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NEW INEQUALITIES FOR POLYNOMIALS
BY
C. FRAPPIER, Q. I. RAHMAN AND ST. RUSCHEWEYH

ABSTRACT. Using a recently developed method to determine bound-preserving
convolution operators in the unit disk, we derive various refinements and generaliza-
tions of the well-known inequalities of S. Bernstein and M. Riesz for polynomials.
Many of these results take into account the size of one or more of the coefficients of
the polynomial in question. Other results of similar nature are obtained from a new
interpolation formula.

1. Introduction. Let £, be the class of polynomials P(z):= ¥J_, a,z" of degree at
most n. We write

Pl := ImaXIP(Z)I, Mp(R):= IfzfllflglP(Z)I-

zl=1

According to a well-known result of S. Bernstein (for references see [18]),

(1.1) IP]] < nl|P]|.
It is also well known (see [14, p. 346 or 11, vol. 1, Problem III 269, p. 137]) that
(1.2) M,(R) < R"|P|| forR > 1.

In both (1.1) and (1.2), equality holds only when P(z) is a constant multiple of z”,
i.e., if and only if all coefficients a,, except a,,, are zero. Thus, we should be able to
say more if any of them is known to be different from zero.

Here we obtain inequalities similar to the above which take into account the
coefficients of P. They are established by a fairly uniform procedure, and most of
them constitute refinements of (1.1) or (1.2). Later we obtain other refinements of
the above inequalities. We wish to draw the attention of the reader to Theorem 8 in
particular.

First of all we investigate the dependence of || P’|| and Mp(R) on ||P|| and |a,]. In
fact, we consider || P(Rz) — P(z)|| rather than || P’|| and prove:

THEOREM 1. Let P € P,. Then for all R > 1,
(1.3) IP(Rz) = P(2)Il + ¥,(R)|P(0)| < (R" = 1)||P|I,
where
o (R)= R= 1)(R" + R )[R + R" —(n+ )R +(n — 1)}
" R"™' + R"—(n—1)R +(n - 3)
ifn>2,andy,(R):= R — 1. The coefficient of | P(0)| is the best possible for each R.
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Dividing both sides of (1.3) by R — 1 and letting R tend to 1, we obtain

COROLLARY 1. For P € 2, we have
(1.4) 1P|l + ,|P(0)| < nl| P,
where €, = 2n/(n + 2) if n > 2, whereas ¢, = 1. The coefficient of |P(0)| is the best
possible for each n.

The corresponding refinement of (1.2) is contained in

THEOREM 2. Let P € #,,n > 2. Then for all R > 1,
(1.5) Mp(R) +(R" = R"7?)|P(0)| < R"||P|.
The coefficient of | P(0)| is the best possible for each R.

Before stating any of the other results, we wish to describe

2. The method of proof. Given two analytic functions
f()i= Loz g(z)= Loz (<),
the function ; ;
(fem))= Tabe (<)

is said to be their Hadamard product.
Let us denote by %, the subclass of £, consisting of those polynomials Q for
which

(2.1) Q% Pl < ||P|| forallP e,

In order to prove our inequalities we divide both sides by the coefficient of || P||
and express the resulting quantity on the left as ||Q * P|. After that we must show
that Q € #,. We have a fairly straightforward method to do that if Q(0) # 0. In
order to describe it we find it convenient to introduce the subclass % of %,
consisting of those polynomials Q in &, for which Q(0) = 1. The class &? is closely
related to the class # of all analytic functions f in |z| < 1 such that f(0) =1 and
Re f(z) > 1/2 for |z| < 1. To be precise, we have [19, 17, p. 124]:

LEMMA 1. A polynomial Q belongs to #? if and only if there exists f € R such that
f(z) = Q(z) = o(z"),z = 0.

This leads us to the following characterization of polynomials in &2, which will be
used on several occasions:

LEMMA 2. The polynomial Q(z):= ¥!_,a,z*, where ay = 1, belongs to &) if and
only if the matrix

aO al an
a a a
o 1 0 n—1
M(ay, ay,...,a,):= | ) )
a, a, 1 aO

is positive semidefinite.
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PROOF. If Q € #? then, by Lemma 1, there exists f € % such that f(z) — Q(z) =
o(z"). Using the Carathéodory-Toeplitz Theorem [21, p. 157], we see that
M(ay, a,,...,a,) must be positive semidefinite. Conversely, if M(a,, a,,...,a,) is
positive semidefinite then, again using the Carathéodory-Toeplitz Theorem, we
obtain that Q extends to a function f € %, whence f(z) — Q(z) = o(z"),z = 0, and
Lemma 1 shows that Q € %#_.

In order to study the definiteness of the matrix M(1, a,,...,a,) associated with
the polynomial Q(z):= 1 + X}_,a,z*, we use the following well-known result [4,
vol. 1, p. 337] from linear algebra:

LEMMA 3. The hermitian matrix

a; ap a,
a, axp Ayp a.=a

. . - > ij ji»
anl an2 e ann

a;; Aap A
4y axpn - A4y

D, =|": ; >, k=1,2,...,n,
Ay Gy Ak

are all positive.

We make one further observation. For that, let us associate with P € &, the
polynomial P(z):= z"P(1/Z); thus P depends on the class #, and not just on P.
Observe that

(2.2) Qe%,-0€e3,
which is obvious but very useful.

3. Specific details. For sake of brevity we denote the matrix

a a - a,
b,
. a
b, b, ag
by
a,...,a,
M| %o ;
by,...,b,

the one obtained by deleting its ith,...,i, th rows and jth,...,j th columns,
respectively, will be written as

a,....a,
M.

.| Qo
DRSNS

by,....b

n
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The notations for the corresponding determinants will be

a,....a,
D| %o
bi,....b,
and
(11,. ’an
Di, ..... i e g 20, ,
bl’ ’bn
respectively.
PrOOF OF THEOREM 1. The case n = 1 is trivial so let n > 2. First we note that
1
=7 UIP(Rz) = P(2)l + ¥, (R)|P(0)]}
1

= sup —7-THP(RZ)-P(Z)+(R"-1)&P(0HL
(R"=D)|al<y,(R) R" =

Next we observe that (R" — 1)'1{P(Rz) — P(z) + (R" — 1)aP(0)} is the Hada-
mard product of P and the polynomial

0u(2)= o ((R" = )27 + (R = 1)2" ' 4+ -
+(R-1)z +(R" - 1)a}.

Inequality (1.3) will therefore be established provided we show that Q€ 4, if

(R" — 1)|a| < ¢,(R). For the sharpness of the result we need only prove that for

every o > y,( R) there exists a number «, with (R" — 1)|a| = o, such that 0, & %,,.
According to (2.2) we may just as well find the set of alphas for which

o (z2)=1+ {((R"'=1)z+ - +(R=1)z""" +(R" = 1)az"}

1
R" -1
is in #?. In accordance with Lemma 2 we have to study the definiteness of the
hermitian matrix

R""'-—1,R"?*-1,...,R-1,(R"- 1)a
M, (a,n):i= M| R" -1, .
R*"'—1,R"?2-1,....R-1,(R"-1a
Now, via Lemma 3 we are led to the problem of determining the values of a for
which the determinant det( M,(a, n)) of M,(a, n) and its other leading principal

minors are all positive.
We note that

(3.1) det(M,(a, n)) = C, ,(R) +(-1)"2(R" = 1) B, ,(R)Re

—(R" = 1)*4,,(R)|al?,




NEW INEQUALITIES FOR POLYNOMIALS 73

where
R*!'-1,R""?2-1,...,R*-1
Al,n(R):= D R" — 17 )
R*!'—-1,R"2-1,...,R*-1
R"—1,R"'-1,...,R*=1,R*-1

N ’

R"?-1,R"3*-1,...,R-1,0

Bl,n(R):= D Rn_l - 1

and
R"™!'-1,R"2-1,...,R-1,0
C,.(R):=D|R"-1, .
R"!'-1,R"*-1,...,R-1,0
This is explained as follows: clearly, det( M, (e, n)) is of the form
Cr(R) +b(R" = 1)(a + &) = (R" = 1)°4; ,(R)|a.
In order to determine the value of b, we may expand det(M,(a, n)) by its first row.
The term in a will come only from the last element in the row. Now, expanding the
corresponding cofactor by its first column, the conclusion becomes transparent.
In order to evaluate 4, ,(R), we may perform the following operations one after
the other:
(a) subtract the (i + 1)th row from the ithrow, i = 1,2,...,n — 2;
(b) factor out R — 1 from each of the first n — 2 rows; '
(c) from the ith row subtract 1/R times the (i + 1)th row, i = 1,2,...,n — 3;
(d) from the jth column subtract 1/R times the (j + 1)th column, j = 1,2,...,n
(e) add the first column to the second, the (new) second column to the third, and
so on. Thus (for n > 3) we obtain

R+ R"2 0 0
0 Rn—l + Rn—2 0
0 0 Rn—l + Rn—Z
A, (R) = (R-1)"
0 0 0
0 0 0
1 1 1
(z-1)  Az-1) (z)
0 0 0
0 0 0
0 0 0
Rn*l +Rn—2 0 0
0 Rn—l +Rn—2 _Rn-1
1 1 "
(n 3)(R-1) (n—2)(;—1) R -1

Rn—l + Rn-~2 _Rn—l

=(R-1 n-2 Rn—l +Rn—2 n-3
(R0 ") wos

=(R-1)"X R+ R TR RN L R —(n— 1)R +(n - 3)}.
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It is seen directly that the same formula holds for n = 2 as well.

As for B, ,(R), we perform the following operations:

(a) subtract the (i + 1)th row from the ithrow,i=1,2,...,n = 1;

(b) factor out R — 1 from each of the first n — 1 rows;

(c) from the ith row subtract 1/R times the (i — 1)throw, i = 2,3,...,n — 1,
and obtain (for n > 2)

Rn—Z Rn—l _Rn~l
0 0 Rnfl + Rn*l
. 0 0 0
Bl‘n(R)=(R_1)’ :
0 0 0
0 0
0 R-1 R* -1
_R4 _R3 _RZ
RR-R  R*-R* R-R
R* - R® R - R R* - R*
0 Rnfl + Rnf'.’ Rn—3 _ Rn—l
0 0 Rnfl + Rn—2
R11—3_1 Ran_l Rn—l_l
0 Rn—-l + Rn~2 R3 _ RS RZ _ R4 R — R3
0 0 R4_R6 RJ_RS RZ_R4
- (R _ 1)nf]R,,,Z
0 0 0 R'=! 4 Rr=2 Rn-=3 _ Rn-l
0 0 0 0 R"" 14+ R2
R-1 R* -1 o RP-10 RTI-I R -1

- (__1)"R»1—'Z(R _ 1)"(Rn—l + RnAZ)“"Z.
Finally, in order to evaluate C,,(R), we may perform the same sequence of
operations (with n — 1 replaced by n + 1) as for A; ,(R). It turns out that (for
n>=?2)
C,(R)=(R=1D"(R"'+R")"'R"HR" + R"—(n+ 1)R+n—1}.
Hence, if n > 2, then det(M,(a, n)) > 0 provided that

f.(a) det(M,(a, n))

a)i=
1 (R _ 1)"_2(Rn—1 + Rn—Z)"_3Rn—2

(R—1)%(R" '+ R 2R + R —(n+ 1)R +(n - 1)}
+2(R - 1)*(R" '+ R" ?)(R" - 1)Rea
—(R"=1)*{R™' + R"=(n— 1)R +(n = 3)}|af

is positive, and definitely if
(R— 1R+ R R+ R"—(n+ )R +(n— 1)}

—2(R = 1)(R"' + R""2)(R" = 1)]a]
—(R"=1)*{R"™' + R"—(n—1)R +(n - 3)}|af*> > 0.
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Thus det( M,(a, n)) > 0 if

(R-1)(R" '+ R"){R"™'+R" —(n+ )R +(n - 1)}
R"™' 4+ R"—(n—1)R+(n-23)

(R" = 1)|a] <

=¢,(R).
Further, we observe that for R > 1, all the leading principal minors
m,=R"-1,

R*1—1,.. Rk
my ;= D|R" -1, , k=23,...,n,
R —1,... Rk
of M\(a, n) are positive. In fact, proceeding as in the case of 4, ,(R), it is seen that
m, , is equal to

n—1
R"¥R-1*R" '+ R"—2)"‘2(R" +2Y R - k) > 0.
v=0

By Lemmas 2 and 3 it follows that if (R"” — 1)|a|] < ¢, (R), then
{((R"=1)+(R"'=1)z+ ---+(R-1)z"' +(R" = 1)az"} /(R" — 1) € B.

This, in conjunction with (2.2), implies that (1.3) holds forallR > 1 and allP € £,.

On the other hand, we note that for every ¢ > /,(R) there corresponds a complex
number a,, with |a,| = o, such that f,(a,) <0, so det(M;(a,, n)) <0. From
Lemma 3 it follows that

{(R"=1)+(R" ' =1z + ---
+(R=-1)z""'+(R"- Da,z"}/(R" - 1) & B2,
1.e. for each given R > 1 there exists a polynomial P € £, such that
IP(Rz) = P(z) + a,P(0)|| > (R" — 1)||P|,
and a fortiori
IP(Rz) — P(z)|| + o|P(0)| > (R" — 1)||P|.
With this, Theorem 1 is proved for n > 2.

PrROOF OF THEOREM 2. Let R > 1 and note that

1 |

F{MP(R) +(R"— R"?)|P(0)|} = { Zn: R¥="zk (1 - R‘Z)ei”} * P(z)

k=0

for some y € R. In view of (2.2) and Lemma 2, it is therefore enough to prove that

n—1
q(z; a):= Y -l—kz" +(—1—+ a)z"e Bl = la<1— 1
k=0 R

R" R?’
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Accordingly we study the definiteness of

111
R’ Rza""Rn_la Rn
(3.2) M,(a,n):= M|1,
SO T W T
R?RZ""’Rn_l? Rn a

Let a,:= a + 1/R". Then, as in (3.1), the determinant of M,(a, n) can be devel-
oped in the form

det( M,(a, n)) = G, ,(R) +(-1)"2B, ,(R)Re(a;) — 4, ,(R)|e|?,

where
11
R’ R2"”’Rn—2
Az,n(R):= D 19 >
111
R’ RZ’”"Rn—Z
NE U U O
>R’ "Rn—3’ Rn—2
1
= D| — s
BZ‘n(R) Rv
1 1 1
F? F’ ,Rn_l’
and
1 1 1
i,F,---,F,O
CZ.n(R):= D la
1 1 1
ﬁ’F’W’_R"_“’O

It turns out that forn > 2,

aa® = (1= L) mm = (- 5)

and

1 n 1 1 n—2
con=(o- ] el

Hence,

(3.3) det(M,(a, n)) = (1 - #)n—z{(l - L)z _ |a|2},
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so that det(M,(a, n)) > 0 if and only if |a] < 1 — 1/R? Further, we observe that
the leading principal minors of M,(a, n), namely

1 1
R’ Rk-1 1 |41
(3.4) my,:=1,m,,:= D|1, =(1——2) , 2<k<n,
' ' 1 1 R
i,...,F

are all positive for R > 1. Thus we have proved that ¢(z; @) € & if |a] <1 — 1/R?
and does not belong to B_ if |« > 1 — 1/R% Hence, Theorem 2 holds.

4. Dependence on the other coefficients. As we have mentioned earlier there is
strict inequality in (1.1) as well as in (1.2) if any of the coefficientsa, (0 < v < n —1)
are different from zero. The dependence of ||P’|| on |a,| is given in Theorem 3,
whereas Theorem 4 contains the corresponding refinement of (1.2).

THEOREM 3. For P € 2,
(4.1) 1P|l + ¢, | P"(0)] < nl| P,

where ¢, = 0, ¢, = V2 — 1,¢, = 1/ V2, whereas for n > 4, c, is the unique root of the
equation

(4.2) 16n — 8(3n + 2)x2 —16x3 +(n + 4)x* =0
lying in (0, 1). The coefficient of | P’(0)| is the best possible for each n.

PROOF. It is clear that

1Pl + ¢,|P’(0)| = sup

lel<c,

{ ﬁ‘, kzk+(1 + &)z}*P(z)

k=2

So again using (2.2) and Lemmas 2 and 3, we are led to study the definiteness of the
hermitian matrix £(1 + a,1 + @), where

n—-1,n-2,...,2,x,0
§(x, y):= M|n, .
n—1,n-2,...,2,9,0
The leading principal minors of £(1 + a,1 + &) of order n — 1 or less, namely
ms, =n,

n—1,...n—k+1

my = D(n, =2¢"22n -k + 1), 2<k<n—1,

n—1,....n—k+1
are, of course, all positive.

In order to study the leading principal minor of order n we consider the
determinant

G(x,y)=1D

n,

n—1,n-2,...,2,y

n-— 1,n—2,...,2,x)
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Now accerding to a well-known formula for the derivative of a determinant (see [2,
pp. 25-26]), we have

aG _ n+1
o (-1)""'D

n—1,

n,n—1,....4,3 )

n—2,n-3,...,2,y

322G n—1,n-2,...,43
W=_D n, , etc.
xdy n-1,n-2,...,4,3

Evaluating the determinants involved, we see that

G aG
= n—-2 —_— = — = n=3
G(L1) = (n+1272% 211 =3 (L1) =277,

3°G 3°G 3°G n-a
ax? (l,l)— ayz(l,l)—o, W(l,l)——(ﬂ‘l':;)z s

whereas all the higher-order partial derivatives vanish. Thus,
G(x,y)=(n+1)2"2+2"3(x—1)+2"3(y—1)
—(n+3)2"(x - 1(y - 1),
and, in particular,
Gl +al+a)=(n+1)2"2+2"2Rea —(n + 3)2" *al’.
Hence the nth principal minor of £(1 + a,1 + @) is positive if
(4.3) lal <2(n+1)/(n+ 3)=:ck.

Next, let us denote the determinant of £(x, y) by X(x, y), so that X(y, x) =
X(x, y). Again using the formula for the derivative of a determinant, we obtain

oX e n—-1,n-2,...,3,2,x,0
‘5_=(—1) Dl;n n,
X n—1,n-2,...,3,2,»,0
" n—1,n-2,...,3,2,x,0
+(-1)""" Dy i | 1 ,
zod n—1,n—2,..,3,2y0
2 n—1,n,n-1,...,6,5,4
a’\2,=2D n—2, ,
dx n—3n—4n-5,...2y0
FED'¢

W = —d,(x, y) - dz(x, Y) - d3(x, )’) - d4(x, )")v
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where
n — lyn - 2,""2’x’0
dy(x, y)= Dytmetin-tmer| n—-1,n-2,..,2,0 ’
n—l,n—-2,.-~,2vx’0
dy(x, ¥)i= Dy pyran| M ’
3 1,n+1:2, n_l,n—z,..-,zry’o
n— 1’n—2,...,2’x’0
d3(x’ .V):= D2,n:l.n+1 s ,
n_l’n—z,.--’z?y’o
and
n—1,n-2,..,2,x,0
d4(X,)’)I= Dz,n+1;2.n+1 " '
n—1,n-2,.,2,y0
Further,

whereas for n > 4,

X
0x2dy

i n—1,n-2,...,2,x,0
= 2(_1) Dl,n—l,n+1;n—1,n,n+l n,
n—1,n-2,...,2,5,0
e n—-1,n-2,...,2,x,0
+2(-1)"" " Dys pirmmsr| ,
n—1,n-2,...,2,,0
and

%X n—1,...,5,4

9x29y? n—1,...,5,4

It is not difficult to see that X(1,1) = n2"~! and the two determinants involved in

(0X/3dx)(1,1) are separately equal to zero. Also, (32X/dx2)(1,1) is easily seen to be

zero. Besides, d,(1,1) = d,(1,1) = (n + 1)2"7% and d,(1,1) = d5(1,1) = n2""3, so

that (32X/0xdy)(1,1) = —-(3n + 2)2"~2. Since (3°X/3x2dy)(1,1) turns out to be

equal to 2", and the partial derivatives of order higher than four are all zero, we
obtain

X(x,y)=n2""'=(Bn+2)2" 2(x - 1)(y — 1) = 2" }(x - 1)’(y — 1)
2" (x = D)y = 1)+ (n + 42 (x - 1)’y - 1)

=4D(n, )= (n + 4)2"3.

o)
X1+ a,1+a&=n2""=(3n+2)2""%a|> - 2" '|a|*Re a +(n + 4)2" " 5|a|*.
For n > 4 we are thus led to equation (4.2). Its smallest positive root being ¢, by

hypothesis, it follows that X(1 + a,1 + @) > 0 for 0 < |e| < c,. By Descartes’ rule
of signs, (4.2) cannot have more than two positive roots. Since the expression on its
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left side is positive for x = 0, negative for x = 1, and positive for all large values of
x, it has just one root in (0, 1), which we call ¢,, and another in (1, o). Referring to
(4.3) we see that ¢, < c¥, so for n > 4 the determinant of {(1 + a,1 + @), as well as
the determinants of the other leading principal minors, is positive if |a| < ¢,. Hence,
by Lemma 3, {n+(n—1)z+ ---+2z""*+ (1 + a)z" '} /ne B if o] <c,,
which proves (4.1) for n > 4. Besides, referring to equation (4.2) we note that to
every 7 > c, there corresponds a complex number «,, with |a |= 7, such that
X1+ a,,1 + a,) <0, so, again by Lemma 3,
{(n+(n-1Dz+ - +22"?+(1 + a,)2" '} /n & B.
In other words, for each given 7 > ¢, there exists a polynomial P € £, such that
1P|l + 7|P"(0)| > ||P'(z) + &, P'(0)|| > n||P|.

With this, Theorem 3 is proved for n > 4.

The example P(z):= z shows that ¢; must be zero. In the case n = 2 we have to

study the matrix
1+ a0
M| 2, )

1+a,0
and it is readily seen that (4.1) does hold with ¢, = V2 — 1. In order to prove (4.1)
in the case n = 3, we need to consider the matrix
2,1 + |ale™, 0

M(a,y):= M| 3, .
2,1+ |aje™™,0
The leading principal minor of order 3 of /#(«, v) is easily seen to be positive for
|a| < 4/3, whereas det(.# (a, v)), being equal to

12 — 22|a|? + 2|a|%cos 2y + 4|al’cos ¥ + |al*,
is positive for all y € R, provided that |a| < 1/ V2. Since the determinant is negative
for somey € Rif |a| > 1/ V2 it follows that (4 1) holds with
c; =min(4/3,1/V2) =1/V2.
THEOREM 4. Let R > 1. If we denote by @,(R) the best possible constant such that

(4.4) My(R) + ¢,(R)|P'(0)] < R"||P|| forallP € 2P,

then
¢1(R) =0, ¢,(R)=R(J(R*+1)/2 - 1),
¢ (R)=(R*=R)(VR*+ R+ 1 -1),

whereas, for n > 4,
¢,(R)=(R" ' = R"3)(R*+2-2/R2+ 1)~

PRrROOEF. Let R > 1 and note that

A Mo(R) + 0,(R) P/(0)]

Rn—l

{z o +%(pn(R))e"z+%}*P(z)

P Rn~k
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for some y € R. For reasons which are now very familar, we set

11111

R’ Rz""’Rn_z, Rn_l b R"
{(x,y):= M(1,

1101

R'R 7R g1 VR

and study the definiteness of {(a, a).

Let us denote the determinant of {(x, y) by Z(x, y), so that Z(y, x) = Z(x, y).
Using the formula for the derivative of a determinant, we obtain for n > 4 (in the
case n = 4 some of the determinants need to be interpreted in an obvious way):

aZ n+1
o = ("1) * (Dl,l(x9 )’) + Dl,Z(x? .V))»
where
1111, 1
R’ R2’” ’ Rn—2’ Rn—l xs R"
Dl,l(x’ y):= Dl;n 19 ’
l L 1 1 1
R 9 R2 9 9 R”_z b Rn_l y’ Rn
111 1,1
R’ R2’ T Rn—2’ Rn—l Xs R"
D1.2(x’ y):= D2;n+l 1, 5
l i 1 1 1
R, Rz’ b R”_Z, Rn_l y’ R"
1 1 1 1 1
327 R’ RV R2 gt R
F = 2D2(x’ ,V):= 2'D1,2;n,n+1 1, P
x _1_ __1_ 1 1 1
R, Rz, > R"_29 Rn_l y’ Rn
92z
W = _(Dz,l(x’ y)+ Dz.z(x, J’) + D2‘3(x, y)+ D2_4(x, )’))a
where
1111
R’ RZ""’ Rn—2’ Rn—l xs R"
Dz,l(x’)’):= D, 1 nitin-1,0+1| 1, ,
11111
R? Rza"',Rn_Z, Rn_l y’ Rn
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R T U NS
R’ R2""7Rn_2’ R"_l x, Rn
D,y,(x, p)= Dy 110.]1, >
11 11,1
R’ R2> " Rrn-2’ pa-i Vo R
R T U B}
R’ RZ"”’RH—Z’ R 1 X R"
Dy5(x, ¥):= Dy 1 wir| 1, >
A T S B )
R’ R27 ’Rn_z’ Rn_l y’ Rn
11 11, 1
R’ RZ’ ’Rn—Z’ Rn—l X, R"
D2,4(x’ y):= DZ,n+l:2.n+l la N

vz_vz_ o'z
x> Aax*  9x9y

832 n+1
— =2(-1) "H(Dsy(x, y) + Ds,(x, y)),
dx“dy
where
l L 1 1 1
R’ R2’ ’Rn—2 Rn—l * R"
D3.1(x’ y):= Dl.n—l.n+1;n—1.n.n+1 1» )
l __1__ 1 1 1
R, Rza b Rn_zﬁ R"_l y’ Rn
LI U S U O
R’ RZ’ "Rn—2’ R 1 > R"
D3 ,(x, y)i= Dy, pi1mnst| 1o ’
_1_ _l_ 1 1 1
R’ RZ’ ’Rn—2’ R Vs R"
and
1 1
R’ ’ Rn—4
4
Z
T2 4p,(x. )= 4D|1,
dx“dy 1 1
R’ Roa

Now we proceed to evaluate Z(0,0), (3Z/9x)(0,0), (3Z/3y)(0,0), etc. First we
observe that

Z(0,0) = |M,(0, n)| = (1 - R7?)".
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Then we recall that Z(y, x) = Z(x, y). The value of the determinant D, ,(0,0) is
zero since its first column is 1/R times its second column. Also the value of
D, ,(0,0) is zero since its nth row is 1 /R times its (n — 1)th row. Hence,

9Z V4

32 (0.0) = 35(0.0) = 0.
Also,

32_2(0 0) = 32_2(0 0)=0

x? ay2 "’

since the (n — 1)th row of D,(0,0) is 1/R times its (n — 2)th row. In order to
evaluate D,;(0,0), we subtract 1/R times the (k + 1)th row from the kth row for
k =1,2,...,n — 2 and readily obtain

D,,(0,0) = (1 + R2)(1 - R°)"".
Precisely the same operation gives us
Dy,(0,0) = R°2(1 - R°2)"2.
Also,
D,4(0,0) = R">(1 — R"2)"7?,

as is seen by subtracting 1/R times the (k + 1)th column from the kth column for
k=1,2,...,n — 2. Subtracting 1/R times the kth row from the (k + 1)th row for
k=n-—2,n-3,...,1, we see at once that

D,4(0,0) = (1 +R?)(1-R2)"2
Thus,

02z
axdy

(0,0) = —2(1 + 2R"2)(1 — R™2)" 2.

The value of the determinant D, ,(0,0) is zero, since its first row is 1/R times its
second row. Also, the value of D, ,(0,0) is zero since its (n — 2)th row is 1/R times
its (n — 3)th row. Therefore,

3 3
22 0,0)=--2;(0,0) =o.
0x20y 0xdy?
Finally, we observe that D,(0,0) = m, , ; (see (3.4)), so
04z

ey 0 =4 - R2)"4,

Since the partial derivatives of order higher than four are all zero, we obtain
Z(x,y)=(1-R?%)"-21+2R?)(1 - R-Z)"—ny +(1 - R—Z)"“‘xzyz,
and, in particular,

Z(a,@) = (1 - R )" (1 - R"2)* = 2(1 + 2R ?)(1 = R™2)*|a? + |al*}.
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Its leading principal minors of order k (1 < k < n — 1), being equal to m,,,
My,,...,m,, |, respectively, are all positive for R > 1. Hence, {(a, @) is positive
definite for those values of a for which Z(«, @) and its leading principal minor of
order n are both positive, and it is not even semidefinite for those values of a for
which at least one of them is negative. Referring to (3.2), we recognize that the
leading principal minor of order n of Z(a, &) is nothing but det(M,(a, n — 1)) and,
as such, is equal to (see (3.3))

(1=R)" {1 -R?) ~|al’}.

This and the above expression for Z(a, a) readily lead us to the desired result for
nz4.

The cases n = 2 and n = 5 can be handled in the same way. However, in the case
n = 3 the fourth degree equation

(1-R =21 -RH1+2RHx2—4R %3P+ x*=0

must be solved. For this we may make the substitution x = (1 — R~2)y, which gives
(1 =y*?*=Ry+2)>~

The case n = 1 is trivial.

The method can also be used to study the dependence of || P’|| and Mp(R) on an
arbitrary a, (2 < v <n—1), but we will not do this because the calculations
become very long. We will, however, prove the following result, which has various
interesting consequences.

THEOREM 5. If P(z):= ¥L!_, a,z’ is a polynomial of degree at most n, then

(4.5) 12P"(2) = Ya,z" + zagll < (n = HIPI = valaol,
where
1/4, n=1(mod2),n > 1,
)52, n=2,
(4.6) Y=\ 1120, n =4,

(n+3)/4(n—1), n=0(mod2),n > 6.

The constant v, is the best possible for each n.

Prook. Clearly,

1 1
zP'(z) — Ea,,z" + —agll+ v,la,|

4

{(Y,,e’ﬂ + %) + :ilkzk +(n - %)Z"}*P(Z)

=1

for some 8 € R. In view of (2.2) it is therefore enough to prove that

-k dat+1
2(2n — 1)

n

C ) e K
f(z; a): l+2k§l =1t
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belongs to #? for |a| < vy,, whereas to every ¢ > vy, there corresponds a complex
number a, with |a,| = ¢ such that f(z; a,) & Z?. As such, we consider the matrix
€1y CgsevesChp
n(a):= M| :

CyoCarernC,

where co=n—-1/2, ¢,=n—k for 1 <k<n-1, and ¢, = a + 1/4. The de-
terminant of n(«a) can be developed in the form

det(n(a)) = C* + 2(-1)"B*Re(a + 1/4) — A*|a + 1/4|,

where
n—1,n-2,...,2
A*:= D|n -1, ,
n—1,n-2,...,2
n—%in-1,n-2,...,32
BY:=D n—1, )
n—-2,n—3,n—-4,...,1,0
and
n—-1,n-2,...,2,1,0
Cx:=D|n-—1,

n—-1,n-2,...,2,1,0

In order to evaluate A* we perform the following operations one after the other:

(a) Subtract the (k + 1)th row from the kth row for k =1, 2,...,n — 2; then
subtract the (new) k th row from the (new) (k + 1)throw fork =1,2,...,n — 2.

(b) Subtract from the last row 2k times the (2k)throw fork = 1, 2,...,[(n — 2)/2]}.

(c) Subtract the first row from the second.

(d) Subtract from the third row 1/3 times the second row and then the (new) third
row from the fourth; subtract from the fifth row 3 /5 times the (new) fourth row and
the (new) fifth row from the sixth. Continuing in this way, we subtract from the
(2k + 1)th row (2k — 1)/(2k + 1) times the (new) (2k)th row and the (new)
(2k + 1)th row from the (2k + 2)th row. This is done for k = 1, 2,...,[(n — 2)/2].
Finally, in the case of odd n we subtract from the (n — 2)th row (n — 4)/(n — 2)
times the (new) (n — 3)th row, and then subtract from the (n — 1)th row » times the
(new) (n — 2)th row. We thus end up with a determinant whose elements below the
main diagonal are zero. The elements along the main diagonal turn out to be

1 3151 7 1 n-1 n+1

5’5’5’_6_’_2-’%""’5’2(n—3)’ 3 if n is even,

and

_ 2
13151 7 n-3 1 _n if n is odd.
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Consequently,

= (n*=1)/2""1 ifniseven,
"\ n?y2nt if n is odd.

In order to evaluate B} we perform the following succession of operations:
(i) Subtract the (k + 1)th row from the kth row for k =1, 2,...,n — 1.
(i1) Subtract the kth row from the (k + throw fork =1,2,...,n — 2.
(iii)) Subtract from the last row 2k times the (2k)th row for k=1, 2,...,
[(n - 1)/2).
We end up with a determinant whose elements below the main diagonal are all zero.
The elements along the (main) diagonal itself turn out to be

if n is even,
and
111 1 e
1,5,-2—,‘2—,...,5,0 if n is odd.
As such,

B* — {n(1/2)"~1 if n is even,
" 0 if nis odd.

In order to evaluate C* we perform the following operations successively:

(A) Subtract the (k + 1)th row from the kth row for k = 1, 2,...,n; then subtract
the (new) kth row from the (k + 1)throwfork =1,2,...,n — 1.

(B) Subtract from the last row 2k times the (2k + 1)th row for k =1, 2,...,
[(n —1)/2]

(C) Subtract the first row from the second.

(D) Subtract from the third row 1/3 times the second row and then the (new)
third row from the fourth; subtract from the fifth row 3/5 times the (new) fourth
row and the (new) fifth row from the sixth. Continuing in this way, we subtract from
the 2k + 1)th row (2k — 1)/(2k + 1) times the (new) (2k)th row and the (new)
(2k + 1)th row from the (2k + 2)th row. This is done for k = 1, 2,...,[(n — 2)/2].
Then in the case of even n we subtract from the (n + 1)th row n(n — 1)/(n + 1)
times the (new) nth row, whereas, in the case of odd n we subtract from the nth row
(n—2)/n times the (new) (n — 1)th row. In the resulting determinant all the
elements below the main diagonal are zero. The elements along the main diagonal
are

n+1 n—1
T 2Azn—-1)7 2

if nis even,

and

315 noo..o.
5,5,3,... ——, = ifnisodd.
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Hence,

or = (n2=1)(1/2)""" ifnis even,
n%(1/2)"*! if n is odd.

Before studying the determinant of n(a) any further, we wish to point out that all
its leading principal minors of order < n are positive. In fact,

2k + 1)n—(k+1)°

l n—1,....,n—k yes , k = 0 (mod?2),
Din-3, =
) _ _ 2(k + 1)n —(k? + 2k)
n—1,....n—k S , k=1(mod2),

0 < k < n — 1, where for k = 0, the left side is to be interpreted as n — 1/2. As
such, f(z; @) € B if det(n(a)) > 0, and f(z; a) & B, if det(n(a)) < 0.

Now let n be odd. Using the values of A%, B¥, and C} calculated above, we see
that

det(n(a)) = n2(1/2)" '(1/4 — |a + 1/4|2) > 0

if o + 1/4] < 1/2, and so certainly if |a| < 1/4. On the other hand, if a > 1/4

then a + 1/4 > 1/2, so det(n(a)) < 0. Thus f(z; ) belongs to #_ if |a| < 1/4 and

does not belong to & if a > 1/4. This proves Theorem 5 for odd values of n.
Finally, let n be even. In this case det(n(a)) > 0 if

fr(@):=4(n*—1) + 8nRe(4a + 1) —(n* — 1)4a + 1|> > 0,

and so certainly if
(372 + 8n — 3) — 8|n%* — 4n — 1| |a| — 16(n* — 1)|al?> > 0,
ie., if
5/12 incasen = 2,

la] < v,:= (11/20 in case n = 4,
(n+3)/4(n—1) incasen=0(mod2),n > 6.

On the other hand, for every ¢ > y, there corresponds a complex number «,, with
|a,| = ¢, such that f,(a,) < 0 and, in turn, det(n(e,)) <O, ie., f(z; a,) & 2. This
settles the case of even n and the proof of Theorem § is complete.

5. Polynomials in # and the class Z5. We know how polynomials in #° can give
rise to interesting inequalities. It is therefore pertinent to find out ways of manufac-
turing such polynomials. The next result shows how polynomials in £ can be used
for this purpose. We recall that f is said to belong to £ if it is analytic, with
Re f(z) > 1/2,in|z| <1 and f(0) = 1.
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THEOREM 6. Let Q € 2. If Q € R, then for all positive integers m and all a« € C,
such that |a| < 1, we have
(5.1) Q+az"Qe B,

The proof depends on the following lemma, which is, as we shall see, a result of
independent interest with a variety of applications.

LEeMMA 4. Let Q € 2, Q(0)=1,N > n. Then fory € Rand P € £,
(52) P(z)*(Q(2) + 2" Q(1/2) )

N
- % Z (2 ReQ(e—(Zk'rrer)i/N) _ I)P(Ze(Zk”+y)i/N).
k=1

PrOOF. Consider the integral

1 o) +eMo(1/8) - 1)
Sl=p (g_z)(fN_e_'y)

Since Q € 2,, 0(0) = 1, and N > n, the polynomial Q({) + e ¢MQ(1/¢) — 1) is
of degree < N. Consequently, as p — oo the integral /,(z) tends to 0 uniformly for
all z belonging to a compact subset of the complex plane. On the other hand, using
the residue theorem, we have, for all p > 1 and |z| < p,

_0(z) +emM(00/z) 1) | 1 Z 2ReQ(e Chmni/Ny 1

1(z)= . - e'v,
p( ) N e 'Y N A 1-— ze(2lm+y)l/N

1,(z):= 2mi ) ds.

whence

0(z)+ez(Q(1/z2) — 1)

1 — zNe'
1 — Ze(2kw+y)i/N‘

N
Z (2 RCQ —(2kﬂ+y)i/N) _ 1)
From this identity it follows that if P(z):= X)_;a,z’, then
P(z)*(Q(z) +e™2(Q(1/2) - 1))
1 < 2kt 11—z
-5 Z {2ReQ(e @k +y)i/NY 1}{P(z)*(1 - Ze<2kﬂ+v)r/N)}

N-1
{2 ReQ(e—(2kw+y)i/N) _ l}{P(Z)* Z e(ka+y)ji/Nz_j}

j=1

Il
Z|—
M=

k

N
z {2 ReQ(e—(Zkvr+y)i/N) _ 1}{P(Ze(2kﬂ+y)i/N) _ aNeiyZN}.

_1
N
Now, in order to obtain the desired formula (5.2), we need only observe that

P(z)*(ezV) = aye'zV,
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and
N
(5.3) % Z {2Re Q(e k™ Mi/N)y — 1} =2ReQ(0) -1 =1.

PROOF OF THEOREM 6. We apply (5.2) with N = n + m. Since, by hypothesis,
Q € 2, the coefficients 2 Re Q(e"?*"*1i/Ny — 1 in the right member of (5.2) are
nonnegative for each k (1 < k < N). Consequently, forall P € £, and |z| < 1,

1P(2)*(Q(2) + eV 0(1/7) )]
N
< l Z {2 Re Q(e—(2kw+y)i/N) _ l}IP(Ze(Zkﬂ+y)i/N)| < ”P”

N k=1

by (5.3). This is equivalent to the desired result for |a| = 1 since zVQ(1/Z) is
nothing but z”Q(z). That |a| can be allowed to be less than 1 is a simple
consequence of the maximum modulus principle.

6. Some related results. Lemma 4 yields some generalizations of (1.1) which we
present next.

THEOREM 7. Let Q € 2, Q(0) = 0 such that Q € R.Then for P € P,, we have
(6.1) IO * P|| < max|ReP(z)|

PROOF. We may suppose that n:naxlz|=1|Rc P(z)| = 1. Since Q(0) = 0, the poly-
nomial Q belongs to £,_,. Taking Q instead of Q and N = n in (5.2), we obtain that
forall P € #,and y € R,

(6.2)

P(2)%(0(2) + €"Q(2)) = L T (2Re (e 0hm+ni/n) — 1) p(zehe=nirn).
k=1

Since Q € &, the coefficients 2 Re Q(e2*"*Vi/7) — 1 in the right member are
nonnegative for each k& (1 < k < n). Besides, their arithmetic mean is equal to 1
since Q clearly satisfies (5.3) with N = n. Thus, the right member of (6.2) is a convex
linear combination of the numbers P(ze®*"*7)/") 1 < k < n. Since, by hypothesis,
-1 < Re P(z) < 1 for|z| < 1, we conclude that

-1 <Re{P(2)*0(z) + a(P(2)*Q(2))} <1
for |z| < 1 and |a| < 1. This means that the disk with center at the point P(z)* Q(z)

and radius | P(z)* Q(z)| is contained in the strip -1 < Rew < 1. Since the maximal
radius of such a disk is 1, the desired result follows.

THEOREM 8. If P € P, then
(6.3) IP’| < n max |P(e*"/™)),
1<k<2n

i.e. in (1.1), || P|| may be replaced by the maximum of |P(z)| in the (2n)th roots of
unity. On the other hand, the maximum in the (n + m)th roots of unity, with m < n,
does not suffice.




90

C. FRAPPIER, Q. . RAHMAN AND ST. RUSCHEWEYH

What we need for the proof of Theorem 8 is the following special case of Lemma
4,

LEMMA 4. If P € P, then for all real y and R > 1

2n
(6.4) e "P(Re®) = e"P(e'?) + 21_n )y (—l)kAk(R, y) P(e!Ortkmryi/m)
k=1
where
n—1
(R, ¥Y)=R"—1+2Y (R"/ - 1)cosj( em + Y).
j=1
The coefficients A, (R, v) are all nonnegative and
1 2n
(6.5)

3= L A(RY) =R~ 1.
k=1
Since it needs to be explained why Lemma 4’ is a special case of Lemma 4, we
prefer to give a direct

PrROOF OF LEMMA 4. Let P(e®):=Y"_ ae™® Substituting for 4,(R,7Y),
P(e!®+(km+v)/n)y then using the fact that

1 22 (1) eririvn = {1 ifv =n,
P =1

0 if0<gswv<n,
and writing

1

5€1/(kﬂ+y/n) + %e—ij(kvr+y/n) for cos J( k'rrn+ Y ),
we obtain

2n
zLZ 1) AR, y) P(eH03hm /)

1 2n n
= (Rn . 1)___ Z Z ( 1) a ew(0+(k17+y)/n)
2n 2 020

o i "i: Z( 1)“a,(R" - 1)cosj(k77+y

—)eiv(0+(kw+7)/n)
=1 j=1 »v=0 n
— (Rn _ l)a em0+ly

n

lnann

2 Z Z Z a (Rn -J _ 1) 1v0+l(v+/)y/ne(n+v+1)km/n
Jj=1 v=0 k=1

1n1n2n

2 Z z Z a (R" - l)e”’o+'(”‘I)Y/"e(n‘*'v—j)km/n
Jj=1 »=0 k=1

Sincen+1<<n+v+j

12n

<3n—1,whereasl <n+v—j

< 2n — 1, we have

- e(ntv+ikmi/n _ {1 ifn+v+j=2n,
2n 2 0 otherwise,
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and
1 2n
el (n+v—j)kmi/n _
2n kz_"l"’ 0,
whence
L % 1 kA R P i(0+(kn+v)/n)
3 L (D' AR )P(e )
) ) n—1
= (Rn _ 1)anem0+1y + Z (Rv _ l)ayeiv0+iy
v=1
= e'/P(Re') — P (e'?).
This proves (6.4).

The property 4,(R, v) > 0 follows from a result of Rogosinski and Szego 15, p.
75], according to which

(6.6) Ag+2Y Acosjd>0 (6€R)
j=1
ifA,>0,A,_; —2X,>0,andA;,_; — 2N, + A, ;> 0forl <j<n—-1
Finally, in order to verify the identity (6.5), we may simply set P(e®) = /"% in
(6.4).
PROOF OF THEOREM 8. Let 6 be an arbitrary real number. Then choosing y = —n#f
in Lemma 4’, we obtain

2n
|P(Re) — P(e)| < %{ Y Ak(R,—nO)} max |P(e*™/")|,

k=1 l<k<2n
which, in conjunction with (6.5), gives us

(6.7) |P(Re®) = P(e”)] < (R" = 1) max |P(e*"/")].
1<k<2n

Dividing both sides of (6.7) by R — 1 and letting R tend to 1, we obtain the first part
of Theorem 8. In order to prove the second part let ¢ > 0 and consider the
polynomial P(z):= z" — ez"~"™ + ¢ 1 < m < n. Itis easily checked that
max |PE(eka'/(n+m))| < (1 + 482)1/2,
l<k<sn+m
whereas || P/|| = n + (n — m)e. Hence
P/ >n max |P(e2km/tm)|

l<k<sn+m
for all sufficiently small £ (> 0).
7. Remarks and applications.

7.1. Some consequences of Theorem 2. (i) Theorem 2 constitutes a generalization of
a useful inequality due to Visser [22], namely: if P(z):= L)_,a,z" € P,, then

(7.1) ol + la,| < |IP]|-
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Inequality (7.1) is in fact a limiting case of (1.9): dividing both sides of (1.9) by R”
and letting R tend to oo, we obtain (7.1).
(11) Applying Theorem 2 to the polynomial z"P(1/z), we obtain
THEOREM 2'. Letn > 2. If P(z):= ¥L!_ya,z" € P,, then
(7.2) Mp(R) +(1 = R*)|a,| <[P (R<]1).
The coefficient of |a,| is the best possible for each R.
(i11) Theorem 2 also leads us to

COROLLARY 2. Letn > 2. If P(z):= ¥X!_pa,z’ € P,, then

(7.3) Mp(R) > (1= R?)|ag) + R"|P|| ifR<1,
whereas
(7.4) Mp(R) > (R" = R""*)|a,| +||P|| ifR>1.

Inequality (1.5), when applied to P(z/R), gives us (7.3), which in turn, when
applied to the polynomial z"P(1/z), yields (7.4).

7.2. Some consequences of Theorem: 6. (1) Bernstein’s inequality (1.1) is known (see
[12, p. 8]) to admit the following refinement: for P € £

(7.5) IP(2)] + 1P'() < nllPll - (21 < 1),
where P(z):= z"P(1/Z) is the “inverse” of P.

A polynomial P € 2, is said to be “self-inverse” if there exists u € C, |u| = 1 such
that P = uP; let S, denote the class of such polynomials.

The following result, which is a significant generalization of (7.5), is a consequence
of Theorem 6.

COROLLARY 3. Let Q € 2,, Q(0) = 0, such that Q € R. Then for P € 2, and
|z] < 1, we have

(7.6) (Q*P)(2)| +(Q*P)(2)| <Pl
In particular for P € S,
(7.7) lQ * Pl < 3IIPII.
The choice
. n Rk _ 1 P
Q(Z)— kgl Rn_lz (R>1)’

which is admissible according to the above-mentioned result of Rogosinski and
Szego (see (6.6)), gives

(7.8) |P(Rz) — P(z)|+|P(Rz) — P(z)|< (R"—=D)|P| (lzZ]<1,R>1).

Dividing both sides of (7.8) by R — 1 and letting R tend to 1, we obtain (7.5).
Inequality (7.8) also implies that

(7.9) |P(Rz)| + |P(Rz)| < (R"+ 1)|P| (]z2]<1,R>1).
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PrROOF OF COROLLARY 3. The assumptions and Theorem 6, withm = 1andn — 1
instead of n, show that Q + aQ € #° (|a < 1). (Here it is to be noted that
Qe _,)ThusforP e P,

I(P*Q)(z) +a(P*Q)(2)I <Pl (lal < 1),
sG that
(P*0)(2)+(P*Q)(2)I<IPI  (lz2|=1).
Now, (7.6) follows from the observation that for [z| = 1, (P * Q)(z)| = [(Q * P)(2)|.
(i1) Here is another consequence of Theorem 6.

COROLLARY 4. ForallP € 2,,
(7.10) 1zP"(z) = (P(z) = P(0))Il < (n — 1)|IP|| = |P(O)].
It can be shown that the coefficient of | P(0)| on the right side of (7.10) cannot be

replaced by a smaller number.
As an application of (7.10) we wish to mention:

IfPe P and
(7.11) g.(z):= P(z) — P(0) +en||Pllz  (lgf=1)
then
(7.12) |12g.(2)/8.(z) =11 <1 for|z| <1,
which implies, in particular, that the function
(7.13) h(z):= g(2)/g/(0) =z + -

is normalized starlike univalent in |z| < 1.
PROOF OF COROLLARY 4. Let
"n-1-k ,

0(z) = E ——1 %5

considering it to be an element of 2, |, let Q be its inverse. Noting that Q € &, we
may apply Theorem 6 with m = n — 1 to conclude that Q + az"~'Q € %2, , for
all a such that |a| < 1. By truncation, Q + az"/(n — 1) € #°. This, in view of (2.2),
implies that

-1 k
n— + Z n—1- € B,
50 (7.10) holds.
As we have claimed, the coefficient of |a,| on the right side of (7.10) cannot be
replaced by any smaller number. In fact, (7.10) can also be proved by showing that
n—1
n—k—-1, a
) n—-1 ° * n—-1°

k=0

belongs to %) if |a| < 1 and does not belong to #° if |a| > 1. The matrix to be
considered is

M(n—l, n—2,...,
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(ii1) In order to place the next corollary of Theorem 6 in perspective, we wish to
recall that if f(z):= _,a,z* is analytic in |z| < 1, where it satisfies | f(z)| < 1,
then [9, Exercise 9, p. 172]

(7.14) lagl> +la, <1 (1 <k < o),
and, consequently,
(7.15) laol + 3la,l < 1 (1 <k < ).

The example

f(z):=

zk + a, ( _3—2c)
agzh +1 0T T2

shows that in (7.15) the coefficient of |a,| cannot, in general, be replaced by any
number c greater than 1 /2. In view of a well-known property of the Cesaro means

o(z)'=iL1_Vaz” (n=0,1,2,...)
" =, ntl 7 B
namely,
oC
llonll < sup | 2 axz|,
1z|<1 ] k=0

it cannot be done even for a polynomial if the degree is allowed to be arbitrary.
Nevertheless, we have:

COROLLARY 5. If P(z):= X} _,a,z" € P, and||P| < 1, then

(7.16) lagl + 3(lay| + la))) <1 forl <k <l withl>n+1-k;
by symmetry,
(7.16") la,| + 3(la}| + la,) <1 for0<j<n,withj<n+1-k.

PROOF. Let Q(z):= 1 + (¢/2)z%, |¢| < 1, so that, by Theorem 6,
1 +(e/2)z% +(eay/2)z" ™% € BY forlal < 1andm € N;
hence, for |z| < 1,
la, +(e/2)a,z* +(sa/2)a,, 2" " * < 1.

We may assume a, > 0, and the choice z = 1, e = a,/|a,|, a = €a, , ,, /1,1 m—xl
establishes the assertion.

REMARK. In (7.16) the restriction on /, namely / > n + 1 — k, cannot, in general,
be relaxed. The quantity |ay| + 3(|a,| + |a,)) may indeed be greater than 1 if /is
allowed tobe n — k.

(I) The case k < I. We prove the existence of a polynomial P(z):= ¥;_;a,z” such
that |ay| + 3(|a,| + |a,|) > ||P||. It is clearly enough to show that

(7.17) 1+1iz+ e ¢ B
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for some y € R. Since the determinant
11

>, 5¢e'%,0

272
1 1

D1, = —-—+ =cosy

4 2

1 1

-, =€ Y’O

272

is negative if cos y < 1/2, it follows from Lemmas 2 and 3 that (7.17) holds for such
values of y.

(IT) The case k = I. Let o, be the smaller of the two positive roots of the equation
-3a® — 12a + 8 = 0; then for each a € (-a,, &), the polynomial

P(z)=—a+(1—-a?)z¥+ a(l — a?)z**

serves as a counterexample.

7.3. A few special cases of (6.1). (1) With the choice
S R -1
Q(Z)'— Z R"—1

v=0

z2 (R>1)

in (6.1), we obtain: forall P € Z,,
(7.18) IP(Rz) — P(z)| < (R" — 1)max|Re P(z)| (R>1).
1z|=1

This latter inequality implies: if P € P, then
(7.18) IIP’|| < nmax|Re P(z)|,
1

lz1=
which is an interesting generalization of Bernstein’s inequality (1.1). For other proofs
of (7.18’) see [20, 16, 8].
(ii) Another special case of (6.1), which is obtained by taking Q(z):= z" + 4z/,
says that if P(z):= X!_,a,z" then, for0 <j < n,

(7.19) la,| + 3la,| < II:'lnglRe P(z)|.
This inequality is to be compared with (7.15). An example of the form ia + z”", with
an appropriate a € R, shows that in (7.19) neither j can be allowed to be 0 nor can
|a,| be replaced by |a|.

7.4. Remarks on Theorem 8. (i) According to a well-known result of A. Markoff, if
P € 2, then
(7.20) max |P'(x)| < n®> max |P(x)|.

-1<xx1 -l<x<l

Over forty years ago it was shown by Duffin and Schaeffer [1] that in (7.20),
max_, _, .,|P(x)| may be replaced by the maximum of |P(x)| in the extrema
{cos(kw/n)}{ _, of the nth Chebyshev polynomial of the first kind. Theorem 8
represents the corresponding refinement of Bernstein’s inequality (1.1).

(ii) It may be mentioned that for an arbitrary P € &, || P|| may be considerably
larger than max, _, _,,|P(e*"/")|, as is shown by the simple example 1 + iz".

(i) It is natural to ask whether in (1.2) as well ||P|| can be replaced by the
quantity max, _, .,,/P(e*™/™)|. The answer is essentially “no”. Indeed, the example
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1 + i(R} — Ry")z"/2 shows that for given R, > 1 there exists a polynomial P, such
that

(7.21) max |Py(z)] > R" max |Py(e*™/")| forl < R < Ry.

1<k<2n

lz|=
However, we do have:

THEOREM 9. For each given polynomial P € P, there exists a number R , depending
on P such that

(7.22) max|P(z)| < R" max |[P(e*"/")| for R > R,.
|z|=R

1<k<2n

PROOF. Let P(z):= LI ,a,z*, where m < n and a,, # 0. In view of Parseval’s
identity,

m
2 _ 212
PP = X0 k).
k=0

In particular,

(7.23) 1Pl = mla,|,

where equality holds if and only if

(7.24) P(z)=a,z™

Thus, if (7.24) fails to hold, then

(7.25) 1P = (1 + e)mla,|

for some ¢ > 0. Now let us choose R, > 0 such that
o(Ra)=1+(1/1a,)(la, 1Ry + a, SRS+ - +]ag|Ry") =1 + e

Then for R > R,, we have

male(z)I < |amlRmU(R*) = (1 + s)lamlkm
|z|=R

= R™||P'||/m by (7.25)
< R" max |P(e*"/")| by Theorem 8.

1<k<2n
On the other hand, if P(z) = a,,z"™, then (7.22) holds for all R > 1.
7.5. Self-reciprocal polynomials and an application of Theorem 5. From (7.5) it
follows, in particular, that
(7.26) 1Pl < (n/2)IIP|| ifP €S,

We call a polynomial P € 2, “self-reciprocal” if it satisfies the condition z"P(1/2)
= P(z); let &, be the class of such functions. For the pertinence of the class &, see
Frappier and Rahman [3]. The first attempt at determining

(7.27) U,:= sup {IPII/IIPI}}
Pes,

was made by Govil, Jain, and Labelle [6], who had an example to show that

(7.28) U,>n/V2,
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where equality holds for n = 2. In view of (7.26) and the fact that all the zeros of the
extremal polynomial in (1.1) lie at the origin, one might have suspected that U, may
not be much larger. However, the problem turns out to be quite intriguing, and the
precise value of U, for n > 3 remains unknown. With the help of Theorem 5 and
Corollary 1 we are able to prove that

(7.29) U ,<n—38, whered, > 2/5asn - oo.
On the other hand, we show that
(7.30) Uz>n-1.

For (7.30) let us consider the polynomial
P.(z):=(1—iz)*+ 2%z - i),
which clearly belongs to.#,. We note that | P, || = 4. In fact

1Pl < ppﬁﬂl—i42+|z—iﬁ)
ma

= max (|l —iz|* + 1 + iz|*) = 4 = |P_(1)|.
lzl=1
Since || P, || = | P (=i)| = 4(n — 1), estimate (7.30) holds.
PROOF OF (7.29). Let a:= 8n/(9n + 2). Multiply (4.5) by a and (14) by 1 — «;
adding them up and using the triangle inequality, we obtain

4n <( _ 4n )P __8n
9n+2 s |n 9n+2 ” " 9n+27n|a0|‘

Under our hypothesis a, = a,. Let us assume that |a,| = |a,| = A||P]. Then from
(7.31) we obtain

(131)  ||zP'(z) -

n
a,z

, 9n — 2 41 - 2y,)n
(7.32) 1P < {Gagn * “ gy g AP
whereas (1.4) gives us
(7.33) 1P|l < (n — 2nN/(n + 2))||P||.
The last two inequalities imply that
U <n—4n/(11n — 4(n + 2)y, + 6),
50 (7.29) holds.
7.6. An application of Theorem 5 to polynomials with a prescribed zero. For an
arbitrary p € (0, ), let &, , denote the class of all polynomials P € &, which
vanish at the point p, and let

A, ,= {sup|P'|/|PI: P € 2,,}.

The problem of determining A, , was proposed by R. P. Boas, Jr. in 1957 but still
remains open. It is known (see Giroux and Rahman [5] and Newman [10]) that
n—Cy/n<A,, <n—- Cy/n, where C; and C, are positive constants independent
of n; in fact, C, may be taken to be (2 — v2)/4. As remarked by Newman [10, pp.
265-266], it is quite difficult to pin down the value of A, ;. It therefore seems to be
of interest to point out that (4.5) leads us to a considerably better upper bound for
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A, ;, namely

nl»

1 ™ el 721 1
I 11 eyt N RS A b

In fact, if P(z):= ¥,_,a,z" belongs to £, | then so does Q(z):= z"P(1/z). By a
result of Lachance, Saff, and Varga [7],

a n+1 o n+1
(139) ) = 1000)1 < (cos5- "5 ) 101 = [eosz g )P

This, in conjunction with (4.5), readily gives us (7.34).
Using a nontrivial upper bound for

|, . SRS
sup{ Tk P(z):= Y a,2" €2, ).

v=0

obtainable from [13, Theorem 3], we may similarly estimate A, , for other values of
p.

7.7. A generalization of Corollary 1. Corollary 1 is a special case of the following
more general result.

THEOREM 10. If P € #,and 0 < w < n/2, then
(7.36) 1zP"(2) = wP(2)|| + &,(«)[P(0)| < (n — @)|IPl,
where

g(w)=1-20, ¢l(w)=2(n-2w)/(n-20w+2) (n>2).

For each value of the parameter w the constant ¢,(w) is best possible.

PROOF. Since the left side of (7.36) is equal to
sup ||zP'(z) — wP(z) + aP(0)],

la|<e,(w)

we study the definiteness of the matrix

ClaevsrChp
(e, w)= M(CO» ,
1T,
where ¢,'= n —k —wfor0 < k <nandc,:= a — w. For1 <k < n the value of

the kth order leading principal minor is 2 2(2n — 2w — k + 1), a positive quan-
tity. Besides, as in the case of (3.1), the determinant of n(a, w) can be developed in
the form

det(n(a, ©)) = det(n(w, @)) + 2(-1)"D,(w)Re(a — ©) = C,(@)|a — w|%,
where
C(w)=2"3(n+2-2w), D(w)= (—1)"2"'3{2@2 —(n+ 2w+ 2},

and

det(n(w, ©)) = 2" {26’ = (n + 2)0* — 4w + 4n}.

We are thus led to the equation (4n — 8w) — 4x — (n + 2 — 2w)x? = 0, whose
only positive root is the number ¢,(w) defined in the statement of Theorem 10.
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