TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 284, Number 2, August 1984

RAMSEY GAMES

BY
A. HAJNAL AND ZS. NAGY

ABSTRACT. The paper deals with game-theoretic versions of the partition
relations o — (B8)5" and a — (B)} introduced in [2]. The main results are
summarized in the Introduction.

0. Introduction. In their paper (2], Baumgartner, Galvin, McKenzie and
Laver introduced a new game. Let o, be ordinals, 7 a cardinal. The Ramsey
game R(a, 7, ) is defined as follows. There are two players, White and Black, who
alternately pick previously unchosen members of [a]”. At limit stages it is of course
White’s turn to move. The game ends when the set [a]™ is exhausted. White wins
if there is a set A C a, tp A = ( with [A]” C W, where W C [o]” is the set of 7
element sets which White chose; otherwise Black wins. We say that White (Black)
wins R(a, 7, () if White (Black) has a winning strategy.

This game can be considered as a game-theoretic version of the partition relation
a — (08)5. The game R(e, < 7,0) is defined similarly, where the choices are made
from [a]<" and to win White must get an A C a with [A]<" C W and tp A = 3.

It is also clear that more general games can be defined, where o, 3 are order
types or even more generally § can be the isomorphism type of certain objects,
say that of complete bipartite graphs. Our main results say something about the
games R(a, 7, () and R(a, < 7, () as defined above, but we will use the more general
games in establishing some lemmas. We hope that the symbols used there have a
self-explanatory meaning.

We remark that in 2] the games were defined to last |a| moves. Our present
definition seems to be technically more convenient, and the results of [2] remain
valid.

In (2] it was proved that White wins R(w, < r + 1,w) for r < w. However the
proof given there yields the following

THEOREM (2]. Assume k£ > w, 0 <r <w and k — (B)},_,. Then White wins
R(k, <, p).

This shows that for the games R(k, 7, 3) we can hope for interesting new results
only if k / ()3 holds.

Our main results are the following:

(1) Assume 2* = k*. Then Black wins R(k%,2,k") (see Theorem 1). Our proof
shows that it is consistent with ZFC that 2¢ > k' and Black still wins R(k,2,«%)
but we have no other information.

Problem 1. Is it a theorem of ZFC that Black wins R(28,2,R;)?
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816 A. HAJNAL AND ZS. NAGY

For 2 < 7 = r < w we have even less information and we only state the simplest
case of our results. Using a result of R. Laver we can prove

(2) Assume 2% = R; and the negation of Chang’s conjecture holds, i.e. Ry 4
[Rq]&, x, is true. Then Black wins R(Rz,3,R;) (see Theorem 2).

Problem 2. Does 2%° = R; A 28t = R, imply that Black wins R(Rz,3,R;)?

Problem 3. Is it consistent (with G.C.H.) that Black wins R(N3,4,R8;)?

ADDED IN PROOF. The first author and P. Komjath recently proved that it is
consistent with ZFC + G.C.H. that Black wins R(R,,n + 1,®;) for n < w.

This should be compared with the known partition relation

R
922"° L ()4

In §1 we formulate a general set-theoretic principle which implies that Black wins
R(R,,7+1,R;) for r < w as expected. We conjecture that this principle holds in L
or is at least consistent with ZFC + G.C.H. but we cannot prove it.

In case k is a limit cardinal, we have a result which shows another phenomenon.

(3) Assume £ is a singular strong limit cardinal. Then White wins R(k,2, )
(see Theorem 3).

Note that say R, — (N,)3 is trivially false. On the other hand we cannot
generalize (3) for larger 7.

Problem 4. Assume R, is a strong limit cardinal. Does White win the game
R(X,,3,R,)?

Note that, by an old result of Erdés and Rado [5], k /> (7) holds for all 7 > w
and for all k. This result has an easy generalization.

(4) For k > 7 > w Black wins the game R(x,,7).

The proof of this will be left to the reader.

To explain our results concerning the games R(k, < w, 3) we recall a definition:
Free, (k, < w, 3) means that the following statement is true: Whenever F': [k]<¥ —
[]$*, i.e. F is a set mapping of finite type and order at most ), then there is
aset H C k AtpH = [ such that H is free for F. This means that, for each
X e[H|*¥, F(X)NHCX.

Results in [1, 3 and 4] say that if V = L, then for 8 < w; 3 limit and, for
1 < A < w, Freey(k < w, B) holds iff kK — (8)5* holds, moreover Freex, (k, < w,w;)
implies that 0# exists.

We will prove

(5) If Free (k, < w, B) is false for a cardinal k and a limit ordinal 3, then Black
wins R(k, < w, ) (see Theorem 4).

This proof uses remarks made by F. Galvin and A. M4té and is included here
with their permission.

On the other hand we prove

(6) If kK — (B)5“ holds for a limit ordinal 3, then White wins the game
R(k, < w,B) (see Theorem 6).

This answers a problem asked in [2]. Note that this is a generalization of the
result of [2] as stated earlier but its proof is by no means simple.

We first proved that White wins R(k, < w, k) for a measurable cardinal k. Later
P. Komjath [7] found a simple strategy for White in this game. We could use this
strategy (with some modifications and tricks) to establish our result (6) for 8 > w.
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However for 3 = w, which is probably the most interesting case, we need a
different argument. In §2 we define the concept of a sequoia, which we hope is of
some independent interest and we establish special properties of these objects. The
proof of (6) then falls into two parts.

We will first show that White has a strategy in the game R(k, < w, 3) to pick all
elements of a suitable sequoia, and after that we show that under the assumption
k — (B)5* this sequoia contains all finite subsets of a set B of type 3.

1. The games R(k,r,3) for 2 <r < w.

DEFINITION. Let k, A, 7 be cardinals.

(1) We will call a mapping F: [£]<“ — [[&]"]<* a -set mapping of type < w and
of order < A onkif ANX =0 for all A € F(X), X € [k]<“. r-set mappings of
type n are defined similarly. In this case D(F'), the domain of F, is [s]™.

(ii) A subset H C « is said to be free for a 7-set mapping F on k iff for all
X C H, such that X € D(F) and for all A € F(X), A ¢ H holds.

(iii) Free}(k, < w,3,7) (Free}(x,n, B,7)) denotes the following statement.

For all 7-set mappings F of type < w (of type n) and of order < X there is a free
set H C k with tp H = .

It is clear from the definition that 1-set mappings can be canonically identified
to set mappings and that Free}(x, -, ,7) implies Free}(x,-,3,7') for 1 <7 < 7'.

In this paper we do not intend to study this relation in general. The idea is that
the statement — Free}(k, -, 3, A) in many cases yields winning strategies for Black.

Before showing that we define another statement.

DEFINITION. Let A > w. L(k, < w,A) (L(k,n,)) is the following statement.
There is a A set mapping F of type < w (of type n) of order < A on & such that for
all D C k with tpD = At (VA€ [D]* 3X(X € D(F)AX C DA A € F(X)) holds.

It is again clear from the definition that L(k, -, A) = —Free}(,-, A", A), moreover
it is also clear that L(k,-, ) implies 2* = A\* provided k > A*.

LEMMA 0. 2* = A smplies L(AT, 1, ).

PROOF. Let [A\*]* = {A4:a < AT} be a well-ordering of type At of [A*]*. For
a<Atlet Fla)={Ag:B<aAha¢ Ag}. O

LEMMA 1. Assume k > A > w > r > 1 and —Free}(k,r,AT,)). Then Black
wins R(k,r +1,A%).

PROOF. For X € [k]"t!let X = {zo,...,2,}, o < --- < zr; and X = X\{z;}
for ¢ <r. Let F:[&]" — [[k]*]=* be a A-set mapping establishing the assumption.

For each Y € [k|" let F(Y) = {F,(Y):v < A} be an enumeration of F(Y")
possibly with repetitions.

Finally let :k — [k]"*! be a coding function satisfying the following require-
ments:

(7) (i) p(a) Np(B) =0 for a # B <k,

(i) U{pla):a < k} = &,

(iii) @« C Nep(a) Ap(a) C a4 w for a < k.

Black’s strategy will be the following. Assume ¥ < k. When Black makes his
(hers) ~th move, he (she) looks at White’s ath move, W (), where « is the unique
ordinal for which + is the ith element of p(a) for some ¢ < r.
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He now considers the smallest v < A for which he did not choose earlier a set
of form {z} UW(a)®, z € F,(W(a)®). If such a v exists, he chooses a set of
the above form, otherwise he chooses the first element of [«]"*4t his disposal in
a well-ordering of type & of [k]"*1.

Assume now that a game was played and Black played according to his strategy.
Let D € []*". By the assumption on F, there are Y € [D]” and v < A such that

F,(Y)CcD and F,(Y)NnY =0.

In case White chose less than A, r + 1 element sets containing Y during the game,
we clearly have D ¢ W. Assume {a,:v < A} are the first A ordinals in increasing
order for which White has picked an r + 1 element subset containing Y. For some
i, Y =W(a,)®).

By (7), p(0,)®) < @, +w. Until this move White has chosen less than A sets of
the form {z} UY with z € F,(Y') so when playing this move Black either chooses
aset {} UY with z € F,(Y) or he must have done so in some earlier move. O

LEMMA 2 (LAVER). Assume A > w, 2% = At and AT A [AT]3, |, de. the
A-Chang conjecture fails. Then L(ATT,2, ) is true.

PROOF. Let f:[At*]2 — A% establish the assumption, i.e.
(8) VD e M wu < AT 3X € [D)? f(X) > p.

It is obvious that f can be chosen so that it satisfies
(9) VB, v < a f({a, BY) # f({e,7}) for & < A*H.

By the assumption 2* = A*, for each A < a < A** we can write

[ = {A%:v < A*).
Let 3 <a < Att. For a < A let F({a,3}) =0 and for a > A let
F({a,8}) ={Ajiv<anp< f({e, 83) A f({e,}) < f({e, B})}-

Then |F({a, 8})| < A, because of (9).

Let D C A*+\), tpD = A* and A € [D]*. Choose a 8 € D with A C 3. Then
A = AB for some v < A\*. In case there is an o € D\ with f({a,8}) > v, we
have A € F({a,}). Hence we may assume that f({a,8}) < v for all a € D\p.
By (8), there are @' < a, o/,a € D\B such that f({a,a'}) > v. But, then

f({e,B}) < f({a,0'}), hence A € F({e,a'}). O
THEOREM 1. Assume2* = A% for some A > w. Then Black wins R(AT,2,\T).
PROOF. By Lemmas 0 and 1.

THEOREM 2. Assume 2* = At for some A > w and A*t A M]3, , holds.
Then Black wins R(AT+,3,A1).

PROOF. By Lemmas 1 and 2.
For a cardinal A > w let At* be the ath successor of A. (AT0 =X, ATl =)*).
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LEMMA 3. Assume A > w, 1 <r <w. Then
Freej (A\17,r, AT, ) & Free}(A1", <w, A1, }).
This can be shown with a standard argument used e.g. for proving
Ry — [R1R, ne & R2 = RS2,

We omit the proof. Lemma 3 is just stated to explain our interest in the following

Problem 5. Is Vk > w —Freel,(k, < w,w;,w) consistent with G.C.H.? Does it
follow from V = L?

We conjecture that 3k Free,(k, < w,w;,w) implies that 0# exists. Note that a
yes answer to Problem 5 would imply, by Lemmas 1 and 3, that the following is
consistent with ZFC and G.C.H.:

V1 < r < w Black wins R(X,, 7+ 1,R;).
We now turn our attention to the case when « is a singular strong limit cardinal.

THEOREM 3. Assume k is a singular strong limit cardinal. Then White wins
the game R(k,2,k).

PROOF. Let 7 = cf(k). To prepare his strategy White first chooses a strictly
increasing sequence of cardinals (k,:v < 7) such that 7 < k, < K, k, is regular
for v < 7, and the sequence (2*v:v < 7) is strictly increasing as well. For v < 7
write A, = (2%+)*. Now White fixes pairwise disjoint sets {A,:v < 7} such that
U{Av:v <7} =k and |A,| = A, for v < 7. White’s strategy will come in 7 stages.
Assume v < 7 and that we have already defined what he has to do in stages S, for
i < v, in such a way that at each of these stages his strategy requires him to make
Ay moves. Assume further that for each u < v a subset B, C A, of type £, has
already been fixed.

Now at the stage S, White will play a strategy (with some modifications) de-
scribed in [2] to obtain a large subset B, of A, with [B,]> C W. This strat-
egy comes again in A, stages S, for a < )., each stage requiring White to
make 2((3°,<, ku) + |@]) < A, moves. Assume that a < ), and the strategy
has already been defined for the stages S, g, 8 < o, and that different elements
z8,yYs € Av; B < o have already been fixed. We imagine that a game is being
played according to the rules of R(k,2,-) and we will denote by W(Z) = {{z,y}:
White chose {z,y} Az € Z}. (This is certainly an abuse of notation since W is not
defined until the game is finished, but at each stage we know that some ordinals
must be in W while some are forced to be left out.) Now at the stage S, o White
first fixes an element z,, of A, such that z, > zg,yg for 8 < o, and no pair {zq, u}
has been previously picked either by White or by Black. This can be done since A,
is greater than the number of moves made so far. Then making }_,_, k, moves he
makes sure that W({z4})N B, contains a closed cofinal subset of B, for each u < v.
This is possible since he can always choose {y,z,} for the smallest element y of
some B, in question which was previously not chosen. At this point it is used heav-
ily that at limit stages it is always White’s turn to move. Note that “closed cofinal”
is meant in the topology of B, defined by its natural well-ordering. After having
finished with z,, White fixes a new element yo > 23, 8 < @; Yo > Y8, 0 < @, and
repeats the above procedure for y, in ) u<v lou moves. After this White turns his
attention to the set A,. He now plays at most 2|a| moves the following way. If at a
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nonlimit ordinal p+ 1, Black at his pth move picked a set {zg, 24} or {yg, Yo} With
some ( < a, then White picks {yg, ya} or {z,Zq}, respectively, if that is possible,
and in any other case he picks an {z3,z4} or a {yg, Yo} With the smallest possible
B. The stage S, , is finished if all the {zg,zq}, {ys, Yo}, B < @, have been chosen
by one of the players. We now still have to tell which set B, C A, White should
fix. The definition of this set will describe White’s strategy but in the meantime it
will almost accomplish the proof of the fact that the strategy indeed works. After
having finished the stage S, White defines a set mapping F on A, as follows. For
a< M, Fla) = {8 < a:{zg,za} N {ys,ya} were both picked by Black}. By the
strategy described above |F()| < 2(3°, ., ku) < k. Now K < 2% < A, hence
there is a subset C € [A,]* Free for F.

For each o € C let Dy = W({za}) "W ({ya}). Note that D, N B, contains a
closed unbounded subset of B, for each u < v. Let B, = U{Bu:1 < 1/} Since
|B,| < k, there is a C’ € [C]’\" and a subset D* C B, such that D¥ = B, N D,
for a € C'. Now White defines a 2-partition of length 2 of C’ as follows. For
B<a afel,

J({0,BY) =0 iff {za, 28} EW.
Note that, by the definition of C’, f({a,}) = 1 implies {ya,ys} € W. Now, by
the Erdos-Rado theorem (2%)* — (k)2 , there is a subset C” C C', |C"| = k}
homogeneous for f. To make the computation simpler White only chooses a C” of
type k, of this kind. Now one of the sets {zo:a € C"}, {ya:a € C"} is such that
all pairs of the set are in W. White will call this set B,,. Note that tp B, = k,.

Considering that 7 < ko, for each u < 7, B, = B,N(){D":p < v < 7} contains
a closed unbounded subset of B, hence |B}| = k.

But then for B={B}:u <7}, |[Bl|=xand [B?CW. O

2. The game R(k, < w,3). Sequoias. First we deal with the winning strate-
gies of Black.

LEMMA 4. Assume —Free;(k, < w,[3) holds for a limit ordinal 3 < k. Then
there is a family F = {{Xa,Ya}: @ < &} of pairs of finite subsets of k, such that

C
Xa # Yo fora<k, {Xo,Yo}N{X, Y.} =0fora#y<kandVACk (tpA=
8= 3Ja<k, Yo, CA).

PROOF. Let f:[k]<“ — k establish the assumption, i.e. VX € [k]<¥ f(X) ¢
XAVACk (tpA=F=3Xe€[A<¥ f(X) € A).

For X € [k]<% let n(X) = |f(X) N X|. Note that |X| = n implies that n(X) <
n. Let o be a one-to-one mapping of w? into the set of even numbers and such
that o(n,m) > n. We define a new mapping g¢: [k]<“ — k which also establishes
—Free; (k, < w,3) as follows.

Let Y € [k)!. Let (n m) = o~ 1({l}) if | € R(p). Let X be the set of first n
elements of Y. If f(X) € (( Y\X) and n(X) =mlet g(Y) = f(X). Let g(Y) =
otherwise.

Let F={{X,)Y}: X € [k]<*AY = X U{g(X)} A g(X) # 0}.

Clearly X % Y holds for all {X,Y} € F. Assume D C «k, tpD = 3. We may
assume 0 ¢ D. Thereisa Z C D, Z € [D]<“ with f(Z) € D. Let |l = p(|Z|,n(2)).
Choose an endextension X of Z with |X| =1 and X C D such that f(Z) € " X\Z.
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This is possible since (3 is a limit ordinal. Let Y = X U{g(X)} = XU{f(Z)} C D.
Obviously {X,Y} € F. Finally let {X,Y}, {X',Y'}, X C Y, X' C Y, be two
elements of F'. Assume

(X, Y} {X',Y'} 0.

Then either X = X’ or Y = Y’ since the X’s have an even number of elements
while the Y’s have an odd number of elements. X = X’ implies Y = Y’. On
the other hand assume Y = Y', |Y| =1+ 1. Since 0 ¢ Y, | € R(p) and for
e 1 {1}) = (n,m), XU{g(X)} = X' U{g(X")} =Y, and for Z,Z’, the set
of first n elements of X and X', respectively, we have n(Z) = n(Z') = m and
n(X), n(X’) < n. This implies that both f(Z) and f(Z') are the jth elements of
Y for the same 7 < n+ 1. It follows that X = X’. O

THEOREM 4. Assume —Free;(k, < w, () for a limit ordinal 3. Then Black wins
the game R(k, < w, ).

PROOF. Consider a system F = {{X,,Y,}: @ < k} satisfying the requirements
of Lemma 4. Black’s strategy is the following. Whenever White chooses an element
of {X4,Ys} for some a < k Black chooses the other element of it. O

We now start to give the preliminaries needed to obtain winning strategies for
White.

DEFINITION. Let « be any cardinal. For X,Y C k we write X < Y iff Va €
X, VBeY, a<p.

(i) A subset S C [k]<“ is said to be a sequota (on k) if it has the following two
properties:

(a) S is hereditary,i.e. aCbe S =>a€S.
(b) S possesses the following ezchange property: For a,b € [k]<¥, b < {8} <
{a} <a, aU{a}U{B} € S imply that

aU{a}Ube S e aU{f}UbeS.

REMARKS. Sp = 0, S; = [k|<“ are sequoias on . Let (k, <) be a tree on &, such
that <'C<. Let S2 = {a € [£]<“:a is fully ordered by <'}. Then S, is a sequoia
on k. On the other hand let S be a sequoia. Put a <’ 8 & {a,8} € SAa < 8.
Then (k, <’) is a tree. Let B be a branch of this tree. For a < 8, o, € B
define @ <4 B4 3y, B <y€ B, {a,B,7} €S. Then, by the exchange property,
a <% BeVy, B<y<B, {af8,7} € S, and again by the exchange property
(B, <%) is a tree. Obviously this procedure can be continued, and a sequoia is a
giant collection of trees amalgamated by the exchange property.

(i1) For a sequoia S and fora€ S'let S, ={be S:b<aAaUbe S}.

(iil) For a sequoia S and a € S let a~ = a\{mina} if a #0. 0~ = 0. We define

Twin(S,a) = {B: {8} < aha” U{B} € SASa = Se-u(s}}-

Note that Twin(S,0) = 0, and Twin(S,a) < a for all a €°S.

(iv) We say that a € S is normal in S if [Twin(S,a)| < 1 and Twin(S,a) = @
provided |J S, # 0 and |J S, does not have a maximal element and S is a normal
sequota if all elements a of it are normal in S.

Note that in the example Sy, the set {a} is normal in S; iff there is at most one
other 8 < a with & = 3, and none if the height of « is a limit ordinal. Hence S,
is a normal sequoia iff (k, <’) is a normal binary tree. It is also easy to see that
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a normal sequoia is an amalgamation of normal binary trees as indicated in the
remark made after definition (i).

Finally for the construction we need two more definitions:

(v) We will denote by <* the natural well-ordering (of type k) of [k]<“.

For a € [k]™ let a = (ag,...,an-1), G0 > -+ > Gp-1, @ <* b & ais an
endsection of bV b; > a; for the minimal 7 with b; # a;.

Finally we say that

(vi) S is an almost normal sequota provided for all a € S, a is either normal in
SorVbe S, a <*bimplies that a is an endsection of b, i.e. 3¢ < a with cUa = b.

We now need a sequence of lemmas about the properties of sequoias. In these
lemmas S always denotes a sequoia.

S. LEMMA 1. Fora € S, S, s a sequoia.

PROOF. (a) Assume b C c € S;. ThencUa € S, ¢ <a, bUa € S, and so
be S,.

(b) Assume bU {a,8} € S,, ¢ < {8} < {a} <b. Then aUbU {a,B} € S and
the exchange property for S implies the exchange property for S,. O

S. LEMMA 2. Assume® #b€ S,. Then b is normal in S, iff bU a is normal
nS.

PROOF. b < a by the assumption. Note that (S;)s = Saus and thus |J(S,)s has
a maximal element if |J S,us has one. Finally

Twin(Sa,b) = {B:{B} < b A (Sa)s-ugsy = (Sa)b}
={B:{B} <bA S(aub)—u{ﬂ} = Squp} = Twin(S,aUb). O

S. LEMMA 3. Assume S is almost normal. Then it has at most one element a
which 1s not normal in S.

PROOF. Assume indirectly that a,b € S and a,b are not normal in S. W.l.o.g.
we may assume a <* b. Then S being almost normal, a is an endsection of b,
i.e. there isa ¢ < a with b = aUc and ¢ # 0. Now, by S. Lemma 2, ¢ is not
normal in S,. Using again that a is not normal in S, we can choose a {a} < a
with a € Twin(S,a). Then S,-y(q} = S,. Hence c is not normal in S,- 4} and
then, by S. Lemma 2, a~ U {a} Uc is not normal in S. Now a~ U{a}Uc <* a and
a” U{a}Uc ¢ a. This contradicts the fact that S is almost normal.

S. LEMMA 4. Assume S is almost normal and a € S 1s not normal in S. Then
maxa =max|JS. As a corollary of this if |JS has no mazimal element, then S is
normal.

PROOF. Assume maxa < 3 for some § € |JS. Then a <* {8} and a ¢ {8},
hence S is not almost normal.

S. LEMMA 5. Let n be a limit ordinal. Let {Se:§ < n} be a sequence of
almost normal sequotas satisfying the following condition. For all £ < n there is an
a¢ € S¢41 such that

Sg = {b S S§+1:b <* ag}.
Then S = |J{S¢: £ < n} is an almost normal sequoia.

PROOF. (a) S is hereditary: Let a C b€ S. Then b € S¢ for some £ <17, a € S¢
anda € S.
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(b) S has the exchange property: Assume {8} < {a} < a, aU{a}U{B} € 8S.
Then for some ¢ < 7, aU{a}U{B} € S¢, hence aU{a}U{B} <* a¢. Now, for
any b < {0}, aU{a}Ub,

aU{f}Ub<*aU{a}U{B} <" a¢
holds. It now follows that
aU{a}Ube S aU{alUbe S
saU{BlUbe Se ®aU{B}UbES.

Finally, we have to see that S is almost normal. Let § # a € S. We distinguish
two cases.

(1) 3¢ < n (a <* a¢g Aa is not an endsection of a¢).

(il) 3¢ < n, Y& < € < 7 (a is an endsection of a¢).

In case (i), Se4+1 being almost normal, a is normal in Sey;. Again, by (i)
Vb < a(aUb <* a¢). Hence S, = {b < a:aUbe SAaUb<* ag} = (Se)a C
(Se+1)a C Sq, and as a corollary of this S, = (S¢41)a. Similarly, for each 8 <
mina, S,-y(sy = (Se+1)a-uggy- (To see this we have to use the fact that if a <* a¢
and a is not an endsection of a¢ then the same holds for a~ U {3}.) We now have
that Twin(S,a) = Twin(S¢+1,a) and so the normality of a in S¢i; implies the
normality of @ in S.

In case (ii) let b € S, a <* b be arbitrary. For some §, o < (<, b<*a¢. a
is an endsection of a¢, by (ii), hence the inequalities a <* b <* a¢ imply that a is
an endsection of b as well. O

S. LEMMA 6. Assume S 1s almost normal, a € S is not normal in S, 8 €
Twin(S,a). Then the following statements are true:
(i) Vbe S (b<* aU{B}).
(i) SU{aU{B}} ts an almost normal sequoza.

PROOF. (i) Let b€ S. Since a <* a U {3} we may assume a <* b. Because a is
not normal in S, then there exists a ¢ # @ with a U ¢ = b, ¢ < a. This implies that
¢ € Sq = S,-up)- Hence ¢ < {f} and as a consequence of it b=aUc <* aU {f}.

(i1) (a) SU{aU{B}} is hereditary: To prove this it is sufficient to see that for all
b C aU{B} with |aU {8}\b| =1, b € S holds. Assume b ¢ S for some of these b.
For such b, aU{B} = bU {a} for some ordinal , and let a be the minimal ordinal
for which b € S fails. Then a # (3 since a € S and « # mina since a~ U {0} € S.
Then a U {8} can be written in the form a U {8} = o’ U{a} U {’} Ua" U {5}
where {#} < a” < {¢/} < {a} < a’. Then d’ U{a}U{a'} C a € S, and
a U{a} Ud” U{B} € S because of the minimality of a. Then b € S since S
possesses the exchange property.

(b) SU{aU{B}} has the exchange property.

Put $’ = SU{aU{B}}. Using part (i) of S. Lemma 6 it is easy to see that S’
has the exchange property provided

Vo< {B}a UbU{B}ES aUbeS.

This is equivalent to S,-ygg} = Sa N [B]<* which is true because 8 € Twin(S, a).
(c) We have to prove that S’ is almost normal.
Let b € §'. If aU {8} is not of the form a U {8} = bUc, ¢ < b then S} =
Sy, Twin(S’,b) = Twin(S, b), hence b remains normal in S’. Assume now aU{f} =
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bUc, ¢ <b. We claim that Vd € S’ (b <* d = b is an endsection of d). This indeed
follows from the fact that a is the nonnormal element of S.

Note that the proof also shows that the nonnormal element of S’ (if any) must
be an endsection of a U {3}. O

We are now in a position to prove our main theorem concerning Ramsey games
and sequoias.

THEOREM 5. Assume k > w s a cardinal. Then in the game R(k, < w,-)

White has a strategy to achieve that its winning set W contains a normal sequota
S with | S| = k.

PROOF. White’s first move is to choose the empty set. We define White’s
strategy recursively. We will denote White’s and Black’s £’th move by a¢ and b,
respectively. We want to define White’s strategy so that the following conditions
should hold in every game played according to this strategy for every ¢ < «:

(i) a¢ <* a¢ for ¢ < €.

(ii) Se = {as:¢ < £} is an almost normal sequoia.

(iii) In case S¢ is normal, a¢ = {B¢} for B¢ = min(k\(U{a, Ub.:¢ < £})).

(iv) In case S¢ is almost normal and a¢) is the nonnormal element of S¢ (f(£) <
€), then ag = as(¢) U {B¢} for some B¢ € Twin(Se,ay(¢)).

Let T; = Twin(Se, az(¢)) in case S¢ is not normal.

(v) If Sgyq is not normal, then |T¢y1| > 2. Furthermore, suppose b is of the
form b = bU {a}, where b # 0, {a} < band as41) = bUc for some ¢ < {a} and
that min T¢1; < a. Then we call b¢ a threat and in this case we denote the set
b= U{a}UcU{B} by d(B) for B € T¢1+1 and we require that either

(a) d(Be+1) & Se41 or

(b) Be+1 > minTe4 and for all B < Beyy with B € Teyq, d(B) € Se41.

Assume now that 0 < # < k and the strategy has already been defined so that
any game (a¢,be: § < n) played according to White’s strategy satisfies (i)-(iv) for
E<nand (v) for §+1 <.

Since any move b, of Black prevents White from choosing any superset of b we
may assume that Black’s moves are minimal, i.e. any proper subset a of b¢ is equal
to some a, with ¢ < &.

Now S,, = {a¢: £ < n} is defined, and, by S. Lemmas 5 and 6, S, is an almost
normal sequoia. In case S, is normal (iii) can be trivially satisfied. (If S is a normal
sequoia and a < {8} for all a € S, then S U {{B}} is an almost normal sequoia.)
We assume now that S, is not normal and ay(y) is the nonnormal element of it.
By S. Lemma 6 to finish the recursion we only have to show that 3, can be chosen
to satisfy (iv) and (v).

To see this we first prove the following

Claim. For a € T;; and { + 1 <1, ajy) U{a} # be.

Assume indirectly that af,) U{a} = be. By the minimality of the b¢’s, af(,) €
Set1, ie. f(n) < € Then agy,) <* agy1 € Sy, because of (i), hence by the
choice of af(,) and the almost normality of S,,a(,) is an endsection of agy; =
afe+1) U {Bes1}. We intend to show now that be was a threat. Since f(n) <
€, af(m) # agy1 and so ag(y) is an endsection of ay(¢y;) as well. Then denoting
aj(n) by b, ageq1) =bUc for some c < b.
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By S. Lemma 6, af(¢41) <* agn)U{a} = bU{a}. This implies that & > max ¢
forc#0. Incasec =0, aget1)U{Be+1} = ags1 <* agn)U{a} implies B¢ 41 < a.
Hence b¢ was indeed a threat. By S. Lemma 6, S’ = S, U{ay)U{a}} is a sequoia,
and it has the exchange property. It follows from the requirements on a threat and
from B¢11 < a that the exchange property yields

(10) d(ﬂ) €S & afe+1) Y {ﬂ} € S’ for B < ,3£+1 and B € Tetr.

Now we apply (v) for £ + 1. If White answered the threat by making sure
d(Be+1) ¢ S we get a contradiction from (10) since then af(¢41) U {8} € §’, and
d(ﬂg.g.l) € S’. But d(ﬂ5+1) <*be Se+1 and so d(ﬂ€+1) € S€+1.

If White answered the threat the other way, and 8 = min T¢ 1, then the exchange
property (10) implies af(¢+1) U {B} € §’. But aye41) U{B} <* agt1 then implies
afe41) U {B} € S¢+1, a contradiction to the choice of B¢, and to S. Lemma 6.
This contradiction finally proves the claim.

By the choice of af(,), T, # 0. Hence if 7 is a limit ordinal and 8 € T, by the
claim just proved, a, = ay,) U {8} is a legal move for White. Choosing 3, to be
the minimal 3 of this kind, the n’s move of the strategy is defined and satisfies (iv)
(and (v) vacuously). Assume now n = { + 1. Since f(§ +1) < &, afeq1) <* ae.
In case af¢y1) = ag, a¢ being the <* maximal element of S¢i1,(Sy)q;,
{03,U(Sn)as(,y = 0; hence |Ty| > 2. In case af(y) <* ag, ag = af(y) U d for some
0 # d < ag(y). Again, by the maximality of a¢, maxd = max|J(S,) Hence
|T,| > 2 holds in this case as well.

By the claim, b, = af(;) U {a}, ¢ <7, a €Ty can only hold for ¢ = £. In case
this holds for say ag € T, (we may assume |T,;| = 2), White is compelled to choose
the other element, say oy of Ty, as his 8, = B¢41.

Now in this case, using the notation of (v), afe41) = b, ¢ = 0. Hence in
case ag < o, be is not a threat and the rest of (v) holds vacuously. In case
o1 < ao, d(Be+1) = d(on) = ap,) U{ao} U{ou} ¢ Sy since otherwise oy €
(Sﬂ)a;(")u{ao}’ ap ¢ (Sﬂ)a;(n)u{a;}’ and ag, a1 € T,) = Twin(Sy,a(,)). Hence in
this case the only move of White answers the threat and satisfies (v).

Now assume ag < a; are the two smallest elements of Ty, be # af(,)U{a;}, © < 2
and b is a threat: In case d(o;) ¢ Sy, for some 7 < 2, White can choose a, =
af(n) U{a;} answering the threat. In case d(a;) € Sy, for ¢ < 2, ay = afm) U {1}
answers the threat.

This finishes the recursion, the strategy is defined. Assume White plays his
strategy and makes k-moves. Let S = {a¢: £ < k}. Then S C W. By (i), (ii) and
S. Lemma 5, S is an almost normal sequoia, and ||J S| = k. By S. Lemma 4, S is
normal as well. O

Now we prove our last lemma about normal sequoias.

af(n)°

S. LEMMA 7. Assume k > w, S C [k]<* and S ts a normal sequota. Let 3 be
a limit ordinal, A C |JS, tp A = B a set of indiscernibles for S (i.e., for a structure
coding S and the well-ordering < of k). Then there i1s B C k, tp B = 3 such that
[B]<» C S.

PROOF. Let A = {ag: & < B} be the natural enumeration of A. We may
assume that ag is the minimal ordinal for which a set A of indiscernibles exists
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with min A = ap. If [A]<“ C S we are home. Assume that k is the minimal integer
for which [A]* ¢ S. Then k > 1 and by indiscernibility [A]* N S = 0.

We now claim that S, = S, for a,b € [A]*"!, mina = minb. This is obvious
for k = 2. For k > 2 assume first that a = 0" U{a}Ua’, b=d"U{B}Ud/, d' <
{a}, {8} <a”, o' #0.

Then |a” U {a, 8} < k-1, a”" U{e,B} € S. Hence for any ¢ < a’, by the
exchange property,

cUaeSecUbeS, ie S,=35

holds in this case. Since for any pair a,b € [A]*~! with mina = minb, b can be

obtained from a by repeated applications of the operation described above, S, = Sp
holds for any such pair.

For £ < 3, let S(¢§) = S{ag,a¢+1,...,a¢+k_2}~

We now claim that S(¢) # S(n) holds for every pair £ < n < 8. Indeed otherwise
S(€) = S(n) would hold for all pairs, and as a consequence of this S, = S, would
hold for all a,b € [A]*¥~!. This is impossible since e.g.

S{ao,aaym,ak-x} = S{alyQSy"wak—l} = S{az,as,-mak—l}

implies that ap,a; € Twin(S, {az,...,ak—1}) a contradiction to the normality of
S.

For ¢ < n < B, let a(&,n) be the <* minimal element of S(§) o S(n). Now either
(i) V€ <n < B, a(&,n) € S(§)\S(n) or (ii) V¢ < n < B, a(¢,n) € S(n)\S(£) holds.
Both of these conditions imply, that a(¢, € + 1) # a(€ + 1,€ + 2) for £ < (3, since
e.g. if (i) holds then a(£, £+ 1) ¢ S(€+ 1) and a(£ +1,€ +2) € S(£ + 1).

This in turn implies that a(§, € + 1) <* a(§ + 1,€ + 2) hence the elements
{a(&, € + 1): € < B} are all different. Let a; denote the jth element of a.

There is a j < w such that the elements {a;(§,{ + 1): € < B} are all different
and indeed increasing. If (i) holds then a;(&,£ 4+ 1) € JS(§) C ag, for £ < 5;
hence {a;(&,€ +1):£ < B} is a set of indiscernibles with with a smaller minimal
element than ag, a contradiction. Thus we may assume that (ii) holds and that
S cSE+1)for E<p.

Let B¢ = min | J(S(€+1)\S(&)) for £ < B. Incase B¢ < ag for £ < B, {Be¢: € < B}
is a set of indiscernibles with a smaller minimal element than ag. B¢ # a¢ because
of the choice of k. It follows that o < B¢ < ag41 holds for ¢ < 8. Now using the
fact {B¢, ag41,...,ae+k—1} € S the exchange property for S implies that

Vb < {ﬂg} (bU {,35,04{2, .. .,a5+k_1} eSebu {a5+1,a£+2, cee ,Olf+k—1} € S).

This means that
S{Béra€+21"'1a€+k—l} = [ﬁ£]<w n S(£ + 1)

holds for ¢ < S.
Considering that S(§) C S(¢ + 1) and taking into account the definition of B¢
it follows that

[ﬂ£]<w n S(f + 1) = S(E) = S{ae,a€+2 ..... a€+k—l}'
These equalities imply that

ag € TWin(S, {,@g, Qe42y.--, a5+k-1})



RAMSEY GAMES 827

and that U S(s, acya,....acre-1) = US(€) has a maximal element (because of the
definition of normality).

Let g(¢) = max|JS(€) for £ < B.

The g(¢) must be all different, since {a¢} < {8¢} € S(£ + 1) holds for £ < 3.

Then {g(£):€ < B} is a set of indiscernibles with a smaller maximal element
than ag. This contradiction concludes the proof of the lemma. O

THEOREM 6. Assume k — (08)5* holds for some limit ordinal 3. Then White
wins the game R(k, < w, §).

PROOF. By Theorem 5, White has a strategy which insures that he gets a
normal sequoia S C W with ||JS| = k. By the assumption, there is a set A C
US, tp A = (8 which is a set of indiscernibles for A. Then, by S. Lemma 7, there
is aset B C k,tpB = ( such that [B]<* C SCW. O
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