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CUBES OF CONJUGACY CLASSES
COVERING THE INFINITE SYMMETRIC GROUP

BY
MANFRED DROSTE

ABSTRACT. Using combinatorial methods, we prove the following theorem on
the group S of all permutations of a countably-infinite set: Whenever p € S
has infinite support without being a fixed-point-free involution, then any s € S
is a product of three conjugates of p. Furthermore, we present uncountably
many new conjugacy classes C of S satisfying that any s € S is a product of
two elements of C. Similar results are shown for permutations of uncountable
sets.

1. Introduction. We will deal with the infinite symmetric group S of all
permutations of a countably-infinite set. Let us denote by [p] the conjugacy class
and by the support of p the underlying set without fixed points of p € S. The
following theorem was first shown by Bertram [4] and Moran [15] (cf. [9] for a
generalization to the uncountable case):

Whenever p € S has infinite support, any permutation s € S is a product of 4
congugates of p, i.e. S = [p]*. Moreover, the number 4 is minimal with this property.

Hence, in order to improve the bound 4 of the theorem above, the question arises
to classify all conjugacy classes C in § satisfying S = C3. In the literature, various
authors have dealt with this problem, cf. [2, 5, 7, 10, 14, 17]. In particular, if
p € S has infinite support, in [7] we showed that [p]3 always contains all elements
s € S with infinite support; moreover, if in addition either p has at least one infinite
orbit or p is an involution having at least one fixed point, we get S = [p]® (Droste
and Gobel [9]; Moran [14]). On the other hand, it is known that S # [p|® whenever
p € S is a fixed-point-free involution (see Moran [15] or Droste and Gaobel [9)). It
is the aim of this paper to show:

THEOREM 1. Let p € S have infinite support without being a fized-point-free
involution. Then S = [p]®.

This affirms a conjecture in [7] and “almost confirms” another conjecture in
Bertram [4]. In our proof, we will use some recent and powerful results of an
interesting paper of G. Moran [17] as well as several other theorems of the literature,
and we will generalize Theorem 1 to a result for permutations of uncountable sets.

It still remains an open problem to classify all conjugacy classes C in S satisfying
S = C2. In [7], we gave a description of the set [p]2 whenever p € S has at least one
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infinite orbit. Now we show

THEOREM 2. Let p € S have no infinite orbit, and let (+) be the following
property:

(+) p has infinitely many finite orbits of length > 3.

Then the following is true:

(a) If [p)2 = S, then (+) holds.

(b) Assume that p has infinitely many fized points and infinitely many orbits of
length 2. Then:

(1) If (+) does not hold, then

[p)? = {s € S;s has infinitely many orbits}.

(2) If (+) holds, then [p]? = S.
In particular, there are 2%0 different conjugacy classes [p] in S with S = [p
p has no infinite orbit.

Here (a) and (b)(1) generalize results of Gray [12, Theorem 2.10] and Moran
[15, Corollary 2.4, 2.5] who considered the case where p € S is an involution, i.e.
has no orbits of length > 3. Under the additional assumption that p has only
finitely many fixed points, (a) follows also from Moran [16, Theorem 3| or from
(7, Theorem 4.5]. Part (b)(2) generalizes Bertram [4, Theorem 1] which states the
result under the assumption that p has infinitely many orbits of lengths 1, 2, 3,
respectively (and no others). Previously, this has been the only conjugacy class [p)
in S known satisfying S = [p]?, where p has no infinite orbit.

|2, where

2. Notation and remarks. Let |JA; denote a disjoint union; No = N U {0},
No = NU{Ro}; A- B = {a-bja € A b € B} for subsets A,B C G, and [a] =
{z~!-a-z;z € G} = conjugacy class of a € G (any group). For a mapping f let f|a
denote its restriction to A and a/ its value at a; so the composition of mappings is
from left to right.

Snr denotes the symmetric group of all permutations of a set M, Aps C Spr the
alternating group if M is finite, idps (or id, if there is no ambiguity) the identity
permutation of M, and S = Sx for some fixed countably-infinite set X, e.g. X = Z.
Now let p € Spr. An orbit of p is a minimal p-invariant subset of M. The length
of an orbit is its cardinality. We put:

p(n) = [{X; X orbit of length n of p}| (n € Noo);

p = the function from N into {¢;0 < ¢ < |M|} with p(n) (n € N ) as defined
above;

F(p) = {a € M;aP = a} = fixed point set of p;

Pl = [M\F(p)| = Yacien - ().

Then p(1) = |F(p)| and M\ F(p) is the support of p. The following fact is well
known (e.g. [20, 11.3.1]) and will be used throughout this paper without mentioning
it again:

Whenver p,q € Sn, then [p] = [q] iff P = 7.

Hence id = p-p~! € [p)? for any p € Spm.

A permutation p € S is called nicely even (Moran [15]), if p(n) is an even cardinal
for each n € N, (here R is considered even). The following subsets of S will be
important.
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NE = set of all nicely even permutations in S;

R; = {s € S;s* = id,|s| = Ro,3(1) = 1} = conjugacy class of all involutions in
S with infinite support and 7 fixed points (0 < 7 < Rg).

For a finite set T with |T| = n > 3 we define the following conjugacy classes in
STI
Crx = {p€ St;p(k) = 1,p(1) = n — k} = class of all p € Sy with precisely one
nontrivial orbit which is of length k and n — k fixed points (2 < k < n);

Cr =Crp;

Dr = {p € S1;5(2) = p(n — 2) = 1} = class of all p € St with precisely two
orbits, one of length 2 and the other of length n — 2 (here n > 5).

Finally, if M = (J,c; M, pi € Su, and p € S satisfy p|a, = pi (¢ € I), then we
also write p = @, p;. Clearly, in this case p(n) = }_,.; ;(n) for each n € N,
and if also ¢; € Su, (1 € 1) and ¢ = @;c; i, then p-q = B, (p: - &)

3. Proof of Theorem 1. One of the main tools for the proofs of this paper is
the splitting-argument-technique which may be best described by an example. Let
s,p € S and suppose we wish to show that s is a product of two conjugates of p.
Assume that it is possible to decompose s = s; @ s such that the domains of s1, s9
are infinite, and that, for instance and simplicity, p consists of precisely Rg orbits
of length m for some 2 < m € N,. Now if we can find permutations g;,r; of the
domain of s;, each consisting only of Rg orbits of length m, such that s; = ¢; - r;
(f=1,2), then ¢ = q1 ® g2 and r = r; ® 72 € S each have precisely Ry orbits of
length m, hence are conjugate to p, and satisfy

s=51®s2=0(q1-71)D(q2-72) =q-7€ [p]?

establishing our goal. Let us now give the formal statement of the technique which
is a bit more general than the above example:

(3.0) THE SPLITTING-ARGUMENT-TECHNIQUE. Let 2 < n € N, M, M; be
sets and ai, bi; € Sm, for each v € I, j = 1,....n, such that a; € H?=1[bij]
(i € I). Thena € H;-’Zl[bj] whenever a,b; € Sy satisfy a(m) = ), @(m),
bj(m) =3, bij(m) for eachm € N and j = 1,....n.

PROOF. Assume a,b; € Sm (7 = 1,...,n) as stated. We split M = {J,,C;,
a= @iel ¢; such that ¢; = alc, € Sc, and ¢ = @; for each 1 € I. Let i € I. By
Cil = > men, M- G(m) = 3 cn.. ™ - @(m) = |M;| and assumption there are
d;j € Sc, Withzj = -5,.]— (y=1,...,n)and ¢; = H?:l d;;. Letd; = @iel di; € Sm,

hence . o o -
d;(m) =Y dij(m) =) _bi;(m) = b,(m)
i€l il
for each n € Ny, and j = 1....,n. Thus

For the convenience of the reader, we list several results of the literature which
we are going to use. First note that if a permutation p € S has at least one infinite
orbit, any element s € S is a product of three conjugates of p:
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LEMMA 3.1 (DROSTE AND GOBEL [10], also [7, COROLLARY 3.3]). Let
p € S satisfy p(Ro) > 1. Then S = [p]3.

The following two results show that whenever p € S has infinite support, both
any s € S with infinite support and also the identity-permutation are products of
three conjugates of p:

LEMMA 3.2 ([7, THEOREM 2]). Lets,p € S both have infinite support. Then
s € [p3.

LEMMA 3.3 (MORAN [17, PROPOSITION 6.6]). Let p € S have infinite
support. Then id € [p]3.

The following recent result due to G. Moran states that if s,p € S have infinite
support and no orbits of length 2 or Rg, but s or p has at least one fixed point,
then s is a product of two conjugates of p.

LEMMA 3.4 (MORAN [17, PROPOSITION 5.1, THEOREM 3]). Lets,p€ S
both have infinite support and satisfy 5(2) = 3(Ro) = p(2) =p(Ro) =0. If5(1) > 1
or p(1) > 1, then s € [p]?.

The next lemma states that the products of two involutions of S without fixed
points are precisely the nicely even permutations.

LEMMA 3.5 (MORAN [15, p. 64]). R2 = NE.

The following two results are due to Moran [14], but in [14] no proof was given.
Therefore we include a proof here, leaving details to the reader. First we show that
all permutations s € S with finite support and an even total number of orbits of
lengths 3 or 5 can be written as a product of three involutions each without fixed
points.

LEMMA 3.6. Let s € S have finite support and satisfy 3(3) +3(5) = 2-m for
some m € No. Then s € R§.

PROOF. Note that id € R3. Hence, using a splitting-argument, it is easy to see
that we only have to consider the following special cases:

Case 1. s has precisely one nontrivial orbit which is of length n € N, and either
(a)n=4,(b)n=2kwith3<keN,(c)n="T,or(d)n=2k+1with4 <keN.

Case 1. s has precisely two nontrivial orbits which are either (a) both of length
3 or both of length 5, or (b) of length 3 and of length 5, respectively.

We now show for each of these cases except II(a) that there exists a ¢ € Ry such
that s-q € NE; then s € RS by Lemma 3.5. The following formulae establish this
claim. Recall that the composition of mappings is from left to right.

We have a - b = ¢ in each of the following cases:

(Ia) a=(1234), b=(12)(34), c=(1)(3)24);

a= (123 2k—12k),
(Ib) b=(12)(32k)(42k—1)--(k+1k+2),
(1)(k+1)(2 2k)(3 2k — 1) -- - (k k +2);

Il

Il

Cc
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a=(1234567)(8), b=(13)(28)(45)(67),
c=(182)(357)(4)(6);

a=(12345 - 2k 2%+ 1)(2k + 2),
(1d) b= (13)(2 2k +2)(45)(6 2k+1)(7 2k) - (k+3 k+4),
c=(12k+22)(352k+1)(4)(k+3)(6 2k)(T 2k — 1)+ (k+2 k +4);

a=(123)(4)(56789)(10),
(IIb) b=(12)(34)(56)(79)(8 10),
c=(1)(5)(4 3 2)(10 8 7)(6 9).
For (Ila) observe s € NE = R? C R3 by Lemma 3.5. This finishes the proof.
As a consequence of the previous results we obtain that any.-s € S can be

written as a product of three involutions each with infinite support and ¢ fixed
points, whenver ¢ > 1.

COROLLARY 3.7 (MORAN [14]). Let0 < ¢ <Ng. Then S = RJ.

PROOF. By Lemmas 3.2 and 3.6, and a splitting-argument, it suffices to show
s € R? for s € S with 3(n) = 1, 5(m) = 0 for m # n, and n € {3,5}. If n = 3,
observe (12 3) = ((1)(2 3)) - ((1 2)(3)) and R; C R? to obtain s € R? C R3. Now
let n =5. Then s € R? follows directly from

(12345)=((13)(2)(45))-((13)(24)(5)) - (1 2)(3 4)(5))

and id € R§.

The following lemma states that whenever p € S has only finite orbits of length
> 3 and s € S has precisely one nontrivial orbit which is finite, then s is a product
of three conjugates of p.

LEMMA 3.8. Let s,p € S and 2 < m € N satisfy 3(m) = 1, 5(n) = 0 if
n ¢ {1,m}, and 5(1) = B(2) = B(Ro) = 0. Then s € [p]*.

PROOF. We distinguish between two cases.
Case I. Assume m = 2 and p(n) =0 for all 4 <n € N.
Then we have p(3) = Rg. W.l.o.g. let N be the underlying set. The equation
(02)=a-b-c, where
a=(012)(543)(876)(11 109)(14 13 12)...,
b=(013)(246)(579)(81012)(11 13 15)...,
c=(104)(327)(6510)(9 8 13)(12 11 16)...,

immediately yields the required result.

Case II. Assume either (+) m = 2 and p(n) # 0 for some n > 4, or (++) m > 3.

Step 1. We claim there exists a ¢ € S with g(1) = 1, g(2) = g(Xo) = 0 and
2ol [o).

If (+) holds, our claim follows from the equation (1 234 --- n)-(2 1) =
(1)(2 34 --- n). Now let us assume (++). Then choose kK = m — 1 orbits
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{1;,...,n;} (j = 1,...,k) of length > 3 of p. The result follows from the ob-
servation that

((11 2, - nl)(IQ 29 - n2)(lk 2 - nk))(21 1, 1 --- lk)
:(11)(21 R O 12 22 R (V) 13 lk 2k nk).

Step 2. If we choose ¢ € S as in Step 1, we obtain q € [p]? by Lemma 3.4 and
thus s € [p)3, finishing Case IL

Finally, we will need the fact that the squares of certain conjugacy classes (de-
fined in §2) in the finite symmetric group cover the alternating group.

LEMMA 3.9 (GLEASON [13, PROPOSITION 4, p. 172]; cf. BERTRAM [3]).
Let T be a finite set with |T| > 5. Then Ar = C4.

LEMMA 3.10 (HSU CH’ENG-HAO [6]). Let T be a finite set with |T| = 2k for
some k € N with k > 3. Then Dr C Ar and Ar = D2.

We are now ready for the

PROOF OF THEOREM 1. Let p € S\ Ry have infinite support and let s € S.
We want to show s € [p]>. Therefore we can assume p(Rg) = 0 by Lemma 3.1,
|s] < oc by Lemma 3.2, and s # id by Lemma 3.3. We distinguish between two
cases.

Case 1. Assume ), . B(n) = Ro.

Applying Lemma 3.3 and a splitting-argument, we see that we only have to show
s € [p]® in the special case p(1) = p(2) = 0. A further splitting-argument yields that
we only have to examine permutations s € S which have precisely one nontrivial
(finite) orbit. Now the result follows from Lemma 3.8.

Case I1. Assume ) .. p(n) < Ro.

Here we have B(2) = Ry, since p has infinite support. If 3(3) + 35(5) = 2m for
some m € Ny, we obtain s € [p]® by Lemmas 3.6 and 3.3, and a splitting-argument.
Hence let 5(3) + 3(5) be an odd number. Again using Lemma 3.6 and a splitting-
argument, we see that it suffices to consider the special case that s € S has precisely
one nontrivial orbit which is of length 3 or 5. If p(n) = 0 for all n > 3, we get
p(1) > 1 by p ¢ Ry, thus s € [p]® by Corollary 3.7. Therefore assume now p(n) # 0
for some n > 3. We distinguish between three cases according to whether n > 5
and n is odd, n > 4 and n is even, or n = 3, respectively.

Subcase 1. Let n > 5 be odd.

Let T be a subset of the domain of s,p such that |T| = n and T contains the
nontrivial orbit of s. Then s|7 € Ar and Ar = C?% according to Lemma 3.9. Since
n > 5 is odd, we have Cr C Ar. Hence s|r € CE} and thus, by Lemma 3.3 and a
splitting-argument, s € [p]>.

Subcase 2. Let n > 4 be even.

Put m = n + 2 and let T be a subset of the underlying set such that |T'| = m
and T contains the nontrivial orbit of s. Then s|t € Ay and Dr C Ar C D:‘} by
Lemma 3.10, thus s|r € D3 C D}. Using a splitting-argument and Lemma 3.3,
we get s € [p]3.

Subcase 3. Let n = 3.

The nontrivial orbit of s has length either 3 or 5. Observe the identities (12 3) =
(123)-(321)-(123)and (12345)(6)(7) = ((124)(36)(57))-((421)(56)(37))-
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((1 2 3)(4 5)(6 7)). Together with Lemma 3.3, these equations yield s € [p]3. This
finishes Case II and hence the theorem is proved.

Finally, we generalize Theorem 1 to the case of arbitrarily infinite underlying
sets.

COROLLARY 3.11. Let M be any infinite set and s,p € Sar such that p has
infinite support without being a fized-point-free involution. Then |s| < |p| and
s € [p]® are equivalent. Moreover, the number 3 is minimal with this property.

PROOF. Let s,p € Sy as stated in the first sentence of the corollary. If s =
u-v-w with u,v,w € [p], we get |s| < |u| + |v| + |w| = 3 - |p| = |p| by cardinal
arithmetic. Conversely, assume |s| < |p|. Then s € [p]® follows via a splitting-
argument from (3.2) and (3.3) if |s| > R, and from Theorem 1 and (3.3) if |s| < Ro.
The minimality part of the corollary is contained in Moran [15, Corollary 2.5] or
in (7, (4.5)].

For a description of the set [p]3, when p € S is a fixed-point-free involution, see
Moran [14].

4. Squares of conjugacy classes. This section is devoted to the proof of
Theorem 2. Again we will make extensive use of splitting-arguments as in §3. First
we establish necessary conditions (Theorem 4.1) and sufficient conditions (Lemma
4.2) for certain permutations s,p;,p2 € S, where, in particular, s has only finitely
many orbits and hence at least one infinite orbit and p;, ps each have no infinite
orbits, such that s is a product of two conjugates of p; and po, respectively. The
following result generalizes Moran 15, Corollary 2.3(1)].

THEOREM 4.1. Let s,p1,p2 € S with s € [p1] - [p2] such that s has only finitely
many orbits and p1,p2 each have no infinite orbit and only finitely many orbits of
length > 3. Then p1,p2 each have only finitely many fized points. Moreover, if s
has, say, 1 infinite orbits and kj = 3 5, ,enn - P5(n) (7 = 1,2), then ki, k2 € No
and ky — ko = ¢ mod 2. In particular, [p1] # [p2] ¢f ¢ is odd.

PROOF. Let M = U;zl(Z x {7})U A, where A is a finite (possibly empty) set.
W.l.o.g. assume s,p;,p2 € Sum such that s = p; - p2, p1,p2 each have no infinite
orbit and only finitely many orbits of length > 3, the union of all finite orbits of s
equals A, and s acts on each Z x {j} like a shift, i.e. (m,7)* = (m + 1,5) for each
m € Z, j=1,...,i. Thus the infinite orbits of s are precisely the sets Z x {j}.

We introduce some abbreviations. For k = 1,2, let A; denote the smallest
pk-invariant subset of M containing A, Bj the union of all orbits of length 3 of
Pk, and Si (Ug) the set (union) of all orbits of length 2 of py, respectively; thus
M = F(pr)UUr UBy. Let C = A; U Ay U By U B,. Then C is finite.

First let j € {1,...,1}. Since s = p; - p2, p2 has no infinite orbit, and s acts on
Z x {7} like a shift, it is impossible that for some € Z, each y € Z with y > z
satisfies (y,7) € F(p1). Hence, since C is finite, there is b; € Z with (bj,7) € U;
and (z,5) ¢ C for any ¢ € Z with b; < z, in particular (z,7)P* € M\A for
k =1,2. Let m = m(y) € {1,...,7}, a; € Z such that (b;, j)P* = (a;,m), thus
{(a;,m),(bj,7)} € Si. If m = j, we may w.l.o.g. assume that a; < b; (otherwise
rename these elements). This ensures (a;,m) # (b; + 1,7). Hence by (a;,m)P* =
(bj, )PPz = (b;,7)° = (b;+1,5) ¢ C we obtain {(a;,m), (b;+1,7)} € S,. It follows
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that (b; + 1,7)P2 = (a;,m) = (a; — 1,m)® = (a; — 1,m)P*P2, thus (a; — 1,m)P* =
(bj +1,7) and, as before, {(a; — 1,m), (b; + 1,5)} € S;. By induction this shows
(+) {(a; —k,m(3)),(b; + k,j)} € St and {(a; — k,m(3)),(b; +k+1,7)} €52
for all k € Ny.

Now assume that for each j € {1,...,1}, the elements a;,b; € Z, m(j) €
{1,...,1} are chosen as in the above paragraph. Then, by (+), the mapping
J — m(7) is an injection from {1,...,7} into, hence onto, itself. It may hap-
pen that a; > by,(;) for some j € {1,...,¢} with j # m(j). Then we replace b;
by b, = bj + n; and a; by @} = a; — n;, where n; = a; — by(;y + 1 € N. Then
a} < bm(j), and (+), with a;, b; replaced by a’, b’;, is obviously still satisfied. Hence
we may assume w.l.o.g. that a; < by, ;) for all 5 € {1,...,2}.

For each j € {1,...,1}, let D; = {(z,m(j));z € Z,a; < = < bp(;)} and E; =

{(z,m(j));z € Z,a; <z < bp(j)}. Weput D = AL'JU;:leAand E= AUU;zlEj.

Thus D and E are finite sets, and by (+) the set M\D = U;zl((Z x {m(7)})\D;)
is a union of orbits of length 2 of p;. This shows F(p;) € M\U; C D and k; =
IM\U1| = |D| mod2. Similarly, M\E = (;_,((Z x {m(5)})\E;) is a union of
orbits of length 2 of py, F(p2) C M\U; C E, and k; = |[M\Uz| = |E| mod2. In
particular, p; and p, each have only finitely many fixed points, since D and E are
finite, and kq,k; € No. Since E\D = {(b;,7);5 = 1,...,1}, we have k; — ky =
¢ mod 2. So, if 7 is odd, ky # ko and thus 1 # pz and [p1] # [p2).
Next we prove a partial converse to Theorem 4.1.

LEMMA 4.2. For i = 1,2, let p; € S have infinitely many nontrivial finite,
but no infinite orbits such that pi(1l) = >, ~3(n — 2) - P2(n) and p2(1) = 1+
S s3(n—2)-pi(n). Then s € [p1] - [p2] for each permutation s € S which has
precisely one (infinite) orbit.

PROOF. Let {P;;i € N} ({P%1 € N}) be an enumeration of the set of all
nontrivial orbits of p; (p2), respectively. Inductively, we now construct a family of
nonempty sets Aj, By, Ag, By, As,... C Ng such that 0 € A; and for each ¢t € N
the following conditions hold:

(I) A;, B; are convex (here a subset S C Ny is called convex, if a,b € S, ¢ € Ny,
a <c<bimplyceS),

(II) (max A;) + 1 = min B;, max B; = min A, 1,

(II1) |Ai| = |Pi| = L, |Bs| = |P*| — L. .

It follows that, in particular, A; < A;, B; < Bj if i < j, Ng = J;enA4iU
UieNBi* and (UieNAi) N (UieNBi) = {min A > 2} = {maxB,-;i € N}
EXAMPLE.

4y 4, A3 Ay As

*—e ° — . —
L e e A B e e o e LA A e S ey
-4 -3-2 -1 0 1 ot o—o * v z

It now remains to show that there are q,r € Sz such that ¢q-r = z (where z€ Sz
satisfies a* = a + 1 for all a € Z) and, if we put Q; = A; U{—1} (R; = B;U{—1})
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for all : € N, such that {Q;; 7 € N} ({R;; ¢ € N}) is the set of all nontrivial orbits
of q (r), respectively.

Indeed, if q,r € Sz are constructed in this way, by condition (III) it follows that
g(n) = pi(n), 7(n) = pz2(n) if 2 < n € N and g(Ro) = F(Ro) = 0. Also, we get

F(q) = Z\ (U Qi) = No\ (U Az‘) = U (Bi\(max B;))

€N €N €N
and, similarly, F(r) = {0} UUzeN A;\(min A;)). Using (III), this shows
)= (1Bl-1)=) (IP|-2)=)_(n—2)-pz(n) = pi(1),

€N €N n>3
and similarly 7(1) = 1+ )", 53(n — 2) - ;(n) = pz(1). Hence g = p1, ¥ = Pz, and
[s] = [2] € [g] - [r) = [p1] - [p2] is established.

We now show how to define the required elements g, r € Sz (here we will not need
condition (III)). For each ¢ € N, put (—¢)? = min 4;, 27 = z+1 if 2 € A;\(max 4;),
and (max A;)? = —1, also, (—i)' = min B;, 2" = ¢+ 1 if z € B;\(max B;), and
(max B;)" = —i. Finally, let g|g = id|g and r|g = id|r, where

Q =1\ (U (A;U {—i})) = U (B:\(max By))
iEN €N
and
R=1\ (U (B:u {—z‘})) = [J (4:\(min 4)) 0 {0},
ieN iEN

Then it is obvious that q,r € Sz have the prescribed orbits, and it only remains
to show that ¢-r = 2. If 2 <7 € N, we have (—¢)?9" = (min A;)" = (max B;_)" =
—(1—1) = (—1)%. Also (-1)9" = (mmAl) =0"=0=(-1)%. Now let a € No.
There is an 7 € N such that a € (B;\(max B;)) UA4;. If a € B;\(max B;), we get
a?" =a" =a+1=ad* Ifa € A;\(max 4;), we have a + 1 € 4;\(min A;) C R and

thus a?” = (a + 1)" = a + 1 = a®. Finally, if a = max A;, we obtain

a?" = (—t)" =min B; = (max A4;) + 1 =a+1=a"

This proves q - r = z.

The following three results deal with finite symmetric groups. The first lemma,
due to Bertram, gives a sufficient condition for 3 < k € N and an even permutation
s of a finite set such that s can be written as a product of two permutations, each
having only one nontrivial orbit which is of length k.

LEMMA 4.3 (BERTRAM (3, THEOREM 2|). Let T be a finite set and k € N
with 3 < k < |T| and s € Ar. Let j = ) 5., 3(n) be the number of nontrivial

orbits of s. If 3 - (|s| +7) < k, then s € (Cr.x)?.

This lemma will be used for the proof of the subsequent result.

LEMMA 4.4. Letk,n e N withn < k and k > 3, and T a set with m elements,
where m € N 1s the least multiple of n (2n) with m > k if n is odd (even), respec-
tively. Assume s € St has only orbits of length n. If n is odd or if k # 2n+1, then
s € (Crk)?. Ifnis even and k = 2n + 1, there are q,v € St with s = q - r such
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that ¢ and v each have one orbit of length k, one orbit of length 2, and m — k — 2
fized points.

PROOF. First assume that either n is odd or k # 2n+ 1. W.l.o.g. assume n # 1.
Let 5 = m/n. Then |s| = m, s has j orbits of length n, and s € Ar. By Lemma
4.3, it suffices to show that m + 5 < 2k. If n is odd, we have m < k+n — 1 and
n+7<k+1 hencem+j)<k+n-—1+75 <2k Nowlet n beeven. If k < 2n,
wegetj=2andm+j=2(n+1) <2k If2n+2 <k <4n, clearly 7 = 4 and
m+j =4n+ 4 < 2k. Finally let 2(: — 1)n + 1 < k < 2in for some 3 <7 € N.
Then j = 2¢, and it suffices to show that m + 7 = 2in + 27 < 4(: — 1)n + 2. But
this inequality is equivalent to ¢ — 1 < (¢ — 2)n which is true. Hence m + 7 < 2k in
any case.

Now assume that n is even and k = 2n + 1. Then m = 4n. We put

T={1,2,...,4
and { n}

s=(12 - n)n+ln+2 - 2n)2n+12n+2 --- 3n)3n+13n+2 --- 4n).

If n=2,let
g=(12357)(68)4)

and
r=(85431)(67)2).
If n>4,let
g=(12---nmn+1ln+2 - 2n—12n+13n+1)(2n+2 4n)
“(2n)(2n +3)(2n +4)---(3n)(3n+2)(3n +3) --- (4n — 1),
and

r=0Bn+23n+3 - - 4n2n+32n+4 - - In2n+12nn+11)
2n+23n+1)(2)3)---(n)(n+2)(n+3)---(2n —1).

Then, in any case, q,r € St satisfy the required conditions.
We will also need the following lemma on finite symmetric groups.

LEMMA 4.5. Let k,n € N with3 < k < n and T a set with n elements. Let
s € St have precisely one orbit (of length n). Then there are q,r € St such that
s=q-r, q has only orbits of lengths 1 or 2, and r has precisely one orbit of length
k and possibly orbits of lengths 1 or 2, but no others.

PROOF. W.lo.g. let T ={1,2,...,nfands=(12 --- n). If k =n, let ¢ = idr,
r=s. If n— k=27 with y € N, put
g=1(2) - (k-1)(kn)k+1n-1)---(k+7-1n—-3+1)(k+7)
and
r=(12- - k)(k+1n)(k+2n—-1)---(k+5jn—7+1).
If n— k =25+ 1with 7 € Ng, let
g= (@) (k= kn)k+1n—-1)-(k+jn-3)

and

r=012--k)k+1n)(k+2n-1)---(k+7n—-7+1)(n—7).
Then q,r € St satisfy the required conditions.
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The next result describes products of two conjugate involutions with infinitely
many fixed points:

LEMMA 4.6 (MORAN [15, COROLLARY 2.4]). Let M be any infinite set and
p € Sm an involution with infinitely many fized points and support of cardinality
|M|. Then, for any s € Sum, s € [p)? if and only if s has infinitely many orbits. In
particular, Sy = [p|? iff M 1is uncountable.

As a conclusion of the previous results, we have

LEMMA 4.7. Let p € S have no infinste orbit, but infinitely many fized points
and infinitely many orbits of length 2. Then s € [p|? for any permutation s € S
with infinitely many orbits.

PROOF. If s has at least one infinite orbit, s € [p]? follows from a splitting-
argument using Lemmas 4.2 and 4.6. Hence asume 3(Xg) = 0 from now on. If p is
an involution, then p € Ry, and s € [p|? by Lemma 4.6. Solet ), - p(n) # 0 now.
By a splitting-argument, we may assume that p has precisely one orbit of length
> 3, say, of length k > 3. Clearly now we may distinguish between the following
two (nonexclusive) cases.

Case 1. Assume that s has infinitely many orbits of length < k.

There is n € N with n < k and 5(n) = Ro. Let T be a union of finitely many
orbits of s of length n such that |T| is the least multiple of n (2n) with |T'| > k if
n is odd (even), respectively. By Lemma 4.4, there are q,7 € St each consisting
of precisely one orbit of length k and possibly of orbits of lengths 1 or 2, but no
others, such that s|7 = ¢ - r. Together with a splitting-argument and Lemma 4.6,
this implies s € [p]?.

Case II. Assume that s has at least two orbits, say, A and B, each of length > k.

By Lemma 4.5, there are ¢;,71 € Sa, g2,72 € Sp such that s|4 = ¢q1 - 71,
s|B = g2 - r2, q1,72 each have only orbits of lengths 1 or 2, and r;, g2 each have
precisely one orbit of length k& and possibly orbits of lengths 1 or 2, but no others.
Then ¢ = g1 ® g2, r =11 ® 12 € Sy satisfy 8|40 =g -7, Gk) =F(k) =1, and
g(m) = F(m) = 0 whenever m ¢ {1,2,k}. Together with a splitting-argument and
Lemma 4.6, this shows s € [p]2.

Now we are ready for the

PROOF OF THEOREM 2. (a) Assume (+) does not hold. If s € S has precisely
one (infinite) orbit, s ¢ [p]? by Theorem 4.1, showing S # [p]?.

(b)(1) By Lemma 4.7, it remains to show that s ¢ [p]? if s € S has only finitely
many orbits. Indeed, if we had s € [p]? for such a permutation s, p would have only
finitely many fixed points by Theorem 4.1, contradicting our assumption on p.

(b)(2) By Lemma 4.7, it remains to show that s € [p]? if s € S has only finitely
many orbits. But this follows by a splitting-argument from Lemma 4.2 and the
well-known fact (see, e.g. [20, 10.1.17]) that every permutation is a product of two
involutions.

As a consequence of Theorem 2(a) and a result in |7], we obtain the following
condition for permutations p € S without infinite orbits which is necessary for
S = [p)? to hold:
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COROLLARY 4.8. Let p € S satisfy p(No) = 0 and S = [p|?>. Then either
(1) =p(2) = anzfo(n) =Wg, or there are k,I,m e N withk <l <m, m=k+I,
[ > 2, and p(t) = Ro for each i € {k,l,m}.

PROOF. Since [p)? contains, in particular, a transposition, by [7, Theorem 4.5]
there are k,l,m € N with k <! < m, m = k+!, and p(z) = Rp for each ¢ € {k,l,m}.
So either [ > 2,or k=1=1,m=2,and ), .35(n) = Ro by Theorem 2(a).

As an immediate consequence of this result and Theorem 2(b), we obtain

COROLLARY 4.9. Let p € S satisfy 5(Rg) = 0 and p(m) = Rg for at most one
m € N withm > 2. Then S = [p)? if and only if B(1) = p(2) = 2 n>3B(n) = No.

Finally, we note a consequence for permutations of uncountably-infinite sets.
This result uses and generalizes Moran [15, Corollary 2.4] (cf. Lemma 4.6).

COROLLARY 4.10. Let M be any uncountable set and R a cardinal with Ry <
R < |M|. Let p € Sy have R fized points, |M| orbits of length 2, and at most R
orbits of length > 3. Then Sy = [p)?.

PROOF. Note that any permutation of M has infinitely many orbits, since M is
uncountable. So the result follows from a splitting-argument using Lemmas 4.6 and
4.7 provided that p(Rg) = 0. Then this result obtained so far for permutations of
M without infinite orbits and [7, Theorem 1(b)] imply the assertion of the corollary
in case that p has at least one infinite orbit.

Finally we just remark that the Baer-Schreier-Ulam-Theorem (1, 19] on the
Jordan-Holder decomposition series of S and Ore’s theorem [18] that every p € S
is a commutator immediately follow from our results, cf. Droste and Gébel [9, §4].
For further group-theoretical applications of results of this type see [7-11, 17].
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