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SINGULAR INTEGRAL OPERATORS OF CALDERÓN TYPE
AND RELATED OPERATORS ON THE ENERGY SPACES

BY

TAKAFUMI MURAI

Abstract. We show the boundedness of some singular integral operators on the

energy spaces.

1. Introduction. For a complex-valued continuous function h(x) on the real line R

and a real-valued continuous function A(x) on R, we define a kernel by

elk. ak,.,)—*--{«">-«>>).
x — y \ x - y j

These kernels are important in harmonic analysis. Several authors have investigated

the boundedness of these kernels as operators from L^-spaces to Lp-spaces [3, 7, 11],

and others have studied the boundedness on the Sobolev spaces only in the case

h(x) = x (generalizing l/(x — y)) [1, 2]. In this paper we study the boundedness of

these kernels on the energy spaces for infinitely difierentiable functions h(x).

Let C0°° be the totality of infinitely differentiable functions on R with compact

support. For 0 < a < 1 we denote by Ea the Banach space of locally integrable

functions on R obtained by the completion of C0°° with respect to the norm

This is called the a-energy space [10, p. 77]. The a-capacity capa(-) is the capacity

defined by the kernel Ka(x) = l/|x|1_a [10, p. 131]. A function a(x) on R is called a

multiplier on Ea if the multiplication operator Ma: /g Ea -» a/g Ea is bounded

[10, p. 38]. The totality of multipliers on Ea is denoted by M(Ea). The norm of Ma is

simply denoted by ||a|| M(E ,. We say that C[h, A] is a-bounded if, for any/ g Ea,

lim   f C[h,A](x,y)f(y)dy    (= C[h, A)f(x))
E-.0 J\x-y\>e

exists a-q.e. (that is, the limit exists except for a set of a-capacity zero) and

l|C[A, ¿]L.a = sup{||C[A, A]f\\a/\\f\\a;f<=Ea} < oo.

We show

Theorem 1. Let 0 < a < 1. Then C[h, A] is a-bounded as long as A' G M(Ea) and

h(x) is infinitely differentiable.
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We also study some operators closely related to C[h, A]. We define two families,

93 = {Py(x)}v>0, O = {Qv(x)}v>0, of functions on R by

Pv(x) = (l/2y)e-W>,   QY(x) = (l/2y)sign(x/y)e-^>'.

For a complex-valued function a(x) on R with /R|a(x)|/(1 + x2) dx < oo, we

define four operators on C" by

ra[U, »]/(*)-lim  (1AUv*a(x)Vv*f(x)dy/y       (/e Q8),
F~>0    "'p

where U = 33 or Q, 33 = 33 or O. Operators of this type were studied by Coifman-

Meyer [6, Chapter VI]. These operators are considered weighted Hubert transforms,

and we see that, in the case where h(x) = x and A'(x) = a(x), C[h, A] - TJC, 33]

is a negligible operator in a sense [cf. Remark 21]. For 0 < a < 1 we say that

Ta[U, 33] is £„-bounded if it is extended as a bounded operator from Ea to itself. Let

us remark that Ta[33, 33] is £a-unbounded in the case where a(x) = 1. We denote by

L°° the Banach space of bounded functions on R and by BMO the Banach space of

functions of bounded mean oscillation on R, modulo constants [9, p. 141]. We show

Theorem 2. Let 0 < a < 1. Then:

(1) If a G M(Ea), then Ta[€i, 33] is Ea-bounded.

(2) Ifa^ L00, then TJ33, Q] ¿s Ea-bounded.

(3) //a g BMO, zAez? TJQ, Q] « Ea-bounded.

2. Preliminaries.

2.1. Throughout we fix 0 < a < 1 and use "Const." for constants depending only

on a. The value of "Const." generally differs from one occasion to another. For a

Banach space 23, we denote by || • ||s its norm. Let L2 denote the L2-space of

functions on R with respect to the Lebesgue measure dx. The maximal function of a

locally ax-integrable function/(x) on R is defined by

Wlf(x) = sup 111,1/1,    where m,\f\ = ±-J\f(s)\ds (|/| = /*)

and the supremum is taken over all finite intervals / containing x. We say that/(x)

is of bounded mean oscillation if ||/||BMO = sup m,\f— m,f\ < oo, where the

supremum is taken over all finite intervals /. The a-capacity of a compact set Win R

is defined by

caVa(W) = inf{||g|||2; kq/2 * g(x) >l(xe W)}

[10, p. 133, p. 138]. The a-capacities of Borel sets in R are usually defined [10, p.

143]. Let/g Ea. Then:

(4) ll/L = Const.{/R|¿n/(¿)|2¿|}1/2 (/(€): the Fourier transform of/(*)).

(5)f(x) = Ka/2 * g(x) almost everywhere (a.e.) for some g g L2 with

HgHi2-Const.il/IL      [10, p. 80].

(6) lim^0(l/£)//+£/(s) ds = Ka/2 * g(x) a-q.e.

(7)w(-f,f)l/l<Const.e<»-1,/2||/||a  (e>0).

(8) caPiI(x; Wf(x) > e) < Const./e2 • ||/||2  [4, p. 70].
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Equality (4) is deduced from Parseval's formula. Equality (6) is deduced from (5)

and the Lebesgue dominated convergence theorem. Inequality (7) is also deduced

from (5). Let a G M(Ea). Then by (7) we have, for any e > 0 and seR,

W(-...)l«*Ml<Coii8t.e««-»^||a^.,J|L

< Const.^-^llöll^JI^JL = Const./e • \\a\\M(E¿,

where $^s(x) = (1/ jñe)exp(-(x — s)2/e2). Since e > 0, s g R are arbitrary, we

have Halli« < Const.||a||W(£(i). Let A G L°° satisfy \b(x) - b(y)\ < n\a(x) - a(y)\

(x, y g R) for some tj > 0. Then we have, for any/ G Ea,

\b(x)f(x) - b(y)f(y)\ < \b(x)\\f(x) - f(y)\ + \b(x) - b(y)\\f(y)\

< f|A|L»|/(*) -f(y)\ + n\a(x) - a(y)||/(»|

< {||A||¿„ + v\\a\\^}\f(x) -f(y)\ + rj\a(x)f(x) - a(y)f(y)\,

and hence

(9) \\b\\mEn)^Const\\\b\\[X + j]\\a\\mEa)}.

In particular, if a(x) is real-valued, then

IIV(i + i*)\\míb.) < Const-{i + H«IU(W)-

2.2. Let L+ be the Banach space of integrable functions on R with respect to the

measure dx/(l + |x|). For a kernel K(x, y) (x, y g R), we define Q,(K) by the

minimum of C's satisfying the following two inequalities: \K(x, y)\ < C/\x - y\,

\dK(x, y)/ax\ + \dK(x, y)/dy\ < C/(x - y)2 (x # y). If such a C does not exist,

we put Q,(K) = oo. For/G L„ and a kernel K(x, y) with Q,(K) < oo, we put

KJ(x)= f K(x,y)f(y)dy    (e > 0),       K*f(x) = sup\KJ(x)\.
\x—y\>t f>o

We say that K(x, y) is a Calderón-Zygmund kernel (CZ-kernel) if Ü(K) < oo,

Kf(x)= lime^0Kef(x) exists a.e. for any/ g L*, and

||/S:*||i2,i2 = supOl/CVIIiz/ll/H^/G L2} < oo.

We write simply ||tf*||cz = Q(K) + \\K*\\Lz Li. Let K(x, y) be a CZ-kernel,/ g L*,

and let (/„)^_, be a sequence in L* such that lim„_00||/n — /||t   = 0. Then the

weak ¿^inequality [6, p. 90] yields that lim .„.„À/,, (x) = Kf(x) a.e. for some

subsequence (fH)JLv We also have K*f(x) < Const.{ Û(Kf)(x) + ||ä"*||cz21c/(jc)}

everywhere [6, p. 95]. Let h g C0°° and A(x) be a real-valued function with A' g L00.

Then [7] (cf. [11, 6, p. 98]):

\\C[h, A]*\\CT < Const. (\hU)\(l + r\è\)9dè + Q(C[h, A])        (r = \\A'\\L„).

We may replace h(x) by (hy)(x) for any y g C" with y(jc) = 1 (|x| < r). Choosing

y(x) suitably, we obtain

(10) \\C[h,A]*\\cz^Const.dh(r)(l+r)w       (r = \\A'\\L«),

where

n

dh(r)=  E max(|A^)(x)|;|x|<2r+ l}.
y = o
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Let Am(x) = foA'*<pm(s) ds (m > 1, (¡>m(x) = -jm/Tt e~mx2). Then the argument in

[11, Lemma 11] yields that, for each n > 0,

lim c\t",Am]f(x) = C[t",A]f(x)    a.e.
/ —» OC L ' J

for some subsequence (Am )°t,. Since

C[e",B](x,y)=   Í (^)c[t", B](x, y)

and

C[h, B](x, y) = Const. ¡h(Z)c[e", ÍB](x, y) dÇ
JR

(x * y; B(x) = A(x), Am(x) (m > 1)), we have, by (10),

hm c\h,Am.]f(x) = C[h,A]f(x)   a.e.
y —* oc      L 'J

for some subsequence (Am,)j=l. Inequality (7) shows that, for any g G Ea,

00 I 00 \

||g||i, < Const. £ m(_2,,24)|g| <   Const. £ 2«*-1>*/:
A=0 l A=0

This shows that Ea c L* and || • ||¿> < Const.|| • ||a. Let/g Ea. Then, consequently,

we have:

(11) C[h, A]f(x) exists a.e.

(12) If hmn_J|/n-/|L = 0, then lim^^Clh, A]f,(x) = C[h, A]f(x) a.e. for
some subsequence (/„ )j=l.

(13) limy-00C[A, Am ]f(x) = C[h, A]f(x) a.e. for some subsequence (Am)jLx.

(14) C[h, A]*f(x) k Const.{%fl(C[h, A]f)(x) + dh(r)(l + r)103Jlf(xj}    (r =

||y4'||ioo) everywhere.

Let S be a dense set in Ea. Then (11) and (12) show that, for any / g Ea,

lim,,-JI/„ "/IL = 0 and lim^^CtA, A]fn(x) = C[h, A]f(x) a.e. for some se-

quence (/„)"_! in ¿>. We have, by Fatou's lemma,

|C[A,,4]/(x)-C[A,,4]/(v)|2\c[h,A]flL = )ffww>--   >*j^yn dxdy

n—*oo

< liminf    (  [ H"'^W-    lM|/,mi
Jo Jo Iv - vl1+a

1/2
|C[/z,/!]/„(*)-C[A, A]f„(y)

r-'r l*-.y|1+a

= liminf||C[A, A]f\\„ < sup{||C[A, ̂ ]g|L/||g|L; g^)
n—» oc

Thus

(15) ||C[A, ¿]||„.„ = sup{||C[A, ̂t]/L/ll/IL;/e S).

2.3. Let 36 be the totality of open squares in the complex plane C with sides

parallel to the coordinate axes. For a nonnegative function w(z) on C, we denote by

L2(C, co) the L2-space on C with respect to the measure w(z) do(z), where do(z)
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denotes the area element. Forp > 1 we say that w(z) satisfies (Ap) with a constant

Eif

sup (mxU){mxU-1A"-1))P^ < H>,
JCeï

where

mxu = ——■ ju(z)da(z)        \o(X) = j do(z)\.

We say that u(z) satisfies (Ax) with two constants E, 0 < S < 1, if, for any ieï

and any Borel set E in X,

o,(E)MX)*iZ{o(E)/o(X)}S,

where 03(F) = JFu(z) do(z). The following two lemmas are well-known (cf. [5]).

Lemma 3. Let 1 < p < 2 and let u(z) be a nonnegative function in C satisfying (A )

with a constant E and satisfying, for any X G X, u(X*) < Const. w(X), where X* is

the square in 1' with the same center as X and o(X*) = 2a(X). Then, for any

F g L2(C, a),

ll^^llz.^c,U)<^E||F||L2(Cw),

where TlF(z) = sup,eA- xes.^lxW\ an^ Cp 's a constant depending only on p.

Lemma 4. Let u(z) satisfy (Ax) with two constants E, 0 < 8 < 1. Then, for any

F G L2(C, co),

ll©F|L2(Cw)<QE||F|L;(C,w),

where

®F(z) = lim   f F(^ .do($)
e-0 4r-fl>e (7 - (Y

and Cs is a constant depending only on 8.

3. Proof of Theorem 1.

3.1. Let h(x) be an infinitely differentiable function on R, A(x) a real-valued

function on R with A' g M(Ea), and B(x) an infinitely differentiable real-valued

function on R with ||#'||W(£- , < IM'||a/(e r We write simply N = 1 + ||^4'||i* +

\\A'\\M(Ea). Let T = {(x, B(x)); x g R} "and V= {x + iy g C; y > B(x)). We

define

a:(x + iy) = \y - B(x)\l-a       (x + iy&C).

Then «(À"*) < Const.co(A') (X g 3£). We say that a function g(z) on T is differen-

tiable if lim^oz+í(zr{g(z + O _ g(z)}/f exists everywhere on T. We denote by

EaT the Banach space obtained by the completion of differentiable functions on T

with compact support with respect to the norm

1/2

wiT-{U'1,'-"tr-"'|,ft||Jtl)
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where dz is the curvilinear integral element. This is the a-energy space on T. In this

section we estimate ||C[A, ^]||aa.

Lemma 5. The function co(z) satisfies (A(4_a)/2) with a constant Const. N.

Proof. We write simply p = (4 - a)/2. For leïwe put / = \ja( X). First we

suppose that / > dis(AT, T) (= n), where dis(-, •) denotes the distance. Since ||#'|lz.*

< Const. N, we have dis(z, zr) < Const. Nl (z = x + iy g X, zT = x + iB(x)).

Hence,

Const. \   /-Const. NI>nst. i  r
s1~ads = Const. A/2"«/1-«

and

= Const. jVi+((«-i>/</>-i>}/(«-i>/<p-i)_

Thus,

(mxo¡)(mxu~l/{p~l))P   l < Const. N".

Next we suppose that / < v. Then 17 < dis(z, zr) < Const. A/tj (z g X). Hence,

fhxw «S Const. N1~ari1'a   and    mxu,^Ap-l) < Const. ^«-DAp-i).

Thus

(mxic)(mxu~l/{p-l))P~l < Const. Nl'a < Const. N".       Q.E.D.

Lemma 6. The function co(z) satisfies (Ax) with two constants Const. Nl~a, 1.

Proof. Let X g £ and E c X We put / = /r7?X)~ and tj = dis(A-, T). If / > tj,

then u(X) > Const. /3_a, to(£) < Const. Nl-al1-ao(E), and hence, u(E)/u(X)

<   Const. W'^affVafJ).    If    I < v,    then    co(A') >  tj1^/2,    u(E) <

Const. A1-"tj1 ""»(£), and hence, u(E)/u(X) < Const.Arl^aa(£)/a(A').    Q.E.D.

Lemma 7 (Carleson [4, p. 55]). Let F(z) be a differentiable function in U = {x +

iy G C; y > 0} jhcA iAaZ

\\F\Lu = {/ I VF(x + z»|2j1-aa'a(x + zy)J       < ».

Then F+(x) = limvi0F(;c + iy) exists a.e. on Razid||.F+|L < Const.||F||a[/.

Lemma 8. Let G(z) be a differentiable function in V such that

I \X/2

\\G\\av = |/jvG(z)|2co(z) do(z)j      < œ.

Then G+(z) = limvl0G(z + iy) exists a.e. on T and||(jr+|Lr < Const. N2\\G\\a¡/.

Proof. Let F(x + iy) = G(x + i(y + B(x))) (x + iy g U). Then \\F\\aU <

Const. A/||G|Lr/. Lemma 7 shows that F+(x) exists a.e. on R and ||F+||a <

Const.||F\\aU. Since A' g Lx, G+(z) = F+(Rez) exists a.e. on F and

||G+Lr < Const. N\\F+\\a < Const. N\\F\\aU < Const. /V2||C7||aK.    Q.E.D.
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Lemma 9. For g g EaV we define

77ze« (S+g(z) = lim^^o Eg(z + iy) exists a.e. on T and

||©+g|Lr« Const. ̂ "IglLr-

Proof.  Let f(x) = g(x + iB(x)) and F(x + iy) = Rv * f(x) (y > 0), where

Ry(x) = y/{'n'(x2 + y2)}- Then we have

/*°° /■ ~ -,
(16) \\F\\2aU = Const.     yl-ady[\Rv(ZWtt)\2dZ

= Const./|in/(|)|2d| = Const.ll/ll2 < Const. iV1+a||g||2r.
•'r

We put G(x + iy) = F(x + i(y - B(x))) (x + iy g V), Then

g(z) = lim G(z + iy)    a.e. on T.

By (16) we have

||G|LK < Const. N\\F\\aU < Const. rV<3+ö>/2||g|Lr.

We  fix z G V, e > 0,  and apply Green's formula to  G(l)  and  l/(z — f) in

Vs = V - {£; |z - £| < j} (0 < s < e). Then

(17) «,(*)-/ f^df-2z/M^daa)

as long as dis(z, T) > e. Integrating each quantity in (17) by (2/e) ds in (e/2, e), we

have

(18) £g(z) = -— f ds (2"g(z + se") dt

■M/*('-t)<w(O/i0
•'1/ z ~ ?

where pE(w) = 0 (|w| < e/2), pe(w) = (2/e)(|w| - e/2) (e/2 < |w| < e) and pt(w) =

1 (\w\ > e). We denote by Ic(z) and Je(z) the first and second quantities, respec-

tively, on the right side of (18). Note that (dG/dÇ)xy g L2(C, a), where xv(z)

denotes the characteristic function of V. Lemmas 3-6 show that

\\®{oG/dl ■ X>)lUc«) < Const. N\\m (3G/3£ • Xk)|I^(c.w)

< Const. rV2-a||3G/3f ■ x„ll^(c.<o) < Const. ^2-a||G||aK.

Note that limE^0(3/y3|)(x + iy) = -2iri(dG/dC)(x + iy) a.e. in V (£ = x, .y)

and hme_0(3./</3£)(x + z>) = 2z'a©(3G/3£r ■ xv)(x + Ó0 a.e. in V, where a = 1 if

i = x and a = z if £ = y. Hence, we have

(3Cg/3«)(* + /» = -2iri(3G/3¿)(* + «>) + 2za@(3G/3|: • x>)(* + iy)

a.e. in F (£ = x, >>). Thus

H6glLK= H|veg|xKll^c,«)< Const.|||vG|xK|L2(CoJ)

+ Const.||@(3G/3f • Xv)\\l\c,u) < Const. iV2-a||G|L„.

Using Lemma 8 with G(z) = &g(z), we obtain the required assertion.    Q.E.D.
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Lemma 10. Let

C[B](x, y) = l/{(x - v) + i(B(x) - B(y))}.

Then \\C[B]\\aa < Const. N<u-a)/2.

Proof. For/ g C0°° we put/(x) = /(x)(l + iB'(x)). Then

C[B]f(x) = e+g(x + iB(x)) - trif(x),

where g(z) = /(Re z) (z G T) (cf. [3]). Thus Lemma 9 shows that

llc[Ä]/iL<||C+g(. + iÄ(.))||. + »ll/ll«

< JV<1 + 0)/2||E+g||ar + vN\\f\\a < Const. A<9-°>/2||g|Lr + ^ll/IL

< Const. A"u-a)/2||/L + #11/11« < Const. N<u-"V2\\f\\a.

Since {/(l + iB'); /g C0°°} is dense in Ea, (15) shows the required inequality.

Q.E.D.

Lemma 11. ||C[e'-, B]\\aa < Const. A'«15-«'/2.

Proof. We consider the anticlockwise contour A = A, UA2UA3UA4, where

A, = {x + iy; \x\ < 2N, y = -1}, A2 = {x + iy; x = 2N, \y\ < 1}, A3 = {x + iy;

\x\ < 2N,y = 1} and A4 = {x + iy; x = -2N, \y\ < l}.Then

cw. *,](*,y) - hUx-y)-W*)-BM)dS

-à|/A, (-s,¿cM<x.,).-y).

Let/ g Crf. Then we have

C[Ax]f(x) = e[2NC[s ■ -B(-)]f(x) ds   a.e.,

and hence, by Lemma 10,

IICtAj/IL < Const. (2N\\C[s --B(-)] f\\„ds < Const. A«15-a)/2||/|L.
J-2N

In the same manner ||C[A3]/|L < Const. A(15-a)/2||/||Q. We have

C[A2]f(x) = e2N' TCsf(x)e~sds   a.e.,
J-\

where

Cs(x, y) = l/{(2Nx - B(x)) -(2Ny - B(y)) + is(x-y)}.

We now consider a mapping x -> x = 2Nx - B(x), its inverse mapping t(x) = x,

and put h(x)=f°r(x)/(2N- B'°r(x)). Then Csf(x) = C[sr]h(2Nx - B(x))

a.e. Hence, we have

(19)    ||C[A2]/L < Const. Ç\\àf\\ads = Const. f\\C[sr]h(2N • -5(-))ll„*

< Const. Nia'1)/2 fi\\C[sT]h\\ttds
J-\

< Const. N^-^2Ç\\C[sr]\\a^ds\\h\\a.
J-i
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By (9)

IKI|W(£o)=P/(2A'-fi'°T)lU(£o)

< Const.jl/A + \\B'°T\\M(EyN2\ < Const./A.

Using Lemma 10 with B(x) = ít(x), we have

/l r        i Z"l  Z 1 (13-a)/2
\\C[sr]\\aads^ J   {1+||jt||¿.c + ||ít||W(£(i)) ds < Const.

We also have

ll*L < \\T'\\MlEJf°T\\a < Const. #-(1+a)/2||/L-

Thus the last quantity in (19) is dominated by Const./N ■ \\f\\a. In the same manner

||C[A4]/|L<Const./A-

Consequently,

\\C[e'\ B]f\\a < Const. NiU-a)/z\\

Since C0°° is dense in Ea, (15) yields the required inequality.   Q.E.D.

Lemma 12.

\\C[h, A]\\a,a < Const.d,*(A)A(17-a»/2,

wheredl(N) = Y.),0max{\h(j\x)\;\x\ < 2A}.

Proof. We choose a function y(x) in C0°° so that y(x) = 1 (\x\ < 1), y(x) = 0

(|x| > 2), and put y*(x) = y(x/N). Then

Const.    /,,.   ±x<9h   ...        Const.d£(A)A
\(m(0\<-^-9f\(hy*f\x)\dx^

(l + lll)-7« (1 + IÍI)
9

Let Am(x) = ¡¿A' * <¡>„,(s)ds (m > 1, <¡>m(x) = Jm/ñe-mx ). Then we have, for

any m > 1 and/ e Cq°,

C[A, Ajf(x) = C[hy*, Ajf(x) = Const./(Á?)(í)C[e", ^m]/(x) </£   a.e.
•'R

Since ||4'(- - v)||W(Eo) = M'||Af(£„) for any .y G R, we have |M'J|M(£(>) < M'||W(£.>,

and hence,

Ñ(iAm) = 1 + ll^'JL* + MA'J\mEe) < (1 + |í|)iV.

Using Lemma 11, with B(x) = £Am(x), we have

\\C[h,Am\f\\a<Z Const. (\{hr)tt)\\\c[e",èAm]f\\adè
JR

ñ(¿a yi5~a)/2

*;Ctm.di(N)NL    K*>m) ¿f U/H.
''*     (1 + |¿|)9

< Const.dJ(A)A(17-a)/2||/||a.
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Thus Fatou's lemma and (13) show that, for some subsequence (Am )JLX,

\\C[h, A]f\\a < liminf||C[A, A    ]f\\a < Const.d*(A)iV<17-<"/2||/L.
j -» 00 L '

Since C" is dense in Ea, we have the required inequality.    Q.E.D.

3.2. In this section we discuss the pointwise existence of C[h, A]f(x) for/ g Ea.

Lemma 13. capa(x; C[h, A]*f(x) > X) ̂  (Const./X2)dh(N)N10\\f\\a (X > 0,/g

Ea).

Proof. We write simply d* = dh(N)Nw. Inequality (14) gives that, for any

X G R,

C[h,A]*f(x) < Const.{$Dc(C[A,,4]/)(x) + dh(\\A'\\¡x)(l + \\A'\\LX)w,mf(x)}

< Const.{2)c(C[A,/l]/)(x)-r-d*2)t/(*)}-

By Lemma 12 and (8) we have, with two absolute constants cx, c2,

car>a(x;C[h,A]*f(x)>X)

< capa(x; W(C[h, A]f)(x) > cxX) + capQ(x; d*Wf(x) > c2X)

< (Const./X2){\\C[h, A]f\\2a + d*\\f\\t}

< (Const./X2)d*||/||2.   Q.E.D.

Lemma 14. Let n > 0. Then

(*)„ C[t", A] f(x) exists a-q.e. for any f e Ea.

Proof. We inductively prove (*)„. We have, for any/ G Cq00,

f(x)-f(y)
J\x-y\>e        x ~ y

Hence C[t°, A]f(x) exists everywhere. From this and Lemma 13, (*)0 is deduced.

Let/ g C". Then we have by integration by parts,

(20)    C[t", A]J(x) = C[t"-\ A]e(A'f)(x)

ll(A(x + e)-A(x)Vf{x + E)_IA(x)-A(x-£)yf{x_e)]

C[t°,A]ef(x) = -( /{X) _fiy) dy        (e>0).
•'iv-vi^c x       y

n \\ e J \ e

j    (¿(*)-My)yf,iy)dy   (e>0)
J\x-y\>t (X-V)

By (*)„_!, C[tnl, A](A'f)(x) exists a-q.e. By (6) the second quantity on the right

side of (20) tends to zero as e -* 0 except for a set of a-capacity zero. The third

quantity tends to zero as e -» 0 everywhere. Thus C[t", A]f(x) exists a-q.e. From

this and Lemma 13, (*)„ is deduced.   Q.E.D.

Lemma 15. Letf g Ea. Then C[h, A]f(x) exists a-q.e.

Proof. We put
00

Dm(x, y)=  f h(i)C[e>\ £A](x, y) d| =   £ u^C[t", A](x, y)

lx*y,m>l;u^= ^ ( A(É)É"¿A
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Then we have, for any/ G C™ and m > 1,

D*f{x)<   Ív^C[f,A}*f(x)
n = 0

everywhere (v(„m) = \u[m)\). Since d,„(N) < Const.(n + l)nN", we have, by (5) and

(14),

C[t", A]*f(x) < Const. { Wl (C[t", A]f)(x) + d,„(N)Nl0mf(x)}

< Const. Ka/2* [mg„+(n + l)nA" + 10ï>cg}(x)    everywhere (n > 0),

where g„(x) and g(x) are defined by C[t", A]f(x) = Ka/2* g„(x) and f(x) =

Ka/2 * S(x) a.e. We have, for any x G R and m > 1,

D*f(x) < Const.(Ka/2* £ o^[mgH+(n + l)UN" + wWg])(x)
I «=o /

(= Const. rca/2*A„,(x), say).

Since

l|K«/2*AmlL= Const. ||AJ|i2

< Const. £ 0Ím){H2RUl' +(» + l)11^^10!!^^^}
;/ = 0

CO

< Const. £ ^"»{lliJIta +(« + lrJV-^llglLi}
w-0

CO

= Const. £ t><»>{||C[f, ¿]/||a + (« + 1)UA" + 10||/|L)
«=o

00

< Const. £ vj,m){dp(N)N(17^a)/2 +(n + 1)U/V"+10} ||/||a

n-0

< Const./ £ «4"°(« + 1)L17V"^10\ ||y|j„ < oo,

Lemma 13 shows that D*f(x) < oo a-q.e. (m ^ 1). Since the a-capacity of a set

where C[t", A]f(x) does not exist for some n ^ 0 is equal to zero according to

Lemma 14, the Lebesgue dominated convergence theorem gives that D„J(x) exists

a-q.e. (m ^ 1). We also have

00

C[h,A]*f(x)^   £ D*f(x)
m=\

Const. (\h(£)\C[e'-,£À\*f(x)d£   everywhere.
Ja

In the same manner as above, we have /R|Â(£)|C[e', íA]*f(x) di < oo a-q.e. Since

the a-capacity of a set where Dmf(x) does not exist for some m ^ 1 is equal to zero,

C[A, A)f(x) exists a-q.e.    Q.E.D.

Lemmas 12 and 15 show that C[A, A] is a-bounded. This completes the proof of

Theorem 1.
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4. Proof of Theorem 2.

4.1. We begin by showing some lemmas. Let E_a be the Banach space of

distributions on R obtained by the completion of C0°° with respect to the norm

¡/Ri¿n/U)i2^} •

This is the dual space of Ea [10, p. 354]. We denote by (•, •) the inner product of

functions on R with respect to the measure dx. Let Pv, Q, be the operators defined

by Pv/ = P, * f, Qyf = Qy * f (y > 0, / g C0°°). Let Ma denote the multiplication

operator associated with a function a(x) on R. For A0(x) = x and a complex-valued

continuous function A(x) on R, we denote by C[A0, A] the operator associated with

a kernal (A(x) - A(y))/(x - y)2. We denote the identity operator by I.

Lemma 16 (Coifman - McIntosh - Meyer [8]). Let a g L00. 77z<?«

C[h0, A] = lim f1A{PvMaQF + Qv,MaP,}^    on C0«\

where A(x) = ¡q a(s) ds.

Lemma 17. Let a g BMO. Then, as operators on C0°°:

(21) M(Cv.a)P, = QvMaPv - PyMiPta)Qy - QvM(ßi.a)Qv.

(22) M(Pt.a)Qy = P,M(Va)Q, - Q,M(e>,.a)Q, + Q,M(/,,.a)(l - P„).

(23) M(0>.a)Q, = P,M(ß,.B)Q, + Q,M(..,;.4^ + Q^M(ßv.a)(l - Py).

Proof. Equality (21) is already known [8, p. 371]. Since the proofs of other

equalities are analogous, we give only the sketch of the proof of (22). We may

assume that a(x) = e'sx (s g R). Note that

P,(() = 1/(1 + ey2),   Qytt) = -Hy/(i + ey2).

We have

1 -ijy     = 1_1 -ijy

1 + s2y2 1 + ¿V "" 1 +(s + ¿)V 1 + s2y2 1 + i2y2

-i(s + j)y       -isy        -ijy

l+(s + i)2y2 l+s2y2 1+ey1

-i(s + è)y 1        (l 1       \

i+(. + ¿)V i + *y l     î + èYI
which gives (22).    Q.E.D.

We write ß = a/2. We say that a nonnegative measure d\i(z) on U = {x + iy g

C; y > 0} is a (ß, l/y)-measure with a constant E if, for any X > 1 and any finite

interval / in R,

[       dp(z) < SX"|/|,
JS(\,f)JS(\,I)

where

S(X,I)= {x + z>gC;xg/,A|/| < y < 2X|/|}.
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Lemma   18.   Let   a g BMO.    Then   \a(x) - Pv * a(x)|2 do(x + iy)/y   and

\QV * a(x)|2 do(x + iy)/y are (ß, l/y)-measures with a constant Const.||a||BM0.

Proof. We have, for any x + iy g S(X, I),

a(x) - Py*a(x) = {a(x) - mjo) - Py*(a - mya)(x),

where J is an interval with the same midpoint as / and of length 2\I\. We have

,do(x + iy)

JS(\,l)

< Const.||a||2MO|/|

(cf. [9, p. 141]). Since

\a(s) -mja\

\X-S\>\J\\X-S\1+^2

(cf. [9, p. 142]), we have

,da(x + iy)

j        \a(x) - mja\2- = log2 / |a(x) - mya|2dx
js(x,d y J]

r \a(s) — m,a\ „,.,
/ y 'd5< Const.||a||BMO|/|-^2       (xg/)

/        \Pv*(a-mja)(x),
Js(\.¡) y

C ,/   ,2da(x + iy)
<J        Pkv*\a-mja\(x)2     V   v

Jsa,f) y

do(x + iy) j r Xy

y     Vk(x-s)2 + (

da(x + iy)

< Const. (        *2VL!Jyi)[-VL--\a(s)-mja\ds
Jsa,n       y       \jr(x - s)2+(Xv)2

< Const
■ / >     y

2

_ f .~/.\_- .IJ.J-IX..\ß/U \a(s)-mja\ds
•777/ \a(s)-mja\ds+(Xy)ß/2f

< Const.||a||2MO/        {l+(Xy)ß\J^)da{x + ly)
Js(i,t) y

< Const.||a||2MOX^|/|.

\x-s\K\J\ J\x-s\>\J\ \X - i|1+^/2

Hence, |a(x) — Py *a(x)|2da(x + iy)/y is a (/?, l/j>)-measure with a constant

Const. ||a||2M0.

We have

f        ,^>       1   \iido(x + iy)
/        \Qv*a(x)\
js(\,d y

f       m      í \í   \ad°(x + iy)
=  /        \Qxy*(a~ mja)(x)\2

Js(\,i) y

< /       PXv * \a - znya|(x)2t/g(x + '-y)  < Const.||a||2MOX^|/|,
•/s(i,/) y

and hence, \QV * a(x)\2 do(x + iy)/y is also a (ß, l/y)-measure with a constant

Const. IIoHImo.'   Q.E.D.
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Lemma 19. Forf g C0°°, we put

(24) u(x,y)= ¡Rv(x-s)\f(s)-f(x)\ds       (x + z> g Í7),
JR

(25) v(x, y)=  ÍRv(x-s)\f(s)-Ry/2*f(x)\ds       (x + iy e U),
jr

where Rv(x) = y/{tr(x2 + y2)}. Then, for any n > 0 and any finite interval I,

sup      v(x,2'"y) < Const.      inf      M(x,2">)        (S„(I) = S(2", I)).
x + iyeS„(I) x+iyeS„(I)

Proof.  Let x + iy, x + iy g Sn(I). Then R2-»v(x - s) < Const. Ä2-..r.(x - í)

(îêR). We have

u(x,2~"y) < Const, f Ä2-P(3c - í)|/(a) - J?2- ,v */(x)|d?
•'r

< Const. m(x,2""^) + Const, f R2-„-v(x - s)\R2-„-¡  *f(x) - f(x)\ds
Jr

< Const. u(x,2'"y) + Const, f R2-„ >y(x - s)\f(s) -f(x)\ds
Jr

< Const. u(x,2~"y),

and hence, the required inequality holds.    Q.E.D.

Lemma 20. Let dfi(z) be a (ß,l/y)-measure with a constant E. Then for any

/eC0°°:

(26) j\f(x)-Pv*f(x)\2dll{x+aiy)  < Const. EH/II2.
Ju y

(27) /|g,*/(*)l2rfM(* + ,>)  < Const. EH/112.
Ju   ' v-

Proof. We have

,dp(x + z>)
/=   f\f(x)-Pv*f(x)\

< Const • ( u(x,y)
2dp.(x + iy)

y

2

< Const, f     £ zy(x,2">)
« = o

dp(x + z>)

< Const. î(n + l)2fv(x,T«y)2dll{x:iy)

= Const.  £ (n + l)2/„,say .
n-0 /
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We fix n > 0 and divide U into countable rectangles {Sj k}fk_„,, where Sj k —

S„(Ij.k), lj,k = (j2k-" , (j + 1)2*""]  (j, k = 0, ±1, ±2,.'..).'  Since dp(z)  is  a

(ß, l/y)-measure with a constant E, we have, by Lemma 19,

(28)   /„-    £   /,(x,r>)2^±M
j, k = - oo     ^jk

00

< Const.     £    {2"\Ijk\)'a jdii(z)    sup    v(x,2-"y)2
j, k = - oo 5y* a- + (v e Sjk

CO

« Const. E2"'    £    (2"|/,4|)~Vy*l    mf _ u(x,2-y)2
j,k—oo I + ,>eS,i

< Const. E2«*    £     /M(x,2-»2^±M
/.A = -oo     S>* J'

= Const. E2«^/"M(x,2-»2^^
•'y j1+a

= Const. E2^"fM(x,y)2Jq(" + »)
•v

roo     1

< Const. E2<"->"/   -r^dv/ /*„(* - ,)|/(,) -/(x)|2d* dx
•'O     V •'R-'R

|2

= Const. B2<'-)-/' i'^'^^dx
Jo Jo       Iv -  cl1 + a'R-'R       |X — S\

Const. E2(/,-a)"||/'||2.

Thus,

/< Const./ Ein + l^-^lsil/llä.
I n = 0 /

We have

:dju(x + iy)

dfi(x + iy)

•'t/   •'R

< Const. /"zy(x,y)2^^= Const./0,
■'(7 7

and hence, we obtain (27) by (28).    Q.E.D.

4.2. In this section we prove Theorem 2. Let a g M(Ea), f, g g C0°°. Then we

have, with A(x) = /0X a(s) ds,
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(29)

(ra[Q,$]/,g)=lim/1/e(M(ßi.a)Pv/,g)^
e-»0 Je y

= lim /1/f{(MuPv/,Qvg) -(M(/>.a)Qv/,Pvg) -(M(ßi.a)Q,./,Qvg)} ^

= (C[h0, A]f, g) - hm /1/£(MaQ,/,Pvg) ^
E — 0    •'p jV

-lurif*(MlPi. a)Q,/,P,.g)f

-lim/1>(e,.a)Ql./,Qrg)f

= Lx — L2 — L3 — L4,

according to Lemma 16 and (21). Theorem 1 shows that

\LX\ < ||C[A0, ¿l/IUIsll- < IIC[A0. ¿]MI/IUI*II-«-

Since a G Lx we have

Lii^/i/Wx)e,./Wi=^^/uip,.gWP^±*>

«Mil-/ \Q,-IM\'dA^1i IV^I'^T^
'Lz j^ •'t/ y

= Const.||a||2«||/||2||g||2_a.

In the same manner we have

|L3|2 + |L4|2<Const.||a||2„||/||2||g||?a.

Since g g C" is arbitrary, we have

lira[o, »]/||. < Const.{ne[a0, ¿]||a>a + nu-Jii/il

for any / g C0°°. Hence (1) holds.

In the same manner as in the estimate of L2, we have (2) by (22) and

/ |/(x)-P,.*/(x)|2t/q(Xl++a;>)  = Const.ll/ll2.
Ju ' y

At last we prove (3). Let a g BMO. Equality (23) shows that, for any/, g g C0°°,

(ra[Q,Q]/,g)= hm /1/f(rvi(e.a)Qv/,g)^
f->o Je y

= ^/1/E(M(ß,..a)Q,/,P,g)f
E — 0   •'f /

+ hm f1A{Mia_Pr.a)Qyf,Qvg) &■
e-»o ^f y

+ lim Jí1A(M(e>ta)(l - Pj/,QFg)^    (= L; + L^ + L'„ say).
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Since \QY * a(x)\2 do(x + iy)/y is a (ß, l/y)-measure with a constant Const.||a|||M0,

we have, by (27),

i       c ,,   -, i /   x ,da(x + iy)  r, „       ,   .tldo(x + iy)
\L\\2^       \Qv*f(x)\2\Qv*a(x)\2—^T77^j\Pv*g(x)'2

Jll V •> IIy —        'u   ■ y1   a

< Const.||a||2MO||/||2||g||2a.

Since \a(x) - Pv*a(x)\2 do(x + iy)/y is a (ß, l/y)-measure with a constant

Const.||a||2MO, we have, by (27), |L^|2 < Const.||a||2MO||/||2||g||2a. We have, by

(26), |L^|2 < Const.llall^Moll/lLllgH2^ Thus (3) holds. This completes the proof of
Theorem 2.

5. Remarks.

Remark 21. We denote by Fa the totality of functions a(x) in L°° such that

af g Ea for any/ g C0°°. We easily see that Fa c L°°. Let us show that if, for a g L00

with compact support, TJO, Sß] is ¿'„-bounded, then a g Fa.

Without loss of generality, we may assume that /R a(x) dx = 0. Since a G L°°,

(29) and the estimates of L2, L3, L4 show that Ta[£i, $] — C[h0, A] is ¿„-bounded,

where A(x) = j£ a(s) ds. Hence, C[h0, A] is ¿„-bounded according to our assump-

tion. Let/ g C0°°. Then we have, by (20),

C[h0, A]f(x) = H(af)(x) - A(Hf')(x) + H(Af')(x)    a.e.,

where Hg(x) = lime^0f]x_^>eg(y)/(x - y) dy. Note that Hg g Ea if and only if

g g Ea. Since A G M(Ea), we have A(Hf'), H(Af') g Ea. Hence, H(af) g Ea,

which shows af g £"„. Since/ g Q° is arbitrary, we have a g Fo.

Remark 22. The 1-energy space Ex is analogously defined. Let/(x) = 0 (x < 0),

= x/e (0 < x < e) and = 1/log x (x > e). Then/ g Ex. Since

lim HA
v
lim    ( J-^-dy =-oo    for all x G R,
-*oo  •'1 <|x —v|<rj x       y

l/(x - y) is 1-unbounded according to our definition. On the other hand, we easily

see that l/(x — y) is ¿s.-bounded.
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