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THE WEIGHTED POINTWISE ERGODIC THEOREM
AND THE INDIVIDUAL ERGODIC THEOREM
ALONG SUBSEQUENCES

BY
A. BELLOW AND V. LOSERT!

ABSTRACT. In this paper on the weighted pointwise ergodic theorem we bring
together a substantial amount of previous work by a number of mathemati-
cians and integrate it into a systematic consistent scheme; we also bring some
original contributions to the subject which extend its boundaries and suggest
further avenues of research. The paper is divided into six sections. The most
significant new results are contained in §§5 and 6.

1. Introduction. We denote by N the set of all nonnegative integers and by
Z the set of all integers.

Throughout this paper ({2, A, u) is a probability space; for the sake of simplicity
we assume that 0 = [0,1) (mod 1) endowed with the o-field of Borel sets and
Lebesgue measure.

Let C be the group of automorphismsof (0, A, u); T € Cif T: 2 — Qs a bijection
which is bimeasurable and preserves u. In what follows we shall single out various
classes of automorphisms such as the ergodic automorphisms, the automorphisms
with discrete spectrum, the automorphisms with Lebesgue spectrum and the K-
automorphisms (see [38]).

Let T € C and let 1 < p < 0o; T induces an operator Ur in LP(Q)) = LP(Q, 4, u)
via
f—foT for fe LP(Q).

For p = 2, the induced operator Ur is a unitary operator; we shall often make use
of its spectral resolution.

Now let T be a continuous linear operator on LP({1) for some 1 < p < co. Let
a = (an) be a sequence of complex numbers.
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308 A. BELLOW AND V. LOSERT

DEFINITION 1.1. We say that a = (a,) is a good weight in L? for T (relative to
the Weighted Pointwise Ergodic Theorem) if, for every f € LP((1),

n—1

1 ‘
lim — T ists p-a.e.
17rlnn;)a] f(w) exists p-a.e

By a slight abuse of language. in the case when S € C, we say that a = (a,,) is
a good weight for S in L', or simply that a is a good weight for S if a is a good
weight in L! for the operator Us induced by S.

DEFINITION 1.2. We say that the Maximal Inequality holds in LP for (T, a) if,
setting

n—1
1 ,
M f(w) =sup |- Z a;T7 f(w)|.
n>1|Nn <

= =0
we have

A({M] > A}) < (constant)| /]|,

for all f € LP({2) and A > 0.

We recall that T: L' () — LY(Q) is called a Dunford-Schwartz operator if T is
a contraction both for the L' and the L norm; then T|LP((2) is also a contraction
for the LP norm. 1 < p < co. We have (see [17]: see also [28])

PROPOSITION 1.3. Let T be a Dunford-Schwartz operator, let a = (an) be a
bounded sequence of complex numbers and let 1 < p < co. Then:

(1) the Mazimal Inequality holds in L? for (T,a);

(2) the set E of all f € LP(Q1) for which

n—1

im — TV sts p-a.e.
nlLrEO . Z;) a,T f(w) exists p-a.e
J=

1s a closed vector space in LP({1) and the linear operator P: E — LP(()) defined by

n-—1

Pf(w) = lim Y T

15 bounded.

REMARK. Statement (2) in the previous proposition is nothing eclse than Ba-
nach’s principle (see [17 or 26]) formulated in our context.

THEOREM 1.4 [2]. Leta = (a,) be a bounded complez sequence. The following
assertions are equivalent:

(i) The sequence a is a good weight in L' for every (operator induced by some)
ergodic S € C.

(ii) The sequence a s a good weight in L' for every (operator induced by some)
Sec.

(ili) The sequence a 1s a good weight in L' for every Dunford-Schwartz operator.

REMARK. This striking theorem is essentially due to Baxter and Olsen, that is,
the equivalence (ii)<(iii). To show that (i)=-(ii). use “decomposition into ergodic
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parts” (see [35], or see [37] for a concise and elegant treatment of what is needed
here).

DEFINITION 1.5. A bounded complex sequence a = (a,,) is said to be a “good
universal weight” if a is a good weight in L! for every Dunford-Schwartz operator
(equivalently, by Theorem 1.4, for every operator induced by some S € C ergodic).

We shall also be interested in the Individual Ergodic Theorem along subse-
quences. In what follows n = (nx) will always denote a strictly increasing sequence
of nonnegative integers. If m is a subsequence of n we write m C n.

By analogy with “weights” we may define the notion of “good subsequence for
and “good unwversal subsequence”. For instance,

DEFINITION 1.6. We say that n = (ny) is a good subsequence for T in LP (relative
to the Pointwise Ergodic Theorem) if for every f € LP(12)

T”

lim 1 Z T™ f(w) exists p-a.e.

If the subsequence n has nonzero density, then the Pointwise Ergodic Theorem
along n may be reduced to a Weighted Pointwise Ergodic Theorem. In fact,

PROPOSITION 1.7. Suppose the subsequence n = (ny) has density d > 0. De-
fine the weight a = (a,) by a, = 1 of n = ng for some k, and a, = 0 otherwise.
Then for any complex sequence (un) we have

1
d. lim —Zu =lim—Za-u-
K—»oo Tk n—oo N 77

that is, the existence of either lzmzt implies the existence of the other, with the
equality above.

For this rcason, we shall deal mostly with the Weighted Pointwise Ergodic The-
orem.

Since we shall repeatedly use the “subsequence argument” in what follows, we
recall this here.

DEFINITION 1.8. An increasing sequence (N) of positive integers is said to be
dense in N if N

. k+1
kl-l~»n;o Ny
We shall need the following elementary result.

=1

PROPOSITION 1.9. Let (u,) and (v,) be two sequences of complex numbers.
We assume that
(1) the sequence (uy) 1s bounded;
(2) the sequence (2 Zz;é |vk|?) is bounded; .
(3) there exists a sequence (Nk) of positive integers, dense in N, such that
1 Ni-1
li
Jim N, Z ujv; exists and = A.

Then

n—1

lim — Zujv] emists and = A.

n—oon
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PROOF. If Ny <n < Ng,y, then

— Ni—1 n—1
Z TR
U;v U;v
n Nk : 7Y 7Y
J =0 7=0 J=Nk

The first term on the right clearly tends to A. As for the second, we have
2

n—1 n—1
1 1
n > wuj| < " > Iyl Z |vj[? <Cl( > Cy
J=Nk J=Ng J Ni
Nk+1 - Nk; Nk+l
< DAL NS, [ _
< CCq ( N, > C,Cy < N, 1

and the last term tends to zero.

2. Preliminaries on sequences having a correlation. In what follows we
denote by C the set of all complex numbers and by C; the unit circle
C,={z€C||z| =1}.
Usually a sequence of complex numbers is denoted by a = (aj); when we want to
emphasize that we are dealing with a function on N, we write f = (f(k)).
Let a = (ax) be a complex sequence. For 1 < p < oo define ||a||, by
n—1
lallb = llmsup Z |ak|P
™ =0
and let {(p) = {a]||al|, < oo}; then I(p) us a vector space and || - ||, is a seminorm
on it. We also define I(oco) as the space of all bounded complex sequences and
lalloo = supy [ak| for a € I(c0).
We now consider the space S of complex sequences a = (ax) such that

n—1

1 _

k) = hrrbn - E Oa]+kaj
]:

exists for each integer k € N. This space was introduced by N. Wiener in [39,
Chapter IV]. It is clear that S C [(2).
REMARK. A sequence a € S does not necessarily have a mean. The following is

an example: _
Let a = (ax) = (e?™1°8(k+1)) Tt is known that the sequence (log(n + 1)) is not
uniformly distributed mod 1 and, in fact, it is shown in [30, Example 2.4, pp. 8-9]

that the averages
1 = 27 lo
Z g(k+1)
L
k=0

do not have a limit when n — oo. On the other hand, it is easily checked that
~a (k) exists for all k € N. In fact, for fixed k,

n—1 n—1
Ya(k) = lim ~ Zaﬁka] = lim =~ Ze2mlog<(a+k+1)/(]+1))
] 0 ] 0
1 n—1
— lim — 2nilog(1+k/(5+1)) —
117rlH " 2)8 1.
J:

Thus a € S and ~a(k) = 1 for each k € N.
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For a € S, the sequence 7, is called the correlation of a. It can be extended to
the negative integers by setting va(—k) = ~Ya(k). It is well known that ~, is positive
definite on Z and thus by the Herglotz-Bochner theorem we have the representation

~a(n) :/ 2" dXa(2), nelZ,
C,

where the positive Borel measure A, is uniquely determined by a; the measure A,
is called the spectral measure corresponding to the sequence a.

If v is a bounded (complex-valued) Borel measure on C;, we recall that the
Fourier transform U is given by

(k) = / 2 dv(z) for ke Z.
C,

In particular, for a € S, Ya = Aa.

The notions of correlation and spectral measure may be generalized as follows
(see [7]):

Let a = (ax) be a bounded complex sequence. Let n = (n,) be an increasing
sequence of positive integers such that

ny—1

1
Ya,(n,) (k) = lim -= Y a3,
7=0

exists for each k € N; we call such a sequence admissible for a. Let Aq (n,) be the
spectral measure corresponding to the correlation function v, (n,); then

)‘a,(nr)(k) = 7a,(nr)(k)'
We write
A(a) = {Aa,n|n = (n,) an admissible sequence for a}.
We now review some important and useful approximation results (see [15]).

Let a = (ax) be a complex sequence. For each m € N, m > 1, we define the
positive Borel measure A7 on C; by

AT(E) = / Z a;z | dz, E C C; a Borel set.

With this notation we have

THEOREM 2.1 [15]. Let a € S. Then the measure \T* converges weakly to Aa
as m tends to infinity.

The corresponding version for bounded complex sequences is

THEOREM 2.2 [15]. Let a be a bounded complez sequence and let n = (n,) be
an admissible sequence for a. Then the measure A3+ converges weakly to Mg n as r
tends to infinity.

PROOF. It suffices to show that ™ converges pointwise to /\3 n. For k€ Z we
have

— n,—1 1 ne—l—k .
Aa” (k) =/ P Z a]zJ dz = { n,thzo ayray if k>0,

r_l - M
e Z?:—k a4+ kag if k< 0,
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and hence o )
lign ’\gr(k) = 'Ya,n(k) = )‘&n(k)’

finishing the proof.

Now let M(C;) be the set of all bounded positive Borel measures on C;. Let
P e M(C,) and Q € M(Cy). Let v € M(Cy) be such that P and Q are absolutely
continuous with respect to v: P << v, @ << v (for example, we may take v =
P + Q). Then the affinity of P and @ (also known as the Hellinger integral) is

defined by vy
wpa)= [ (2)7 (1)

It is exactly seen that p(P, Q) is independent of v and that p(P, Q) = 0 if and only
if P and @ are mutually singular (P L Q).

THEOREM 2.3 [15]. Let (P,) and (Q,,) be two sequences of elements of M(C,).
Let P € M(C,) and @ € M(Cy). If the sequences (P,) and (Qn) converge weakly
to P and @ respectively, then

limnsupp(Pn,Qn) < p(P,Q).

For a proof see [15, pp. 372-373].

Specializing for a and b in S, namely taking P = Aa, @ = Ap, P, = A} and
Q» = A, the authors obtain the following striking corollary of Theorems 2.1 and
2.3:

COROLLARY 2.4 [15]. Leta,be S. Then

hmsup— Z ajb;| < p(Aa, Ab).

In particular,
1 n—1
lim > " a;b; =0
7=0
if Aa and A\p are mutually singular.

The corresponding version for bounded complex sequences is

COROLLARY 2.5 [15]. Let a and b be bounded complex sequences. Then

hmsup— Zaj < sup p(Aans Ab,m)s

where the supremum n the mght-hand stde 15 taken over all (Aan,Abm) € A(a) X
A(b).

PROOF. Let n = (n,) be an increasing sequence of positive integers such that

n—1
D ab;
7=0

limsu l llm—
n pn -

PRy
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By eventually going to a subsequence we may assume that n = (n,) is an admissible
sequence for both a and b. By Theorem 2.2,

Ag” — Aan weakly and Ap” — Ab,n  weakly,
and hence, by Theorem 2.3,
P(Aa,n; Ab,n) 2> limsup p(A7, Ap7)

ny—1 ny—1

1 . -
= lim sup ——/ E a;z’| | E br2*| dz
T n'r Cl j=0 k=0

1 ny—1ln,—1 _ )
> limsup — / Z Z ajbkzk_J dz
r Mrllen 5o k=0
. 1 ny—1 B ‘ 1 n—1 _
_hmrsup ~ ; a;b; —llmnsupn jgoajbj .

This completes the proof.

COROLLARY 2.6. Let a and b be bounded complex sequences. If the spectral
measures for a and b are mutually singular, that is, if Aan L Apm for all Agn €
A(a) and Ap,m € A(b), then

n—1

1 —
lim — b; =0.
ng 0

Specializing Corollary 2.4 still further (take b; = 27 for z € C;) the authors
obtain the classical result of Wiener and Wintner [40] in its full generality; see also
Bertrandias (6, p. 25, and 37]:

COROLLARY 2.7 (WIENER AND WINTNER). Let a € S. Then for each

z € Cy we have
n—1

=7
E a;z

7=0

limsup | < Pal{zh]V2,

From Corollary 2.7 we obtain the classical ergodic result of Wiener and Wintner
[40]; see also [37]:
THEOREM 2.8 (WIENER AND WINTNER). Let T € C and let f € L}(Q).
Then there exists a set {1y C (1 of probability one such that for each w €
1 n—1
. - ] ] .
1171111 " Z% 2 f(T°w) exists
]:
for all z € Cy. Furthermore, if T is weakly mizing, then the above limit is zero for
all z # 1.

Since the proof is very similar to that of Theorem 3.15 and Corollary 3.16, we
omit it.

For future reference we also state the following lemma whose proof is straight-
forward.
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LEMMA 2.9. Let A € M(C,). Let H be a Hilbert space and let E(-) be a spectral
measure on C; whose values are orthogonal projections on H. For each f € H let
Ky be the positive measure on C; defined by us(B) = (E(B)f, f), B C Cy a Borel
set. Then we have the orthogonal (Lebesgue type) decomposition of H relative to A:

HZHI@HQ,

where
Hy={f € Hluy<<A},  Hy={f€Hlu; LA},
and
(1) Hy (respectively H3) is a closed vector space invariant under each E(B),
(ii) the set G of all f € Hy for which py = gd\ with 0 < g, g bounded, is dense
m Hl .

3. Bounded Besicovitch sequences as good universal weights. Let Xg
be the complex vector space spanned by the set {a| for some z € Cy, ax = z* for all
k € N}. The elements of ¥y are the trigonometric polynomials P = (P(k)), where
P(k) =3, cazk (here |z,] = 1 and the sum is finite).

Let b = (bx) be a complex sequence. We say that b has a mean if lim,, £ 2?2—01 b,
exists.

We begin with the following elementary preliminaries [2].

REMARK. Let a(p) and a be complex sequences such that each a(p) has a mean.
Suppose that ||a(p) — alj; — 0 as p — co. Then a has a mean.

LEMMA 3.1. Let 1 < p < 00,1 < q < oo be such that 1/p+ 1/q = 1. Let
b(n), b, ¢(n), ¢ be complex sequences such that b(n) € l(p), b € I(p), c(n) € I(q),
¢ € l(q) and suppose that

(i) [1b(n) = bll, — 0, lle(n) = clly — 0 as n — oo;

(ii) the sequence b(n)c(n) has a mean for each n.

Then the sequence be has a mean.

PROOF. It suffices to note that Holder’s inequality holds and therefore
[[be —b(n)c(n)[l1 = [[be - be(n) + be(n) - b(n)e(n)]
< [bllplle = c(n)llq + b = b(n)pllc(n)llq-
We now recall (8, Chapter II].
DEFINITION 3.2. Let 1 < p < co. A function f: N — C belongs to the Besicovitch

class B(p) if for each € > 0 there exists a trigonometric polynomial P = P; such
that

n—1
I = Pl =timsup ~ S 17(k) - PR < &
k=0

that is, f € B(p) if and only if f belongs to the || ||,-closure of o in I(p).
DEFINITION 3.3. A function f: N — C is called a bounded Besicouvitch function

if f e B(1)Nl(o0).
LEMMA 3.4. (1) Let 1 < p < oco. For f € B(p) we have

n—1
.1 _ .
hrrln . kE_O f(k)z*  exists for all z € C;.
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(2) For each f,g € B(1)Nl(c0), the limit
n—1
(f,0) = tim - S f(k)g(R)
k=0

erists.
(3) For f,g € B(2),

(og) =lim E S £(k)a(R)
non k=0

exists and defines an inner space structure. In particular, we have |(f,g)| <
Ifll2]lgll2 (Cauchy-Schwartz Inequality) for all f,g € B(2).

PROOF. (1) It suffices to note that the limit in (1) exists for every f € ¥p and
to use Lemma 3.1.

(2) By a two-step approximation argument; first show, using Lemma 3.1, that
the limit defining (f, g) exists whenever f € B(1) Nl(0c0), g € Xo.

(3) Again by approximation (using Lemma 3.1).

EXAMPLES. We recall several examples of classes of bounded Besicovitch func-
tions:

(1) The trigonometric polynomsials.

(2) The Fourier coefficients of a complex Borel measure on the unit circle. Let
A be a complex-valued Borel measure on C; and let

AG) = / 22 d\(z) for j €N.
C,
Then (A\(j));en is bounded Besicovitch. To see this it suffices to decompose ) into
its continuous and its discrete part, A = A; + A4. Note that

/\d=2ak€zk, Z|ak|<oo
k k

and thus R '
Aa(g) = Zakzi for each y € N
k
is a uniform limit of trigonometric polynomials. As for the continuous part, by
Wiener’s classical theorem (see, for instance, [38, pp. 43-44; 49]),

1 n—1 R
~ > 1) = 0.
=0

(3) Almost periodic functions in the sense of Bohr, Weyl, and Eberlein. A func-
tion f: N — C is called almost periodic in the sense of Bohr if for each € > 0 there
exists a positive integer L such that every interval J C N of length L contains an
e-period, that is, a number s € J such that

[f(7+38)—f()| <e foralljeN.

(Equivalently, the set of all e-periods is relatively dense in N.) We denote by
APp(N) the set of all almost periodic functions in the sense of Bohr. It is not
hard to check that if f € APg(N) then f is bounded. Also if f,g € APg(N), then
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f+gand f g also belong to AP5(N). Thus APp(N) C l(0o) and APg(N) is an
algebra.
For f € I(c0) and p € N we denote by f(P) the translate of f by p;

fPG)=fG+p). JEN.

LEMMA 3.5. If f € APp(N), then the set W(f) = {f(@]a € N} C I(00) s
relatively compact in [(00).

PROOF. Given € > 0 let L = L(¢) correspond to ¢ in the definition of almost
periodicity and let J = {7,7+1,...,j+ L} be any interval of length L contained in
N. It is easily seen that every translate f(2) belongs to one of the e-balls centered
at f(P) p € J. If a € J there is nothing to prove. If a < j, then {p —a|p € J} is
an interval of length L contained in IN, and hence contains an e-period; also

1@ (n) = [P (n)] = |f(a+n) ~ fla+(p—a) +n)l.

Ifa > j+ L, then {a—p|p € J} is an interval of length L contained in N, and thus
contains an e-period; also

1f ) (n) = fP(n)| = [f(p+ (a—p) +n) = f(p+n)|
This completes the proof.

REMARK. The converse implication in Lemma 3.5 is false. The function defined
by f(0) =0, f(n) = 1 for n > 1 does not belong to APp(N); however, the set
{f@|a € N} is clearly relatively compact in (o).

A function f € I(o0) is called almost periodic in the sense of Weyl if the set
{f(®)]a € N} is relatively compact in I(c0). We denote by APy (N) the set of all
almost periodic functions in the sense of Weyl. It is not hard to check that APy (IN)
is an algebra and that both APg(N) and APy (N) are closed under untform con-
vergence. By Lemma 3.5 (and the remark following it) we have

AP5(N) C APy (N).

This is in contrast to the theory of almost periodic functions on Z for which
(with similar definitions) APg(Z) = APw (Z); see, for instance, (8, pp. 10-12, or
16, pp. 14-16].

Fréchet [21] gave a beautiful characterization for the functions f € APw (IN)
(Fréchet calls them asymptotically almost periodic; his definitions and proofs are
given for the continuous semigroup R, = [0, +00), but they also work in the discrete
case N), namely,

LEMMA 3.6 [21, 22]. For a function f € l(00) the following assertions are
1walent:

) f € APy (N);

i) f admits a decomposition f = p+w, where p € APg(N) and lim, . 4 o w(n)
(this decomposition is unique).

€q

(i
(i
0

A function f € l(oco0) is called weakly almost periodic—in the sense of Eberlein
(see [24, 18]-—if the set W(f) = {f@|a € N} is weakly relatively compact in
[(0) (i.e. W(f) is relatively compact in I(co) endowed with the weak topology
a(l(00), (I(00))")). We denote by AP, (N) the set of all weakly almost periodic
functions. By analogy with Lemma 3.6 Eberlein gave the following characterization
for functions f € AP, (N):
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LEMMA 3.7 [19]. For a function f € l(oo0) the following assertions are equiv-
alent:

(i) f € APy(N);
(i) f admits a decomposition f = p + w, where p € APg(N) and
1= . . .
nan;O - ZO lw(k + )] =0 uniformly in k
J:

(this decomposition is unique).

From Lemma 3.7 we easily deduce

COROLLARY 3.8. The set AP,,(N) is an algebra.

It is also clear that
APg(N) S APy (N) S AP, (N).

We now recall the mean properties of almost periodic functions:

LEMMA 3.9. Let T: l(co) — Il(c0) be the shift operator Tg = ¢(V); T is a
contraction in l(00). Let f € AP (N). Then:

(1) ¢(W(f)) = the closed convez hull of {T*flk € N} in the weak topology
a(1(00), (I(00))’) ts compact.

(2)

n—1

Jim 1S f(k+5) = M())
j=0

exists uniformly in k and is a constant called the mean of f.
(3) For each k € N

n—oo N

n—1
lim = 3 7(G)/G +k) = M[T - /)
j=0

exists.

PROOF. (1) follows from the classical result that in a Banach space the closed

convex hull of a weakly compact subset is itself weakly compact.
(2) Let

n—1 )
A(n)f:%Zij forn > 1.
=0

Then A(n)f € ¢(W(f)) for all n and T"f/n — 0 in I(co0). By the Mean Ergodic
Theorem (see [17, pp. 661-662, or 18]) lim, A(n)f = u exists in [(00). Since
lim,, A(n)f = lim,, TA(n)f, the limit function u is invariant under T and hence is
a constant which we denote by M(f) and call the mean of f. It follows that

n—1
% Z f(k+3) — M(f) uniformly in k.
Jj=0

(3) follows from (2) if we recall (see Corollary 3.8) that AP, (N) is an alge-
bra, closed under complex conjugation and invariant under the shift operator,
T(AP,(N)) C AP, (N).

Note. We shall sometimes write M(f(j)) instead of M(f) when we want to
emphasize the sequence (f(7)).
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LEMMA 3.10. If f € APg(N), f >0 and M(f) =0, then f s identically zero.

PROOF. since % Z;‘l:_(; f(y) — 0, by the characterization of strong Cesaro con-
vergence for bounded sequences (see [38, p. 43]) there is a set A C N, of density
zero, d(A) = 0, such that

lim f(7) = 0.

lim 7(7)
Suppose f(I) = @ > 0. The set P of (a/3)-periods of f is relatively dense, so there is
K such that every interval of length K contains some element of P. Thus ld(P+1) >
1/K and hence there are infinitely many elements belonging to (P + [) N A€, say,
pr+Upa+1l,...,pr+1,... and limg f(px +1) = 0. For k large enough we have
[f(pk +1)| € /3 but also

1f(D) = f(pe + )| < /3,

whence |f(1)| < a/3 + a/3 = 2a/3, a contradiction.

The Fundamental Theorems in the theory of almost periodic functions, namely:
(I) approzimation in the mean of order 2, M(|-|?], by trigonometric polynomials, and
(IT) uniform approzimation by trigonometric polynomials, hold for all f € APg(N).
These can be proven directly by methods analogous to the classical ones [12].
Alternatively, one can remark first that every f € APp(IN) admits an extension
to Ry = [0, 400), f , which is almost periodic in the sense of Bohr on the half-line
R, ie. f € APp(R,) (extend f by linearity on the intervals [n,n + 1)). One
then observes that the proofs of the fundamental theorems hold if we replace R by
R, i.e. the fundamental theorems hold for all f € APg(R;). (See [8, pp. 21-31];
here Fundamental Theorem (II) is derived from Fundamental Theorem (I) using H.
Weyl’s method.)

REMARK. The case of the half-line R, (or N) can also be reduced to the case of
R (or Z) as follows: If f € APg(R,), let s, be (1/n)-periods such that s, — +o0
monotonically and set

f(a:) =lirflnf(37+3n) for z € R.

For each z € R, f(x + s,) is defined for all n sufficiently large and (f(z + s5)) is a
Cauchy sequence in R. (It suffices to observe that s,, — s, is a (1/n+ 1/m)-period
for f if n > m; letting a = s, — s;n, we have for y € R

[f(y+ (sn=sm) =S < |f(y+a) = fly+a+tsm)l+1f(y+sn) = [(Y)
<1/m+1/n.)

It is now easy to check that f extends f, that if a > 0 is an e-period for f, then a
and —a are e-periods for f. It follows that f € APg(R).

A different approach to Fundamental Theorem (II) inspired by Fejér summability
was given by Bochner. (Note that Fundamental Theorem (I) is an immediate
consequence of Fundamental Theorem (II).)

In the case of a continuous purely periodic function of period § on the real line,
the Fejér trigonometric polynomials are given by the “convolution product” of f
with the Fejér kernel

on(x) = Mi[f(z + 1) Kn(B1)],
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where “the kernel” K, (0t) is defined by the equation
. 2
Y[\ _ie 1 [sin(n/2)t
— 1= wt _ - .
Kn(®) Z ( n )¢ n \ sin(t/2)
lv|l<n

This kernel has two important properties: (1) it is nonnegative; (2) its mean value
is equal to 1.

In the theory of almost periodic functions, this simple kernel is replaced by the
Bochner-Fejér kernel (which is, in fact, a finite product of Fejér kernels):

Kz o) (6) = Koy (318)Kny (Bat) -+ Ko, (By1)

B1.82,...8

— Z 1-— ]V_II 1— |V_2' e l1= M’l e—i(V1ﬂ1+V2ﬂ2+“'+Vpﬁp)t
ni No n,, k

lvi|<ny
lvpl<np

where 31, 82,..., 08, are real linearly independent numbers and ny,na,...,n, are
positive integers. This kernel inherits the basic properties of the Fejér kernel: (1)
it is nonnegative; (2) its mean value is equal to 1 (the constant term being 1 on
account of the linear independence of the §’s). Using the matrix notation

g Mmoo
ﬂl?ﬂ?a""ﬂp '
the Bochner-Fejér kernel in our discrete case becomes:

Kp(k) = K, (IBIk)an (B2k) - - Kn,, (ﬂpk), ke N.

Clearly Kp = (Kp(k)) belongs to Xo. For f = (f(k)) belonging to AP, (N)
(see Corollary 3.8), or f belonging to B(1) (see Lemma 3.4) we can form the
corresponding Bochner-Fejér polynomial

ot (k) = M{f(k+)Kp()]
With the above notation we have
FUNDAMENTAL THEOREM II. Let f € APg(N). There exists then a sequence
of Bochner-Fejér polynomials (0{3") such that
Ha,f;,n —flloo =0 asn— oo.
For a proof see (8, pp. 47-50].

LEMMA 3.11. (1) Let 1 <p< oo. Let f € B(p). Then:
(a) For any Bochner-Fejér polynomial cré we have ||oé||,, <N -
(b) There exists a sequence of Bochner-Fejér polynomials (0{3") such that

”‘7{3,. —fllp =0 asn— oco.

(¢) If, in addition, f is also bounded, then for any Bochner-Fejér polynomaial aé
we have o5 oo < [fl|oo-
(2) For bounded functions all the Besicovitch classes B(p) coincide, that us

B(1)Nnl(o0) = B(p) Nl(0co0) for 1 <p< oco.
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PROOF. For the proof of (1)(a) and (b) see [8, pp. 107-109].

(1)(c) follows immediately from the definition of 0{3 and the basic properties of
the Bochner-Fejér kernel (it is nonnegative and its mean value is equal to 1).

(2) is an immediate consequence of (1)(b) and (c).

Combining Lemmas 3.5, 3.6, 3.7, 3.11 and Fundamental Theorem II, we get

LEMMA 3.12. We have
APg(N) c APw(N) C AP, (N) C B(2)Nli(oc0) = B(1) Nl(00).
We need one more observation which we state in the form of a lemma:

LEMMA 3.13. For a sequence f = (f(7)) belonging to S Nl(oco0) the following
assertions are equivalent:

(i) The spectral measure o5 corresponding to f is discrete.

(i) The correlation of f, ~f, 1s almost periodic in the sense of Bohr, i.e. v5 €
APg(N).

If (1)=(ii) holds, then

o= Anes,  (An>0, 2, €Cy)
n=1

and -
'Yf(k) = Z Anzfu
n=1

the convergence being uniform in k.

PROOF. (i)=>(ii). By (i) we have
of = i Ane., (An, >0, z, € Cy);
here and in what follows ¢ : =:1 Dirac measure at A. It follows that
~r(k) = /C K dogp(z) = i A2k,
1 n=1

the convergence being uniform in k. Hence vy € APg(N).
(ii)=(i). Since

W(k)=/ Z¥dos(z) for k€N,
C,

it follows that _
My (5)7’] = o5({z}) 2 0
for each z € C;. Thus 7y is an almost periodic function in the sense of Bohr having
nonnegative Bohr-Fourier coefficients. By a classical result (see (8, p. 52]), it follows
that the Bohr-Fourier series of vy converges absolutely and uniformly, that is, if
Yy (k) ~ 302y Anzl, then 3500 |An| = 3207 An < oo and s (k) = Sy Anzy
uniformly in k.
By the uniqueness in the Herglotz-Bochner theorem we conclude that

oo
of = Z An€z",
n=1
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i.e. the spectral measure oy is discrete. This concludes the proof.
Finally we review the following important theorem due to Wiener and Wintner.

THEOREM 3.14 [41]. A sequence f = (f(7)) belonging to S Nl(c0) ts bounded
Besicovitch, i.e. f € B(2)NI(00), if and only if f satisfies the following conditions:

(1) The spectral measure o = o5 corresponding to f s discrete.

(2) The amplitude T'(2) = M[f(5)z’] = lim,, 2 E;‘:ol (7)2° exists for each z €
C;.

(3) o({z}) = |T(2)|? for all z € C;.

PROOF. Assume first that f € B(2) NI(00). The existence of the correlation of
f and of T follows from Lemma 3.4. It remains to check (1) and (3). We divide the
proof into two steps.

(I) If p is a trigonometric polynomial p(k) = Y_ ca2X, then a direct calculation
shows that the correlation of p, 7,, is again a trigonometric polynomial

(k) = Mp® 5] =3 Jea|22E.

In particular, the spectral measure o, corresponding to p is discrete and is given
by 0p = 3, |cal?ez,; that is, 05({2}) = ['p(2)|? for all z € C; (where, of course,
T,(2) = M[p(k)z*] = the corresponding Bohr-Fourier coefficient), or equivalently,

(%) M|y, (k)z*] = |M[p(k) - 2¥]|> for all z € C;.

(I) By Lemma 3.11 now let (p,) be a sequence of Bochner-Fejér polynomials
such that

If = pall3 = M[|f — pal®] = 0
and
Iprlloo < | fllo for all m € N.

It follows easily that

vy (k) = M{f® - ] = lim M[p{¥) - 5] = lim ., (k)

uniformly in k. Thus ~; being a uniform limit of trigonometric polynomials is
almost periodic in the sense of Bohr, i.e. vy € APg(N). By Lemma 3.13 condition
(1) is satisfied. Since the identity (x) above holds for each p,, and since the passage
to the limit is legitimate, condition (3) is also satisfied.

Assume now that f € SN {(o0o) satisfies conditions (1), (2) and (3) of the theorem.
By (1) and Lemma 3.13 there exist a sequence 21, 22, . . ., 2, . . . of distinct numbers
of Cy, and a sequence Ay, Ag,...,Ap,... (A, > 0) such that
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the convergence being uniform in k. By conditions (2) and (3), T(2) =Tys(2) #0
only for z € {z1,22,...,2n,...}. Let an = ['(2,) (= M[f(k)ZE]); then A, = |an|?.
Define now fn = (fn(k)) by

Inlk) = f(k) = > anzk

n<N
To show that f € B(2) it suffices to show that
2
I/l =M ||f(k) = > anzk] | =0 as N — oo,
n<N

It is clear that fy has a correlation and a direct calculation shows that it is given

by
(k) = (k) = Y lanl?2E.
n<N
It is also easily checked that the spectral measure oy corresponding to fy is given
by on =), 5 N Anéz,; in fact, for each k € N,

/C Fdon(z Z Apzk = ~(k) - Z ApzE = N (k).

n>N n<N
But then

w1 = Mlw P = 2w(0) = [ tdon(e) = 3 A, =0
C n>N
as N — oo. This finishes the proof.

REMARK. The class of sequences f = (f(7)) belonging to SNl(oo) and satisfying
only conditions (1) and (2) of Theorem 3.14, called M!-almost periodic by Bertran-
dias (see [7, pp. 69-73]), is strictly larger than the class of bounded Besicovitch
sequences.

EXAMPLE. Let f(5) = (—1)ll°8) (here and in what follows [z] denotes the
integral part of z, i.e. the largest integer k < z). It is easy to see that the sequence
f = (f(j)) has a correlation v = ~; and that «(p) = 1 for all p € N. Thus the
spectral measure 0 = oy corresponding to f is Dirac measure at 1, that i 1s, o is
discrete. It is also not hard to check that the amplitude I'(z) = lim,, £ Z
exists and = 0 for all z € C;. In particular, o({1}) = 1 while |['(1)|? = 0 Thus
the sequence f = (f(j)) satisfies conditions (1) and (2) of Theorem 3.14, but fails
to satisfy condition (3).

THEOREM 3.15. Let D be the set of all a € S Ni(co) satisfying the following
conditrons:

(1) The spectral measure o4 corresponding to a 1s discrete.

(2) The amplitude lim,, 1 - Z] 0 @5 % exists for all z € Cy.

Then every a € D s a good universal weight. In fact more is true. Let T € C

ergodic. For each f € LY(Q) there exists a set Qy C Q of probability one such that

) 1 n—1 I .
llyrln " 2% a; f(TIw) emists
J:

for anya € D and any w € (1.
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PROOF. Let T € C ergodic. We divide the proof into two parts:
(I) Let g € L?(2) and let 2(9) be the set of all w € 0 for which the sequence
b = (g(T*w)) has a correlation given by the spectral measure of Ur, via

lim = ) " g(T" *w)g(T'w) = (Ukg, g) / M d(E()\)g, g).

By the individual Ergodic Theorem, u(Q2(9)) = 1. Now let V; be the linear space
spanned by the eigenfunctions of Uy and let

Va = {f € LXQ)|(E(-)f, f) is continuous}.
Clearly V = V; + V5 is dense in L?(f1). By assumption (2) it is clear that if a € D

1 :
1 P .
h?rln - Z a;§(T°w) exists for all w € 1

if g is an eigenfunction of Ur. Now let g € V3; then for each w € (9), the spectral
measure corresponding to the sequence b = (g(T*w)), (E()g, g), being continuous,
is singular with respect to 04, and thus by Corollary 2.4,

11m Z a;5(T7w) =

for each a € D and w € Q9.

(II) Now let f € L'(Q). Let g, € V be such that g, L f. By step (I) and the
Individual Ergodic Theorem, we can find for each p a set (2, C ) of full measure
with the following properties:

(1°) w € Qp = limy, L Z;l_ol a;9,(T?w) exists for all a € D;

(2°) w € Qp = lim,, 1 Z |f TIw) = gp(T?w)| = [|f — gpl dp.
Let 0y = ﬂp=1 Qp. For ﬁxed w € Qy, let b* = (f(T*w)), b(p) = (gp(T*w)); note
that ||b* — b(p)||1 — 0 and apply Lemma 3.1 to deduce that

n—1

lim ~ Za]f (TVw) exists
=0

for each a € D.
An application of Theorem 1.4 concludes the proof.

COROLLARY 3.16. Let D be the set of all a € SNl(oo) satisfying conditions
(1) and (2) of Theorem 8.15. Let T € C. For each f € LY(Q) there exists a set
Uy C Q of probability one such that for any w € Qy,

n—1

hm Za]f (TIw)  exists
] =0

for all a € D, in particular for all bounded Besicovitch sequences.

PROOF. Use “decomposition into ergodic parts”.
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REMARKS. (1) The main theorem in [10] is a special case of Theorem 3.15: the
case when T is weakly mixing and a an arbitrary p-sequence.

Indeed it was recently shown by Losert in [31] that every p-function is a bounded
Besicovitch function and that the inclusion is strict; Losert [31] also obtains an
intrinsic characterization of p-functions in terms of the Fourier transforms of real
signed measures on C, analogous to that of Riemann integrable functions in terms
of continuous functions.

(2) Theorem 3.15 and Corollary 3.16 also generalize Theorem 6 in [36]: the class
of bounded Besicovitch sequences B(2)NI(0o) is replaced by the larger class D, and
the set (s of full measure depends only on f but not on the particular sequence
ae).

(3) The pioneering work on the Pointwise Ergodic Theorem along subsequences
(weights) was done by Brunel and Keane [13]. It turns out that the class of uniform
sequences introduced by Brunel and Keane is contained in the class of bounded
Besicovitch sequences (it is, in fact, already contained in the class of p-sequences,
as is shown in [10]). We sketch the proof below.

We recall the definition of a strictly L-stable (stable in the sense of Lyapunov)
system given in [13].

Let X be a compact metric space, and ¢: X — X a homeomorphism of X.

DEFINITION 3.17. We say that the system (X, @) is strictly L-stable if: (i) The
set {¢™|n € Z} is uniformly equicontinuous, and (ii) X possesses a dense orbit, that
is, there is an z € X such that {¢™z|n € Z} is dense in X.

We have

LEMMA 3.18 (SEE [33 OR 36]). Let (X,¢) be a strictly L-stable system.
Then (X, @) 1s strictly ergodic, that 1s, there exists a unique ¢-tnvariant (and thus
ergodic) probability on the o-field X of Borel subsets of X, which we denote by v and
each nonempty open set has positive v-measure. In particular for every f € C(X)
andr € X,

' 1n—l
llrrlnr—l ’;f(qbkz) = /deu.

Throughout the remainder of this section we shall deal with a strictly L-stable
system and we shall write (X, X, v, @) instead of (X, ¢).

THEOREM 3.19. Let (X, X,v,¢) be a strictly L-stable system. Then we have:

(1) For any f € C(X) and any = € X, the sequence u given by u = (f(¢™(z)))
15 almost periodic in the sense of Bohr, 1.e. belongs to APg(N).

(2) For each g € L™ (X, X,v) there exists a set X' C X of v-probability one such
that for each x € X' the sequence v given by v = (g(¢™(z))) is bounded Besicovitch.

PROOF. (1) By our assumption, the set of functions {fo¢™|n € Z} is uniformly
bounded and uniformly equicontinuous, and thus by Arzela’s theorem it is relatively
compact for the topology of uniform convergence on X. It follows that for any fixed
r € X the sequence u = (f(¢"(z)))nez belongs to APw (Z) = APp(Z) and hence
its restriction to N, u belongs to APg(N).

(2) Let g € L=(X, X,v). Choose f, € C(X) such that

L'(X,v)
—

o
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For each p, by the Individual Ergodic Theorem, we can find a set X, C X of full
measure such that

1 n—1
2 € X0l 3 Up(04(e) o6 @) = [ 1fy ol

Let X' = (2, Xp. For fixed z € X, let v = (g(¢"™(2))) and u(p) = (f»("(z)));
note that

v - u(@)lh =/X|g—fp|duﬁo

and that each u(p) is almost periodic in the sense of Bohr. This concludes the
proof.
We recall that a bounded function f: X — R is said to be Riemann integrable
with respect to v if the set D = {z € X|f is discontinuous at z} has v-measure zero.
The following useful characterization of Riemann integrable functions is elemen-
tary but not entirely trivial (it makes use of the oscillation functions of f,

Oscy(z) = inf{ sup |f(y) — f(2)||V a neighborhood of z}
y,2€V

and of the Urysohn theorem):

LEMMA 3.20. Let f: X — R be bounded. Then the following assertions are
equivalent:

(i) f ts Riemann integrable with respect to v.

(ii) For each € > 0 there are functions u € C(X), v € C(X) such that u < f <w
and [(v—u)dv <e.

COROLLARY 3.21. Let h: X — R be Riemann integrable with respect to v. Let
y € X. Let a be the sequence given by a = (h(¢™(y))). Then for each € > O there
are u = (uy) and v = (v,) belonging to APg(N) such that

up < h(@™(y)) <v, forallmeN

and
n—1

L1
lv—ul; = hrrln; Z(vk —ug) < ¢
k=0
in particular a is bounded Besicovitch.

PROOF. By Lemma 3.20, for each ¢ > 0 there are f,g € C(X) such that f <
h<gand [(g— f)dv <e. Let u= (f(¢"(y))) and v = (g(¢"(y))). It suffices to
note that u and v are almost periodic in the sense of Bohr by Theorem 3.19 and
that

n—1

lim % 3 (a(¢* () - J(6* ) = [(9- 1) <
k=0

by Lemma 3.18.

We recall the definition of the Bohr compactification of Z going back to the
fundamental work of Anzai and Kakutani (see [1]). Let (C;)q be the unit circle
group with the discrete topology. Then bZ, the Bohr compactification of Z, is the
dual of (Cy)g; bZ is a compact abelian group and Z C bZ is dense in bZ. Further
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every f € APp(Z) = APw(Z) has a (unique) continuous extension to bZ; in other
words, the almost periodic functions on Z are precisely the restrictions to Z of the
continuous functions on bZ.

We recall also that a topological group G is called monothetic if there is u € G
such that the cyclic group generated by u, {u™|n € Z}, is dense in G. A monothetic
group is clearly abelian. It is well known that every compact monothetic group is
the continuous homomorphic image of bZ, i.e., is isomorphic to a quotient group of
bZ.

REMARKS. (1) It is known (see [27]) that any strictly L-stable system (X, ¢)
is “isomorphic” in the sense of Ergodic Theory [38] with a system (Y,%), where
Y is a compact metrizable monothetic group and % is translation by an element
u € Y generating a dense cyclic group (under this isomorphism the measure v gets
mapped onto Haar measure measure on Y).

(2) The correspondence between APp(Z) and C(bZ) referred to above can be
extended to a bijection between B(p) and LP(bZ) (1 < p < o) which preserves
the p-norm, the algebraic (addition, multiplication, translation) and order struc-
tures (B(p) denotes, of course, the quotient space of B(p) by the space of all f
with ||f||, = 0). Using this correspondence one may show that in a certain sense
a converse to Theorem 3.19(2) also holds, namely: If v = (v,) is bounded Besi-
covitch, there exist a compact metrizable monothetic group Y, f € L*(Y),u e G
generating a dense cyclic group such that v, = f(T"u) (here, of course, Ty = uy)
and u is generic for the T-1nvar1ant algebra A generated by f and the continuous
functions on Y (i.e., Ek 0 9(T*u) — [gdv, for g € A; v = Haar measure). We
omit the proof. For further detalls one may consult [20].

(3) Concerning Corollary 3.21, the special case when h = 14, A C X a Jordan
set with respect to v (that is the boundary 9A of A has v-measure zero), leads to
the weights a = (14(¢™(y))) associated with the so-called “uniform sequences’ of
Brunel and Keane [13].

We recall that an ergodic automorphism T € C has discrete spectrum if L?((2)
has an orthonormal basis consisting of eigenfunctions of Ur.

We conclude this section with the following result.

THEOREM 3.22. For T € C ergodic the following two assertions are equivalent:

(i) T has discrete spectrum.

(i) If g € L*®(Q), then for almost every w € (1, the sequence v given by v =
g(T*(w)) s bounded Besicovitch.

PROOF. The technique of proof is similar to that used in the proof of Theorems
3.15 and 3.19. For the sake of completeness we include the details.

(i)=(ii). Let {f;} be an orthonormal basis consisting of eigenfunctions of Ur
and let Vp be the linear space spanned by {f;}.

Now let g € L*°(2). Let hy, € Vj be such that

Ll
hp = g.
By the Individual Ergodic Theorem, we can find for each p a set 1, C Q of full
measure with the following property:

n—1

w €, ?llm E]g TIw) — hp(TIw)| =/|g-—hp|du.

] =0
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Let Qg = ﬂ;"zl Qp. For fixed w € Q(y), let v = (9(T*w)) and u(p) = (hp(T*w));
it is then clear that u(p) is a trigonometric polynomial and that ||[v — u(p)|l; — 0
as p — o0o. This shows that v = (g(T*w)) is bounded Besicovitch.

(ii)=>(i). Let V be the closed linear space spanned by the eigenfunctions of Ur
and let W = VL = {f € L3(Q)|(E(-)f, f) is continuous}. By Theorem 5.2 in [2],
every f € L°°(12) can be written in the form

f=g+h, geVNL®Q), he WnL®(Q)

(the orthogonal projection onto V' defines an L°°-contraction). Suppose, by con-
tradiction, that T does not have discrete spectrum. Then W N L>®°(Q) # &. Let
f €W NL*®(Q) and let O be the set of full measure consisting of all w € (1 for
which the sequence a = (f(T*w)) has a correlation given by the spectral measure
of Ur, via

1 n—1 ] -
lim - 3 S FT70) = WE£.1) = [ A dBEW 1)
3=0 '
This means that the spectral measure o, corresponding to a is continuous and thus,
by Theorem 3.14 above, the bounded sequence a = (f(T*w)) cannot be Besicovitch.
Since this holds for each w € Q(f), we have reached the desired contradiction and
the proof is complete.

4. Sequences having a mean, as weights. To simplify matters we make
precise some notation which will be used throughout the rest of the paper:

NOTATION. dz will always denote Lebesgue measure on Cj.

If T € C, we denote by Ur the associated unitary operator and by E(-) the cor-
responding spectral measure; for f € L?((Q) we shall often write us(-) = (E(-)f, f)-

We begin with the following elementary result.

LEMMA 4.1. Let a = (a,) be a bounded complex sequence. Then:

2
n—1
(1) /c Zajzj dz = O(n);
1|5=0
oo 1 n?-1 ) 2
(2) S [ |5 S e de<too
n=17C1 7=0
In particular
e 1 n?-1 ) 2
SIEY w9 <o
n=1|™ j=0

for almost every z € C; with respect to dz.

PROOF. We only need to remark that

n—1 ] 2 n—1
[ [ dz=Y lasl = 0fm
Ci [5=0 j=0

the rest follows immediately.
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THEOREM 4.2. Let a = (a,) be any bounded complex sequence. Let T € C and

let Hy C L%(Q) correspond to the “absolutely continuous part’ of the spectrum of
Ur. Then for each f € Hy we have

n—1
1 A
= Z a,f(T’w) -0 a.e.
n =
PROOF. Note that (see Lemma 2.9) H; is the closed vector space consisting of
all f € L?() for which py << dz and that
G ={f € Hi|ps =gdzfor some 0 < g <1}

generates a dense subspace of H;. By Proposition 1.3 it suffices to consider f € G.
We have

2
/ n—1
Q j=0

> ()| dutw) = Y asan [ 0% FTR] dule)

(3:K)
= Za]ak/ 22% dpug(z / Za]z] dpys(z
(3.k) C C1 =0
2
n—1 )
/ Zajz] dz</ Zaj;ﬂ
Culj=0 Cilj=0

From statement (2) of Lemma 4.1 we deduce

2
n?-1

n—l
Z/ n2 anT] Z/ nzZanJ dz < 400

and therefore
1 n?-1

2 Z a;f(T?w) — 0 ae.
7=0
The routine “subsequence argument” (see Proposition 1.9) now applies and com-
pletes the proof.
We recall that an automorphism T € C is said to have countable Lebesgue spec-
trum, or simply Lebesgue spectrum if there is a sequence {f;}jen of elements of
L2(€)) such that fo = 1 and

{fo} U{Urfils 2 1, ne Z}
is an orthonornal basis of L2(f2). (It is known (see [38]) that every Kolmogorov
automorphism has countable Lebesgue spectrum; in particular, every Bernoulli shift
has countable Lebesgue spectrum.)

COROLLARY 4.3. Leta = (a,) be a bounded complez sequence having a mean.
Then a = (a,,) 1s a good weight (relative to the Weighted Pointwise Ergodic Theorem)
for any T € C having Lebesgue spectrum.

PROOF. If T € C has Lebesgue spectrum, note that H; is precisely the orthog-
onal complement in L2(Q2) of the constant functions and that, in turn, L%(Q2) is
dense in L'(12) (use Proposition 1.3).
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REMARK. Compare Corollary 4.3 above with Theorem 2 in [14].

We now turn to a class of sequences introduced by J. Reich [34]. Let J be a
Borel set contained in C1\{1}.

DEFINITION 4.4. A bounded complex sequence a = (a,) is said to satisfy a
“uniform order condition” on J if there is a sequence of positive integers (Nk),
dense in N, such that

Ni—1

Nk z_;af

The following result is essentially due to J. Reich [34].

< 400.

D(J, (Ny)) = sup Z

zeJ

PROPOSITION 4.5. Assume that the bounded complez sequence a = (an) satis-
fies a “uniform order condition” on J. Let T € C. Then for each f € E(J)L%(Q)
we have

1 n—1 )
h,I,n . Z a; f(T?°w) =0 a.e.
Jj=0
PROOF. We have E(J¢)f = 0 and hence

/ 1'n—l
o Rt

2
> 6, f(T7w)| dp(w / - ZanJ dus(z)
' =0

1 n—1 )
ﬁZajz’ dps(
Jj=0
Thus
2 2
Nk 1 oo | | Nt
an W) dpw)= [ Y|+ a;2’| dug(z)
J k=1 N =0 '
< D(J, (Ne))ue(J) < +o00
It follows that
1 Nil '
— a; f(T°w) - 0 ae.
Ny =

and the routine “subsequence argument” (see Proposition 1.9) completes the proof.
Again let a = (a,) be a bounded complex sequence. Denote by J(a) the collec-
tion of all Borel sets J C C;\{1} on which a satisfies a “uniform order condition”
The following definition is a slight generalization of that given by Reich in [34].
DEFINITION 4.6. We say that a bounded complex sequence a = (a,) “saturates”
if there exists a sequence (J,(a)) of Borel sets in J(a) such that

=G\ (U (@)

is at most countable.
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REMARKS. (1) Let a = (a,) be a bounded complex sequence and assume that
there is a sequence of positive integers (N), dense in N, such that

21

except for countably many z € C,. Then a = (a,) saturates.
(2) Let a = (a,) be any bounded complex sequence. Then from Lemma 4.1 (and
Proposition 1.9) we deduce that the amplitude exists,

1
E a;z7| < +oo

2
Ny —
7=0

1 n—1 )
I'(z) = 117r1n . Z a;2) =0,
J=0
for almost every z € C; with respect to dz.

(3) Assume that the bounded complex sequence a = (a,,) saturates. Then, as is
easily seen, the amplitude exists,

n—1

1 .
= lim — o) =
I'(2) 17rlnn;ajz 0,

for every z € |J,, Jn(a), i.e. for all except countably many z € C;.
The following is a slight generalization of a result in [34].

THEOREM 4.7. Assume that the bounded complex sequence a = (a,) saturates.
Let T € C and let W = {f € L?*(Q)|uy 1s continuous}. Then for each f € W,

1 n—1 )
1 ey
117rlnn Za]f(T w)=0 a.e.
J=0
PROOF. By Proposition 1.3 it is enough to show that there exists a dense set
in W such that for each g belonging to this set,

n—1

1 .
i - Y J - €.
111?1 - ]E:O a;9(T’w) =0 a.e

Let f € W and let € > 0. Let (J,(a)) be the sequence of Borel sets in J(a) given
by the saturation condition. Then C;\({J,, Jn(a)) is at most countable, and since
Wy is continuous,

(o]

We may assume without loss of generality that the J,(a)’s are pairwise disjoint.
Hence there exists n such that

Wy <C1\ <O Jl(a)>> <e.
=0
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Now
2

f=> E((a)f

=0

2 n
= “f -E (U J:(a)) f
2 =0 2

(e((Go) Jo oo (Gn) ) <

and it suffices to apply Proposition 4.5 to each one of the functions g, = E(J;(a))f,
1=0,...,n.

COROLLARY 4.8. Let a = (ay) be a bounded complex sequence. Assume that:
(i) a saturates.

(ii) The amplitude T'(2) = lim,, & Z;Zol a2’ ezists for every z € Cy.2

Then a is a good universal weight.

PROOF. Let T € C. By Proposition 1.3 it is enough to show that

n—1

1 4
1 Y .
(1) 117?1 - E—O a; f(T?w) exists a.e.

for f belonging to a dense subset of L2((?). By assumption (ii), (1) holds whenever
f is an eigenfunction of Ur. By Theorem 4.7, (1) holds for every f belonging
to W = {f € L%Q)|us is continuous}. Since the vector space spanned by the
eigenfunctions and by W is dense in L?((2), the proof is complete.

COROLLARY 4.9 [11]. Let a = (a,) be a bounded complex sequence. Assume
that:
(i) a saturates.

(i)

1 n—1 )
1 g
117131 - ;)a]z 0 for every z € Cy, z # 1,

1 n—1
hyrln - ;)aj =d.
]:

Then a 1s a good universal weight and
n—1
1 .
1 s
(%) h}ln - ]E:O a; f(T?w) d./n fdu ae.
for every T € C ergodic and f € L*(Q).

PROOF. With the notation in the proof of Corollary 4.8, it suffices to note that
the equality (*) holds for every eigenfunction and for every f € W.

An ezample. Let (X, X, P) be a probability space. For each integer d € N,
d > 1, let £L(d) = {0,%d,+2d,...} be the lattice generated by d. A random
variable Y: X — N (or Y: X — Z) is said to be an L(d)-lattice variable if

2By Remark (3) following Definition 4.6 this is then equivalent with requiring that the ampli-
tude exists for every z € K(a) = C1\(U,, Jn(a)).
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P({Y € L(d)}) = 1 but there is no d’ > d such that P{Y € L(d')}) = 1. It
is well known and not hard to check that Y is an £(1)-lattice variable if and only
if E(e**Y) # 1 for all 0 < a < 27.

Now let (Y,,) be a sequence of independent, indentically distributed random vari-
ables, Y,: X — N. For each k € N we write Sk(z) = Z;:ol Yi(z) if Kk > 1 and
So(z) = 0. We now recall the following interesting result obtained by Blum and
Cogburn [9).

THEOREM 4.10 (BLUM AND COGBURN). Assume that Yo > 0, E(Yp) < +00
and that Yy 1s an L(1)-lattice variable (that is, E(e*®Y0) # 1 for all 0 < o < 27).
Then for each 0 < € < 1 there is a set C. € X with P(C) = 1 such that for z € C,

1= 1
sup |- 5@ =0 <ﬁ> .
" "

For a proof see [9)].

Under the assumption of Theorem 4.10 we also have, by the Strong Law of Large
Numbers,

lim 26(2)

m — = E(Yo)

for P-almost every z € X; thus the integer sequence (Sk(z)) has density d =
1/E(Yp) > 0 for P-almost every z € X. It follows that there is a set C € X with
P(C) = 1such that, for each z € C, the weight associated with the integer sequence
(Sk(z)) (as in Proposition 1.7) satisfies the assumptions of Corollary 4.9 and hence
is a good universal weight; this result is due to Blum and Reich (see [11]).

REMARKS. (1) By analogy with the terminology used by Blum and Eisenberg for
subsequences of positive integers (see for instance [11]), we call a bounded complex
sequence a = (a,) ergodic if

) ln—-l .
lim — E a;z? =0 forevery z€ Cy, 2#0,
non =

J:

1n—l
h,lln - Za]- =1
7=0

Note that if the weight a = (a,) is ergodic, then the Mean Ergodic Theorem holds
for a = (a,): the limit and equality in relation () (Corollary 4.9) holds in the
L'-mean with d = 1 for every T € C ergodic and f € L(1).

(2) Carrying over to weights the terminology used by Blum and Reich in [11]
for subsequences of positive integers, we call a bounded complex sequence a =
(an) strictly ergodic if it is ergodic and it is a good universal weight. With this
terminology, Corollary 4.9 is a slight generalization of the main theorem in [11]; it
says that if a bounded weight a = (a,,) is ergodic and saturates, then it is strictly
ergodic.
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5. Sequences having a correlation, as weights. We begin with the follow-
ing result.

THEOREM 5.1. Let a = (an) be a bounded complex sequences having a mean
and a correlation, and let M, be its spectral measure. Consider the following asser-
tions:

(1) There is a sequence (Bp) of Borel subsets of C1\{1} such that

(1) Aa (U B,,> = Aa(C1\{1})
14

and for each fized p,

@) |

(ii) There is a sequence of positive integers (Ni), dense in N, such that

0o 2
(3) E

< 400 for Aa-a.e. z € C1\{1}.
(i) The sequence a is a good universal weight. Then we have (i)=>(ii)=>(iii).

PROOF. (i)=(ii). It suffices to take Ny = k2 and to note that for each fixed p,
Ni—-1

(ii)=>(iii). By Theorem 1.4 it suffices to consider T € C ergodic.
Let H be the orthogonal complement of the constants in L?(f2). Since a = (a,,)
has a mean, it suffices to show that for each f € H,

2
dXa(2) = O(n).

3
E a;z

P 1y=0

Ni—-1

N Z a;7

J=0

dXs(2) < +oo.

1 _1 T e N
lim — f(Tiw) = .e.
im ~ ._S_zoajf(T w)=0 ae

By Lemma 2.9 we have the orthogonal decomposition of H, H = H; ® H,, where
={f€Hlps << A}, H2={f€H|ps L Aa}.

Consider first the case of H,. By (3), for each f € H,,

2

= =0;

|
Ni—1
1 k—

1% ZGCl\{l} Z Nk E anJ

k=1 7=0

thus if we set

<p

Bp =4qz2€ Cl\{l i

Ni—1
=7
E ay
7=0
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and take p large enough, us(Bj;) can be made as small as we wish. Hence we may
assume that f € Hj is such that f = E(B)f with B Borel contained in B, and
pf = gdA, with 0 < g < p (these functions are dense in H;). We have

2

n—1
1 rerseera—
LN 50| du(e)
7=0
2 2
ln—l ) ln-l
2 2 07| dugle) - /. n 2057 o)

/ E a7 / Z a]zj dAa(

This implies

00/ Nk—l 2
> a2 aif(T7w)| du(w)
=1/ | N i=0
2
oo 1 Nk—l
<p Z N E a;7| dXa(z) < p*Aa(B) < +00
B |k 520
and hence
1 Ni—1
— a; f(TIw) — 0 a.e
A Z% i (T7w)

The routine “subsequence argument” (Proposition 1.9) then yields
1 }—: a; f(Tiw) —» 0 ae.
n =

Assume now that f € Hy. By the Individual Ergodic Theorem and the spectral
theorem for Ur,

lim + ZfT“" i) = [ gl

for almost all w € Q2. This means that for any such w the sequence (bx) defined by
by = f(T*w) has a correlation and the corresponding spectral measure is 7. Since
Aa and py are mutually singular, it follows from Corollary 2.4 that

1S s :
lim — Sf(TIw) = ..
1£nnga]f( w)=0 ae

This finishes the proof.
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As a corollary of Theorem 5.1 we deduce

THEOREM 5.2. Let a = (a,) be a bounded compler sequence having a mean
and a correlation, and let Ay be its spectral measure. If Mg 1s absolutely continuous
with respect to Lebesque measure, then a is a good universal weight.

PROOF. We show that assertion (i) of Theorem 5.1 holds. We have Ay = gdz.
Let B, = {z € Cl\{1}|g(z) < p} for each p € N. For fixed p we have

/ Zajz] dAa( / z:a]zJ dz<p/ Zajz’

By | =0 By | =0 By |j=0
n—1
/ Zajzj dz=p 2:|aj|2 = O(n).
Cij=0 Jj=0

We note that (see also Lemma 2.9) if T € C has countable Lebesgue spectrum,
then for each f € L%(Q2) with [ fdu = 0, the corresponding spectral measure py
(recall that ps(-) = (E(-)f, f)) is absolutely continuous with respect to Lebesgue
measure: py << dz.

Theorem 5.2 then implies

COROLLARY 5.3. LetT € C have countable Lebesgue spectrum. Let f € L*®(Q)
with [ fdu = 0. Then there exists a set Oy C Q1 of probability one such that for
every w € {1y, the sequence u = (u,) gwen by u, = f(T"w) has mean zero, has a
correlation, and its spectral measure Ay = ps; hence u is a good universal weight.

From Corollary 5.3 we immediately obtain

THEOREM 5.4. Let T € C have countable Lebesgque spectrum. Let g € L™= ().
There exists then a set (g C Q of probability one such that for every w € Qg the
sequence v = (v,,) gien by v, = g(T™w) 1s a good universal weight.

PROOF. Consider f =g — [ gdu.

REMARKS. (1) It is known that the class of automorphisms with countable
Lebesgue spectrum is strictly larger than that of Kolmogorov automorphisms (see
(38, p. 109, and 32]). There are, in fact, automorphisms with countable Lebesgue
spectrum and zero entropy; such automorphisms cannot be Kolmogorov. For spe-
cific examples see [32].

(2) The special case of Theorem 5.4, when T' € C is a Kolmogorov automor-
phism, was obtained, using different methods, by H. Furstenberg, M. Keane, J. P.
Thouvenot and B. Weiss (personal communication).

6. Sequences of positive integers of density zero and the Individual
Ergodic Theorem. We now return to the problem of the Individual Ergodic
Theorem along subsequences. We shall be concerned here only with sequences
of positive integers having density zero (for sequences of positive integers having
nonzero density we know that the Individual Ergodic Theorem may be reduced to
a Weighted Pointwise Ergodic Theorem: Proposition 1.7).

For convenience we write N* = {1,2,3,...} and we consider only strictly in-
creasing sequences of integers from N*. We shall use the notation 1 = (lx), n =
(nk), m = (my) for such sequences.
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We need some more preliminaries. Let T € C, n = (ny) and p € N*. We set
Ty f(w Zf (T™w) for f e L'(Q).

For each f € L'(2) and A > 0 we set
Moo(nv T, f)(w) = Ssup IT ,nf(w)la
pEN*

Ew(m, T, f,A) = {w|Me(n,T, f)(w) > A},
and for ¢ € N*
Mq,OO(anv f)(w) = sup |T ,nf(w)lv
pEN*

p>q

Eq‘oo(l'l, T,f, ’\) = {wqu‘OO(IL T, f)(w) > ’\}
We recall J. P. Conze’s important result on the Weak Maximal Inequality.

THEOREM 6.1 [14]. With each sequence n = (n) one can associate a minimal
constant 0 < C(n) < 400 satisfying the inequality

M(Eso(n, T, f,A) < C(n)[| f]l1

for all T € C, f € L*(Q), A > 0. Furthermore, C(n) < +oo if and only if there
exists T € C ergodic (resp. aperiodic) such that

lmTpnf(w) ezista.e.
P

for each f € L'(Q) (that is, the Individual Ergodic Theorem holds for T along the
subsequence n).

We recall now (see [29, 14]):

DEFINITION 6.2. A sequence n = (ny) is called “bad universal” (relative to the
Individual Ergodic Theorem) if C(n) = +00; equivalently, if for each T € C ergodic
(resp. aperiodic) there exists f € L'(Q) such that (T}, n f(w)) fails to converge a.e.

It is known that every lacunary sequence is “bad universal” (see [4]). Suppose
now that we start with a lacunary sequence (nx) and that at each stage we add a
block of consecutive integers

n,Me +1,...,ng + k.

How fast may the l;’s be allowed to grow, so that the resulting sequence is still “bad
universal”? This is the question that we shall study next, using an elaboration of
the methods in [4].

DEFINITION 6.3. Let n = (nx) and 1 = (k) be strictly increasing sequences
of integers from N* such that |, < ngy; — nk for all & € N*. Then the “block
sequence” m generated by n and | is defined to be the sequence

ny,my+ 1, .o n +H oo neng+ 1,00 ng g,

We refer to Cx = {nk,nk + 1,...,nk + I} as the kth block of m.
We now come to the main results of this section. To simplify matters we divide
the proof into several lemmas.
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In what follows, m will usually denote the “block sequence” generated by n = (ny)
and 1 = (l).
Let p € N* be given. Then starting with any ko € N*, ko > 1, define

B_y ={ng,nk+1,...,n+ |1 <k < ko}
and then define the following successive “composite blocks” (ko < k1 < kg < --- <
kp):
Bo = {ng,nk+1,...,nk + lk|ko < k < k1 },
B, = {nk,nk +1,...,n +lk|k1 <k< kz},

Bp_1 = {nk,nec+1,...,np + lclkp—1 < k < kp}

by induction, as follows:

We define k; to be the minimal integer > ko for which |By| < |B_;|. Assuming
ki < kg < --- < k; defined (hence By, By,...,Bj_; defined) we défine k;41 to be
the minimal integer > k; such that |Bj| > |B_1| + |Bo| + - - - + |Bj_1].

With the above notation we have

LEMMA 6.4. Assume that the sequence (li) satisfies the condition

(@) lk+1< Z (le +1) for all k' > ky.
k<k!

Let p € N*. Then we have
(1) |B_1] +|Bo| + -+ +|B;| <#*B_y| for0<j<p-1L.

In particular

(2) lx <4P|B_| =4* ( Z (I + 1)) for all k < kp.
h<ko
PROOF. Using condition (a) and the minimal choice of k;; we have, for 0 <
j < p- la
|Bj| = Z (lk+1)=(lkj+1—1+l)+ Z (lk+1)
kjsk<kj+1 kjSk(kj+1—l
S Y (A ) RS S (S )
k<kjyi1—1 kj<k<kjyi1—1

:Z(lk+1)+2( > (lk_l))

k<k; kj<k<kjyi1—1

< (IB-1l +|Bo| + -+ + [Bj-1]) + 2(|B-1| + |Bo| + - - +|Bj-1l)
=3(|B-1] +|Bol + -+ + | B;-1l)-
We thus showed that for 0 < j<p-1
®3) |B;| < 3(IB-1] + |Bo| + -+ + |Bj-1l).
Now (1) follows from (3) by induction. In fact, for 7 = 0 we have trivially
|B-1] + [Bo| < |B-1| + 3|B-1| = 4|B_4|.
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Assuming now that inequality (1) holds for 7, we derive it for j + 1:
[B_1|+1Bo| + -+ +Bj| + |Bj-1] < 4*'[B_y1| +3(|B-1| + |Bo| + --- + |B;])
<YTYB_ | +3-4TYB_ | =4712|B_|.
Thus (1) is proved. As (2) is an immediate consequence of (1), the lemma is proved.

LEMMA 6.5. Assume that the sequence (l) satisfies
(o) g + 1> > (I + 1),

k<kg
Let p € N*. Then we have

(4) ky — ko = 1,

(5) kivi—kj <2(kj—kj_y) for1<j<p-1
In particular,
(6) k, < ko + 2P.

PROOF. (4) follows immediately from ( ») and the minimal choice of k;.
(5) By the monotone increasing property of the Ix’s we have, for 1 < 7 <p—1,

>, (lk+1)22( > (lk+1))

kj<k<k;+2(k;—k,;_1) ko1 <k<k;
=2|B;_1| > |Bj_1| 4+ |B-1| + |Bo| + - -- + |B; 2|

From the minimal choice of k;;, we deduce k; + 2(k; — k;—1) > k;+1, whence
ki1 = kj < 2(k; — kj1).
(6) From (5) and (4) we get by induction

ki1 —k; <2(k; —kj_1) < <2 (k) — ko) =2,

and, summing over 7,

p—1 p—1
kp —ky = (kjer —ky) <27,
J=1 J=1
whence
p*l . p—l .
kp <ki+Y 2 =ko+1+> 2 <ko+2.
J=1 J=1

This finishes the proof.

LEMMA 6.6. Assume that the sequences (ng) and (Ix) satisfy the conditions:

(a) lky +1< Z (le +1)  for all k' large enough,
k<kt

(8) Dl + 1) = o(ng).

k<kr
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Let p e N* and § > 0 be given. There is then ko large enough that®
(7 L < dpni,  for all k < ky.

PROOF. By (@) and (), it suffices to choose ko large enough that () holds for
all ¥’ > kg and
E (lk +1) < 47Pépny,
k<ko

and then to apply conclusion (2) of Lemma 6.4.

REMARK. With the notation of Lemma 6.6, under condition («), condition (3)
is equivalent with the statement: The “block sequence” m has density zero (see
also [5, Lemma 1.6]).

LEMMA 6.7. Let A€ R, A > 2. Letp+1=|[A] (p € N*). Assume that the
sequences (n) and (lx) satisfy the following conditions:

(n/) g +1> Z (le +1) for infinitely many k' € N*.
k<kr

(8 Ik = o(AF).

() A¥ = O(n).

Let 6 > 0 be given. There is then ko large enough that

(8) Ik < opnk, for all k < kp.

PROOF. By (v') there is a constant ¢ > 0 and kg large enough that ny/A* > ¢
for all k > ko. By (8’) we may also choose kg large enough that

lk/Ak < 6pA_2pc for all k > kq.
It follows that, for k > ko,
(9) b <6-p- AP <6.p- AT (g, /A¥) = §-p - mg, - ARTROP,
By ( »’) we may also assume that
o +1> ) (b +1).
k<ko

Thus conclusion (6) of Lemma 6.5 applies, and (8) follows from (9) above, complet-
ing the proof.

PROPOSITION 6.8. Let Ac R, A>2. Letp+1=[A] (p € N*). Assume that
the sequences (nx) and (k) satisfy the following growth conditions:

(%) ne+1/nk > A>p+ 1 for all k large enough.

(8" Ik = o(A*).

3With the previous notation.
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Then for the “block sequence” m generated by (nk) and (li) the following holds:
For each g € N* and each € > 0 there are T € C and A € A with u(A) < 2/p such
that

ll<Eh“><nL711Aa%>)

K Ik K
>u <{w ZZ L4(T™ ) %E lk + 1) for some K > 1})

k=1t=0
>1—c¢.

PROOF. By assumption (*) we have A¥ = O(ny) and using also (3') we have

(for k' — o0)
Z (lk + 1) =0 (Z Ak> = O(Akl) = o(nk,).
k<kr k<kr

Thus conditions (4') and (8) of the previous lemmas are satisfied.

Let ¢ € N* and ¢ > 0 be given. Choose 6 < ¢/p.

Now obviously the sequence (Ix) must satisfy one of the (mutually exclusive)
assumptions («), (©'). Since all the other assumptions in Lemmas 6.6 and 6.7 are
satisfied, it is clear that we can choose kg large enough that

kO Z q,
(10) ng+1/ng > p+1 forall k > ko,
Ik < dpng, for all k < kp.

Now define for each 0 < j < p — 1 the set

AU = U [‘Z+m ]+1+ ]
meZ 4 p
in R. If n € N* note that the set AY) = {w € Qnw € AU} consists of intervals of
the form [j/pn+m/n,(j+1)/pn+m/n]; these are intervals of length 1/pn repeated
periodically with period 1/n.
With the notation previously used, define now
B} = {nilk; <k <kjy1} forj=0,...,p— 1L

By the growth condition on (nx) (see (10)), it is easy to see that for any 0 < 7,

7" < p—1and k > kg, every interval belonging to the set A%’Z) contains an interval
belonging to the set AZ” . Hence we may choose

Nk+1°
p—1 1
(7)
(11) a€ ﬂ N AY, ac <0’pnko>
7=0neB;

(that is, a belonging to the interior of the foremost left interval of Aﬁg)o). From
(10) and (11) we get

(12) lka <6 forall k < ky.

Below, for a real number z, we let {z} denote the fractional part of z, that is,
the residue of £ mod 1.
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Define now A = [0,2/p], Tw = w — a (mod 1). Then T~™A = A+ ma (mod 1).
For m € By, we have m = n, +t with kg < s < k; and 0 <t < ;. Since

ae ] AY =AQ N NA©

Mkg+1 Nky -1
n€BY

we have 0 < {nsa} < 1/p and ta < 6§ (use (12)), so that
0<{nsa+ta} <1/p+6.
AsT™™A = A+ nsa + ta (mod 1), it follows that

1 9 1/p+6
T ™AD [— + 6, —] for m € By; .
P 1/p 2/p

Similarly for m € B; (0 < j < p— 1) we have m = n, +t with k; < s < k;4+; and
0 <t <. Since

o () AP =aR Nl nnaR
n f
2
we have j/p < {nsa} < (5 +1)/p and ta < § (use (12)), so that
i/p<{nsa+ta} <(j+1)/p+6

(forj=p—1,{na+ta} € [1-1/p,1)U[0,6)). As before, it follows that for each
0 S .7 S D— la

(13) meB; =T ™AD([(j+1)/p+6,(j+2)/p] (modl).
From (13) and the definition of k;, we obtain, for each0<j <p-1,
‘ 1o(TmFtw
[] ! + 46, s 2] (mod1) = 21geckys Zosest, 14l )
Lit<sckyy, s +1)

1 m
—IB_1UBOU~~UB]‘|( E 1a(T w))

meB_U---UBj

1 IB,| 1
> 15(T™ J —.
- |B—1UBOU~"UBJ'| (m%% A w)) |B_.yUBgU-- Ule > 2

Thus
1
U [‘7+ + 6, ‘7+2] (mod1) C Eq (m,T,lA,1>
il P p 2
and the proposition is proved.

THEOREM 6.9. Let u = (u;) be a lacunary sequence of positive integers, that
18, such that
ujy1/u; > A, J ENT,
for some constant A > 1. Let 1= (I;) be an increasing sequence of positive integers
such that l; < Ny+1 =My for all j € N* and such that lim; ;/\? = 0. Then the
“block sequence” v generated by u = (u;) and 1 = (l;), namely the sequence

ug,ur + 1, us Hlug,ue + 1,0 o ug + oy uk ug + 1, g + g,
15 a bad universal sequence, that s, C(v) = +oo.
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PROOF. Let r € N* be large enough that A\” > 2. Define

(14) A=A(r) =\
and
(15) p+1=[A].

Consider the sequence n = (nk)xenN- defined by ny = ug, and note that it satisfies
the growth condition (x) of Proposition 6.8,

Ner1/ne > A>p+ 1

Note also that the sequence (lx,)kxen- satisfies condition (3') of Proposition 6.8:

. lkr
hllcn I =0.
Clearly also lx, < mg4+1 — ng for all £ € N*. Let m be the “block sequence”
generated by (nk) and (I, )ken+, namely
n,nyr+ 1,0+ 0. e+ 1,00 0k e, .

Let S € C, f € L1 (Q) and compare the averages along m with the averages along
v. We have

K i, K g,
(I) SN A ) = YN f(SHer W),
k=11t=0 k=1t=0

(11) Z Z (Sutty)

The number of terms N(K) in (I) is
N(K) = (- +1)+ (lor + 1)+ + (lkr + 1)
The number of terms N’(K) in (II) satisfies
N'(K) <r(l + 1) +r(lor + 1) + -+ r(lr + 1)

Thus N'(K)/N(K) < r. By Proposition 6.8 applied to m, for each ¢ > 0, there
are T € C and A € A with p(A) < 2/p such that

(B (m 714, 3))

K lir
Zu({w|N—(lK—) ZZf (T™*tw) % for someKeN‘})

>1-—c¢.

By the estimate above




THE WEIGHTED POINTWISE ERGODIC THEOREM 343

implies

1 Kr Ik , 1
N'(K) ng(TuH w)> g

k=1t=0

1
7 <Eoo <v,T,1A,§;>) >1-—¢.

By Theorem 6.1 we have, for all a > 0,
ap(Eoo(v, T, 14,a)) < C(v)||1alls < C(v) - 2/p.

For a = 1/2r we deduce (1 —¢€)/2r < C(v) - 2/p, and, letting ¢ — 0, C(v) > p/4r.
It follows from (14) and (15) that p/r — 400, as we let r — +o0, and thus the
theorem is proved.

REMARKS. (1) It was U. Krengel [29] who first introduced and proved the
existene of “bad universal sequences”. Subsequently various other mathematicians
obtained the existence of “bad universal sequences” by different methods (see [14,
3, 4]). It follows from [14] (see Lemma 4, p. 11) that every bad universal sequence
n = (ny) must have lower density 0: ld(n) = 0.

(2) It was shown in [4] that every lacunary sequence is a bad universal sequence.
Thus, in particular, the sequences (2*), (k!) are bad universal. But, in fact, more
is true; each of the “block sequences” whose kth block is given by

2k 2k 41,254k (k>1),
kLK 1.k 4k (k>2)

whence

is bad universal (each of these sequences is: (a) “ergodic” in the sense of Blum
and Reich [11]; (b) “saturates” in the sense of Reich [34]; and (c) has density
zero). This answered a question raised by Blum and Reich [11] in their Concluding
Remarks.

(3) It follows from Theorem 6.9 that there are bad universal “block sequences,”
whose blocks increase exponentially fast. In particular, for instance, the “block
sequence” whose kth block is given by

3k 3k + 1,35 42,... 3+ 2k

is a bad universal sequence.
The above remarks might lead one to believe that every “block sequence” which
has density zero is “bad universal”. This is false, as was shown in [5]:

THEOREM 6.10. Assume that the “block sequence” m generated by n = (ny)
and 1 = (lg), namely the sequence
ny,ny+ 1,0+ 0, o nene+ 1,00 ng k..

satisfies the growth condition U > C*ny_y (for k > 1) for some constant C* > 0.
Then m s a “good universal sequence” relative to the Individual Ergodic Theorem*
and the almost everywhere limit of the averages along this subsequence is precisely
the projection operator onto the invariant functions.

For a proof see [5].

4We say, of course, that m = (my) is a “good universal sequence” relative to the Individual
Ergodic Theorem if for each T € C limp Tp,m f(w) exists a.e., for all f € L1(Q).
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REMARKS. (1) The “block sequence” m generated by ny = (k + 1)! and [y = k!
is a “good universal sequence” —of density zero—relative to the Individual Ergodic
Theorem. This answers a question raised by H. Furstenberg: see [42, Problem 13
in Problem session]| (see also [43, Chapter on Subsequence and Generalized Means,
Pointwise Convergence Section, Good and Bad Sequences]).

(2) For further remarks and comments relating to the above questions see [5].
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