_(7*_1)], T—-1<t<T.

Then forg > 1and 0 < ¢ < T — /, we have

() =(rx)s < Qj;T(XY)q—l(lely + X‘%’)

q T q q—li)i‘
<lf,(y AR P

=9 (T a-1-(p-1/p+ 1) L +(p-Djp+1 -N/p+1
_7f YOI DAPHN [ L= DARED 4 (P DApTD)
t

i
dr |/’
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Now choose ¢ = p(p + 3)/(p + 1) > 1 and use (4.10) to estimate the second term
in the above integrand. The result is that

y(t)P(p+3)/(p+l)

C[ T
< T a s [P 4z e - 5) ).

t<s<T

Using hypothesis (b), this may be rewritten as
(4.11)

pp+3/p+n € 2 fpel CoAeet
y(1) < Flllllﬁ.sr[ sup [|z(-, )R PHD + Gollz,llSE s/ P * )].

t<s<T

Now by (4.8) we have that
(4.12) 120+, Dl g < Cllz 1@ Dy (1) P+,

The result then follows by substituting (4.11) into (4.12). O

We can now prove the first half of Theorem 4.1 by applying the interpolation
inequality of Lemma 4.5 to the L?” error bound in Lemma 4.4 as follows.

PROOF OF (4.1). It is clear that v" — v satisfies the first hypothesis of Lemma 4.5.
In addition, hypothesis (b) is satisfied because of (3.3) and the results of [5].
(Alternatively, we can observe that the conclusion of Lemma 4.5 remains valid for
limits of functions which satisfy hypotheses (a) and (b) uniformly. And v is such a
function by the results of §3.) Replacing T — / and T by T and T + 1 respectively,
we therefore obtain that

10 0) = 0+ Dl < 7 10 = ol37,

where S7 = R X [0, 7T + 1] and p €[ 1, ) . But it we choose p as in the statement
of Theorem 4.1, then Lemma 4.4 shows that

lo* = vl|2 5, < CAx*|log Ax|.
Therefore

Ax®flog Ax|\/?*?
0%+ £) = o, )l < O FEEES) T

On the other hand, the Holder continuity of v and v in time shows that
0" (-, 1) = o(+, 1)l p < C(£/% + Ax)

for any ¢. The estimate (4.1) follows from these last two inequalities. O

Next, we deduce the bound (4.2) for the error in the approximate interfaces from
the above bound (4.1) for the error in v”. Again we drop the subscripts and denote {*
and {, by {* and ¢.

PROOF OF (4.2). First we refine the result in Lemma 3.4. Divide (3.13) by 5 and let
1 — 0. The result is that

(4.13) o(¢(1) =y, 1) > 2 ys“() (—;—ﬁ] a.e.
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A similar bound holds for v*: taking ¢ = 1 in (3.16), we have that
(jax)’ ]

n m—1 : “h
> — -
Uk(ny—j m [(]Ax)f (tn) (m + l)tn
Since v" is Lipschitz in x and Holder continuous in ¢, and since {* is piecewise linear,
we can conclude that

610 A0 0> 00y -

Yy |{_
(m+1)t] CAx a.e.

Now let {v;,v,} = {v,v"} and let {; and {, be the corresponding interface
curves. Assume that, at time ¢, 0 < {,(¢) — §;(¢) = y. Then we have, using either
(4.13) or (4.14), that

(4.15) |lo"(-, 1) —o(-, Nler > (v, — ) ($i(2), 1)
= 0,(§,(1), 1) = 0,(5,(1) =y, 1)

m 1 [@(z)y—m—yjl—)—,] - cax

> m- 1 [(fz - gl)(§2 -&) - M] - CAx.

P

m (m+ 1)t
Now let
F(1) = [5(0) - L)
and let E(¢) be the bound in (4.1) for
”vh(" t) - U(', t)”oo.R'
Then (4.15) shows that

2

F(r) - (m+ 1)t

F(1) < E(1),

where we have subsumed the CAx term into E(7). Integrating, we thus obtain that,
for any § > 0,

(4.16) F(1) < ¥/m*D)| §2/m+ DE(5) + [ Ts=2/m+DE () gs .
8

Now, since

F(8) = [$(8) = $(8)]” < (K*(8) = £(0)] + 1¥(0) - §(8)))" < €82,
the first term on the right of (4.16) approaches 0 as 8 — 0. In addition, the integrand
in the second term of (4.16) is bounded by

Cs—(l/(m+1)+1/(p+3))(Axallog Ax|)l/(p+3).

A short computation shows that the exponent of s here is greater than -1, so that
this term is integrable on [0, ¢]. We may therefore conclude that

15 (1) = ¢(1)| = F(1)"* < ci/m+D(Axlog Ax))/*?*?. o
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5. Estimate for the weak truncation error. This section is devoted to the proof of
Lemma 4.2. Since the arguments are technically involved, even though simple, we
begin by listing a few facts to which we will refer systematically. In the estimates to
follow we will use repeatedly the bounds established in §2 without specific mention.

Let 7" and S} be the triangles in Figure 3.1, and let v be the piecewise linear
interpolation of v} introduced in §3. In T,", v" can be written in any one of the
equivalent forms

vi +wi(x —x) +of (1 —1,),
(5-1) Uh(x, t) =( Uk t WI?+1(X - xk+1) + 01:'+1(t - tn)s

Vit Wi (x = x00) H o (0= 1,40),

and in S} it can be written in any one of the equivalent forms

o+ withx = x) +of (1 — 1),
(5:2) o"(x, 1) = {optt + Wit (x = x,) +of(t = 1,41),

UZ:% + WI:'III(X - xk+1) + 0/?(’ - tn+1)'

Let ¢ € H'(S;) be a test function satisfying (1.4), denote with ¢" the piecewise
linear interpolation of the values ¢} = ¢(x,, ¢,) and set

n_ O = Sk n
Vi = : =, P =

ot - o
Ax ’

At

In 7", ¢" can be written in any of the equivalent forms

(P'l'( + ‘I’Z+1(x - xk) + q)l':+1(t - tn)’
(5.3) ¢"(x, 1) = { Whr + Vi (x = x0) + Q1 (1 — 1),
¢'LT+11 + \PZ+1(X - xk+1) + q)I’<'+1(t - tn+1)’

and in S}

O + YR (x = x) + Rp( - 1),
(54) ¢ (x, 1) = O+ Yt (x — x,) + U1 - 1,44),
¢'I'<T+11 + ‘PZH(X - xk+1) + (I),'('(t - tn+l)'

REMARK. From (5.1)-(5.2) it follows that v can be written as the value of v" at
any one of the corners of T, (S} respectively), plus terms of the order of Ax. An
analogous fact holds for ¢”.

5.1. The basic identity. Consider the quantity

(5.5)
J(v" +e,¢",8,T) =ff {u,"¢" + m(v" + €)vl¢h + m(m = 2)
ST.6

T () e axa
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where 6 is a fixed positive number. We assume for simplicity that 7= (N + 1)A¢
and 8 = nyAt for two positive integers n, < N, and calculate the various parts of
(5.5) as follows:

o a-ff v,h¢hdxd7=§z{ [t asan + [ ot arr|

= Z Y ord AxAr + Z Z [ mtd — opi] (Ax)?As,

nyg 7

(i) Jz=mff (v" + e)vlgh + (v ) }dxd'r

mff v)'('[(v" +e)¢"] dxdr

22{[/ wial(vh + 9] dedr + [ [+ )¢'], dxdf}

no
On 7;" we have
[(vh + £)¢’h]x = (Vi + &)¥ii + Wit
+wl:'+1‘p7<+1[(x = x) +(x - xk+l)]
+(of Wi + W/:'+1q)/:'+1)(t -1,).
Therefore

1
/frnwl:'ﬂ[(vh + 5)¢‘h]xd"d”' = 5[(02 +e)Yig t+ w,:'+1¢';(+1]AxAt
,

1 n n n n n 2
+ _6—[°k+l'ibk+1 + wi @ Wi Ax(Ar)”

By direct calculation

v wy
Wl:'+1[(vz +e)Yh,, + W/:'+1¢7(+1] = —(vp + )E ])k¢k +(vg + ¢ )LlA—k‘i"/:H
% o
+(vf + e)wkk;i‘x——/i +(Wk+1) Dr+1
" [4v]k .,
=‘(Uk+5)(A > Pk

1 n n n nan
+ B{(0k+l + &)W ¥k — (vf + e)widh ).

This implies that
ST [f wal(h + @] dxai = -2 T8 (g + 020k
ng Z s ny Z (A )

1 N
+ 5 Lowi [opvi + wid] Ax(ar)’.
no Z



490 E. DI BENEDETTO AND DAVID HOFF

Analogous calculations on S} give

N
rrf ,,w,::;[(vh+e>¢"]xdxdt--—ZZ( ot + ) kgt
ny Z Sk ( )C)
1 N
—gEZwkI}[G Viil + Wkillq)k]Ax(At)
nyg 2
Substituting there calculations in the expression of J, we obtain
Gy 4= T Tm(p+ol2liy
no+1 Z (Ax)?
ny AU]N+1
{ (A)“(* NTE

6 ZZWk(OL' s Wk‘I’k)A"(At)2
’lo YA

m n n
% Z Ewk-tll(ok ot wkillq)k)Ax(At)
n
We finally transform the remaining integral in J(v" + ¢, ¢, 8, T).

(i) &= f f ")’ ot dx dt

= ‘_ZZ{.[_[ (wps1)' ¢ dx dt +f/ wiit) ¢thdt}-
Using (5.3)-(5.4), by standard calculations we obtain

h=-—T Y Tw ) ¢1AxAt

n°+l z

3(m Z > (we)’vi(Ax) At

n+lZ

6(m )ZZ[ wit) (WI)ZI‘PL’Ax(At)Z
_lAtZz;{ (o)t + (1]

~g[Oomy e + (w2 Yo

We rewrite the first summand in J; as

(o0 = (Y g oy - (e ) g,
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and combine the expressions of J,, i=1, 2, 3, so obtained, as parts of
J(v" + ¢, ¢", 8, T), to deduce the basic identity

J(v" +€,¢",8,T)

Z Z{UZH — Uk m(vl + ¢) [4v]i

ng+1 Z (Ax)z

o m Vg1 ~ 02—1)2 ¢ AxAt
m-—1 2Ax k

(5-6) +ArY olo¢lAx
Z
mAt v [4v]i° o 4+ (pN+1 + [40]¢" N+1A
‘Zz{(”)m CMEERR e }A

Ax ¥
e Y Y [opwytt — opyy] AxAt
"0 Z

mAt
ZEwkilllok A1t wk:llq)k]AxA’
ngy YA

mAx 2
+— n n
m=1) nzog(wk) Y1 AxAt

mAt
ML ¥ g [opyy + widy] Axae
no z

N

6(m ;E[ wptl —(w,:')Z]d),'('AxAt

0 7

_ﬁ')_%{[(wk )'oie +(wi 1) ¢’Z“]

= 3 L0u e + (Va1 Jax

N
[AU]k n n
4(m — 1) Z+ fz_‘, Ax) [3wk + wk+1]¢kAxAt

= Z H,.
i=1

From now on we will select test functions ¢ of the form
o=(v+ s)‘z_’")/('"_”f, m>1,

where f satisfies (1.4). We will estimate the H,, i = 1,2,...,10, in (5.6) in terms of f,

f; and f,. For notational simplicity set || f, f,, flloo.s, = IIf, f» £l and I f1ll = || /]| +

I £l + 11 £|l. We start by making elementary estimates of ¢ and its first derivatives in
terms of f.
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Denoting by ¢" the piecewise linear interpolation of ¢ and recalling that ¢ is of the
order of Ax we have

57 \ Clifll if1<m<2,
. S -m m-— .
1971l CIFINAX)E™™/ "D it m > 2,
Also
(a)
Pl /S L (g + @m0 () )
k Ax Ax k k k-1 T € k-1
1 @-m)/(m—1 i @-m)/(m-1)
=A—x{[(02+8) )—(Uk—1+£) / ]}
n @-my/m-1 i = fi-
Xfe+(vp_, +e) %
-m|, , Q@-m)y/(m-1)-1,_ , n 2- -1
e G I 1] B o e TA
it —r |2-m|, Q@-m)/(m—-1)-1
(b) oy =~ <|—7|(vi+e) log 111111
n @-m)/(m-1)
+(vp + &)L
where

vi=min{o};v}_,}, o] =min{v}*!, v} }.

From (a)—-(b) we deduce

c(vp+ &) Ifl+ Cllf if1<ms<2,

5.8 il <
( ) |‘Pk| < {C[(UZ" + 8)—lllfll + "fx”](Ax)(z_m)/(m_l) ifm> 2,

~ -1 X
C(vf + &) loflILfIl + ClA ifl<ms<2,

(59) 1%l < o o
c[(u + ) Mo + 14 (Ax)E ™D e m > 2,

5.2. An auxiliary lemma.

LEMMA 5.1. For all test functions ¢ of the form ¢ = (v" + €)@~ ™/("=Df  the
estimate

[J(v" +¢,¢",68,T)| < ClifII(Ax)“flog 8|
holds, where a = min{1; 1/(m — 1)}.

PrOOF. We estimate the H, on the right side of (5.6) separately. At points where
the difference equation (1.11) holds, the summand in H; vanishes, and by virtue of
Lemma 2.4, the sum extended over the remaining (n, k) is of the order of Ax.

Therefore |H,| < C(Ax)||¢|l, < ClIfII(Ax)*. We have also easily |H,| + |H;| <
ClIFlIcAx)=.

In estimating H, we only consider the term whose summand is ofy}%}. The
estimate for the term whose summand is o3/}, is analogous, and in fact simpler.
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We have

N N
AxY Y opyitiAxAt = AxY, Y oMt AxAr
ny [k<K(n+1)]U[k>K(n+1)]

N
+Ax), Y ofyitiAxAr = k@ + k@,
ny K(n+1l)<sk<K(n+1)

As for k), using Lemma 2.4 and (5.8),
k) < C(ax) max|yj| < ClIfII(Ax)*.
n,
We estimate x® by using the difference equation (1.11):

N n n + ny2
k?=Ax) > [m(vZ +¢€) [0l + m’j 1 ( Wk+12 2 ) ]‘PZilleAt

2
ng K(n+1)sk<K(n+1) (Ax)

[]k

<Y Y me |k

ny K(n+1)<k<K(n+1)

W iAxAr

N
m Wee1 T w2
+Ax| ) ) _1( 5 Yt IAxAL
ny K(n+1l)<sk<K(n+1)

= k@ + kP,

Estimate the summand in «{ as follows:

n [ v]k n+1 [Av]ki
mAx(v} + € il s C Ax
( +)(A ¥ 1£:l(Ax)" (82)’
[4v];
C Ax .
+ )Ilfll( )¢ (x)l

Now observe that
o —~ = 1 T~ Mt
vk = ver) T Wi Ax = vy + oAt + wisTAx,
where

o+l
%~ U(eF) d on _ U(EFT) — Uk
Wk+1) = Ax and o) = At .

By the estimates in §2 |y — v(7F1)| < CAx, and therefore
v, +¢€ Ax
(7}1—) <1+ C—«C.
Ueriy T € €
Consequently for k® we have

[4v]

N
k@ < Cllif(Ax) L L 2
no 2 | (Ax

AxAr.
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By Lemma 2.6

ZZ

[4v]k
(4x)*

Ax At\CZ(1+ ) t < C(1 + Jlog §)),

so that
IkP| < CllIfFNI(Ax) “flog 8].
We estimate |k{2| by performing a discrete integration by parts

wi. .+ wt 2/ gn+l __ ¢n+1
sz z ( "“2 ")(“”‘“Ax : )AxAt

ng K(n+1)<k<K(n+1)

1ol v]k > [19% 1AxAL + CAx|i¢|

< CIIIflII(Ax) llog 8.

Combining these estimates we obtain |H,| < CllIfll(Ax)*[log §|. By similar calcula-
tions involving the use of Lemma 2.6 we deduce

\Hy| + |Hy| < CllIflI(Ax)*log 8].

In estimating H, we first integrate by parts (discrete integration) and use the
techniques above to obtain |Hy| < CllIfll(Ax)*log 8|. Analogous techniques give the
desired estimates for Hy, Hy and H,,. The proof is complete.

COROLLARY 5.2. If -L < vy, < O for some positive constant L, then
[J(v" +¢e,¢",8,T) < Clifl(Ax)* V&> 0.

5.3. PROOF OF LEMMA 4.2. Since J(v" + ¢, 6,8, T)=J(v" + ¢, ¢ — ¢",8,T) +
J(v" + ¢, ¢", 8, T) and the last term has been estimated in Lemma 5.1, we have only
to estimate J(v" + ¢, ¢ — ¢", 8, T). To this end we will need the following pre-
liminary fact.

LEMMA 5.3. There exists a constant C independent of n, k, Ax and ¢ such that
(Ax - At)_lffrn(ﬂ' — ¢) dxdr < CllIfl(ax)*[1 + (o} +¢)],
k

where 5}, = min, v".

REMARK. An analogous statement holds for S}
PROOF OF LEMMA 5.3.

f'/T,:'(d)h - ¢) dx dt =/fr{l(¢';( —_ ¢) dx dt
+ff7n[“(x =X )+ ®p(t —1,)] dxdr = I + 1.

For I®, using (5.8)-(5.9) we have
O] < CIIFIIAx)"[1 + (5% + €)' Axar.
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Estimating 1@,
10 = [[ {161 = (x.1)] +[o(x 0= 6(x,1,)]) dra
< {19elloo 7pA% + llyllo A }AxAL,

and the desired estimate follows from (5.8)—(5.9).

COROLLARY 5.4. For all n and k, if 6} = max, v" then

f [ (¢ = 6) axa < cllgii(ax)”

AxAt

AxAsz . ¢" — ¢) dxdr < ClIfIlI(Ax)*.

REMARK. Corollary 5.4 holds if 7, is replaced by S
We are now in the position to estimate J(v" + €, ¢ — ¢", 8, T).

(5.10)
I+ e9=¢.8.T) = [[ {if(e=¢") +m(" + ()0~ ¢),

+(m(v;')2—Wn—_!—l(v;’)z)w—d)h)}dxdt
of = 5y (ML) (o - ) e

w +
[OI:,H_ m (szw“l)}/j;.n(qb_d’h)dxa't

| ae—

N
)
ny Z

0

m-—1

N
+X
n

0

+

M= ~M

Z(3Wl:'+1 + WI:'+2)(WI?+1 - W/:'+2)/./;m(¢ - ¢h) dx dt

1
4 z

+

N
Mz

L Owt +wi )it = witd) [[ (6 - ¢) axae
z Si
+me [(v"+e)(v") (6 — o), +(v1) (¢ - qs)] dx dt
T.8
5
= Z P
i=1
Estimate of |P,| + | P,|.

Al [ m (WI:I+1+WI?)2

P1=Z Z ok'm_l

/f (¢ — ¢") dxdt
ng K(n+)<sk<K(n+1) o

Y )3 [ok"—m'fl(w’?“; wk")Z]fff(cp—«b")dxdt

ng [k<K(n+1DU[k>K(n+1)]

=i + 1"
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For p¥* by the estimates in §2 and Corollary 5.4 we obtain easily |pf*| <
ClIIfII(Ax)* In estimating p} we use the difference equation (1.11).

Av v
Pt < ZZ [ ]*A A{(A" v ff"qb ¢ dxdr}
< CIIIflll(Ax) flog 8.
The estimate of | P, | is analogous.
Estimate of | P;| + | P,|.
N [Av]n
[Py + [Py < CY ¥ | 7% |Ax { dxdt}
3 4 72| (Ax)? AxAt ffnurn

By Corollary 5.4 and Lemma 2.6, | P;| + |P,| < CIlIfIll(Ax)*log §.
Estimate of Ps.

P, = m% sz{ffT”[(vh +e)ot (9~ ¢), + (o) (¢ — ¢)] dxdi

+ff [(v + &) (o — ¢") +(0!)*(¢ — ¢ )] dxdt}
= oM+ QO
We estimate Q by performing an integration by parts in x over each 7"

(1> X s 1)

t
Ax
(tn: xk) Xy + Zt'(t - tn) (tn’ xk+1)
FIGURE 3
We have
v+ e)ol (¢ — ¢t) dxdt = Ll h 4 N — o) dxdt
f'/;'k"( ) (¢ ¢ )x [,, '/_:ck+Ax(!—t )/At(v 8)(vx)(¢ ¢ )x o

f’”“ o + ) vt (¢ — ¢")(t, x,,,) dt

/I"H(U T e)or(e - ¢h)(,,xk+%’tf(t—zn))dt

n

-jfr( o)’ (¢ — ¢) dxdr.

k
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Therefore

N
oW =mY Z{ft"”(v" +e)wp, (o — o)1, x4y) dt
ng Z ‘0

n

_f’"“(vh + 8)W;+1(¢ - ¢h)(t9 xk + éA-)tﬁ(t - tn)) dt}

Iy

Similar calculations for Q® give

N
0P =mY, Z{—f’"“(v" +e)wiil(o — ¢")(1, x,) dt
nyg Z

Iy

n+1 n Ax
+flt (v" + e)wiii(e - ¢")(t, X+ 5 (1= t,,)) dt}.
Forallk € Zand: € [1,, 1,,1],
(¢ — ¢")(, x, )1 < ClIFI(AX)“(lof| + 1)Ax

so that
N
Yy ft"“(v" +e)wi(o — ¢")(¢, x,) dt
ng Z "
N
< ClIFN(AX)®Y, (1 + |of) AxAt
ny Z
< ClIfII(Ax) “[log 8).
Consequently

10 + Q@) < ClIIfIN(Ax)“Jlog 8|

Al nel A
HmI L [t = wia] (0 + ) (o - &)t xe+ Tole—1,)) a
no VA n

Now from calculations analogous to the ones leading to (5.8)—(5.9), we have in T}
(and in S7)

(0" + &)(¢ = ¢")1 < (" + &) (I19elloo, 77 A% + l194]loo 77 A1)
< C(v" + e)[l +(vi+e)”! +(of + e)_I] MAN(Ax)®

< Cliflicax)®.
Moreover
1 Un+1 . vn Untl — vn
+1 _ _ 1 k k-1 k _ p-1
wy wy = B A7 + A7 Ax =g [o,:’ + o,:‘_l].
Hence

N
100 + Q@) < CIIfII(Ax)llog 8] + CIIfII(8x)"L Tlof|AxAr
ng Z

< ClIfNI(Ax)“flog 8.
This completes the proof of Lemma 4.2.
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6. Numerical results. In this section we discuss briefly the results of our numerical
experiments with the scheme (1.11). All computations were carried out on the CDC
6600 at Indiana University. In each case we specify only the value of Ax used. The
values of € and At were always chosen to be the smallest and largest convenient
values, respectively, consistent with the mesh conditions [A3] and [A4].

Not surprisingly, the condition [A4] on Az/Ax? is in fact necessary in practice.
But the condition [A3] on ¢ is probably overly restrictive. For example, for the
spemflc problems discussed below, [A3] requires that ¢ > 13.8Ax, which is not

“small” when, say, Ax = .05. Indeed, for the second problem discussed below, we
found that the accuracy increased noticeably as e decreased. A practical (but not
theoretically justified) alternative to [A3] is the condition

(6.1)

m+1

2(m 0 ——Y,Ax.

Such a condition is sufficient for the bounds (2.1) and (2.2) for v* and 9v"/0x to
remain in effect. (The more stringent condition [A3] was required only for bound
(2.15) for 9%"/0x2.) For the specific problems discussed below, condition (6.1)
requires only that ¢ > .58Ax.

For purposes of comparison, we used the Barenblatt-Pattle solution v, which for
m = 2 is defined by (see [16])

1 x \?
(6.2) o(x, 1) = m[l —(m) ] Ix] < §(1),
0, Ix] > §(¢),

where (1) = [12(¢ + 1)]/°.

First, we applied the scheme (1.11) taking v9 = v(x,,0), {? = —£(0), and {° = £(0).
The computations were performed with three different sets of mesh parameters.
Comparing the exact and computed solutions, at ¢ = 4, we found the following:

Ax () - "G o, 5) = 0", Dllor
1 0202 00666
05 0106 00340
025 00551 00173

Quite clearly, the observed errors in both {” and v* are O(Ax). This is signifi-
cantly better than the rates predicted by Theorem 4.1, which are O(|Ax log Ax|'/'?)
and O(]Axlog Ax|'/%) for ¢{* and v" respectively. These discrepancies are explained
by the fact that the solution (6.2) has derivatives of all orders which are uniformly
bounded on its support, whereas the bounds (4.1) and (4.2) were derived under the
minimal smoothness conditions which all solutions are known to satisfy. Another
difference between the observed and theoretical results is that the observed rate of
convergence for {” is the same as that for v*, whereas Theorem 4.1 predicts roughly
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that [§ — ¢"| = O(]|v — v"||){?). However, the computation (4.15) shows that, as long
as [§(¢) — $"(¢)] is small,

C
6 (1)

Thus when the interfaces are known to be moving with speeds bounded away from
0, the rate of convergence of {* will in fact coincide with that of v*.

In the second example we took the same initial function v, as before, but now with
¢0 = -3 and {° = 3. Thus v, is neither concave nor continuously differentiable on
[$5, ¢51. The results were as follows:

1§(2) = §"(0)| < lo(-, 1) = v"(-, £)[lor + CAx.

Ax K(3) - §* )l (5 3) = ", Dllor
1 1107 06905
05 1073 06697
025 1055 06592

We are uncertain as to whether meaningful comparisons can be made between
these data and (4.1) and (4.2). Nevertheless, it is clear that, at least qualitatively,
Theorem 4.1 gives the correct result: in the absence of smoothness, the convergence
may be quite slow.

The scheme (1.11) is thus seen to have two shortcomings. The first is that the
parabolic stability condition [A4] makes it impractical to apply the scheme with
small values of Ax. This difficulty can probably be overcome by employing instead a
suitable implicit variant of (1.11). We intend to discuss such a scheme elsewhere. The
other shortcoming of the present method is the unsatisfactory rate of convergence.
While this phenomenon is partly due to the coarseness of the exact solutions
themselves, it may be possible to effect some improvement by a more sophisticated
treatment near the interfaces.
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