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CHARACTERISTIC, MAXIMUM MODULUS
AND VALUE DISTRIBUTION
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W. K. HAYMAN AND J. F. ROSSI*

ABSTRACT. Let f be an entire function such that log M(r, f) ~ T(r, f) on a set E of
positive upper density. Then f has no finite deficient values. In fact, if we assume
that E has density one and f has nonzero order, then the roots of all equations
f(z) = a are equidistributed in angles. In view of a recent result of Murai [6] the
conclusions hold in particular for entire functions with Fejér gaps.

1. Introduction. In a recent paper Murai [6] proved among other things that if
f(z) = ¥ a,z* is an entire function with Fejér gaps, i.e.

(1.1) Z)\'nl < o0,

then f(z) can have no deficient values. In the course of his proof Murai showed that
for such a function

(1-2) T(r,f)~10gM(r,f)

as r — oo outside a set of finite logarithmic measure, where 7(r, f) is the Nevan-
linna characteristic and M(r, f) the maximum modulus of f. In this paper we show
that the condition (1.2) suffices in order that a transcendental entire function should
have no deficient values and, subject to certain growth conditions, that the roots of
all equations f(z) = a are equidistributed in angles. It is clear that some additional
growth condition is necessary for this. In fact if f(z) is an entire function of genus
zero, n(r) is the counting function of its zeros and

M) - [

then [4, (4.11), p. 133]
(1.3) n(r)=o{N(r)}

implies (1.2), but (1.3) is unaffected by the arguments of the zeros. We shall see that
a weaker gap condition than (1.1), namely Fabry gaps
(1.4) A,/n— o0,

is sufficient or alternatively a growth condition, namely that f(z) has positive order
and satisfies (1.2) on a set of density one.
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652 W. K. HAYMAN AND J. F. ROSSI

2. Statement of results. We take for granted the usual notation of Nevanlinna
theory. Let f(z) be a transcendental entire function of order A and lower order p,
where 0 < p < A < 0.

THEOREM 1. Suppose that f(z) is an entire function such that

T(r.f)  _
log M(r, f)

as r — oo on a set E of positive upper density §. Then there exists a set F of density
zero, such that for every complex a we have

(2.2) N(r,a,f)~T(r,f)
asr = o0 in E\ F. In particular, §(a, f) = 0 for every a.

(2.1) lim

We write n(r, 0,, 6,, a) for the number of roots of the equation f(z) = a in the
sector

S(r,0,,6,):0<|z|<r, 0, <argz<®b,,
and

1,0,,0,,a)dr
; .

(2.3) N(r,al,oz,a)=/0’”(

Our next result is
THEOREM 2. If A > 0 and f(z) satisfies (2.1) as r — o0 on a set E, of density one,
then there exists a set E, of upper density one such that

6, - 0
N(r. 8.6, a) ~—T(r, f)

as r = o on E, for every complex a and every pair 0., 6, such that 6, < 6, < 6, + 2.

Our results have a natural extension to subharmonic functions when we consider
the Riesz mass on set G of a subharmonic function u(z) to be the analogue of the
number of zeros on G of the function f(z) — a. We can then apply the subharmonic
result to u(z) = log| f(z) — a|, provided that the set G is chosen independent of a.

3. A growth result for real functions. In order to obtain Theorems 1 and 2 we prove
an extension of a growth lemma of Edrei and Fuchs [1] to entire functions of
arbitrary growth. Such an extension is possible if we work with the maximum
modulus instead of the characteristic. However, in order to do this we need a
sharpened version of an inequality for real functions of Hayman and Stewart [S]. We
assume in this section that f(x) is a real function such that for sufficiently large
positive x, f"~P(x) is convex. Thus for large x, f"(x) exists and is increasing
outside a countable set. If, in addition, f")(x)> 0 for large x, we say that
f(x) € B(n) and define

f(x) = inf LEE)

h>0 h"
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It was proved in [5] that for f(x) € B(n) we have, given K > 1,

(3.1) fulx) < (eK/n)" " (x)
on a set E of positive lower density. In this paper we need to prove that the lower
density is close to one if K is large. More precisely we have

THEOREM 3. If E is the set of all x for which (3.1) is true when f(x) € B(n), then if
0( E) denotes the lower density of E, we have 8(E) > (K — 1)/(K — 1 + n).

We follow the argument of [S] and define

F9(x) }1/("_”

B(x)=sup {f"”(x)

Osvsn—1
We need
LEMMA 1. If f(x) € B(n) and f, f',....f" are all positive for x > x, then
x — B(x) is increasing for x > x,,.
In [5, Lemma 3] it was shown that
(3.2) B{x +8B(x)} < ePB(x).
Suppose that there exist x; and x,, such that x, < x; < x, and x, — B(x,) < x; —

B(x,). Then there exists C > 1 such that Cx, — B(x,) = Cx, — B(x,). We write for
a large positive integer N

h=(x,—x)/N, §=x+jh, j=0,.,N,
and deduce that for at least one j, 0 <j < N — 1, we have
C¢y — B(§41) < CE — B(§),
ie.
B(&+h) > B(&) + Ch = B(£){1 + Ch/B(£))}.
Writing & = §B(§;) we obtain
B(& +n) > B(&)(1 + C8) > eB(¢;)

if 8 is sufficiently small, i.e. N sufficiently large, since C > 1. This contradicts (3.2)
and proves Lemma 1. We deduce

LEMMA 2. Suppose that 0 < 8 < 1 and C > 0. Then for x on a set of lower density at
least (1 — 8)/(1 — 0 + 0C) we have

(3.3) B(x +h) > 08(x) for0 < h < COB(x).

We note that §(x) is continuous except on the countable set of jump increases of
f(x), where B(x) has a jump decrease. At these points we define 8(x) = B(x + 0),
so that B(x) is continuous to the right. We suppose x, = x{, to be as in Lemma 1,
and if x;_, has already been defined, we define x, to be the lower bound and so the
least value of x > x]_, such that

B(x + h) < 0B(x) forsomeh < COB(x).
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We then choose the least such & and set x; = x; + h. Let E be the set of all x in the
union of the intervals (x/, x;, ). Then it is evident that (3.3) holds in E. It remains
to estimate the lower density of E.

Suppose then that X > x,, and assume first that X = x,, for some p > 0. Since
x — B(x) is nondecreasing we note that

¥ {3 - x, - B(x)) + B(x)) < X = x, = B(X) + B(x,) < X+ O(1),

j=0
Again by our construction

(1

B(x) -~ B(x) > (1 - 0)B(x) > L0

(xj'. - xj).

Thus

1-60\ &,
(3.4) g +W}j§0(xj—x,) <X+ 0(1).

Soif E(X) = E N [x,, X]and|E(X)|denotes the length of E(X) we see that

co (1-6)
- G _0)}+0(1)=——‘co+1—0“ o(1).

Next if x, < X < x,,, X is smaller while | E(X)] is the same, so that (3.5) is still valid.
Again if x, < X < x,,, X is larger, so that (3.4) and (3.5) are still valid. Thus (3.5)
holds in all cases and Lemma 2 is proved.

(3.5) |E(X)|> x{l

LEMMA 3. Suppose that for some numbers x = x, 8 and C we have (3.3). Then
(3.6) f{x0 + COB(x0)} < {B(x0)}"e T (xo).
We write
B =0B(xo), a=(B/0)"f"(xp), o(x)=aexp{(x—x,)/B},

and suppose that (3.6) is false. From this we shall obtain a contradiction to (3.3).
We define

x, = inf{x, xg < x and for some »,0 < » < n, f(x) > ¢”(x)}.
Since (3.6) is false we have
¢(xo + CB) = ae“ = (B/6)"ef ™ (xo) < f(x + CB).
Again for » = 0,..., n we have
9" (x0) = a/B" = 078" (x0) > B(x0)" "f ™ (x0) > £ (x0)-

Thus x, exists and x, < x, < x5 + CB.
Suppose now that for some » < n we have

(3.7) P (x;7) < fP(xy).
Then we have by the definition of x,
(3.8) o (x) = f"(x), 0<x<x,.
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Hence we deduce that
d 9"(x)
dx 10)(x)
at x = x,, where differentiation denotes the left derivative. Thus

0 (r+1)
LA )
¢ (x;) 9 P(xy)
so that (3.7) holds with » + 1 instead of ». Thus finally (3.7) must hold with » = n

for the left derivative and so also the right derivative, while by the definition of x,
we have (3.8) for » < nand x < x, and by continuity also for x = x,. Thus

v) v)
f(")(xz) < ‘P(")(xz) - Bn-”’ y=0,....n—1,
f (XZ) ¢ (xz)
so that B(x,) < B = 0B(x,). This contradicts (3.3) and so Lemma 3 is proved.

We can now complete the proof of Theorem 3. We set # = C6B(x,) and deduce
from (3.6) that if (3.3) holds with x = x then

folxg) < L0r )

X

e '(x,)
n
Xg)-
By Lemma 2 we deduce that this inequality holds in a set of lower density at least
d=0-6)/(1 -0+ 6C). Setting C = n, § = K ! we deduce Theorem 3.

4. Proof of Theorem 1. In this section we suppose that u(z) is subharmonic and
not constant in the plane and that #(0) = 0. We write
(4.1) B(r) = sup u(z),

lz1=r
(. . b(r+h)
(4.2) b(r)—fo(r 0B(1)dr. by(r) = inf ===,

so that b”(r) = B(r). We also write n(z, h) for the Riesz mass of u in the disk
I$ — z| < h and set

(4.3) N(z,h)=f0"—"(z’t')d"
(4.4) u(z,h)=u(z)+N(z,h)=21—77/027ru(z+he’0)d0.

Suppose that f(z) is a transcendental entire function and that a is a complex
constant. Then we have

(4.5) f(z)—a=cyz+ -

and will apply our results to

(U(z)=a)
X

(4.6) u,(z) = log = log|f,(2)I-

We denote by 4,, 4,, A;,... positive absolute constants. We need
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LEMMA 4. If0 < |z|=r < Randh = A (R — r),0 < A <1, we have
4,

1
(47) u(z, Eh) > —mb(R)
and
4,

(48) n(z,h)<(?:—r—)2b(R)
Further if 0 < d < 1h we have

1 A, 16h
(4.9) N({,Eh) < mlog (T)b(R)

for |§ — z| < Lh except possibly when { lies in a set of disks, the sum of whose radii is
at most d.

The conclusions (4.7)-(4.9) are (14.1)-(14.3) of [2, p. 494]. The quantity b(r) of
the present paper is the B,(r) of [2].
We now prove

THEOREM 4. With the above notation there exists an absolute constant As, such that
if K > 0, we have

(4.10) u(re’®) > —Kb,(r)

for 0 < 0 < 27, outside a set e(r, K) of 0 whose measure is at most 4w exp (-A5sK).
We start by finding R, such that r < R < 2r and

(4.11) b(R)/(R — r)’ < 4b,(r).
If R > 2r, we deduce from the fact that B(r) increases with r that so does

R-2b(R) = fol(l — t)B(Rt) dt.

Hence for R > 2r

b(R) S b(R) S b(2r) _ 1 _b(2r) .
(R-r) R @r)? 4 @r-r)
Thus
inf b(R) 1 b(2r)
R>2r (R—r)* 4 (2r—r)
and so

Thus R exists satisfying (4.11). Having chosen R to satisfy (4.11) we define & as in
Lemma 4 and apply that lemma. We define p to be the smallest integer such that
p > 2and

2sin(w/2p) = lexp (7wi/p) — 1| < Lh/r.
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Then if z, = rexp(2wiv/p), the disks C,: |z — z,| < 3h, v = 1,...,p, cover |z| = r.
Also

2n/p > 7/(p—1) > 2sin(7/2(p — 1)) > sh/r,
so thatp < 4wr/h.

Again for d < 1h we have (4.9) in C, outside a set E, of disks the sum of whose
radii is at most d. Since d < }h < }r each exceptional disk |z — z;| < d, < d meets
z = re'? in an arc of diameter at most 2d - and so length at most 7d;. Thus the total
length of those arcs on C, N (|z| = r), which lie in the exceptional disks is at most
nd. Thus (4.9) holds on [{| = r, outside a set of arcs of total length at most 7pd, i.e.
(4.9) holds for ¢ = re®, 0 < 6 < 2, except for a set e(r) of 6 having measure
(4.12) le(r)| < mpd/r < (md/r)(4mr/h) = 4n%d/h.

Further, for 6 outside e(r) we have from (4.4), (4.7) and (4.9)

(4.13) wu(re®) =u(re®,ih) — N(re,1h)
> ______—b(R)2 (A2 + Aﬂoglih) > —bz(r)(4A2 + 44,log l—g—h)
(R~r) d

by (4.11). Suppose now that K > 44, + 44,log32. Then we define d < 1A by
K =44, + 44,log(16h/d) and deduce from (4.12) and (4.13) that (4.10) holds
outside a set 6 of measure

le(r, K)| < 4m%d/h = 64n*exp (A,/A, — K/44,) < exp (-K/84,)

if K > Aq. This proves Theorem 4 for K > A¢. Also, if K < A, (4.10) is trivial if
exp(AsA4g) < 2. Thus Theorem 4 holds in all cases with A5 = inf(1,/84,, (log2)/A4).

We deduce the following consequence from Theorem 4, which may be considered
as an analogue of the Edrei-Fuchs small arcs lemma {1, p. 322].

THEOREM 5. If E is a set of measure § < 2 on the interval [0, 2] then we have

fu(re’o) do > —A7b2(r)810g(%71).
E

We denote by e(K) the set of 8 such that u(re’) < —Kb,(r) and by m(K) the
measure of e( K'). Then Theorem 4 gives

L(K)u(,eio) d6 = bz(r)/:tdm(t) - —bz(r){Km(K) + [Tm(0) dt}

> —47rb2(r){Kexp (-4sK) + f:exp (-Ast) dt}

> —Agb,(r)exp (-43K).

Given E as in Theorem 5 we choose K > 0, and define E,, E, to be the subsets of
E, whereu < -Kb,(r), u = -Kb,(r), respectively. Then

j;:u(re'”) df = fE, + sz > j;(K)u(re”’) do + fhzu(re"o)do

> -b,(r){Agexp (-A3K) + Kb }.
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We choose K so that Agexp(-43K ) = 8, i.e. K = (Ag) 'log(A4,/8), and deduce that
. 1, A,
/u(re' )d0 > —b,(r)8{1 + — log —
E Ay ° 8

which gives Theorem 5.
We can now complete the proof of Theorem 1. Suppose that we have on the set E
of values of r

(4.14) T(r,f) > (1 - e(r)*)log M(r, f),
where
(4.15) e(r) = 0, bute(r)log M(r)/logr - o

as r — o0. We define u(z) = log|f(2)|.
Let F be the set of all r, such that

1 1 ., _
(4.16) by(r)> mB(r) = mb (r), where B(r) =1log M(r, f).
Then given K > 1, we have for all large r in F

22
by(r) > S50(r).

so that F has upper density at most 2/(K + 1) by Theorem 3. Since K is arbitrary, F
has density zero.

Suppose now that a is any complex number and replace u(z) by the function
u,(z) defined by (4.6). Then

u,(z) =log|f(z) — a| + O(log |z|)

so that for |z| = r
u;(z) = max(u,(z).0) = {log"|f(2)| + O(logr)}.

Thus, since f(z) is transcendental we have B(r, u,(z)) = B(r) + O(logr)asr — oo,
and similarly T(r, f,(z)) = T(r, f) + O(log r). Hence, also we have as r = o

b(rou,) ~b(r).  by(r.u,) ~by(r).

We deduce from (4.16) that for any complex a we have for r € E\ Fand r > ry(a)

(4.17) by(r,u,) < %B(r,ua),

and from (4.14) and (4.15) that
(418) - T(r, f,) > {1 - 2¢(r)*} B(r,u,).

Suppose now that for such a value of r, e(r, a) is the set of all § for which u, <0
and let ¢’(r, a) be the complementary set of 6. Then

207(r.f) = [Tui(re®)do = [+ [ < (@7 le(r.)) B(r.w,).

0
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where |e| denotes the measure of e. Thus
r(r. 1) < (1= 20N i,
so that by (4.18), |e(r, a)| < 4me(r)?. Thus Theorem 5 and (4.17) yield for large r in

E\F
f u,(re')

e(r,a)

m(r,a)+ O(logr) =

l\)
p-—l

47
< A;by(r,u,)le(r, a)llog e(r.a)|

= O{B(r, ua)e(r)log;(—lr—)} =o{T(r,f)},

and this proves Theorem 1, for E\ F has positive upper density and so is un-
bounded.
5. Another growth lemma. In order to prove Theorem 2 we need

LEMMA 5. Suppose that B(r) is a positive increasing function of positive order, that
b(r) and b,(r) are defined by (4.2) and that o(r) is a positive function of r, such that

(5.1) o(r) =0{by(r)} asr—
and for some function €(r), which decreases to zero as r — oo, we have
(5.2) o(r)=0{e(r)by(r)} asr—

on a set E, of density one. Then there exists a set E, of upper density one, depending
only on E, and the function €(r), such that

(5.3) f(p(t)log( )——o{B )} asr— oo

in E,.
We note that b(r) and b,(r) also increase with r, and have positive order. In fact,

the increasing property is obvious from (4.2) and

h2(r + h) > h- /’*( +h—1t)B(1)dt > LB(r)

so that b,(r) > $B(r) and b(2r) > r*B(r)/2 for all r. Thus if B(r) has positive
order A, b(r) has order at least A + 2 and b,(r) has order at least A. We now choose
p such that 0 < p < A and a sequence R, which tends to oo with » and is such that

(5.9) b,(r) < (r/R,)'b,(R,) forl<r<R,.

Since b,(r)/r* is continuous and unbounded we may for instance choose R, = 1
and if R,_, has been defined let R, be the smallest number such that R, > 2R, _,
and

by,(R,)/R: > sup  b(r)/r*
1<R<2R,_,
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We proceed to show that if K, tends to oo sufficiently slowly with n and E,
consists of all those points r in the intervals [R,,, K, R,,] for which

(5.5) b,(r) < K4/?B(r),

then the set E, has the required property.
We note first that E, has upper density one. In fact, it follows from Theorem 3
that given K > 1 we have

(5.6) by(r) < (eK/2)"B(r)
for a set of r in [0, K,,R, ] having measure at least (K — 1)K, R,/(K + 1) + O(1)
when R, is large and soin a set in [R,,, K, R, ] having measure at least
K-1 1
K+1 K

n

}K,,R,, +0(1).

Thus, since (5.6) implies (5.5) for large n, we see that E, has upper density at least
(K —1)/(K + 1), and since K can be as large as we please E, has upper density
one.

We next choose the quantities K. Let E| be the complement of E;, let E[[r] be
the intersection of E| with the interval [0, r], and let | E{[r]| be the measure of E[[r].
Then we assume that K, tends to infinity so slowly that

(5.7) K2 <r/|E{(r)], r> R

This is possible since E| has density zero and R, — oo with n. We also assume that
(5.8) Kie(R,/K,) <1,

which is possible since &(r) > 0 as r » oo. The set E, defined as above is
independent of ¢(r) and has upper density one. It remains to show that (5.3) holds

in E,.
Assume thatr € E,, R, < r < K,R,, and write
r rodt ,
(5.9) 1(r) = ['o(ytog T 5 = 1o(r) + 1(r) + 1(r),

where I,(r), I,(r) and I{(r) are the integrals over the ranges [1, R,/K,], ¢; =

[R,/K,,r]NE, and e] = [R,/K,, r] N E|, respectively. Then by (5.1), (5.4) and
(5.5) we have
_ [Ru/K, rdt R./K, R, dt
Io(r) = [ ()l 75 <2 (1) log 22

— R./K, Rn dr — Ru/Kal L g &ﬂ
-0 [ u(0108 T - ofu(r [ 7 s T )

It

O{b,(R )K“‘logL =0l|b (r)K,,“‘logL
2 n n K 2 K

It

O{B(r)K,,‘“/Zlog—I%—} = o{B(r)).

n
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Again by (5.2), (5.5) and (5.8)

Finally, by (5.1), (5.5) and (5.7)

=0{flb, z)logfﬂ}— {b, r)( ) fdz}

1

= O{ B(r)K;**/*(log K, )r "|E{(r)|} = o{ B(r)}.
Now (5.3) follows from (5.9) and Lemma 5 is proved.

6. Proof of Theorem 2. In order to prove Theorem 2 we need a formalism used
elsewhere. We suppose that f(z) is a transcendental entire function such that
f(0)=1 and denote by n(r,0,,60,) the number of zeros of f(z) in 0 < |z| <r,
0, < arg z < 6, each counted with due multiplicity. We also write

N(r,6,,8,) = /'n(z,al,oz)%.
0

Next, if f(z) # 0 on the segment z = re’®, 0 <t < r, we define v(z, 6) to be the
continuous value of arg f(z) on this segment such that v(0, ) = 0, and we write,

1 dt
RGNS
With this notation we have [3, Theorem 1]

LEMMA 6. If f(z) # O on the segments z = te’®, 0 <t < r,0 = 0, or 0,, then

N(r,8,,8,) = f Ylog |f(re®)|d8 + V(r,8,) — V(r,8,).
We need to transform the quanity ¥ (r, @) a little and note that

v(r,0)=/oav(t ) dt —f - = log|f (te’®)| dt.

Thus, fora < 8 < a + 27 we have

j V(r, 0)d0——27f( /Od’f log | /(1e")| d8
dt

= '2‘1;/0 {log|f(1e'*)| = log|f(1e)]} log ; 4
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We write
(6.1) M(1)= sup |f(te”), B(r) = log M(1)
and
1 M(t)
Pleoe) = 27 108 emy
Thus
(6.2) /fv(r,o)do= fo’w(z,ﬂ)— (1,0} log - &

Our aim is to show that the positive function ¢(z, «) is on the average not too large.
We also define ¢, (¢, ) to be the function ¢(7, @) defined as above w.r.t. the
functions f,(z) introduced in (4.6).

LemMa 7. If
1 27
9,(t) = 2—7,/0 9,(t, a) da,

then under the hypotheses of Theorem 2 there exists a set E, of upper density one such
that we have

[0 15 = o(B(r))

asr = 0 in E, for each complex a.

We define the set E, as in Lemma 5, where B(r) is given by (6.1) (i.e. for the
function f,(z) = f(z)). Then B(r) has positive order by hypothesis, so that Lemma 5
is applicable. We deduce from Theorem 1 that under the hypotheses of Theorem 1,
we have for each complex a as r — oo in E,

(6.3) 5177]02"1og+|f,,(re"0)|d0 - zl—ﬂfoz"logﬂf(re"m + O(log r)
> B(r) —e(r)B(r) + O(logr),

where ¢(r) — 0 with r and &(r) is independent of a. Thus | f,(re")| > 1 outside a set
of 6 of measure at most O{&(r)}, provided that &(r) = 0 so slowly that log r =
o{e&(r)B(r)} asr = co. Now Theorem 5 shows that as r = oo in E; we have

(6.4) / 2og* O{e(r)log :(lr—)bz(r)}

= 0{¢(r)b,(r)},

where €,(r) is independent of a. We note thatif a # 1, f,(z) = (f(z) —a)/(1 — a)
while f,(z) = (f(z) — 1)/z*. Thus for any fixed a and large r we have

M,(r) = sup|f,(2)| < C,M(r), |z|=r,

jzl=r

L dé
fu(re®)
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where the constant C, depends only on a. Also (6.3) and (6.4) yield

1 forl Ma(r)

27 ), og If,,("ew)lda = 0{e(r)B(r) +&(r)b,(r) +logr}

= 0{&(r)by(r)}
as r —» oo in E;. Thus, if ¢,(¢) is defined with f,(z) instead of f(z), we see that for
each complex a

7u(0) = 37 [t 0 di = 0{a(1)b,(1)

ast — oo in E;, while we have in any case
7.() = B(1) = 5 [“log £, (1)1 40 + O(1) < B(r) + O(1) = O{by(1)).

Thus @, (1) satisfies the hypotheses of Lemma 5 and we deduce that there exists a set
E, of upper density one such that for each complex a we have

(6.5) /rq)a(t)loggg =0o{B(r)} asr— ooonk,.
1

This proves Lemma 7.

We now suppose that we are given € > 0 and 6,, 6,, such that §, < 6, < 0, + 27.
We also take a fixed complex a and assume that r = oo on E,. Then there exist a, 8
such thatf, < a <0, +¢/3,0, + 2¢/3 < f < 6, + e and

dt r dt 0,+¢/3
fq)a(t a log( )—- —f 22 o,(1,0)do

T " r dt

Tf log ~,(1)~

r rdt 6w [r dt
0< [t B)log < 7 [loge, (0]

Using (6.2) and (6.5) we deduce that | [£V(r, 8) d8| = o{ B(r)}. Hence there exists
¢, = @,(r)such thata < ¢, < Bandso b, < ¢, < 6, + e and V(r, p,) = o{ B(r)}.
Similarly, there exists @;, such that 6, — e < ¢, <6,, and V(r, ;)= 0o{B(r)}.
Thus Lemma 6 shows that

N(r,0,0,) < N(r, 91, 92) < P52 (B(r) + O(1)} + o( B(r))

6, — 0, +2e + o(1)
< 5 B(r).

This gives
(6.6) lim B(r) <5

Also, we may assume that E, is disjoint from the set F of Theorem 1, since this does
not affect the density. Then as 7 — o in E,

(6.7) N(r,0,,0, + 27) + N(r,0,,8,) = N(r) = (1 + 0(1)) B(r)




664 W. K. HAYMAN AND J. F. ROSSI

by Theorem 1. We apply (6.6) with 6,, 8, + 27 instead of 6, 6, and obtain
T N(r,0,,0, + 27) < 2+ 6, -6,
B(r) = 2m ’

Now (6.7) gives
. N(r,8,,6,) b, - 6,
T
Combining this with (6.6) we obtain
N(’»al’ﬂz) _ b, - 0,
B(r) 27
asr — oo in E,, and this proves Theorem 2.
In conclusion we note that, by Theorem 2, (1.2) implies angular equidistribution
of all g-values unless f(z) has order zero. However, for functions of order zero it
follows from Theorem 3 of [3] that f(z) satisfies the conclusion of Theorem 2 if (1.4)

holds and & fortiori if (1.1) holds. Thus (1.1) always implies equidistribution of the
a-values.

lim
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