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INEQUALITIES FOR SOME MAXIMAL FUNCTIONS. I
BY
MICHAEL COWLING AND GIANCARLO MAUCERI

ABSTRACT. This paper presents a new approach to maximal functions on R". Our
method is based on Fourier analysis, but is slightly sharper than the techniques
based on square functions. In this paper, we reprove a theorem of E. M. Stein [16]
on spherical maximal functions and improve marginally work of N. E. Aguilera [1]
on the spherical maximal function in L?(R?). We prove results on the maximal
function relative to rectangles of arbitrary direction and fixed eccentricity; as far as
we know, these have not appeared in print for the case where n > 3, though they
were certainly known to the experts. Finally, we obtain a best possible theorem on
the pointwise convergence of singular integrals, answering a question of A. P.
Calderon and A. Zygmund [3, 4] to which N. E. Aguilera and E. O. Harboure [2] had
provided a partial response.

We prove, in a unified manner, the boundedness of various maximal functions.
The basis of our approach is the use of the Mellin transformation, and development
in spherical harmonics, to reduce “difficult” maximal functions to “easy” maximal
functions and expressions involving singular integrals. We are able to treat various
maximal functions which arise in differentiation theory and in the study of singular
integrals; unfortunately maximal functions based on oscillatory integrals (such as
those involved in the pointwise convergence of Fourier series) require more
sophisticated ideas.

Our fundamental inequality is the following. If

k(x,9) = [du T L ;5 )K; u7)

meN jeD,

(a,,,,andk; , , are described below), then

‘f k(I Gx )| < fu BT 1aymal)ksma* [()]

meN jeD,
In some cases, it is easy to verify that, for all x in R”,

1,2
Yy |aj,,,,,,,(x)|2 < b, (u), me N, u <R,
jeb,
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and consequently

[ k(e )1 (x =

/2
/du Y 5 (u)[ Y |k,mu*f(x)|]

meN JjE€D,

and so we obtain a bound, which is pointwise, in terms of convolutions. If k* are
different kernels such that the corresponding 4, -vectors a,, , are dominated by the
same b, (u), we obtain the maximal function estimate

jdu Y b (u)|k, . * f(4)],

meN

P:|1/p

fdu Y b, u)[/kndxlkm,u*f(xﬂp]l/p

meN

sup

[ @Ko p)f (x =

and hence

[ /R"dx sup

[Ldyk(x, y)f(x - y)
R"

<[ fae £ bl 111

meN

where ||| g * |||, denotes the operator norm on L?(R") of convolution by g. These and
similar inequalities are the backbone of our work.

The kernels k; ,, , are homogeneous functions, smooth on R"\ {0}. Precisely, if
Yy m> Yo ms--+» ¥y 18 an orthonormal basis for the space i), of spherical harmonics

of degree m on the unit sphere $"~! in R” (often written just S), equipped with
normalised Lebesgue measure (written w;! dy’, or w™! dy’), then

iu—n

kima(3) =Y,y e RN\(0},

where y = y’| y|. The functions g, ,,, ,(x) are defined by the rules
aj,m,u(x) = w—l/;dy,ku(x’ y,)_).;j,m(yl)9

k(x,y) = (2W)'lf dtk(x, ty’)tn=1+iv,
R+

It is clear that, at least formally, if D,, = {1,2,...,d,,}, then

[du T L )l )Ky 7

meN je€D,

= Jduku(x ]

—iu—n

= k(x, y),

by the properties of spherical harmonics and the Mellin transform. We also observe
that

@)l ¥) = 270) " [ dyk(x, )T, (¥
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It will sometimes save effort to write a,, ,(x) for the d,-vector and Ja,, ,(x)| for its
norm.

The first part of this paper will be devoted to a few preliminary results. We derive
the mapping properties of convolution with the vector-valued kernel k,, , from
L?(R™) to L?(R" C%"), and recall the definition and elementary properties of the
Handy-Littlewood maximal function. This latter is used to control

fjdu ag (x)kq, * f(x),

where J is the interval [-1,1], when a, ,(x), considered as a function of u, is the
restriction to J of a Fourier-Stieltjes transform.

The second part of the paper treats some radial maximal functions. We give two
general results, and derive from these easy proofs and generalizations of some results
of E. M. Stein [16] and N. E. Aguilera [1]. These results are used in §4.

In §3, certain maximal functions arising in differentiation theory are studied.
Again, we prove a few general results and use these to reprove results of A. Cérdoba
[6] and J.-O. Stromberg [19], and to sharpen up some results of N. E. Aguilera and
E. O. Harboure [2].

In §4, we apply our method to the theory of singular integrals. We improve results
of N. E. Aguilera and E. O. Harboure [2] on a question raised by A. P. Calder6n and
A. Zygmund (3, 4].

In this paper we systematically denote by C a constant which may depend on any
or all of the parameters in play, and which may vary from line to line, while by C, ,
we mean a constant which depends only on the parameters p, ¢, and possibly n, the
dimension of the space. We ignore the dependence of constants on n. By J we denote
the interval [-1,1]; J,, means J,, if m = 0 and @ (the empty set) if m € N* (the
nonzero natural numbers).

We recall that d,,, the dimension of £, is given by the formula (see E. M. Stein
and G. Weiss [18, p. 147)).

=(n+2m—2)I‘(n+m—2).

A Tm+ )I(n+1)

we shall use the notation

Y, = jmgn/2+iu F(’n/2 — iu/2)~
ot T(n/2 4+ m/2 —iu/2)’

The Fourier transformation is defined as follows:

F(8) = [ dxf(x)eme

for nice f, and then extended.

These results were announced in [7]; related work appears in [8]. A sequel to this
paper is in preparation. We are grateful to G. Weiss for his encouragement during
the researching and writing of this paper.
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1. Some preliminaries. In this section, we obtain estimates for the operator from
L?(R™ to L?(R™ C“») of convolution with k,, ., for p between 1 and 2. These are
proved by establishing L2 — L? and H' — L' estimates, and then interpolating.
Later, we recall the definition of the Hardy-Littlewood maximal function, and use
this to control

_/;d“ aO,u(X)kO,u *f(x)
for nice a ,.
LEMMA 1.1. With the notation established in the introduction,

|| lkm,u *f| ||2 = h’m,—iuldrln/zllf”Z'
PrROOF. We denote by # the Fourier transformation. Clearly

1K ® £ = [ VF K * O1 | = 1F K dF12

< " |‘gkm,u| ”oo"‘g-fHZ = " |‘g’km,u| ||co||f”2,
so it suffices to show that

[k k() = [, ndd?, £ € RP\{0}.

This is straightforward. The Fourier transform of k; ,, , is ¥,,_;, times the function
Y, . (§)I€]" (see, e.g., p. 78 of Stein [15]), and

12
[ Z |)i',,m(§r)| ] — C, sl c Sn-l;
clearly
C=wtfag T |48 =d,. D
S jep,

We note explicitly that |y, _,, | explodes when m = 0 and u is small. This is why we
have to treat this case separately. ’

LEMMA 1.2. With the notation established in the introduction,
1o * 1 < ol D,
where
C,u< Cd,log(2 + m+lul), meN,ueR\J,,
and
Cpu < Clul—l, m=0,u€clJ.

PrOOF. We refer the reader to R. R. Coifman and G. Weiss [5] for an excellent
discussion of H'(R"). From their work and Lemma 1.1, it is clearly enough to
estimate I, where

I= dx[k,, ,(x = y) =k, . (x)].

1x]> 2]y
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This we do by considering separately first I;, where

I = f( Ax[K (X = ¥) = Kpp (%)

2+m+|uly|>[ul>2]y|

dx[k,, ,(x)|

< 2/
@+ m+ludly|> x> 1]

=2log(3+m+ Iul)j;dx’lkm’u(x’)|

|12
<2log(3 +m + |u|)w1/2[/;dx’|km,u(x’)| ]

=2log(3 + m +|u|) wd’/?

and then I,, where

12 = f dxlkm,u(x - y) - km,u(x)l

[X|> @2 +m~+juDy|

= dx

[X1>2+m+{uiy|

flds' d/dsk,, ,(x — sy)
0 .

< dx| vk, ,(x)| [yl
x> L+ -+l

. , -n—1
< dx (liu + n| K, ,(x) x| +] 9K, (2)])Iy],

[%1> @ +m+|up|y|

where Vv, is the tangential component of the gradient. Continuing by applying
Holder’s inequality and integrating by parts, we obtain

a1 2172
L< (U4 m+[ul) iu + nlo??| [dx'k,, (x)]
S

-1 1/2
Ot m ) 2| [ 8k () K ()]
S

= (1 + m +ul)  wd¥2[|iu + n|+[m(m + n — 2)]"/.
Combining the estimates for I, and for I,, we conclude that
I < CdY/*log(2 + m +|u]).
From this estimate and Lemma 1.1 we obtain the desired result. O
PROPOSITION 1.3. Suppose that 1 < p < 2. Then the following estimates hold:
1% fllp < G (m + 1) (m 4 Jul) ™ [i0g(2 + m +[ul)] 77| £ ],
me N,u€ R\J,,

-1
< Cpl“l "f"P’ m= 0’ ue J-

Proor. This is a corollary of Lemmata 1.1 and 1.2 and the interpolation theorem
of C. Fefferman and E. M. Stein [10]. We also use easy estimates for I'-functions. 0O
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Since the operator norm of convolution with k, , blows up as u tends to 0, we
need to exercise particular care in dealing with expressions of the form

[J duagy,(x)ko,* f(x).

The Hardy-Littlewood maximal function Mf of a locally integrable function f is a
valuable tool in our investigations.
The Hardy-Littlewood maximal function Mf is defined as follows:

Mi(x) = sup B, [ anlf ()

B(x,

where B(x, r) is the ball centred at x of radius r, and |B(x, r)| is its measure. The
essential facts about Mf may be found on p. 5 of Stein [15]. We recall only that, if
1 < p < o, there is a constant 4, such that

1Mflp < 4,0fll,, € LP(RY).
LEMMA 1.4. Suppose that F: R* — R" is decreasing, and that

fwdyF(|y|) < 0.
Then for any X in R* and f in L?(R"),
L& WEOWDIGx =)l | [ ()] mr().
R’ R’

PrOOF. The function y — A"F(A|y|) satisfies the same hypotheses as y — F(|y)),
so without loss of generality we may take A to be 1. Since

F() = = [“dF(0) = = [ dF()x50,(>)

(where B is the closed ball),

fR”dyF(lyl)lf(x -

[ 4F ) [ dxpan (M (x =)

N

_j;!+dF(t)|B(0, 1)|Mf(x)

—f1z+dF(t)Lndy X 5.0 (¥) Mf(x)

LﬂdyF(lyl)Mf(X)- O

PROPOSITION 1.5. Suppose that for some measure p on R of bounded variation,

ao0u(x) = [du(0)e?, uel,

where [g|du, (v)| < A. Then

’ f 0 (5o 1)

< 4mwAMf(x) + Afdu|u| ko * f(x)].
J
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PrOOF. We observe first that

\ Jauag (x)ko,* f(x)|< [aulul |ag,.(x)] ko, £(x)|
J J

+‘f,du(1 —Iul)Ldﬂx(v)e‘z’”'“"ko,u*f(x)

<A [dulul ko, * 7O + [ lam(0)]| [au(t = lu) ek, % f(x)).

Next, let H: R — R be the function H(w) = sin?(w/2)(w/2)2, and let G: R — R be
the majorant G(w) = 8/4 + w2, Then

fJ du(1 = [u)e 2|y " = fJ du(1 — |u])exp(-iu[2m0 + logly|] )y

= H(log(ez”"lvl))lyl_n,
and so, by Lemma 1.4,

fkldux(v)l
=fnldux(v)|

<fnldux(v)lfwdyG(log(ez’"’lyl))lyl-"lf(x - )|

fJ du(1 — lul)e 2"k, * f(x)

fmdyH(log(ez""b/D)|J’|—"f(x - y)l

< Jlan(0)| [ v G (1og(Iy)) A" M (x)

< Afdy'f dr 173G (log(1)) Mf (x)
S R*
= 4nwAMf(x). O

We remark that if a, ,(x) is Holder continuous with exponent more than 1/2, as
a function of u, then it is certainly equal to a Fourier-Stieltjes transform in J. More
to the point of what follows, if

a0u(x) = [dm,(0)e>™,  uel,
R
then, for any sin R™,
s"ay (x) = /dux(v + log(s)/2m)e 2",  uel,
R
and of course

[ Jas(o + 10g(s)/2m) = [ |dn.(0)]-

We also point out that the above proof goes through verbatim for vector-valued
functions f, provided that convolution be appropriately defined. See the discussion
of the point at the end of the proof of Theorem 2.1.
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2. Radial maximal functions. In this section we prove two general theorems, and
show that these contain the results of Stein [16] and Aguilera [1] as particular cases.
We shall treat a vector-valued version of one of these results, since it will be useful
later in this form. Naturally the other theorem also could be given a vectorial
formulation.

THEOREM 2.1. Suppose that p € (1,2], that A € R™, and that b: R > R™ be such
that

B= [ dub(u)u] ™ log(2 +|u)”" "' < 0
R\J

Let ® be the set of all radial distributions ¢ on R", integrable near 0 and at oo, for
which the function a, given by the formula

a0, = (2m0)” [ do(y)",  ueR,

is such that
ag, = fdu(v)e'z"’“”, uel,
R

with [g |du(v)| < A, and|a, | < b(u), u € R\ J.
Then for any d in N*, and for all f in LP(R"; C?),

Myf = sup{lo* f|: ¢ € @}
exists in LP(R™); more precisely,
Mof < 4modMIf|+ A [dulul ko » f1+ [ dub(u)lko,* £,
J R\J
and so

IMofll, < G,(4 + B)IIf]l,-

PROOF. Since ¢ is radial, we obtain, by inverting the Mellin transformation, that,
distributionally

6= fR duay ko,

(Integrability of ¢ near 0 avoids the difficulties one encounters trying to synthesize
the Laplace operator in 0 in this manner; integrability at co appears in the
hypothesis of the theorem purely to assure an easy definition of a,,, and may be
relaxed). Thus

e f = [ sbou

= [duag ko f+ [ duag ko,
J R\J
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By Proposition 1.5 and the hypotheses,

6% f1<| [duaoukon s

+ f d“lao,ul IkO,u * fI
R\J

< 4mwAM|f| + Aj;du|u| ko, * f1

+ J dubulko,* 1
R\J '

The right-hand side is independent of ¢ in ®, and so
Mof < 4mwAMIf|+ A [dulul ko, * f|+ [ dub(u)lko,*fl.
J R\J

(The “supremum” is defined in the separable Banach lattice L?(R"); this avoids
measurability questions. See N. Dunford and J. T. Schwartz [9, Chapter 3] for the
general theory necessary). We conclude by noting that, from Proposition 1.3 and the
properties of M| f|,

1Mo fl, < 4maa|MIf| [, + Afjdulul ko, f1]l, + fR\Jdu b(u)| Ik, * £ |l,-

For vector-valued f, we have been guilty of omitting the definition of k, , * f; we
mean, of course, the operator, perhaps more correctly written k, , ® I * f (but is
pedantry correct?) which acts in each component of the vector by convolution with
ko, It is a well-known result of J. Marcinkiewicz and A. Zygmund [13] that the
norm of this operator on L?(R"; C¢) is that of convolution by ko, on LP(R").
Consequently, || Myf||, < C,(4 + B)||f]l,- O
The next result is a variant on the same theme.

THEOREM 2.2. Suppose that p € (1,2], that r € [1, p), that a € (-o0,n/p’ — 1/r),
and that A, B € R™. Let ® be the set of all radial distributions ¢ on R™, integrable near
0 and at oo, for which the function a, given by the formula

ao, = @ma) [ de(y)DI",  ueR,
is such that,
ap, = fd“(v)e—Zﬂiuu, ue J,
R

with [gldp(v)| < A, and also such that

[ [ Vdu[|a0,,,| ] "]w <B

(with the obvious modification if r’ = o0). Then for all f in L?(R"),

Myf=sup{lp=*fl: ¢ € D}
exists in LP(R™). More precisely

1/r
Mof < 4nwAMS + A f, dulu |k, * f| + B( fR \Jdulul kou*f'|

whence | Myf||, < C,, (4 + B)IIfll,-
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~ PROOF. As in the proof of Theorem 2.1, we have that

Jdua o, x f|+ [ dulag,) ko, 1.
J R\J

By Proposition 1.5, Holder’s inequality, and the hypothesis,

o * f|<

|+ £ < 4mwAMf + A [ dulul [k, ,* /|
J

’ 1/"/ ar r
o sllaoud ™)) [ [ el ko 1T

1/r
< dmwAMf + A f, dulu| ko, * f| + B( jR \Jdu|u| ko * f| ) .

As before, it follows that the right-hand side of this inequality dominates My f. We
conclude by observing that Minkowski’s inequality finishes off the proof:

1/r 1/r
[l o 1) | < f bl o1,
R\J , R\J

1/r
+

1/r
ar -n/p’ 2/p—1
<( [ dulul" G lul ™" 10g(2 + |uf) ||fl|pr)
R\J

= Cp,r,a"f ”P 4

from Proposition 1.3 and the initial restrictionson p and r. O

Before we pass to a few applications of these results, we remark that by duality,
the estimates for |||k, , * ||, are valid for ||k, , * |ll -, and so Theorems 2.1 and 2.2
have easy extensions to L?(R") with p in (2, 0). However, for those p, a better
strategy for treating maximal functions seems to be interpolation between L2-results
(of the type just proved) and L*-results (obtained trivially if @ contains only
measures of uniformly bounded variation). So we omit these extensions.

Some applications of Theorems 2.1 and 2.2 will now be given. First, we discuss the
results of Stein [16].

Put m?*(x) = b*([(1 — |x|*],)*" !, x € R", where

=l -l ) =t

Then m?, defined initially for Re(z) > 0 as an integrable function, extends mero-
morphically to z in C as a distribution with singular support S"~'. Further,
m? = [pdualk,, where

a* = (270)" [ dym*(y)ly]"
R’l
- (27r)_1bzf dr([1 - tz])‘Ht"““"1
R+

= (270) 'B(n/2, z) 'B((m + iu) /2, z).
aT((n+iu)/2) ['(n/2+z)

= (27w)

I'(n/2) T'((n+iu)/2+z)
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This is analytic in Re(z) > —n/2. As a function of u it is clearly real-analytic, and so
certainly admits an expansion as a Fourier-Stieltjes transform in J.
From the well-known asymptotic formulae for the I'-function, it is clear that, if
1 > Re(z) > -n/2, then
Re(z)

laz|< Clu| 7, uweR\J.
We therefore obtain the following corollary of Theorem 2.1.

COROLLARY 2.3 (STEIN [16]). If1 < p < 2, and Re(z) > 1 — n/p’, then ”sz"p <
C|| 1l , for all f in LP(R"), where

M.,f= sup{ f dyt="m*(y/t)f(x — y)
R"
PrROOF. We take some representation of a? as a Fourier-Stieltjes transform in J,

a§=fdu(v)e'2"'“", ueld,
R

:t€R+}.

and let b: R — R™ be the function given by the rule
b(u) = (27rw)_1|B(n/2, z) ' B((n + iu) /2, z)l, u€R.
Since m*(y) = [gduaik, ,(y) then
tm*(y/t) = [duaitko (y/1) = [ dutaiko,(y).
R R

Alternatively
@)™ [ dy e m*(y/0)I" = t42m0)™ [ dym* ()l
R" R”

= piuz
= t'gz,

Now as remarked at the end of §1,
t'a: = fdy(v + log(t)/2m)e 2", y e,
R
and
[ ldu () +1og(t)@7)| = [ |du(v)| = 4,
R R
say. Further,
|t"az| = b(u), ueR.

So with ® as in the enunciation of Theorem 2.1, M, f < M,f, and the estimate for
M, f follows from that for My f. O

Now we consider some work of N. Aguilera [1]. If ¢ € L'(R"), and ¢ is radial (let
us write ¢(x) = F(|x])), then

M 4o, = (2m) ™ [ dxo(x)”

- (2vr)'1f dr F(t)gn—1+iu
R+

= (2'rr)_1fkdv G(v)e™,
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where G(v) = e""F(e"). Since ¢ € L'(R"),

[avlG(v)|= [ dxlo(x)|< oo,

R R

and so a, , is automatically a Fourier-Stieltjes transform.
By using Theorem 2.2, we recover Aguilera’s results.

COROLLARY 2.4. If n =2,1 < g < 2, and ® is the set of all ¢ in L'(R") such that
ll¢ll, < 4 and

N

1/q
(Ll ool
R
then My, f(sup,c o |9 * f|) exists in L*(R*), and
IMofll, < C(A4 + B)Ifll,  fe L2(R?).

PrOOF. We apply Theorem 2.2 with r equal to 2, and a = 1/2¢. For¢in ®, q, , is
equal to a Fourier-Stieltjes transform, as remarked above (after formula (1)). Let
G(v) = e?°F(e"), as before. Then a, , = (27) 'G(-(27) ).

It is sufficient to show that, if ¢ € ®, then

_ 2|2
[ [ dulag, ) 1ul ™| ] <B,
R\J

where B’ may depend on B, 4, g, etc. but not on ¢. We estimate this integral as
follows:

[[R\Jd“hao,ul |“|—l/2q]2]1/2

/e . L,
< |:f du'ao‘ulq] [[ dulul q'/q9(q 2)]
R\J R\J

s s
- [L\Jdu|(2w)'1('}‘(~(2w)-lu)| ] [2(¢" - 2)] 2%

B,

(¢'-2)/2¢

< o] [alo'] " ata - D10

2¢-2 1k
- 6| [ oo
<C,B,

as required, by Holder’s inequality and the Hausdorff-Young theorem. O
On the other hand, by applying Theorem 2.1, we may obtain a slightly sharper
theorem for a different class ®. Let b: R — R™ be such that

B =f dub(u)|u|_1 < 00.
R\J
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In particular, if we take ¢: R? - C such that G, defined above (after formula (1)), is
in A'(R), as defined by D. Goldberg [11], then we may set b(u) = |a, |-

COROLLARY 2.5. Suppose that A € R* and that b is as above, and let ® be the set of
integrable functions ¢ such that ||¢||, < A and |a, | < b(u), u € R\Y. Then # ,f
exists in L\(R?) for any f in L>(R?), and

I#ofll, < CA,b"f"Za f€ L*(R?).

PrOOF. Omitted, since it is essentially like those of Corollaries 2.3 and 2.4.
We note explicitly that this corollary contains the following result: if ¢ is such that
G is in h'(R), then, putting ¢ ,(x) = t~%¢(x/1),

sup l9,+ 11| < Glfl 1€ L2(R).

t>0

We were unable to prove this using Aguilera’s technique.

3. Nonradial maximal functions. As in §2, we shall first prove some general results
on maximal functions, and then apply them.

THEOREM 3.1. Suppose that 1 < p < 2, and that b: N X R — R" is such that

Y f dub(m,u)(1 + m)'"/z_l(m +|u|)_"/p’log(2 +m +|u|)2/”_1
meN R\"m

is finite. Suppose that A € R*. Let ® be the set of all distributions ¢ on R", integrable
near 0 and at oo such that, if

@jmau = @270)”" [ do ()T, (¥,

then

2\1/2
( Z |aj,m’u| ) < b(m, u), u e R\Jm’
jenb,
and also
aO,u =fdp(v)e—-2m‘uv’ = J,
R
with [g|du(v)| < A. Then for all fin LP(R"),
Myf = sup{lop*f|: ¢ € @}

exists in LP(R"). More precisely,

Myf < 4nwAMf + A f, dulul ko, * f|

+ E f dub(m’u)lkm,u*fl’
meN R\Jm

whence |Mof|l, < C, 45l fll,-

PROOF. This is just a routine generalization of the proof of Theorem 2.1, and we
omit it.
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THEOREM 3.2. Suppose p € (1,2),r € [1, p, A, BE R, a, B,y € R, and
Da+vy>1/r—n/p;
Wa+B+y>2/r—n/p’+(n/2 -1);
ig+y>1/r—n/p"+(n/2 - 1).
Let ® be the set of all distributions ¢ on R", integrable near 0 and at «, for which the
function a, given by the formula

-1 iu— ,
@ u= (270) fwd¢(y)|y| Y, .(y)
is such that
ag, = fdu(v)e‘z’”'“", uel,
R

with [g|du(v)| < A, and also such that

, i , , 1/r
[Z [l ()@ m) P ()| < B

meN Jm
(with the obvious modifications if r’ = o). Then for all f in L?(R"),
Myf = sup{lg+f]: ¢ € @)

exists in LP(R™). More precisely,

Myf < 4nwAMf + Afjdqu] lko..* f

rl/r
+B| T [ au( ) ) () s S|
R\J,, '

meN

and so

”M(Df"p < Cp,r,a,ﬁ,y(A + B)”f"l"

PROOF. As before, it is straightforward to see that

o+ 1< dmoAMS + A [ dulul ko, * f |
J

+ X [ dula, )l xSl
meN “R\J,

It will suffice to consider the last term, which we estimate using Holder’s inequality:

Y [ dula, )k,

meN “R\J,

N

, , , i 1/r
D[l 1)) )|

meN “R\J,

1/r
1z du(l+|u|>"“(1+m>""(m+|u|)"*|km,u*f|'} '
R\J,,

meN
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By hypothesis, the first term of this product is bounded by B, while, from
Minkowski’s inequality,

N%
= 1 +1) ™14 )+ ) 1|

meN “R\J,

p

, 1/r
<| T [ a7+ m) ) e 11
R\J,,

meN

<G

[ )y f du(l +u))"(Q + m)-rﬁ+rn/2—r

i -, 1/r
xm+wrfWH%a+m+wf”] .

The last expression in square brackets may be estimated easily by considering
separately || < m + 1 and |u| > m + 1, and using hypotheses (i), (ii) and (iii). We
leave this to the reader. O

Our applications regard functions (or distributions) on R” which may be readily
expressed in polar coordinates. It will be useful to remind the reader of a few
familiar results on spherical harmonic expansions, so that the angular part of the
functions may be treated.

LEMMA 3.3. Suppose that q € [1,2), and that B, =2 —n)1/q—-1/2). If f€
Li(S"™ 1), and

b, = w’lj;dx'f(x')?j,m(x’),
thenif B = Byandr' > q’,orif B < Byandl/r' <1/q9' + B, — B,

, ” 1/r
( Y (1 +m) b, ) < Gyl

meN

PROOF. If f € L?(S"~1), we have the Plancherel formula

[z lbmlz)m - (o, dx'lf(x')lz)m

meN

Next, by an obvious estimation,

bl < o7 [ v’ lf(x)l( Xy m(x')lz)m

JjED,

= o7 [ def (x)d}.
S

By interpolation we obtain the Hausdorff-Young inequality

(= anlarmp®)” <isly

meN
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(where the norm is relative to normalised Lebesgue measure in $"~!). Since d,,
grows like (1 + m)"~2, we obtain

, N\
( T 1+ m)"‘*°|bm|") <)l

meN

Evidently, if 7’ > ¢/,

) AT
( Y (1 +m) ", ) < Clf

meN

while if 8 < B, and 1/r' <1/q" + B, — B, then Holder’s inequality, dextrously
applied, proves the rest of the lemma. O

LEMMA 3.4. Suppose that f € L}(S" 1), and that
b= /S dx' f(x)Y, . (x).
Ifn=2andf e Llog* L, then

X (1+m)7b,) < C [ axlf(x)][log* 17 (x)]+ 1]

meN
If n>3,q=21-1/n), and f € L9 (S"" ) (the usual Lorentz space, as defined
and studied in [18), e.g.) then
Y 1+ mb,< Clfllga
meN

PROOF. In the case where n = 2, the result is well known. It follows readily from
Hardy’s inequality and the fact that Llog* L(S') € H'(S') (a propos, see E. M.
Stein [14]).

To prove the second result, we use the Lorentz spaces /”°9(N; d) on N relative to
the weight d. Let ¢,, be a d, -vector such that|c,,| = (1 + m)~%, for m in N. Then the
generalized Hausdorff-Young inequality implies that

Z bm *Cp < Z dm(d;ll/2|bml)(dr:nl/2|cm|)

meN meN
<|[ld =2 {|galld 7 2le] lg.0 < Cllf llg5
whence ¥, cn(1 + m)7lb,, | < Cliflla- O

To state our applications, we need a little notation. If ¥ € C*(R"), 0 € SO(n),
and ¢ € R*, we denote by u®’ the C*°(R")-function defined thus

u(x)=u(otx), xR

For a distribution ¢ on R”, we denote by ¢, , the distribution given by the rule

b, (u) = ¢(u™"), ueCI(R).
For obvious reasons, we call ¢, , a “normalised dilate and rotate of ¢”.

Suppose that E be an open subset of R”, of finite measure |E|, starlike about 0.
Then there exists a (measurable) function R: $”~! —» R™ such that

E={r':x €8 re[0,R(x))}.
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Let ¢ be | E| "1 (1 is the characteristic function of E).
We shall be interested in the maximal functions My f:

Myf=sup{lp=f|: ¢ € B}
for various families of distributions ®. See M. de Guzman’s book [12] for the
relevance of these maximal functions in differentiation theory.

COROLLARY 3.5. Suppose that R?> € Llog* L(S')ifn = 2, or that R" € L*(S"™ 1),
where g = 2 — 2/n if n > 3. Then if ¢ is as above, and ® is the set of all normalized
dilates and rotates of ¢, we have the inequalities following:

-1
I1Mofl, < CLIRZ|z1og" £ + IR2LJ IR IS -
for n = 2 and all fin L*(R?); if n > 3, then for all f in L>(R"),
IM, 71, < CIRlaallR""If
PROOF. Let ¢ be the distribution associated to the function given by the formula

¥(x) =|E[ exp(-xl/R(x")),  x € R"\{0},

and let ¥ be the family of all its mentioned dilates and rotates. Since

|¢o,s * fl < ¢a,s * lfle‘Po,s * |f|’
it suffices to show that, for any fin L%(R"),

Mg fll2 < CElf ll2-
Let b: N X R —> R™ be defined by the rule

LT, ()

2) 1/2

N 1/2
) = b(m, u).

b(m,u) = (Zmo)'l( Y

JED,

We observe that, for any ¢ and s in SO(n) and R™,

(zm)"( J @2 I, ()

JE€D,

Theorem 3.1 may be applied as long as the function

u— @mo)" [ dy(y)l™
R
may be written as a Fourier-Stieltjes transform in J, and provided

Y ‘/I;\J dub(m, u)(1 +m)"”* (m +u|)™"* < co.
meN m

Since

(270)” [ d4(n)I" = @rolE)™ [ [ dren~ exp(—t/R(x))e"

= (276|E)) "T(n + iu) [ dx' R(x")"" ",
S
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which is differentiable qua function of u provided that

Jx' R(x)"log(R(x))] < o0
(true by hypothesis), while

Y ‘/I;\J dub(m,u)(1 + m)"/z_l(m + |u|)_"/2
meN m

<2t Y fdub(m w)(1 + m)™

meN

C|E| Y fdu|I‘(n+zu)|( .

meN

)1/2

[ RG)™T, ()

< CIRIE (IR ctog 2 +IR]] it n =2
< CIR IR g ifn >3
by Lemma 3.4; the corollary is proved. O
COROLLARY 3.6. Suppose that 2n/n + 1 < p < 2, and that p'(1 — 1/n) < q < 2.
Let ® be the set of all functions of the form |E|™1, where E = {x € R 0 < |x| <

R(x")} and||R"|l, < C[[R"]}; < oo.
Then

IMofll, < G fllfllp,  f€ LP(R?).

PrROOF. This result follows from Theorem 3.2 and Lemma 3.3 much as Corollary
- 3.5 followed from Theorem 3.1 and Lemma 3.4. We omit the details.
We obtain similar results when we consider distributions ¢ on R” of the form

) o(N=[ ¥ Taat Jax 0 1), [ cR),

where 8 € L'(S" 1), and let ® be the set of all normalized dilates and rotates of ¢.

COROLLARY 3.7. With the notation just described, My is bounded on L*(R") if
0 € H(S') (whenn = 2),orif € L7(S"" '), whereq =2 — 2/n (when n > 3).

COROLLARY 3.8. If 2n/(n+ 1) <p < 2and(n—1)p'/n < q < 2, and if ® is the
set of all normalized dilates and rotates of distributions ¢ described above, where
101l, < 1, then My is bounded on L?(R").

PrOOFS. We omit these: Corollary 3.7 is like Corollary 3.5, and Corollary 3.8 is
like Corollary 3.6.

By interpolation with easily proved results for L'(R") and L*(R"), we may extend
the above results. For instance, we have the following improvement of Corollary 3.8.

COROLLARY 39. If 1 <p <2 and (n—1)p'/n < gq, and if ® is the set of all
normalized dilates and rotates of distributions ¢ described above (2), where ||0]|, < 1,
then My, is bounded on L?(R").
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PROOF. If p = oo, then M, is bounded when g = 1; if p = 1, then M, is of weak
type (1,1) if ¢ = 0. Consequently, if ¢ = oo, My is bounded on L' *¥(R") for any &
in R™. Interpolating between this result and that of Corollary 3.8 for p = 2, we
obtain the claim.

Of course, we could also obtain information for p in (2, o0) by interpolation (it
would suffice to have ¢’ < p(n — 1)/(n — 2)), but this is perhaps not best possible,
at leastif n > 3.

It may be of interest that the results of Corollary 3.8 are as sharp as those of
Corollary 3.9, for those p for which Corollary 3.8 holds. It seems to be impossible to
modify the argument leading to Corollary 3.8 to obtain the whole range (1, 2] for p.
The essential difficulty is that we cannot prove estimates for the decrease of the
coefficients in the spherical harmonic expansion of fin L9(S"~!) for ¢ greater than 2
which are better than those for g equal to 2.

The results of Corollaries 3.8 and 3.9 are essentially best possible if 1 < p < 2 (see
N. E. Aguilera and E. O. Harboure [2]). From Corollary 3.5, we may obtain
estimates for maximal functions involving rectangles of fixed eccentricity and
arbitrary directions, essentially equivalent to the results of A. Cérdoba [6] and J.-O.
Stromberg [19]. If we take E to be the rectangle [/, /] X [-1/1,1/1] in R? (with
! > 1), then parametrising x’ in S! by the argument 6, we obtain

R(8) = min(/lcos(6)| ", 1"sin(8)|"").
For norm calculations, we might as well use
R'(6) = min(2,17Y0"),  |6l< 7,2,
=min(, 170 —a|"), |0-a|<7/2.

It follows that the norm of the maximal operator on L%(R') is of the order of log(/).
If we take E to be the rectangle [-/"~1,/""!] X [-,/]]""! in R" (n > 3), then similar
calculations lead to the estimate that the norm of the maximal operator on L(R") is
of the order of /"("~2/2_ This is essentially best possible. However, as E. M. Stein
[17] points out, the interesting case is when p > 2, and we have no significant
contribution to the case p = n.

4. Convergence of singular integrals. In this section, we apply our techniques to the
pointwise convergence of singular integrals. Our results complement work of A. P.
Calder6n and A. Zygmund [3,4] and of N. E. Aguilera and E. O. Harboure [2].

A singular integral kernel is a measurable function k: R” X R”\ {0} — C such
that

k(x,Ay) =X"k(x,y), A€R,xeR,yeR\{0},

and

fk(x, y)dy'=0, x€eR.
s
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Given a singular integral kernel, we attempt to associate to it an operator K, by the
following procedure. First we form, for ein R*, K f:

KSx) = [ k(xn)f(x=y) &

where B, is the ball of radius e. Then we try to let ¢ tend to 0. There are two natural
questions: when does K, f converge in norm and when does it converge pointwise, as
e tends to 0? The pointwise convergence will, of course, be controlled by the
maximal operator K *f = sup, . g+| K, f|.

THEOREM 4.1. Suppose that k is a singular integral kernel, and that for some q
greater than 2(n — 1)/n,

q 1/q
(fdy’lk(x, )l ) <B, xeR.
S

Then ||K¥f ||, < CIfll,f € LA(R"), and K f converges pointwise and in L*(R") to an
L?(R™)-function denoted Kf.

ProoOF. The arguments presented by Aguilera and Harboure (op. cit., pp. 567 and
570) show that it suffices to prove a priori estimates for K*f. We may also suppose
that g < 2.

By using spherical harmonics, we may write

k(x,y)= L X bn(x)k; (»)

meN* jeD,
where
bym(x) = @™ [ @ k(x, 9T, ()
and
kim() =Y, (")
Since ¢ > 2(n — 1)/n, we may choose 8 in R such that

-12<B<(1/q—-1/2)(1 — n).

From Lemma 3.3, with r = 2, and the hypothesis,

1/2
2
Y m*# Y |b . (x) < C,4B.

meN* jED,
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Now
KIS = T Z bweo [, B (x =)
meN* jeD,
2 172
s[ S m Y |b,,m<x>|]
meN* j€D,,

2}1/2

[ dvkm(»)f(x =)
R™\B,

[Zm“’sup )y

meN* teR* jep,

f dykj,m(y)f(x -)

2]1/2

Since the right-hand side is now independent of ¢, it also majorises K #f. The proof
will be finished by showing that
2) 1/2

sup ( )
2‘1/2

NV INC LR COV(CD)

qBB’ Y m*# sup Y

meN* e€eR* jeD,

dek,,m(y)f(~—y)

®3)

2
< Clog(2 + m)m7|f |2,
for then

[ Y m s T\ dyk, . (»)f(--)
meN* e€R* jeD, |"R\B,

=| ¥ m 2| sup
Jj€D,

2
21,2

meN* e€eR*

2

N

,]2
T mCog?(2 + m)m-2||fuz] < Clf I,

2) 1/2
| meN*
as required.

Up to this point, our proof follows those of Calderon and Zygmund [3] and of
Aguilera and Harboure [2]. Our approach now diverges from theirs, in that we have
the machinery of the previous sections at our disposal.

By a theorem of Bochner, presented by Stein [15, p. 72], if

h(x) = ¥, u(x)Ix] Teng(x),  xeERY
then h (&) = 8.(8)Y, ,,(§), § € R, for some radial function g, in L*(R™). On the
other hand,

]A(j,m(g) = .Ym,O)’j,m(gl)’ g € Rna
(Ymy is defined in Lemma 1.1), and so h; = ¢,,* k; , where G = Y7 o8m Clearly
¢,, € L*(R"). Observe that

Z hj*}j,m= E ¢m*kj,m*%j,m

JE€D, JE€D,
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and

Y (krk) €)= (D"20 ¥ Y,,(6)7,,.(¢)

JE€D,, J€D,

= (_l)erE:.Odm’
and so
(4) b = (_l)mY';,Od':zl > hj*ch,m
J€ Dy
and
(5) &n(§) = Yolodyt X h(H)Y, ().
JE€D,

As a consequence of (4), we see that ¢, is C* off S"~!. More importantly, by
putting izj = k; , 1 5, we see that

om = (-1)"1;3d;0 L (ks Ky — b, )

=8, _(“l)m'Y,;,odr:.l Z ilj*kj,m’

JED,
8, being the Dirac measure at 0, from which it follows that
-n—1 .
dn(x) = O(Ix|"™") it x> 1,

and in particular ¢,, € L'(R").
Normalized dilation is such that (¢,,) *k; ,, = k; ,,1g\ 5, and so

2}1/2

T2
= sup [ )» I(qu)e*kl"m*f(.)'] '

eeR* | jeD,

[ k(DI =y)
ecR* | jeD, |"R'\B,

sup[E

This maximal function may be treated using Theorem 2.1. It is necessary to calculate
[re dy &,,(¥)| |, which requires a little work.

First, by the properties of ¢,,, Plancherel’s theorem, and the formula (5), we have
that

iu . iu—298
[y (DI = tim [ dyo,(»)ly]
R" §—-0+ YR

6—iu—n

sl-l>r(§l+ Lﬂd& ¢,,.(§)Yo,n+iu-s|§|

. o A - , 8—iu—n
im d,, Yonsiu-s 2 /;ndihj(ﬁ)Yj,m(gNﬂ .

JED,

8§—-0+
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Continuing, by using Plancherel’s theorem again, we find that

S [ s (O, ()

JED,

iu—2=8
/dyh (y)( 1) Ym n+iu—8%j m(yl)lyl
J€D,

= (D) alveius T [ [Careoy, (0]

y€D,

= (‘l)mY’;}n_'_iu_swdm(s - iu)'l

and consequently we may conclude that

@70)™ [ dron (I = @) D) Vil ms s )

—_ m
__.au’

say.
In order to apply Theorem 2.1, we must study a'. First, we consider its behaviour
for small u (u € J). Later we shall estimate |a'| for large u (u € R\ J).
Let M be the integral part of (m — 1)/2, and let 8 be m — 2M. Then, by the
recurrence formula for the I'-function,
a _opnl(n/2+ m/2) T(n/2+ iu/2) T(m/2 — iu/2)
= (47) g/ . : . .
T'(m/2) Tl —ius2) T(n/2+ m/2+ iu/2)
_ (477)_1”_,,/2”‘1 (n/2+8/2+j)(8/2 +j — iu/2)
=0 (8/2+j)(n/2+8/2+j+ iu/2)
) T(n/2+8/2)T(n/2 + iu/2)T(8/2 — iu/2)
T(6/2)T(1 — iu/2)T(n/2 + 8/2 + iu/2)

__Ai—ll (n+8+2/)(8+2)—iu)
(8+2j)(n+8+2j+iu) a,.

Since 8 is either 1 or 2, a’ is analytic in J. Evidently, if |u| < 7 and j € N,

(n+8+2j)(8+2j—iu) =(1_ iu )(1+ iu )_l
(8+2j)(n+8+2j+iu) 8+2j n+8+2j
L .'<1+5(8+2j)'2.

6+ 2j

<|1 -

=

Similarly, for the same range of u and j, for the derivative (w.r.t.u), we have

(n+8+25)(6+2j—iu)]
(6+25)(n+8+2j+iu)

<22(8 +25)°

Consequently,

I".’I (n+8+2))(8+2j—iu)| .
i (8+2)(n+6+2j+iu)|

sup
lul<m
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and

sup
lujl<mw

< Clog(2 + m),

[ﬁ (n+8+2)8+2j—iu)l
j=1 (6 +2j)(n+86+2j+iu)

for some absolute constant C. Elementary Fourier analysis now shows that it is
possible to write

a;":Adp(v)e’z""“”, uel,

where [gldp(v)| < Clog(2 + m).

It is easiest to study a]' for u large by using the asynptotic formula for the
I'-function (see, for instance, E. T. Whittaker and G. N. Watson [20, 12.33]). The
details of the estimation are rather tedious but straightforward, so we shall omit
them. The fruits of our labours are the following inequalities:

n/2—-1

lai| < Clu| if |u| < m,

lam| < Cm"/2|u|_1 if |u| > m.

We may apply Theorem 2.1, taking p to be 2 and b(u) to be a]'. It follows that

e€R* | jeD, 5 JE€D,

RV . A%
sup [ 5 )+ rP| | < clogz + m) [ 5 fkye /] ]
2

< Clog(2 + m)m~||f |2,
by Lemma 1.1. This is the estimate (3) needed to finish the proof. O
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