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A KINETIC APPROACH TO
GENERAL FIRST ORDER QUASILINEAR EQUATIONS

BY
YOSHIKAZU GIGA!, TETSURO MIYAKAWA? AND SHINNOSUKE OHARU?

ABSTRACT. This paper presents a new method for constructing entropy so-
lutions of first order quasilinear equations of conservation type, which is illus-
trated in terms of the kinetic theory of gases. Regarding a quasilinear equation
as a model of macroscopic conservation laws in gas dynamics, we introduce as
the corresponding microscopic model an auxiliary linear equation involving
a real parameter ¢ which plays the role of the velocity argument. Approxi-
mate solutions for the quasilinear equation are then obtained by integrating
solutions of the linear equation with respect to the parameter £. All of these
equations are treated in the Fréchet space Ll oc(R™), and a convergence theo-
rem for such approximate solutions to the entropy solutions is established with
the aid of nonlinear semigroup theory.

Introduction. The purpose of this paper is to present a new method for con-
structing global weak solutions of the Cauchy problem for the first order quasilinear
equation of conservation type with variable coefficients:

n
ug + EAi(x, u)g, + B(z,u) =0 (zxeR™ t>0),
M) i=1
u(z,0) = uo(z).

Using the vanishing viscosity method under suitable regularity and boundedness
conditions on A* and B, Kruzkov [10] proved that for every bounded measurable
initial function ug there exists a function v on R™ X [0, 00) which is a solution of
(M) in the following sense:

(i) wis in L>(R™ x (0,T)) for every T > 0;

(ii) u(-,t) = uo in L} (R™) as t — 0; and

(iii) for every k € R! and every nonnegative function ¢ € C§°(R™ x (0, 0)), the
following inequality holds:

/Ooo/d’tlu—kldxdt+/0°°/sgn(u_k) i(Ai(x’u) — Ai(z, k), dodt

/ /sgn(u k)o [ZA (z,k) + B(z,u)| dzdt >0,
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where sgn(y) = y/|y| if y # 0; and sgn(0) = 0. It is easily seen from (E) that u is
a weak solution of (M), i.e., it satisfies

/w/ [u(bt + Zn:A"(z,u)¢I,, — B(z,u)¢| dzdt =0
0 =1

for ¢ € C°(R™ x (0,00)). When A* and B are nonlinear in u, the uniqueness
of generalized solutions is not always ensured in the class of weak solutions as
mentioned above; see [11]. However, it is shown in [10] that given a bounded
function ug there exists exactly one weak solution of (M) satisfying (i)-(iii). In
what follows, a solution of (M) satisfying (i)—(iii) will be called an entropy solution
since (iii) is regarded as a generalization of the entropy condition in the sense of
Oleinik [15].

In this paper we discuss the construction of entropy solutions of (M) by applying
a method evolved in the previous work [5] of the first two authors. To explain our
method we recall two ways for describing the motion of gases: the macroscopic and
microscopic approaches. The so-called Boltzmann equation governs the evolution in
time of the microscopic state of gases, while the conservation laws in fluid mechanics
describe the macroscopic thermo-fluid properties of gases. Both descriptions are
connected in the following way: Given a microscopic quantity on the phase space,
the corresponding macroscopic quantity is given by integrating the microscopic
quantity with respect to the velocity argument. We take this point of view to
construct approximate solutions of the Cauchy problem (M). Namely, we regard (M)
as a model of macroscopic conservation laws in fluid mechanics and then formulate
the corresponding microscopic model as the linear problem:

(m) ot 3 (058 e + b2, O] =c(2,8), [(2,6,0) = fo(,€),

where f = f(z,¢,t), a'(z,§) = A%(z,€) and b(z,§) = Be(z,€). The parameter
¢ € R! plays the role of the velocity argument as in the kinetic theory of gases.
The macroscopic quantity corresponding to f is then defined by the integral

M ozt = [ " a6 t) de.

We then introduce (in §1) a function F(w, £) of two real variables so that every
macroscopic quantity w is decomposed as
o0
(D) w= [ Fwede,
— 00
If we set fo(z, £) = F(uo(z), £), then it is to be expected that the function v approx-
imates the solution of (M). To ensure this we impose the following compatibility

conditions:
oo

Ai(x,w)—Ai(x,0)=/ a'(z, )F(w,€)dé  (i=1,...,n),

— 00

B(aw) - Bz,0) = | " bz, &) F(w, €) de,

n

c(z,§) =F(C(z),§), Clz)=-)_ AL (z,0)— B(z,0).

1=1
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Indeed, conditions (C) and (D) imply that v satisfies (M) at ¢t = 0. This suggests
that for small positive h approximate solutions can be successively constructed
to satisfy (M) for t = jh, 7 = 0,1,..., and that the aimed solutions of (M) are
obtained as the limits as h | 0 of such approximate solutions.

In [5] the method described above was employed to treat the special case A* =
A*(u), B = 0, though the uniqueness problem of the constructed solutions was not
discussed in detail. Our result not only extends the previous one to the case of more
general equations, but also shows that the weak solutions constructed in [5] and
in this paper are entropy solutions. The uniqueness result in the above-mentioned
special case was also given independently by Kobayashi [8] by the systematic use
of nonlinear semigroup theory in the Banach space L!(R™). It is possible to extend
our result to a more general case in which A* = A*(z,t,u) and B = B(z,t,u). Some
of the results in this direction will be discussed in the forthcoming paper [18].

Features. For a review of the standard approaches to (M) that are mainly based
on the vanishing viscosity method, we refer, for example, to (3, 4, 14 and 15).
In contrast to these approaches our method is illustrated in terms of the kinetic
theory of gases. The idea of using linear equations of the form (m) to construct
solutions of the original nonlinear equations is due to S. Kaniel. He introduced a
kinetic model for monatomic gases and made an attempt at the approximation of
solutions of the Navier-Stokes equations. A similar approach to specific systems of
conservation laws has been proposed by Harten, Lax and van Leer [7].

Our argument contains three features. Firstly, we are concerned with quasilin-
ear equations involving both variable coefficients A*(z,u) and a lower order term
B(z,u) that can also be regarded as a forcing term. In order to deal with such
a general form we need precise estimates for the solutions of the linear first order
equation (m) with variable coefficients. Secondly, we treat equations (M) and (m)
in L®(R™), which is viewed as a subspace of L. (R"). We show that approxi-
mate solutions constructed in L>(R™) converge in the Fréchet space L (R") to
the weak solutions of (M). This approach enables us to construct entropy solutions
associated with all initial functions bounded and measurable on R™. Thirdly, we
apply a theory of nonlinear semigroups in Banach space in order to derive various
stability properties of the approximate solutions and to establish a convergence
theorem for approximate solutions to entropy solutions. To apply this theory we
introduce a family of appropriate weight functions, thereby imbedding L°°-bounded
absolutely convex subsets of L} .(R™) into the Banach space L!(R"); and a con-
vergence argument for approximate solutions lying in a fixed L>°-bounded set is
passed through the weight functions to that in L!(R"™).

After this work was completed, our attention was called to the papers of Y.
Brenier (16, 17]. In [17] he deals with the case of A* = A*(u) and B = 0, and
approximate solutions are constructed in the same way as in [5]. In [16] results are
announced for the case in which A* = A*(x,u) and B = 0. All of these equations are
considered in the subspace L!(R™)NL>(R™) and the verification of the convergence
of approximate solutions to entropy solutions is given by applying the method of
Crandall and Majda [4]. It would be of interest to compare his approach with ours.

1. Statement of results. In the linear problem (m) we put

a'(z,€) = Ak(z,€) (i=1,...,n),  b(z,§) = Be(z,€),
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and impose the following conditions:

(H.1) For each r > 0, a’,a;’_,a;ﬂk and b,b.,, 1,7,k = 1,...,n, are bounded and
continuous on R™ x [~r,7].

(H.2) C(z) = - Y-, A% (2,0) — B(z,0) and Cz,, j = 1,...,n, are bounded
and continuous on R™.

(H.3) There are constants a, 3 > 0 such that

a>-)Y i (z,€) - bz, B>-bz€ forall (z,€) € R" x R.
i=1
Let F(w, £) be the function defined by
1 for0< ¢ <w,

Fw,§)=¢ -1 forw<¢<0,
0 otherwise.

Then F satisfies conditions (C) and (D). Let {U¢(t); t > 0} be the family of solution
operators Ug(t): L°(R™) — L*°(R"™) of (m) with ¢ = 0 and set

Ve(t) = Ue(t)fo + /0 Ue(t - 0)e(-, €) do,

integrating in the sense of Bochner. According to the definition of the macroscopic
quantity (I), we introduce a family of nonlinear operators {S;: t > 0} in L°(R"™)
defined by

Sy = /_ T Ve fode,  fole €) = Flo(z), €) for v € L®(R™).

We then define for each h > 0 an approximate solution u” of (M) by
(1.1) uP(z,) = (Se—nie/m SL Muo) (2),

where [a] denotes the greatest integer in a € R!. By definition u” satisfies (at least
formally) equation (M) at t = jh, j = 0,1,..., so it is expected that u" will tend,
as h — 0, to a solution of (M) with initial value ug. Indeed, we obtain the following
theorem, which is the main result of this paper.

THEOREM 1 (CONVERGENCE THEOREM). Assume that conditions (H.1)-
(H.3) hold. Then given a ug € L®(R™) the approzimate solution uh defined by
(1.1) converges to the entropy solution u of (M) with initial value ug and the con-
vergence

(1.2) lim u*(-,t) = u(t) in Lioo(R")

holds uniformly for t in bounded subintervals of [0, 00).

The definition of F seems to be somewhat artificial. But it will be seen that
F is essentially the only function for which conditions (C) and (D) hold and the
family {u"} of approximate solutions converges to the entropy solution of (M).
The above procedure of constructing u" is explained in terms of the kinetic theory
of gases in the following way: The operators Ug(t) describe the free motion of gas
particles with velocity &, while the substitution v — F (v, ) corresponds to collision
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processes. Further, letting A — 0 in (1.1) is understood to be an analogy of the
passage of the mean free path to zero.

Theorem I involves an existence theorem for entropy solutions with initial data
in L*°(R™). Moreover, the convergence result (1.2) provides us with a new type of
product formula for a nonlinear semigroup in the space L} .(R™) associated with
problem (M). By a semigroup of (nonlinear) operators on L (R"™) we mean a one-
parameter family {&(t): t > 0} of (nonlinear) operators from L*°(R™) into itself
satisfying the following conditions:

(1.3) 6(0) is the identity operator J and &(t + s) = 6(t)6(s) on L*(R") for
s,t > 0.

(1.4) For each T > 0 and r > 0, {S(t): 0 < t < T} is equicontinuous on the
L*-ball {v € L®(R™): ||v]|eo < r} with respect to the metric topology of L. .(R™).

(1.5) For each v € L*®(R"™), &(t)v is L} (R™)-continuous for t > 0.

Combining Theorem I with the basic estimates for the operators S; as well as
those for the approximate solutions to be shown later, we obtain the following
result. (See §4.)

THEOREM II (PRODUCT FORMULA). There is a semigroup {S(t): t > 0} of
nonlinear operators on L°°(R™) with the following properties:

(i) For each v € L™®(R™) the function u(z,t) = [S(t)v](z) gives the entropy
solution of (M) with initial value v.

(ii) 16(t)vlloo < e ([[o]loo + tCllco) for t > 0 and v € LX(R™).

(iii) For each v € L*°(R™) we have the product formula
(1.6) &(t) = Jim SE/My i LL (R,
where the convergence holds uniformly for bounded t.

2. Estimates for approximate solutions. In this section we give basic es-
timates for approximate solutions u" and their derivatives. These estimates will
be used in §3 to show the convergence of u*. First we introduce weight functions
p-(z),r > 0, which are used to obtain Ll _ estimates for u*. Let p be a smooth
nonnegative function with compact support in R™ such that [ p(z)dz = 1 and set

(2.1) pr(z) = /p(a: —y)exp (—6, Z |y,-|) dy forzxe R™ andr >0,
=1

where the constant 6, > 0 will be chosen in (2.3). The symbol || - || stands for the
norm of LY(R™), 1 < q < co. We use the weighted norms || - |1,r, 7 > 0, defined by

(2.2) ollse =llprolls, v e L®(R™).

The following are easily verified:
(p.1) For v € L®(R™), pyv #0 if v # 0.
(P2) lIPrvlloo < llvlloos lI0ll1r < llprllillvlloo = (2/6-)*|vlloo for v € L(R™).

(p-3) pr(z +y) < exp(&r 31y lysl)or ().
We begin by establishing L? estimates (¢ = 1,00) for S;v. In what follows we
fix a number w > 0 and set

(2.3) & = —]\% M, = sup{|a‘(z,€)l;z € R™, €] <r}.

=1
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LEMMA 2.1. Letv and w be in L®(R™) and C the function defined in (H.2).
Choose r > 0 s0 that ||v]|eo <7, ||W|loo <7 and ||Clleo < 7. Then we have

(i 150100 < € (l0llao + Clloo) < ret(1+ t);
t
(i) 1Sellnr < B+ o], + / B+ O, do
0
(i) 150 — Sty < e o — wl,
for allt > 0.

PROOF. Let fo(z,&¢) = F(v(x),€) for (z,€) € R™ x R!. The function f =
Ve(t) fo is expressed as

.60 = flw 9w (- | U edo) + [ etogemn (- [ U ©)dr) do,

where ‘
0,§) = Za;i(Z(a), &) +b(z(0), &),

c(a,&) = ¢(2(0), &), and z(0) = z(0; €) is a parametric representation of the char-
acteristic curve associated with the linear problem (m) such that 2(t) = z and
2(0) = y. Let ||v]lco =71 and ||C||co = r2. From the definition of F' we have

F(_Tl, 6) S fO(ya 6) S f(rh 5) and F(_T% £) S C(Ua é.) S F(T2’ 6)
so that, by (H.3),

t
F(—r1, €)¢® + F(—ra,€) / (=) 4o
0

< f(2,6,1) < F(ry,€)e ‘“+Fr2,£)/ a(t=9) g

This, together with condition (D), yields the estimate (i).
We next prove (ii). Let fo(z, €) = F(v(z), £) and Hyv = [ Ue(t) fo d€. It suffices
to show that

(2.4) | Hywll1r < eBF)|v]ly, for all t > 0.
Since |Ue(t) fo| = Ue(t)| fo| by definition, we have

[Helr < [ pr(2)de [ UeOlfolde = [ dé [ p @)Ul folda
= [ de [ p Wl foly. Ol

Here Ug(t)*: L'(R™) — L*(R™), t > 0, denote the solution operators of the initial
value problem

(m*) gt = Za z,8)gz, — b(z,€)g,  gle=o = go € L' (R™).

(2.5)

Since fo vanishes for |¢| > r, (H.3),

(Ue(t)'p2)(w) = pr(&) exp [

3) and (2.3) together imply that

0
b(z(0), €) da] < Ptpr(y+(z—y))

(p-
t
< eﬂteérM'tpr(y) = e(ﬁ+w)tpr(y)'
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This, together with (2.5), yields (2.4) since |v| = [ |F(v, £)| d¢.
(iii) is proved in the same way as (ii) by using the identity

vl = [ 1F(,6) - Flw, )] dé.
This completes the proof.
Applying Lemma 2.1 repeatedly, we obtain the following result.

PROPOSITION 2.2. Let ug and vo be in L°(R™). Let u" and v* denote the
approzimate solutions defined for initial values ug and vo by (1.1), respectively.
Choose r > 0 as in Lemma 2.1. If T > 0 and R > re®T (1 + T), then:

0 4o < e (ol +eCllo) < R
t
(i) I Olhp < e uolip + [ &OHIC g do
0

(iif) lu” () = " ()11, < €P*Fluo — voll1,
fort € (0,T) and h > 0, where u(t) = uh(-,t) and v*(t) = vh(.,1).

We next give principal estimates for the derivatives uﬁi, t=1,...,n. To this end

we employ extended real-valued seminorms ||Dy - ||1,r, 7 > 0, on L°(R™) defined
by

(2.6) ||Dgvl|1,» = sup {/div(d)pr)v dz;p € (CL{(R™)™, |¥| < 1 on R"} )

The right-hand side is often denoted by [ p.|Dv|; see [6]. We then introduce a
function space €(R™) which forms a core of the class of initial functions in question:
€(R™) is defined as the set of those elements v € L% (R") such that || D,vl|; , is
finite for all > 0. Notice that for v € €(R"), the distributional derivatives v, are
Radon measures with locally finite total variations. In what follows, | D,v| denotes
the total variation measure of the vector-valued measure D v = (vg,,...,v;, ), that
is, the measure on the Borel o-algebra of R™ defined by the total variation of D,v.

LEMMA 2.3. For each v € €(R™) and each r > 0, there exists a sequence {vm}
of smooth functions on R™ such that

lv = vll1,r = 0, |[|Dgvmll1,r = || Dzvll1,r as m — oo.

The proof of the above lemma is similar to those of {6, Theorem 1.17 and 12,
Kap. 6, Satz 1.1] so it is omitted.

LEMMA 2.4. For v € €(R™) the derivatives OF(v(-),£)/0z; are Radon mea-
sures for a.e. £ € R! and

IDav]lLr = / IDoF(u(-), €)ll1rdé for allr > 0.
PROOF. First we show that

(2.7 /Q|va| =/d§/Q|DIF(v(~),§)| for any open set {2,

where the left-hand side is defined by (2.6) with p, replaced by the characteristic
function xq of 2 and ¥ € (C4(Q2))™. This relation is already known for the case
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v > 0; see [6, Theorem 1.23 or 12, Kap. 6, Satz 1.5]. For the general case we write
v= vt v , where vt = (Jv| £ v)/2, respectively. Then (see [12, p. 130])

[ 1Dt = [ 1%+ [ D2
:/ d§/|DF |+/ d{/IDF -8

Since the identities F(v,¢) = F(vt,€) — F(v™,€), F(vt,£¢) = F(v,€)* hold
pointwise for z € R™, the right-hand side equals

[ d¢ [ p-FoeLo71+ [ d [ DoFoee71= [ e /Q D F(u(-), €)

This proves (2.7). The regularity property of the Radon measure now implies that
(2.7) holds for any Borel set ). Thus, approximating p, by simple functions, we
obtain the desired result.

LEMMA 2.5. Let ||Clloo < r and choose v > 0 so that

L Sigsuptla, () z € R, Jél <7},
T2 T supflab.s, (2.€) + by, (2, ) = € B, ¢l < 7).

Ifve C€(R™) and ||v||o < 7, we have
[ DzSevll1,r < 3(5+w+7)t(”D1v”1,r +qtllvll,)

[ DD, 42~ o)) do
for allt > 0.
PROOF. Let fo(z,&) = F(v(z), &) and f = Ve(t) fo. We wish to show that
1D/ & )ll1,r < ePHFVY(D ol )l + el fol-, E)ln,r)
(22 + /Ot ePHINE=D I Dye(-, €)1, + (t = 9)lle(, E)1,r] do

holds for ¢t > 0 and [£| < r. The desired estimate is then obtained by integrating
(2.8) with respect to ¢ and applying Lemma 2.4 to the resulting inequality. By
Lemma 2.3 we may assume that fo and ¢ are smooth in z for each £ with |¢] < r.
In this case f; = f;; satisfies the equation

n n n
Z @ fy)ei 0S5 = cao = be, f = Y _ahg =Y ab ki,
so that, as in the proof of Lemma 2.1(ii), we have
1D & )l1,r < ePHDofo (-, €)l1,r

+ /O B+ Dol €)l|1r + VN (5 € 0)1,] do

t
. / BN DL (., €,0) |1.r do
0
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and

(o
I, & 0)lr < e“’*“”"llfo(w&)lll,ﬁ/o BT e(, €)||1,r dr.
These estimates together yield

ID2f(+ & 8)ll1r < €B+IID, fol- E)llvr + 1t folr E)ll1.0]
t
* /0 BN Dc(-, )ll1r + 1t = ), €)l1r] do

t
+ ’y/o e(B+w)(t—6)"sz(_’ 5)0)”1,' do.

Applying Gronwall’s lemma to G(o) = || Dz f(-, €,0)|1,r, we obtain (2.8).
Using Lemma 2.5 repeatedly, we obtain

PROPOSITION 2.6. Given T > 0, let R > re*T(1+T). Define v as in Lemma
2.5 with r replaced by R. Let up € €(R™) and |[ug|loo < 7. Then

1 Dzut(-,t)[|1,r < eBFFM(|| Dyugl1,  + Yt|luoll1,r)
t
+e [ BN DOl + (¢ - 0)Cl]do
0
for t € (0,T) and h > 0, where C is the function defined in (H.2).

We now compute the variations of the derivatives (S;v); and (u*); by using
Lemma 2.5 and Proposition 2.6. Put

2(z,t) = / bz, €)Ve(t) fo d,

0= [E@aVeOhds, i=1...n
where fo = F(v,£) and v € L®°(R™). Then it is clear that the relation

n
(Sev)e+ ) 4k, +2=C
i=1
holds on R™ x (0,00) in the sense of distributions. Using this, we obtain the
following.

LEMMA 2.7. For each v € €(R™) with ||v||co < r and each t > 0, the derivative
(Stv)¢(-,t) is a Radon measure on R™ and is estimated as

t
1(Ss0)e(s)llx,r < IClI1r + Ko [e‘”*“"nvux,r + /0 ePrt=|Cly,, da]
+ M, [ D il + 5tfol)

t
+ [ oD (ID,Cl1, + e - 2)ICl) da] .
0

Here M, 1s the number defined in (2.3),

K, = sup {Ib(m, o+ Z laz. (z,€)l;2 € R™, €] < r} ;
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and ||(S¢v)e(-,t)||l1,» denotes the integral of p, with respect to the total variation of
the measure (Syv):(-,t). In particular, for each T > 0, there is a constant K > 0
such that

|Stv — Srvll1,r < K|t — 7| for t,7 €[0,T).

The next result is an immediate consequence of Lemma 2.7.

PROPOSITION 2.8. Let T > 0 and R > re®T(1 + T). Define ¥ as in Lemma
2.5 with r replaced by R. If up € €(R™) and ||uo|lcc < 7, then there is a constant

K > 0 depending only on R,~ and | Dyuo||1,» such that
(2.9) lu™(#) — w"(s)ll1,r < K|t — s
fort,s €[0,T] and h > 0.

3. Convergence to the entropy solutions. Propositions 2.2, 2.6 and 2.8
show that the weighted norms of u* are uniformly bounded on [0, T, and the total
variations of u are uniformly bounded on each compact subset of R™ x (0,T).
Further, estimate (2.9) implies

[uP(t) — SEMug|ly.r < K(t — hlt/h]) for t € [0,T), k> 0.
Thus, a well-known compactness theorem ({6, Theorem 1.19]) yields the following.

PROPOSITION 3.1. Let ug be in €(R™). Then there ezist a sequence h(m) — 0
and a function u on R™ x (0,00) with the following properties:

() w0 (1) — w1 1), Sy — u(. 1) in L]

loc (R™) where the convergence

15 uniform for t in bounded subintervals of [0, 00).
(ii) w 2s in L°(R™ x (0,T)) for every T > 0.

(iii) The map t — u(-,t) is continuous from [0, 00) into L .(R™) and u(-,0) = up.

Notice that the uniformity in ¢ > 0 of the convergence (i) follows from (2.9). In
this section we first show that the function u given above is the entropy solution
of (M). Since the entropy solution is known to be unique, it turns out that {u”}
itself tends to u as h — 0, and Theorem I (Convergence Theorem) is obtained for
ug € €(R™). This result will then be applied to show the convergence of {u"} for
an arbitrary up in L°°(R"). In what follows, we set

(3.1) Ap =h~ 1Sy - 1), h > 0.
To prove Theorem I for uy € €(R™), we need a few lemmas.

LEMMA 3.2. Let ug € €(R™). Then, for each h € (0,1), there ws a number
Ao = Ao(h) > 0 such that:

(1) up(t) = (1 — MUR) "/ Nug is meaningful for X € (0,Xo) and t > 0;

(ii) there is a function up(t) such that u)(t) — un(t) n LL . (R") as A — 0,
uniformly for bounded t.

LEMMA 3.3. Let ug and up(t) be as in Lemma 3.2. Then
S Mug — up(t) - 0 in LL (R™) ash—0

uniformly for bounded t.

Lemma 3.2 is a modified version to the case of the Fréchet space L{. (R") of the
generation theorem of nonlinear semigroups due to Crandall and Liggett [2]; and
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Lemma, 3.3 is similar to an approximation theorem for nonlinear semigroups due to
Brezis and Pazy [1] and Miyadera and Kobayshi [13]. The proofs of these lemmas
is given in §4.

The next lemma may be regarded as a discrete version of inequality (E).

LEMMA 3.4. For v € L®(R™), s € R! and ¥ € C°(R™) with ¢ > 0, we have
/sgn(v — 8)YpApvdx
< [[ sealo = s)(F(v,) ~ Flo, )~ Welh) = 1)) dde

3.2
3:2) + [ [ sgnlo - )l Ue(h) - DF(s, ) dadg

417 [[ sgnto - o) [ /0 " Ue(h — 0)e( ) da] dz de,

*

where Ug(t)* are the solution operators of problem (m)*.

PROOF. By definition of 2,
[ ssnto - 9tz = [ [ sgnlo - s)ulh~ Vel - D(F(v, ) - Fs, )] dod
+ [[ sgnto - )l Ue(h) - DF(s,€) dad

+ht // sgn(v — )y [/Oh Ue(h —0)c(+, ) do] dz d§.
The first term on the right-hand side is transformed to
J[(F 0.0~ Fls, )~ Welh)® - D(sgnto - s)y) dade
= [[(F,0) - Fls,€)sento - o)~ Velh)” - 1) dad

e / (F(v,€) — F(5,6))

X [Ue(h)* (sgn(v — 8)9) — sgn(v — s)Ue(h)*9] dz d€.
Since (F(v,§) — F(s,£))sgn(v — s) = |F(v,€) — F(s,€)| and Ug(h)* is order-
preserving, we easily see that
(F(v,€) = F(s,£))[Ue(h)" (sgn(v — s)¥) — sgn(v — s)Ue(h)*9] < 0
for a.e. (z,&) € R™*!. This shows the desired estimate (3.2).

Let u be the function given in Proposition 3.1. We wish to prove that u satisfies
inequality (E). Hereafter we denote h(m) by h for simplicity in notation. Choose
any ¢ € C§°(R™ x (0,00)) with ¢ > 0, and let v(z) = u}(z,t), ¥(z) = #(z,t) in
(3.2). Since

(Anup)(z,t) = A7 (uj (2, 1) — up(z,t - A)),

we have

sgn(u (2, 1) — 8)(Anup)(2,t) 2 A~ (ud(z,8) — | = lup(z, t = ) = s),
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and so
/ dt / 6(2, ) (Anud) (2, t)sgn(ul (z, £) — ) dz
(3.3) A
> A" / dt/ z,t) — d(z,t + \)|up(z,t) — s dz
for small A, since ¢ € C§°(R™ X (0,00)). On the other hand, (3.2) gives
(3.4)

/ dt/¢(x,t)(‘llhu2)(a:, t)sgn(up(z,t) — s)dz
A

< /:o dt//sgn(ug-s)(F(ug,s)—F(s, &) [h“/oh Ug(a)*L*cﬁda] dz de
+ /A at / / sgn(u) — ) lh“ /0 " Ue(0)LF(s5,€) do
/ dt//sgn - ) [h'l/hUg(h—a)c(-,ﬁ)da} dz d¢

= I (s,h, A) + I2(s,h, A) + I3(s, h, A),

where
(3.5) Lg=- (a'g)z, —bg, L'g=) a'gs -
Let ®,(s),  =1,2,..., be functions on R! defined by

®i(s) = |s| for |s| > 1/,
I 7s2/2+1/25 for |s| < 1/7.

drd€

We easily see that
y
(3.6) lim [ ®}(s— k)g(s)ds = sgn(y — k)g(k) for g € C*'(R").
j—o0 Ji

Now fix k € R' and set g;(s) = ®//(s — k). Since ¢; > 0, (3.4) gives

(37/ HE ds/ dt/sgn —s¢Ahuhdz<Z/ q;(8)Im(s, h, X) ds.

We write J,, = Jm(h, A, 7) for the integrals on the right side of (3.7) and wish to
find the limit of each J,, as A — 0, h — 0 and then j — oco. We only give a detailed
argument to J; since Jp,, m = 2,3, are similarly treated. First J; is written as

D= [~ aods [t [[seniud - P € - o, )L
+ [ atords [ at [[ sntud - )Pk, 0 - Fis )

. [h“/ (Ue(o)® — DL*¢do| dzde
0

=Jn + Ji2.
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Condition (C), (3.5) and the definition of g; yield
Ju=[" gte)ds [t [sentud - o)(A(a,1) - Az ) - Vo
- /oo g;(s)ds f:o dt/sgn(u;\l — 5)(B(z,up) — B(z,s))pdz

[T fon| [ - [ [ weate - st v
[Tt [ a [ [ [ ] ()(B(z, u}) - Bz, 3))ods,

(Alz,w) = A(2,)) - Vag = 3 (A'(z,0) = A'(z,5))¢x..

where

As will be seen in §4, {u}} is bounded in L®(R"™ x (0,T)) for any T > 0. Also,
by Proposition 3.1, Lemmas 3.2 and 3.3, we may assume without loss of generality
that limp_,o limy_ouj, = u a.e. in R™ x (0,00). Hence (3.6) implies that

lim hm hm Ji1(h, A7)

j—o0o h—0

(3.8) = 2/0 dt/sgn(u — k)(A(z,u) — A(z,k)) - Vzodz
2 /0 dt / sgn(u — k)(B(z, u) — B(z, k) dz.

We next consider J;2. The function g = U¢(0)* L* ¢ solves the initial value problem
go = L*g (6 > 0), glo=0o = L*¢. So we see from the same arguments as in the
proofs of Lemma 2.7 and (2.8) that for each v > 0 a constant K., can be found so
that

(3.9) /E (Uelo)* - 1)L*¢|dz < Ko for o € [0,h] and [€] < 7,

where E = {z € R™;(z,t) € supp¢ for some ¢t > 0}. Since {u}} is bounded in
L% (R™ x (0,T)) for any T > 0 and since suppg; = [k — 1/7,k + 1/5], (3.9) implies
that

(3.10) |J12| < const x (/ g;(s) ds) Xh—0
—o00

as A — 0, h — 0 and then j — oo. (Notice that [*_g;(s)ds = 2.) Similarly, one
can show that

lim lim hm J2(h, A7)

j—o0 h—0
3.11
(3.11) = —2/0 dt/sgn(u - k) [; AL (z,k) + B(z,k) + C(z)| ¢dz

and

(3.12) lim lm}) lim J3(h,)\,j) = 2/ dt/sgn(u— k)C(z)¢ dz,
j—oo 0
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where C(z) is the function defined in (H.2). From (3.8) and (3.10)-(3.12) we have
(3.13)

3
lim lim lim Z I = 2/ dt/sgn u—k ,u) — A(z, k) - Voddz

j—o00o h—0A—0
_2/ dt/sgn(u—k) [ZA;i(x,k)+B(:c,u) ¢ dz.

On the other hand, it follows from (3.3) and (3.7) that

3 1

szx/ g;(s ds/ dt/ o(z,t) — p(z,t + \))|up(z,t) — 5| dz

—»—2/ dt/¢t|u—k|d:c
0

as A > 0, h —» 0 and then j — oo. (3.13) and (3.14) show that u satisfies
inequality (E), which completes the proof of the Convergence Theorem for the case
ug € C(R™).

We now consider the general case: ug € L*°(R"™). Fix any T > 0 and choose
7 > 0 s0 that ||ugllec <7 and ||Clleo < 7. Let R =reT (1 + T) and let {uom} be a
sequence of functions in €(R™) such that ||uom||eo < 7 and

(3.14) m=t

(3.15) luom — uoll1,r = 0 asm — oo,
where || - ||1,r is the weighted norm defined by (2.2). Let
up(,1) = (Si-nie/n Sh” "uom) ()
and u,, be the entropy solution of (M) with u,,(0) = ug,,. By Proposition 2.2,
luf(t) — wh (B)ll1,r < e+ |lugr — uom|l1,r  for t € (0,T).
Letting h — 0, we obtain
(3.16) lue(t) = um(t)ll1,r < P+ |luor — uomllr,r  for t € (0, T).

Hence (3.15) implies that u.,(t) converges in L} (R™) to a function u(t) uniformly
on [0,T] in such a way that

(3.17) lu(t) = um(t)]l1,r < eBT)|lug — uom|l1,r  for t € (0,T).

We shall show that u(t) is the desired entropy solution. Since u,, are continuous
from [0,T) into L} (R™) by Proposition 3.1, so is u. Thus, u(t) — ug in L{, .(R™)
as t — 0. Further, Proposition 2.2(i) implies that |ul,(t)|| < R for t € (0,T), so
u € L®(R™ x (0,T)). Next we show that, as h — 0,

(3.18) uh(t) = u(t) in LY (R™) uniformly on [0, 7.

Indeed, Proposition 2.2(iii) and (3.17) imply
lu™(t) = w(t)]l1,r
<t (#) = up (B)ll,R + lum(t) = wm(®) 1,k + lum(t) = u(t)ll1r
< Jlul (8) = um (@)1, 7 + 2¢PT) | ugm — uoll1,R
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for all t € (0,T). Since pgr is integrable and bounded on R", the estimates
lul, (t)lloo < R, ||m(t)]loo < R and Proposition 3.1(i) imply that

llul,(t) = um(t)|l1,g = 0 as h — 0 uniformly on [0, T).

Hence (3.18) follows from (3.15). On the other hand, each un, satisfies inequality
(E), so

/_oo g;(s)ds [/ /¢t|um—s|da:dt

/ /sgn s)(A(z,um) — A(z,s)) - Voo dz dt}
- [ ads [ [ sentun—s) [Z AL, (@,9) + Ba, w} bdz >0,

for every nonnegative ¢ € C§°(R™ X (0,00)). Passing to the limit as in the case
up € €(R™), we see that u satisfies inequality (E); therefore the proof is complete.

4. A nonlinear semigroup in L} (R"). In this section we establish a product
formula‘for a nonlinear semigroup associated with problem (M) in Ll _(R™), and
give a result for this semigroup in a more precise form than Theorem II. This
section is divided into three subsections. §4.1 contains the proof of Lemma 3.2, §4.2
is devoted to the verification of Lema 3.3, and in §4.3, a nonlinear semigroup on
L*®(R"), as mentioned in (1.3)-(1.5), is constructed through the product formula
(1.6).

4.1. Proof of Lemma 3.2. We begin by defining the numbers

ag = ag(h) = h(e*" = 1), Bo = Po(h) = h™!(eP+)h — 1),
Ao = Ao(h) = min{1/2a0(h), 1/Bo(h)}

for each h > 0, where o, 8 and w are constants specified in (H.3) and (2.3). Further,
we often use the operators Ay, h > 0, defined by (3.1), in the argument below:

Ap =h_1(Sh— 1), h > 0.
First we need the following lemma.

LEMMA 4.1. Let h € (0,1) and let r > 0 be any number such that ||C|loo < 7,
where C 1is the function defined in condition (H.2). Let A € (0,)) and v’ >
(1 = Aao)~Y(1 + Ae®")r. Then, for each w € L®(R") with |w|c < T there is a
unique function v € L°(R™) such that

O A-Mp)v=w
Moreover, the following are valid:

(ii) [|v]loo < (1 = Aag) (1 + Ae*P)r < #/;

(iii) flvr = vl < (1= ABo) " lwr — welly,
if (1= MAp)vj = w; and ||lwjllee <7 (5 =1,2).

PROOF. First observe that the set {v € L°(R"); ||v]lco < 7'} is closed under
the norm || - ||;,,~. The equation (1 — A2,)v = w is rewritten as

h A
4.1 = 2
(4.1) v 3 /\w+ 3 /\Shv.
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Denoting the right-side by ¥, (v) we show the following.

(4.2) [OA(@)]loo < 7' if [Jv]loo < 7'
and
(4.3) [¥r(v1) = Ca(v2)ll1,r < O(A B)|Jvr — w21,

for v; € L*°(R™), with ||v;]lc < 7' (7 = 1,2) and some 6(\, h) € (0,1). Assertion

(i) then follows from the contraction mapping principle. By Lemma 2.1 we have

A()lleo <

h
s /\eahr’ + P /\(/\e"‘h + r

and \
m”shvl — Shva||1,r

A
< 0 (B+w)h
S ha’ s

RNCHYER N T

—vall1
Now the right-hand side of the first estimate does not exceed r’ (by definition of '),
which proves (4.2). Since BoA < 1 we see that 8(), h) = A(h+ )" leB+w)r € (0, 1),
so (4.3) is obtained. (ii) and (iii) are easily obtained by applying Lemma 2.1 to the
equality v = ¥, (v).

As mentioned in the proof of Lemma 4.1(iii), the application of Lemma 2.1(iii)
to (4.1) implies the inequality

(1= ABo(h))llvr = vall1,r < [[(T = A%r)vy = (3 = AR )y,

for v; with ||v;||ec < 7 and 7 > 0. This means that for h € (0,1) and X € (0, o)

the operator J — A2, is injective on all of L>°(R™) and has an inverse operator
(3 — A,)~ L. In what follows, we write

Ia(h) = (3= MUp)~1 for A € (0, 0) and h € (0,1).

Hence the function v defined by Lemma 4.1 may be written as v = Ja(h)w.
In view of Lemma 4.1 we fix any T > 0 and any r > ||C||c, and put

(4.4) R > r - max{exp[T(e* + 2a0(1))], €*T (1 +T)}.
Notice that
(1 = Aag(h)) 11 + Ae®h)]F < 7 - explkA(e®" + 2a0(R))] < R
for h € (0,1), A € (0, o) and kX € [0,T], and
e (r + kh|Clleo) < e*T(r + TIICllwc) < R

for h € (0,1) and kh € [0,T]. Now Lemma 4.1(ii) states that Jx(h)*w are well
defined provided h € (0,1), A € (0, Ag), kA € [0,T] and ||w||eo < r. More precisely,
we have the following.

LEMMA 4.2. For every h € (0,1), A € (0,X0) and every integer k > 0 with

kX € [0,T], we have
[3a(R)*w]loo < 7(1 — Aao(h)) 7*(1 + Ae™)* < R.

This lemma asserts that the set {u}; A € (0,A0), h € (0,1)} constructed in §3 is
bounded in L*®(R™ X (0,T)). Now fix ug € €(R™) with |Jug|lcc < r and set

azk = [|3u(h) uo — In(R)*uoll1,r,
where h € (0,1),0 < u <A< Xo(h),0< 5 <[T/N and 0 < k < [T/pul.
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LEMMA 4.3. The following estimates hold:
(i) (1= XBo)*lagk < kA||Anuoll1,r  for 0 < k < [T/A.

(ii) (1 ubo) " ajo < julAnuolli,r  for 0 < j < [T/u).
PROOF. Lemma 4.1(iii) gives
k-1

aok = |luo — Ix(h)*uoll1.r < Y 132 (h) uo — Ja(h)* uoll1,r
1=0
k-1
< Jluo = In(R)uoll1,r Y (1 = ABo(R)) ™
=0

< klluo — Ia(h)uoll1,r(1 — MBo(h)) ¥,

and
luo = Ia(h)uoll,r = 132 (A)(1 = AMApn)uo — Ia(h)uoll1,r

< (1= Mo (h)) ™ M| Anuoll1,-
This proves (i). (ii) is proved similarly.
LEMMA 4.4. For0<j <[T/u] and 0 < k < [T'/)\] we have
(1= pBo)y (1= ABo)** ask
< (G = kX2 + kXY + (G = kX)? + 520) /2] | Bnuo 1, -

PROOF. By Lemma 4.3 the assertion holds for j = 0or k = 0. Set § = u/);
then we have the resolvent equation:

In(h)w = Ju(h)[0w + (1 — 0)IA(h)w).
Hence, by Lemma 4.1(iii),
a5k = |1 3u(h) uo — Ju(h)[63x(R)* o + (1 — B)3r(R) uolll1,r
< (1= pBo) HIIa(h) " uo — 835 (h)*uo — (1 — 0)Ia(R)*uollr.r
< (1= pBo) (0a;-1,k—1 + (1 — 0)aj_1k).
The result is now obtained by induction on 7 and k. See [2, §1] for the detailed
induction argument.

We are now in a position to prove Lemma 3.2. Since uo € €(R"), Lemma 2.7
shows that ||Anuol1,r is uniformly bounded in h € (0,1). Since |t — A[t/)]| < A,
Lemma 3.2 follows from Lemma 4.4 with j = [t/u] and k= [t/)].

4.2. Proof of Lemma 3.3. Let r,R > 0 be as in (4.4). For v,w € L®(R") we

define ;
[v,w]- = supt” (lv + twll1,r = [[v]l1,r)

= lim¢™? — v —t .
lim (lvll,r = llv = twl|1,r)

The functional [, |- may be regarded as the tangent functional of the unit sphere
of the normed space (L*°(R"), || - ||1,r) and, as is well known, it has the following
properties:

(4.5) [v,av]- = a|v|1,r for a € RY; [v,aw]- = alv,w]- fora>0.
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(4 6) ['U,'LUI +'U)2]_ S ”wllll,R + [U,U)Q]_,
' [v,av + w]- = a||v|1,r + [v,w]- for a € R

LEMMA 4.5. For v,w € L*®(R") with ||v||o, ||w|leoc < R, we have

[1Shv — w1z < ePT* v —w|y g + h[Shv — w, Apw] -
< el o — w1k + k| Arw1, k.
PROOF. By (4.5) and (4.6),
[IShv — w||1,r = [Shv — w, Spv — w]— = [Shv — w, Skv — Spw + Spw — w]—
< |IShv = Spwl|1,r + h[Shv — w, Apw]_.

Applying (4.6) and Lemma 2.1(iii) to the right-hand side, we obtain the result.
This time, we take any ug € €(R™) with |jup|lec < 7 and set

bis = ||SKuo — Ju(h)uoll1,r
for0<pu<h<1,0<pu<A(h),0<7<[T/u]and 0 <k <|[T/hl.
LEMMA 4.6. The following estimates hold:
(i) e (P khpy < kh||Apuolli,r  for 0 <k < [T/h].
(i) (1 - o)’ *'boj < jullBnuolli,r  for 0 < < [T/ul.
PROOF. Since (ii) was already proved in Lemma 4.3, it suffices to show (i).
Putting v = S,’f‘luo and w = ug in Lemma 4.5, we have
bro < ePTMbi_y o + Al Anuo|l1, k-
From this the result follows by induction on k.
LEMMA 4.7. Let 0 = (h+u)~!. Then
1Sk = 3u(w)ll1,r < ePHO)lv — 3y (R)wll1,r + (1= 0)||Shv — w1,k
Jor v,w € L®(R™) with ||v]leo < R and |wlloo < R(1 — pao)(1 + ue*®)~1. |
PROOF. First observe that ||J,(h)w|c < R. Hence Lemma 4.5 gives
IS0 = Ju(R)wll1,r < T v = Ju(R)wll1,r + A[Shv = Jpu(h)w, AnJpu(h)w] -
The last term is estimated as
RISk = 3u(R)w, An 3, (Rwl— = (h/p2)[Sho — Fu(R)w, Fu(R)w — ]
= (h/)[Shv = 3 (R)w, 3, (R)w = Syv + Shv — w]-
< ~(h/W)ISkv = J(A)wll1,r + (R/W)|Shv — w1k,

from which the desired estimate is obtained. '
We now prove Lemma 3.3. Putting v = Sf~'ug and w = J(h)?~!uo in Lemma
4.7, we have

bk]‘ < e(ﬁ+w)h0bk_1,]’ +(1- O)bk,]‘_l,
where § = (h + )~ !'u. An induction argument, together with Lemma 4.6, yields

(4.7) e BHoIRh(1 — uBo)+ by < [(kh — jp)? + (kh + ju)h)"? || Anuoll1, &-
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See [13, §3] for the detailed induction argument. Since ug € €(R™), Lemma 2.7
shows that ||Axuol|1,r is bounded uniformly for h € (0,1). Therefore, putting
k = [t/h], 5 = [t/u] in (4.7) and then using Lemma 3.2, we conclude that the
assertion of Lemma 3.3 is valid.

4.3. A product formula. The nonlinear semigroup {G(t): ¢ > 0} as mentioned
in Theorem II is constructed in the following way.

THEOREM 4.8. There is a semigroup {S(t): t > 0} of nonlinear operators on
L*°(R"™) with the following properties:
(i) For each v € L*°(R™) we have the product formula

—Lim Sty 1l (pn
G(t)v - 1’:?(}8}1 vom Lloc(R )7

where the convergence holds uniformly for bounded t.
(i)
18(t)vlleo < e*(Ivlloo +tIClloo) for t >0 and v € L*(R™),

where C is the function defined in (H.2).
(iii) For each r > ||C|lco, T > 0 and each R > re®T (1 + T), we have

I8(t)o — S(t)wll1,r < e#* |l ~ wl1,r

fort € [0,T) and v,w € L>®(R™) with ||v]loo <7, ||W|loo < 7.

(iv) Let < be the natural order relation in L} (R™). Then each S(t) is order-
preserving in the sense that if v,w € L®°(R™) and v < w then &(t)v < &(t)w.

(v) For each v € L®(R™) the function u(z,t) = [S(t)v](z) gives an entropy
solution of (M) with the initial value v.

PROOF. Given a v € L*®(R"), let u(t;v) = u(-,t;v) be the L>°(R™)-valued
function on [0, co) which is obtained through the convergence (1.2) (with ug replaced
by v). Then one can define, for each ¢t > 0, an operator &(t): L>°(R") — L®(R")
by setting

(4.8) S(t)v = u(t;v) for v € L®(R™).

We shall show that the family of operators {&(t): ¢ > 0} gives the desired
semigroup. Firstly, Proposition 3.1(iii), together with the estimate (3.17), states
that for each v € L°°(R™) the mapping t — &(t)v is continuous from [0, co0)
into L} (R™) and 6(0)v = v. Hence {S(t)} satisfies the continuity condition
(1.5). Secondly, it was shown with the aid of Lemmas 3.2 and 3.3 that for each
v € L*°(R™) the function u(z,t) = [6(t)v](z) gives a unique entropy solution of
(M) with initial value v. (In fact, the convergence (1.2) itself was obtained through
the uniqueness of entropy solutions.) Now the semigroup property (1.3) of {S(t)}
follows from this fact. Thirdly, combining (4.8), the definition (1.1) of approximate
solutions and Proposition 2.8, we see that the operators G(t) are represented by
the product formula

(4.9) &(tjv = lim SIMy in LL (R™),

where the convergence is uniform for bounded t. All properties of {G(¢)} in (ii)-
(iv) are derived from (4.9): (ii) follows from Proposition 2.2(i) and (4.9), (iii) is a
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consequence of Proposition 2.2(iii) and (4.9), and (iv) follows from (4.9) and the fact
that the operators Si, h > 0, are all order-preserving (see the proof of Lemma 2.1).
In particular, (iii) states that {S(t)} satisfies condition (1.4) since for each pair r, R
with r < R, the relative topology (induced by the metric topology of L} .(R™)) on
the closed convex subset X, = {v € L®(R"™): ||v|loo < 7} is equivalent to the
metric topology on X, defined by the metric dr(v,w) = ||v — w||1,g, v,w € X,.
Thus {S(t)} forms a nonlinear semigroup on L>°(R™) with the properties listed in
(i)-(v). and the proof is complete.

Finally we give a few remarks on the results mentioned above.

(1) It would be interesting to discuss the “generator” of the semigroup {&(t)}.
The detailed argument concerning this problem will be given elsewhere.

(2) It is seen from the proof of Lemma 3.2 that for each A > 0, the operator
A}, generates a semigroup {S(t): t > 0} of nonlinear operators on L>°(R™) in the
sense that the exponential formula

Sn(t)v = lim(I - AU,) "Xy in L (R™)

holds for v € L>®°(R™) and t > 0. Theorem 4.8(i) can be regarded as an approx-
imation theorem for the semigroup {S(t)}. Now using the semigroups {Sx(t)},
h € (0,1), we have another approximation theorem for {&(t)}.

PROPOSITION 4.9. For each v € L*(R"),
S(tyv = EF& Gr(t)v in Ll (R™),

where the convergence is uniform for bounded t.
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