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ON THE STRUCTURE OF ABELIAN p-GROUPS
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ABSTRACT. A new kind of abelian p-group, called an A-group, is introduced. This
class contains the totally projective groups and Warfield’s S-groups as special cases.
It also contains the N-groups recently classified by the author. These more general
groups are classified by cardinal (numerical) invariants which include, but are not
limited to, the Ulm-Kaplansky invariants. Thus the existing theory, as well as the
classification, of certain abelian p-groups is once again generalized.

Having classified 4-groups (by means of a uniqueness and corresponding ex-
istence theorem) we can successfully study their structure and special properties.
Such a study is initiated in the last section of the paper.

1. Introduction. In this paper we determine the structure of a class of abelian
p-groups more general than totally projective groups, S-groups, and N-groups, all of
which have been classified earlier [5, 18, 6]. To introduce this new class of groups, we
begin with the following definition. It is to be understood throughout that all groups
are abelian.

DEFINITION. If p is a limit ordinal, the class 4, consists of those p-groups H for
which there is a containing totally projective p-group G of length not exceeding p
that satisfies the following conditions.

(a) H is isotype in G.

(b) pM(G/H) = ( p*G, H)/H whenever A < p.

(c) G/H is the direct sum of a totally projective group and a divisible group.

The members of the class 4, are called p-elementary A-groups. An A-group is a
direct sum of p-elementary A-groups for various limit ordinals p. If G is a totally
projective p-group of length u, the pair (H,G) is called an A,-pair whenever
conditions (a)—(c) are satisfied. Thus, if H is an A-group, then H = ¥ & H,, where
(H;, G,) is an A, ,,-pair for distinct limit limit ordinals p(i).

Incidentally, if the terminology needs an explanation (and we hope not), one can
interpret the letter “4” used here as an abbreviation for the word “accessible”,
which will prove to be a rather descriptive term. Certainly we follow tradition in
using a single letter to represent this class of groups since their predecessors include
T-groups, S-groups, and N-groups.
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We are able to show that the structure of an A-group is completely determined by
certain cardinal invariants including, but not limited to, the Ulm-Kaplansky in-
variants. The complete collection of invariants are called A4-invariants (primarily
because they suffice for 4-groups). Observe that if we choose H = G to form the
A, -pair (H, G), we demonstrate that any totally projective group G is an A-group.
Moreover, it follows from [18] that any S-group is an A-group and corresponds to
the special case where G,/H, is divisible, for each i, in the representation H =
Y ® H,, where (H,,G,) is an A, ,-pair (whereas G,/H, = 0 corresponds to a totally
projective). But the new class also contains groups that are not S-groups. In
particular, the N-group constructed by Megibben in [11] (and referred to by
Warfield [18, p. 166] as an example of an isotype subgroup of a totally projective
group that is not an S-group) is an A-group. A general existence theorem proved
herein demonstrates the existence of many other 4-groups.

Warfield’s Problem 4 in [18] is the following. Is there a reasonable structure theory
for a larger class of groups which are isotype subgroups of totally projective groups?
The results of this paper establish a clear answer in the affirmative. Incidentally,
Warfield once indicated that he thought the answer to this question was “no”.
Although this paper generalizes the main results of [18], our approach is somewhat
different from that of Warfield. In particular, we do not require cotorsion comple-
tions. Otherwise, the techniques employed here in generalizing the theory of S-groups
to a larger class of p-groups are similar to those of [18]. In fact, both are based on
my original classification paper [5].

The reader who is familiar with Warfield’s paper [18] knows the historical
development of the classification of abelian p-groups, at least up through the
classification of S-groups. Major steps in this development include: (1) countable
groups (Ulm, 1933 [16]), (2) direct sums of countable groups (Kolettis, 1960 [10]), (3)
totally projective groups (Hill, 1967 [5]), and (4) S-groups (Warfield, 1975 [18]).
Other significant contributions to the classification problem include Zippin [20],
Nunke [13], Hill and Megibben [8], Parker and Walker [15], and Crawley and Hales
[1]; we do not claim to be exhaustive, but our intent is only to provide a reasonable
bibliography. Moreover, our interest here is restricted to p-groups. For the classifica-
tion of (certain classes of) mixed groups, see [14, 17, 19], or other sources.

Finally, we mention that the tendency upon reaching each of the milestones
referenced above has been at first to perceive the situation as being as far as one can
go. This is evidenced, for example, by the fact that a quarter of a century elapsed
between Ulm’s result for countable groups and Kolettis’ extension to direct sums of
such groups. Also, recall that Warfield initially thought that Problem 4 had a
negative answer. My opinion is that no time soon will all p-groups be satisfactorily
classified with numerical invariants, but it is inevitable that larger and larger classes
will be reached with and encompassed in such a classification theory.

2. The reduction to cofinality greater than .

THEOREM 1. Let p. denote an arbitrary limit ordinal. The class A, consists exclusively
of totally projective groups if and only if u is cofinal with w,,.
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PROOF. If p is not cofinal with w,, it is well known that there exists totally
projective p-groups G of length p with proper subgroups H that are isotype and
dense in the sense that ( p*G, H) = G whenever A < p. Moreover, it is known that
any such subgroup H cannot be totally projective. However, such an H belongs to
the class 4,. In other words, there is an S-group belonging to 4, that is not totally
projective [18].

It remains to show that if cof(p) = w, then H is totally projective for any 4 -pair
(H, G). In order to prove that such an H is totally projective, let € be a collection of
nice subgroups of G that satisfy the third axiom of countability. Likewise let € be a
collection of nice subgroups of (G/H)p*(G/H) that satisfy the third axiom of
countability. If N is a subgroup of G, let N denote the image of N under the natural
map G » (G/H)/p*(G/H).

As in earlier papers, we say that two subgroups 4 and B of G are compatible, in
which case we write A|| B, if for every pair (a, b) € A X B there exists cin A N B
such that h;(a + ¢) = hz(a + b). We want to consider those subgroups N of G that
satisfy the following conditions:

()N e¢¥.

()N e ¥.

(iii) V|| H.

Claim. If N satisfies (i)-(iii) and C is any countable subgroup of G, there exists a
countable subgroup K of G such that (N, K) 2 (N, C) and such that the countable
extension N’ = (N, K') of N also satisfies conditions (i)—(ii).

For the moment, assume that the claim is valid. Since ¥ and € both satisfy the
third axiom of countability and (iii) is an inductive property, we conclude from this
that there is an ascending chain

0=Ny,CcN,c---cNcC---CG (a<a)

of subgroups N, of G satisfying conditions (i)—(iii) with the property that G =
Ua<o Nos Ng = U,z N, if B is a limit less than o, and N, , /N, is countable for each
a. It follows quickly that if we let M, = N, N H, then

O=MogM1§...gMa(_:... (a<a)

is a chain of nice subgroups of H. Thus H satisfies the third axiom of countability
[4], and the theorem is proved if we can validate the claim.

In order to verify the claim, it is enough to show only that there exists a countable
group B D C such that for each triple (n,c, h) € N X C X H there exists x €
(N, B) N H for which h;(n + ¢ + x) > hz(n + ¢ + h). For if we can establish the
above, then upon setting C, = C and C,; = B and inductively replacing C, by C,, ,,
we can obtain an ascending sequence of countable subgroups C, C C, C --- € C,
C - - - with the property that if (n, ¢,, h) € N X C, X H there exists x € (N, C,, ;)
N H such that hg(n + ¢, + x) > hg(n + ¢, + h). If we let K = UC,, then for each
(n,k, h) € N X K X H there exists x € (N, K) N H such that hg(n + k + x) >
hg(n + k + h), which shows that (N, K )||H. Since the subgroups C,, n > 1, can be
chosen so that C, € ¢ and C, € €, we can construct K = UC, so that K € ¢ and
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K € €. Consequently, (N, K) € ¢ and (N, K) € €. Therefore, N’ = (N, K)
satisfies (i)—(iii). Thus the claim will be validated (and the theorem proved) if we can
merely show that for each countable subgroup C there is a countable subgroup
B 2 C such that, for each triple (n, ¢, h) € N X C X H, there exists x € (N, B) N
H such that A (n + ¢ + x) > hg(n + ¢ + h). We remark that it would be easy to
produce such a subgroup B if N were also countable, so the uncountability of N is
what makes the problem nontrivial. Nevertheless, we shall produce such a countable
subgroup B. List the elements of C (using the positive integers for indices) as
€15 €35 --5C;y. ... First, we deal with each c; individually. To each ¢; we associate at
most a countable number of elements 4, , (or &, in case only a single element is
required) in H as follows:
Case1.¢,=c,+ H+ p*(G/H) € N. Choose m, € N so that

¢;+H+p"(G/H)=m,+ H + p*(G/H).

Since p is cofinal with w,, there exists an ascending sequence u(k) of ordinals less
than p with sup{p(k)} = p. Since p*“)(G/H) = { p**)G, H) /H for each k > 1,
there exists h, , € H such that

k
m,—c+h ;€ pHAG.

The countable collection of elements &, , € H are associated with c;.

Case 2. ¢; & N. Since N is nice in (G/H)/p*(G/H), there exist m; € N so that
the element ¢; + m; is proper, that is, has maximal height in (G/H)/p*(G/H)
among the elements of the coset ¢; + N. Moreover, since ¢; € N, the height of
¢, + m;in(G/H)/p"(G/H) must be less than p, say A. Since

pM(G/H)/p*(G/H)) = (pNG/H))/p*(G/H)

and

pNG/H) = (p’G,H)/H,

it follows for some h; € H thatc; + m; + h; € p*G. The single element A ,EHis
associated with c;.

Define B = (C, h, h, ), where i and j range over the appropriate subsets of the
positive integers and k > 1. In order to show that B has the desired property,
suppose (n,c, h) ENX CX Hand hg(n+c+h)=a. lfazp, thenn+c+h
= 0 since p*G = 0. In this case we can take x = h, and we have h(n + c + x) >
hg(n + ¢ + h) with x € (N, By N H, since h € (N,C) C (N, B). Therefore, we
may assume that a < p. If ¢ = ¢;, where Case 1 holds for ¢, we know that u(k) > «
if k is chosen sufficiently large. Whence

m;—c¢;+ h, , € p°G,

and, consequently, n + m; + h + h, , € p°G. This implies that n + m, + x € p°G
for some x € N N H since N||H. However, the latter implies, in turn, that

n+c+(x—h,,)€pG.

Since ¢ = ¢;and x — h, , € (N, B) N H, the desired result holds.
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If c=c¢ g where Case 2 holds for ¢, the argument is similar but is based on the
relation

A
c;+m;+h €p'G
instead of m; — ¢; + h, , € p°G. In the present case, however, we need to observe

that A > a. But hz(n + ¢ + h) = a certainly implies that ¢ + N has height a, so
A > a. This completes the proof of the theorem.

3. A-groups and A-invariants. Let H be an A-group, and let H =¥ & H; and
G =Y & G,, where (H,,G),) is an A, ,-pair for distinct limit ordinals u(/) that are
not cofinal with w,. We define what we call the A-numbers (= A4-invariants) of H as
follows. Actually we define a sequence of ordinal-to-cardinal functions F,. Although
the values of these functions should be the A-numbers, to simplify the terminology
and to follow tradition, we often refer to the functions F, themselves as the
A-numbers or A-invariants. As a preliminary step toward defining the functions F,,
set

E,= N p((p*G.H)/H)/{p*G,H)/H

)\<“,
Ato=p

whenever p is a limit ordinal not cofinal with w,. Now, define F, = Fﬂ", in case

p = 0, or p is a limit ordinal not cofinal with w,, by
dim(p°H[pl/p**'H[p]) ifp=0anda < oo,
F(a)= dim(p“EM[p]/p"‘”Eu[p]) ifpu+0and a < oo,
dim( p°E,[ p]) ifu#0anda = oo.

We remark that there is no loss of generality in assuming, as we have done, that H
and G are reduced. Hence, p®H = 0, where p®A4 denotes the divisible part of a
p-primary abelian group 4, and there is no need to make a provision for @ = 0 in
case u = 0. We also mention the obvious: F,(a) is just the ath Ulm-Kaplansky
invariant of H. Further, it is not difficult to show, for a limit u, that p° can be
deleted from the definition of E, without altering its meaning. However, aside from
its symmetry, the above definition appears to make E, smaller (a desirable feature)
while yet retaining a measure of how far H is from being nice at the ordinal u. More
importantly, we will discover (in Lemma B) a more intrinsic characterization of E,,
which can (and later will) be used as an alternate definition.

LEMMA A. Let H be an A-group, and let H =Y @& H, and G =¥ ® G;, where
(H,, G,) is an A, ,-pair for distinct limit ordinals p(i) that are not cofinal with . If
F,(a) is as defined above and p. # 0, then F,(a) = 0 unless . = p.(i) for some i. In case
p = p(i) for some i, then F,(a) is the ath Ulm-Kaplansky invariant of p*(G,/H,) when
a < oo, and F,(o0) is the rank of the divisible part of this group.

PrOOF. Suppose p # 0. Let pu denote any limit ordinal not cofinal with w,.
According to the definition of F (a), if a < o0, :

F,(a) = dim( p°E,[ p]/p**E,[ p]).
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Since E, =M<, avo=p P°CP G, HY/H)/{p"G, H)/H and since G=% & G,
with the length of G, not exceeding u(i), it is clear that those summands G, with
p(i) < p make no contributions to E, (and therefore make no contribution to F,(a)).
Moreover, if u(i) > pand A + ¢ = g, then

(<p>‘G H> ) = Pop'\(Gi/Hi) = P”(Gi/Hi) = <p'LGi’ Hi>/Hi'

Thus, G, again makes no contribution to E,, so E, = 0 unless p = p(i) for some i. If
p = p(i), then

E, = Aﬂ p°({ p*G,, H))/H,) /{ p*G,, H)) /H, = p*(G,/H,).
<p
Ato=p

This completes the proof of Lemma A.

LEMMA B. Assume the same notation and hypothesis as in Lemma A, and let p. be a
limit ordinal not cofinal with w,. Let H, = H/p"H and let H, denote the completion of
. . A .
H, in the p*-topology (having p*H/p"H, A < u, as a base for the neighborhoods of
zero). Then E, = H,/H,. In particular, the A-numbers of H are invariants of H.

PROOF. Since G is totally projective and p is a limit ordinal not cofinal with w,,
G/p*G =¥ & G,/p"G, is Hausdorff and complete in its p*-topology. Since H /p*H
=Y & H,/p"H,is isotype in G/p*G, the completion of H/p*H is simply its closure
in G/p*G. But from what has gone before, it follows that H/p*H is closed in G/p*G
unless p = u(i) for some i. Moreover, in case u = u(i), we have ﬁu /H, =
p"(G,/H,) = E,, with H, being the closure of H, = H/p"H in G/p*G.

THEOREM 2. Let H and H’ be A-groups, and let H =Y & H,, H' =Y & H/,
G=X & G, and G' =% & G/, where (H;,G,) and (H/, G/) are H -pairs. for
distinct limit ordinals p(i) not cofinal with w,. If H and H'’ have the same A-numbers,
there exists an isomorphism from p*(G,/H,) onto p*)(G//H)) for each i.

ProOF. We know that E, ;) and E/,

have the same Ulm-Kaplansky invariants
and their divisible parts are isomorphic. By Lemma A, E,, = p*"%(G,/H,) and
E/ ., = p*"(G//H). Thus, the reduced parts of E, and E, are totally projective.
Therefore, since they have the same Ulm- Kaplansky mvarlants E, and E/; must be

isomorphic, and the theorem is proved.

LemMA C. Suppose that (H,, G,) and (H/, G) are A, pairs for distinct ordinals
w(i). Further, suppose that ;. G,/H,~» G!/H/ is an isomorphism between correspond-
ing quotients. Let G=Y & G, G’ =L ® G/, H=L ® H, and H' =YL ® H/.
Finally, let ¢ = Lo, denote the natural isomorphism from G/H onto G’/H’ determined
by the ¢,. If g€ G but g & H and ¢(g + H) = g’ + H’, there exists h" € H’ such
that h; (g’ + h’) > hg(g). Moreover, if h; (8 + H) > h;(g), there exists h’ € H’
such that h; (g’ + h') > hg(g).

PROOF. Since h;(g) = min{h; (g,)} if g = g, with g; € G,, it suffices to prove
the lemma for the ith component. However, for this special case the lemma is almost
an immediate consequence of (H,, G,) and (H/, G/) being A4, -pairs. Specifically, if

r(i)
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hg(8;)) = a then a < p(i) provided that g; € G, \ H,. Therefore,
g + H' € p*(G//H/) = ( p°G/, H/) /H/
and
g/ + H € p**\(G//H}) = (p**'G/, H!) /H]
if g, + H, € p**'(G,/H,). This completes the proof of the Lemma.
4. Uniqueness theorem.

THEOREM 3. If H and H' are A-groups with the same A-numbers, then H and H' are
isomorphic.

PRrROOF. For distinct ordinals A (i) not cofinal with w, let (H,, G;) and (H/, G/) be
Ay ypairs, where H =% @ H,and H' =¥ @ H,. There is no loss of generality in
assuming the index set is the same for both since, for example, we can add, if
necessary, 4, ,-pairs of the type (0, G;) or (0, G/) without changing H or H". Since
H and H’ have the same A-numbers, pM(G,/H,) = p*)(G//H/) according to
Theorem 2. There is no loss of generality in assuming that G, = G/ and G,/H, =
G//H/, for we can replace both G, and G/ by

G oG/ o) & (G oG o((G/H)/P(G/H,) &(G//H!) /P (G//H;)}}.
Ro

Thus, to simplify notation we shall make this assumption. Indeed, we may assume
(without loss of generality) that G, = G/ and G,/H; = G//H;. Let ¢; G,/H,»>
G,/H/ be an isomorphism, and set ¢ = ¥¢,. Since G, = G/, G=L ® G,=¥L & G/
= G’. Moreover, ¢ is an isomorphism from G/H onto G/H’ that maps the ith
component G,/H; onto the corresponding ith component G,/H;. Thus, Lemma C is
applicable here since its hypotheses are satisfied.

We claim that there is an automorphism of G that maps H onto H’. In the original
draft of this paper we included a detailed proof of this fact. However, since there are
now two other proofs that are available we have suppressed these details. Our
original proof was virtually the same as the proof of the uniqueness theorem for
N-groups in [6] with the essential difference between the two proofs being reconciled
by Lemma C. Hence, we simply offer this reference as one proof. A second (and
much shorter) proof can be obtained as follows. Subsequent to the original proof, C.
Megibben and I have proved the following

THEOREM (HILL AND MEGIBBEN [9)). If H and H’ are isotype subgroups of a totally
projective group G, then H and H’ are isomorphic provided they have the same
Ulm-Kaplansky invariants and G/H and G/H’ are isomorphic as valuated groups
endowed with the coset valuation.

The coset valuation of G/H is defined by
lg + Hl =sup{|g+h|+1:he H}.

It can be quickly verified that the isomorphism ¢,: G,/H,> G,H, defined above
preserves the coset valuation. Therefore, so does ¢ = L¢;, and the theorem that
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H = H'’is a consequence, at this point of the argument, of the theorem cited by Hill
and Megibben.

5. Existence theorem. Although not called by that name, isolated examples of
A-groups (even before the advent of N-groups) can be found in the literature that are
not totally projective nor S-groups. One of the most notable cases is an example
studied by Megibben in [11]. We suspect, in fact, that Megibben came close at that
time to discovering the class of N-groups, if not A-groups, and their significance. As
we have mentioned before, N-groups are a special case of A-groups. They were
classified in [6], where a general existence theorem, as well as a uniqueness theorem,
was established for them. Our purpose in this section is to establish the correspond-
ing existence theorem for A-groups. Toward that effort we first take care of some
preliminaries. As we shall see, the situation is much more complicated for A-groups.

Let f be an ordinal-to-cardinal function that eventually vanishes (for sufficiently
large ordinals). If one prefers, the function can be restricted to an initial segment of
the ordinals. We frequently adjoin oo to the ordinals and permit it to be in the
domain of f with f(o0) not required to be zero (although oo > « if « is an ordinal). If
a < B < oo, define

fff(v)= > f(y).

asy<pB

Note that we conventionally integrate (or sum if one prefers) over a half-open
interval. However, when it is desirable to integrate over a closed interval, we set

[ 1= X = ([ 1) +r8):

asysp

in particular, [ f(v) = (JZ°f(¥)) + f(o0).
The function fis said to be admissible if

[ = [

o

for every ordinal «; compare with [2, p. 70]. A standard example of an admissible
function f is the Ulm-Kaplansky function associated with a totally projective group
G, defined (for any G) by

f(y) = dim( p’G[ pl/p"*'G[ p]).

If there is a need for a distinction, we call the one-point extension of f given by
f(0) = p®G| p] the extended Ulm-Kaplansky function of G, which is relevant only
when G is not reduced.

Throughout this section, it is understood that all functions considered, unless
otherwise specified, are ordinal-to-cardinal functions. The length of such a function f
is the smallest ordinal A for which f(y) =0 whenever y > A and y # co. For
example, the length of the extended Ulm-Kaplansky function of any p-group G is
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the length of the reduced part of G. Another concept that will be used is the
following

DEerINITION. If f and g are functions and f is of length p > 0, we say that f torally
dominates g if

[ > f0°°+ g(v)

whenever A < p.

Before we are prepared to prove the general existence theorem for A-groups,
certain combinatorial results are needed. These are provided in the next two lemmas.
Since w, appears frequently in this section, we let w = w,. Likewise, cof(n) denotes
the cofinality of a limit ordinal p, and a cardinal is identified with the smallest
ordinal of the given cardinality.

LEMMA D. Let f and g,, p € # , be nonzero admissible functions, where M is a
collection of limit ordinals not cofinal with w. If

(++) [ @)= z[ g.(a)
A n>A
for each ordinal N (that satisfies p > X for some p € M), there exist functions f,,
W € M , that satisfy the following conditions:
() £, is admissible of length p.
(b) £, totally dominates g, (that is, [}f,(a) > [5°"g,(a) when X < p).
(©) f(e) = f(@) + T, c 4 (@) for each a.

PRrOOF. For each limit ordinal A, let #, = {p € 4 : p > A}. We define £, for all
B € A, on the half-open interval [A, A + ) as follows. If u < A or, equivalently, if
i & A, , then f,(a) = 0 for every a in [A, A + w); in particular, if /), is vacuous
then f,(a) = 0 when a > A for each p € .# . We now deal with those p in .#, .
Assume that .#, is nonempty. Two cases are distinguished: in both cases it is
understood always that u € #, anda €[A, A + ).

Case 1. f(a) > |#, | for infinitely many a (between A and A + w). Define

/. (a) = {f(a) iff(a) > |, N,
otherwise.

Since [}}e f(a) = [, f(a) > cof(p) when p € #, and since cof(p) > 8,, we
immediately see that Case 1 yields f,(a) = f(a) for infinitely many a; in other
words, the condition f(a) > |#, | for infinitely many « is equivalent to -the
condition f(a) > | A, X, for infinitely many a. Moreover, it is easy to deduce that

MACEY (0

whenever n < w.

Case 2. f(a) < |A, | for all but a finite number of a. Note that this precludes the
countability of #, . Since [} f(a) > |#, |, for each n < w, it is clear that |.#, |
must be cofinal with w. Thus #, is the union of a countable number of disjoint
infinite subsets S, smaller than .#, ; assume, without loss of generality, that
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IS <|S;| < --- <|S,| < ---. This partition of #, is arbitrary (but fixed), and its
sole purpose is to contribute toward the definition of f(«) on the interval
[A, A + ). Indeed, we define f,(a), for p € S,, by

fi(a) = {f(a) if/(a) 21,

otherwise.
Observe that, as in Case 1, f,(a) = f(a) for infinitely many a. Moreover, Jhhe & fu(@)
= [} f(«) whenever k < w (because f(a) and f.(a) disagree only if f,(a) = 0, in
which case f(a) is relatively small).

The two cases no longer need distinguishing. It is a quick deduction that
fa)=f(@)+ ¥ fi(a)

wEM)
for each a in the interval [A, A + w). Since f,(a) = 0if p & A, , certainly
condition (c) holds, first on the interval [A, A + ) and then on the whole domain
of f. For A < p, the inequalities

[0 @z [ @ = [T = [T ()
> L [T a0 [T s

demonstrate that f, totally dominates g,. Thus, condition (b) is satisfied. Similarly,

the comparison
L@ =[" fa)> [~ f)

verifies that f, is admissible. It is clear from its definition that f, has length not
exceeding p, but the above inequalities for A < p imply that the length of f, is at
least . Therefore, condition (a) is satisfied and the lemma is proved.

Another result similar to the preceding lemma that will be useful in the proof of
the existence theorem is the following

LEMMA E. For an arbitrary limit ordinal p, let f be an admissible function of length p.
Let m be a fixed cardinal not cofinal with w and suppose that [ f(a) > m whenever
A < u. If p(7) (7 < m) is a collection of not more than m limit ordinals less than p.,
then there exist functions f, (1 < m) that satisfy the following conditions.

(1) £, is admissible of length p.(7).

Q) [X* f(@) = [} f(«) whenever A < p(7).

3) fi(e) = mf(a) = £, . f,(a) for a < p(7).

@ f(a) = f() + £, <, f,(a) for each a.

PRrROOF. Define the function f, as follows:

f(a) = {f(a) ifa <p(7)andf(a) >
otherwise.

Observe that if A < p then f(a) > m for infinitely many « between A and A + w
because

[ @ =" f(w) >
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and m is not cofinal with w. This leads at once to [} f.(a) = [2*“ f(«) whenever
A < u(7). The verification of conditions (1), (3), and (4) is now straightforward, and
(2) is already settled.

THEOREM 4. Let f and g,, p € M , be nonzero admissible functions, where # is a
collection of limit ordinals not cofinal with w. A necessary and sufficient condition for
the existence of an A-group with A-invariants

Fy(a) = f(a),

F(a) =g,(a) ifne,

F(a)=0 ifv#0andve A,
is, for each A (less than some p € #), the inequality

(++) [ 1@ £ [T g(a).

p>A"0

PROOF. Sufficiency. Suppose (+ +) holds. If # is empty, all that is required is a
totally projective group H whose Ulm-Kaplansky function is f. We know such an H
exists [S or 2]. If # is nonempty, Lemma D reduces the proof to the case where .#
contains a single element p and f has length p. Indeed we can write, according to
Lemma D, f=f+X,c4f, where f, is admissible of length p and f, totally
dominates g,. As we have mentioned, there is certainly a totally projective group
whose Ulm-Kaplansky function if f. Thus, it suffices to prove the existence of an
A-group H, with A-invariants

Fy(a) =f“(a), F;‘(a) = gy(a), F(a)=0 ify#0and» # p.

To simplify notation let f = f, and g = g,. Recall that f totally dominates g, that is,
(+) [1@)> [ g(a)
A 0

for each A < p.

Let the cofinality of u be 0 > w, and let p(7), 7 < 0, be a strictly increasing
sequence of ordinals with limit p. Without loss of generality we may assume that
p(7) is a limit ordinal of the form y + w for every 7 < ¢. In fact, we may assume
that p(7) = A(7) + w, where A(7) itself is of the form y + w. Thus, choose u(7) and
A(7) in this manner. For convenience and agreement in notation with a previous
lemma, set m = |o| = |cof(p)| and note that m > ¥,. Denote by E the direct sum of
a totally projective group and a divisible group that has g for its extended
Ulm-Kaplansky function. If we consider the function f, then clearly, [ f(a) > m
for any A < p since f is admissible of length u. Observe, in fact, that condition (+)
implies

[ @) = [ 1(e) > miE]

in view of the inequality |E| < ¥,/5°* g(a) for any (nonreduced) totally projective
group E with (extended) Ulm-Kaplansky function g. We now employ Lemma E and
write

fla)=f(a) + X f(a),

T<0
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where f, is an admissible function of length p(7), [}** f,(a) = [} f(«) whenever
A <p(7), and f(a)=mf(a)=1L,_, f,(a). By our previous conclusion, observe
that

f:“’f,(a) =f:+wf(a) > mlE|

whenever A < p(7).

Let B, > B - E be a pure-exact sequence where B is a direct sum of cyclic
groups and |B| = |E|. Denote by C. the totally projective group of length pu(7) =
A(7) + w that has f, for its Ulm-Kaplansky function, and let C; be the totally
projective group (of length at most u(7) and at least A(7)) that satisfies p»”C/ = B
and C//pM™C/ = C,/pM"C,. With C/ so defined for each 7 < o, we inductively
define an ascending chain of totally projective groups G,, for 7 < o, as follows. Let
G, = B. If G, has been defined for a < 7 < o so that G, is a totally projective group
with p*G, = B for some A < A(«) (and more particularly p**®G,,, = B whenever
a < 1), define G, to be the pushout associated with B > G_and B » C;. Thus we
have the commutative diagram (with natural maps)

B » C
! !
G,,. > G‘r +1

Alternately, we could say that G, ., is the amalgamated sum of G, and C,. Observe
that pM7G,, | = B = p*")C/ since
G,../B=G,/B®&C//B
and since p*"’G, C B by the induction hypothesis. As expected, if 7 is a limit less
than ¢ and if G, has been defined for a < 7, we let G, = U, _,G, (where G, € Gg, if
a < B, by virtue of the natural identification of G, in G,,,). By induction, it is
apparent that
G/B=Y @ C,/B
Y<T
and that p*G, = B, where A = sup, .,{A(y)} < A(7). Thus, we have constructed a
smooth (Gyz =U,_;G, when B is a limit), ascending chain of totally projective
groups G,, T < o, with p*G, = B where A = sup,_ {\(y)}, and G,/B=% ., &
C,/B. We can extend this chain one additional link and retain the same properties
simply by defining G, = U,_,G,. Note, in particular, that p*G, = B since p =
sup, .,{A(7)}. Indeed, if we set 4 = G,/B, then p*4 = B/B, = E and
A/p*4 = G,/B=1X,., ® C//B. Therefore, A/p"A is the totally projective group
whose Ulm-Kaplansky function is X, _ f.", where

f(a) = {f,(a) ifa < A(7),

0 otherwise.

Obviously, f,"is the Ulm-Kaplansky function of C//B = C//p"C;. Observe that
G‘I+I/B = Z (&) Cy'/B = CT’/B = C7/P)\(T)C.,

y<T
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because all are totally projective and have the same Ulm-Kaplansky invariants;
recall that mf, (a) = f(a) = X, . f,(a).

Since [£(1), , f.(«) > m|E| and p*(")C, is a direct sum of cyclic groups, there exists
an epimorphism

PC, > B = PG,

Let K, denote its kernel. Due to the total projectivity of C,/K, = G,,,, the
isomorphism

p(C,/K,) = pMC,/K,~> B = p*"'G,

can be extended to an isomorphism between C,/K, and G, (by virtue of Zippin’s
theorem for totally projectives). Denote by ¢, the resulting epimorphism from C, to
G‘r +1

€,: C‘r e C‘r/K‘rH G‘r+1’
and let
¢1: C‘r_»G‘r+l_» T+1/BOQA

be the composition of ¢, and the projection of G,,, onto G,.,/B,, which is a
subgroup of 4. Observe that if A < pand a € p* = ( p*G,, B,)/B,, thena = y +
B, with y € p*G, implies y € pG,,, if 7 is sufficiently large (namely, if y € G, .,
and A(7) > A) because B = pM"G,,, and G,,,/B is a direct summand of G,/B.
Since &, preserves heights less than A(7) (computed in C, and G, ,), there exists x,
in p*C, such that ¢,(x,) = y and ¢,(x,) = y + B, = a. Consequently, the mapping
¥, <., maps pMZ,., ® C,) onto p* for each A < p. This will prove to be an
important feature in obtaining an almost balanced resolution of A.

We now construct another map from C, into 4. This time we start with an
epimorphism p*"C,[ p] - BJ p]. Since

B = p>\(1'+1)Gf+2 g pA(T)+wG1'+2 = pw( pA(T)G‘r+2)

and p*("C, is a direct sum of cyclic groups, the epimorphism p*("C,[ p] » B[ p] can
certainly be extended to a mapping (not necessarily epic) from p*("C, into p*"'G, _ ,.
Since the extended map still does not decrease heights (computed in C, and G, . ,), it
can be extended to a mapping from C, to G,.,; let &: C, — G,,, with
8,(p*C,[ p]) = B[ p]. Denote by =, the composition of &, and the projection of
G, ,onto G, ,,/B,. Thus,wehaver,: C, - G,,, = G,,,/B, C A.

Some additional maps from totally projectives into A4 are still required in order for
us to obtain the desired resolution of 4. Let H, be a p*("-high subgroup of G, , ,/B,.
Since A(7) is cofinal with w and since H, is isotype and p*”-dense in G, , /p*"G, , |,
it is totally projective [18, Theorem AJ; in fact, H, = G, ,/p*"G,, , (and therefore
has f for its Ulm-Kaplansky function). Let i.: H, C G,,,/B, C A denote the
inclusion map of H_ into 4. Define

C=)YY ®&(CoCoH,)

T<0
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and let K be the kernel of the mapping ¥__ (¢, + . + i,), which maps C onto 4.
In fact, X, is epic. We want to show that (K, C) is an 4,-pair. Since C, and H, are
totally projective so is C, and the length of C is u. Therefore, to demonstrate that
(K, C) is an A -pair, it suffices to prove that K is almost balanced in C in the sense
that

(i) pM = pNC/K) = (p*C, K)/K when A < p, and

(ii) X is isotype in C.
Condition (i) is a direct consequence of the fact that ¥__ ¢, maps p*Z.., & C,)
onto p* if A < p. The proof that K is isotype in C is not quite as apparent. In order
to show that K is isotype in C, we use the following criterion. If C is a p-group of
limit length p and K is a subgroup of G, then X is isotype in G provided that

() pMC/K)lpl € (pClp]. K)/K

for each A < p. It is easy to show by induction on « that this inclusion implies that
p°C N K C p°K. Now, to show that condition (p) is, in fact, satisfied let a € p*4[ p]
= pM(C/K)[ p). From previous considerations we know that a = y + B, where
y € pG,,, for a sufficiently large 7. Since H, is p*™-high in G,, /B, it follows
that

(Gr41/Bo)l Pl = H,[p] + p*7(G,,1/Bo)[ P].

Therefore, if A < A(7), we can write

y+By,=h,+(b+ By),
where h_ € p*H_[p] and b € B = p*"G,,. Since pb € B, and B, is pure, we can
choose b € B[ p]. Consequently, there exists x € p*™C,[ p] such that & (x) = b and
7.(x) = b + B,. Thus, we have produced an element 4, + x in p*C[ p] that maps
onto the given element a in 4 (under the mapping ¥, _ (¢, + 7, + i,)). This
completes the proof that (K, C) is an 4 -pair.

Let L be a totally projective group whose Ulm function is f and set H = K @ L.
Since (H, C ® L) is an A-pair, H is certainly an 4-group. To complete the proof of
the sufficiency of (+ +), it remains only to show that H has the desired invariants,
namely,

Fy(a)=f(a), F(a)=gla), F(a)=0 ifr#0,p.
The fact that (H,C & L) is an A, -pair implies that F,(a) = 0 unless » is zero or p.
Moreover, it is immediate from our construction that
p*((Ce® L)/H) = p*(C/K) = p*A = B/B, = E.
Since the Ulm-Kaplansky function of E is g, it must be that F,(a) = g(a). Finally,
the ath Ulm-Kaplansky invariant of C is either zero or else f(a) = mf(a) due to the
properties of f,. Since K is isotype in C, it quickly follows that H = K & L has f for
its Ulm-Kaplansky function since L does. This completes the proof of the sufficiency
of (+ +).
Necessity. Suppose now that H is an A-group. Then, by definition, H = ¥,.; & H,,

where (H,, G,) is an A, ,-pair for distinct limit ordinals 12(/) not cofinal with w. As

usual, let the A-invariants of H be denoted by F,(a) and F,(a), where p € A
={p(i)iel}.
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Set f(a) = Fy(a) and g,(a) = F,(a), p € # . We need to show that the condition
A+ w oo+
+ + >
(++) [r@= 2 [ s

)\<p,
is satisfied. Since the A-invariants are additive, it suffices to establish (+ + ) for a
p-elementary 4-group H. However, in this case (+ + ) simplifies and takes the form

(+) L@ [T sw

A

for A < u, where (H,G) is an A -pair. Furthermore, it is enough to show that
J{ f(a) > [§°7 g,(a) is satisfied because f is admissible, since it is the Ulm-Kaplan-
sky function of H. Recall that g, is the extended Ulm-Kaplansky function of
E, = p*(G/H). Let p°H[p] = S, ® p**'H[p] and set S =L, _,., ® S,. Choose
T so that S € T C p*G[p] and (T, H)/H = E,[p]; this is possible since H is
isotype in G and since E, = p*(G/H) = ﬂ,\<,,<p"G, HY/H. Consider S and T as
valuated vector spaces (whose values are heights computed in G) and observe that S
is dense in 7, that is, if ¢+ # O belongs to T then |t — s| > |¢| for some s € S.
However, since G is totally projective the valuated vector space G[ p] is contained in
a free space F. Therefore, we conclude that T is no larger (in cardinality) than S
since no subspace of a free space can have a smaller dense subspace. Hence,

[ 1@ =I5 =171 > |E[p]] > [* g(a)

for each A < p, and the theorem is proved.

REMARK. Since it is obviously necessary for the functions f = F; and g, = F, to be
admissible in order to qualify as the A-invariants for an A-group H, an equivalent
form of the existence theorem is the following. Let f and g,, p € #, be ordinal-to-
cardinal functions, where .# is a collection of limit ordinals not cofinal with w. A
necessary and sufficient condition for the existence of an A-group with A-invariants

Fy(a) =f(a), F(a)=g,(a) ifpes# ,F(a)=0 ifr+0andr¢&.#,

is that f and g, for each p € #, be admissible and (+ + ) be satisfied.
By combining the existence and uniqueness theorems, we obtain a complete
classification of A-groups.

THEOREM 5. The class of A-groups are in 1-1 correspondence, via their A-invariants,
with the class of sequences of admissible functions { F,}, p = 0 or a limit ordinal not
cofinal with w, that satisfy condition (+ + ) upon setting f = F, and g, = F, if p # 0.
The given correspondence preserves finite and infinite sums.

6. The structure and properties of 4-groups. In this section we formulate some of
the most important properties of A-groups. In cases where these results are im-
mediate consequences of the complete classification of 4-groups provided by Theo-
rem 5, proofs are either omitted entirely or only short proofs are included. However,
because of their significance to the theory, we label these results (including direct
corollaries) as theorems.

Our first result shows how to identify among A-groups the well-known special
types simply by looking at the invariants.
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THEOREM 6. Let H be an A-group with A-invariants F,(a), p. > 0. Then H is totally
projective if and only if F,(a) = 0 when p. > 0 for all a (including a = o). Moreover,
H is an S-group if and only if F,(a) =0 when p.> 0 for all « different from .
Finally, H is an N-group if and only if F,(a) = O unless p. = 0 or p = w, and a = 0.

The next result implies, among other things, that every A-group H has a totally
projective summand 7 such that all the isotype subgroups of H containing T
(including T and H) have exactly the same Ulm-Kaplansky invariants.

THEOREM 7. If H is an A-group, then H = T ® K, where K is an A-group and T is
totally projective and has the same Ulm-Kaplansky invariants as H.

PROOF. Apply Lemma D and Theorem 5.

Recall that an 4-group H is a p-elementary A-group if F,(a) = 0, for every a,
unless » = 0 or » = p. If, in addition, F,(c0) = 0, we say that H is an adjusted
p-elementary 4-group.

THEOREM 8. Any A-group H can be written as H =T ® S ® A, where T is totally
projective and where S =L @ S, and A =L @ A, are direct sums of p-elementary
S-groups and adjusted p-elementary A-groups, respectively.

PROOF. Let H be an 4-group with 4-invariants F,(a), p = 0 or a limit ordinal not
cofinal with w. It is understood that p ranges over the appropriate ordinals. Set
f(@) = Fy(a) and g,(a) = F,(a) if p # 0. By Lemma D we can decompose the
function f as f=f+X,.,f, so that f is admissible of length p and totally
dominates g, in the sense that [{ f,(a) > [5°" g,(«) when A < p. Clearly, we can
further decompose the function f, as f, = f5 , + f,, into admissible functions fs ,
and f, , so that, when A < p,

f:fs,,‘(a)zg,‘(oo) and f:f,‘_,t(ab fo°°g,,(a).

According to the existence theorem, there are A-groups 7, S,, and A4, that have the
following prescribed A-invariants:
T: Fy(a) = f(a) (E,(a)=0ifu#0),

0 if a )
S,: Fo(@) =fs(a); F(a)= {gu(oo) ;fa: 3

(F(a)=0ifv#+0andv # p),

Ay Fo(a) =f,4,u(01); F;l(a) = {gﬂ(a) ifa # oo,

(F(a)=0ifr +0and» # p).

ifa = o0

Obviously, 4, is an adjusted u-elementary 4-group, while S, can be decomposed into
p-elementary S-groups (with p-fixed) if it is not already. Since the 4-group 7 &
L,+0S, ® L,.o ® A, has the same A-invariants as H, the theorem follows.

It perhaps should be noted in passing that H is an adjusted p-elementary A-group
if and only if H is an isotype subgroup of a totally projective group G of length u
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such that G/H is a reduced totally projective and p*(G/H) = ( p*G, H)/H when
A < u. In particular, an N-group is always an adjusted p-elementary 4-group with
b= w,.

The next theorem generalizes the same result for totally projective groups (Nunke
[13]) and S-groups (Warfield [18]).

THEOREM 9. Let H be an arbitrary reduced p-group and o an arbitrary ordinal. The
H is an A-group if and only if both p®H and H/p*H are A-groups.

PROOF. The “only if” part is easy. First, it reduces quickly to the case where H is a
p-elementary A-group. Thus suppose that (H, G) is an A -pair for some limit ordinal
p not cofinal with w. If & < p, it is routine to verify that ( p*H, p°G) is an A,-pair,
where p = a + A. Thus p°H is an A-group since p*H = 0 if a > p. Likewise, if
a < p, {H, p°G)/p°G is balanced in G/p°G and the quotient is totally projective.
Hence, H/p*H = (H, p°G)/p°G is totally projective if a < p, and in any event
H/p°H is an A-group.

To prove the converse, we first observe that H is an A-group if p”"H is for a
positive integer n. Suppose that p"H is an A-group. Let p"H = ¥ @ K,, where K is
a p(i)-elementary A-group for each i. We can lift the decomposition of p"H =
Y @ K, to a decomposition of H (see, for example, Theorem 11 in [8]). Therefore, let
H =Y @& H,, where p"H, = K,. If (K, T}) is an A, ,-pair, then (H,, G,) is also an
A,ypair for a suitable totally projective group G; with p"G, = T,. Hence, H =
Y. @ H, must be an A-group if p"H is an A-group.

Now, suppose a is arbitrary and both p°H and H/p*H are A-groups. Let
a = B + n, where B is a limit and n < w. From what has preceded, we conclude that
pPH and H/pPH are A-groups. Our objective, of course, is to prove that H is an
A-group, and we shall do this based on the fact that p#H and H/pPH are for a limit
ordinal 8. We may assume without loss of generality that p#H # 0. It is rather
immediate that H is at least an isotype subgroup of a totally projective group, for if
pPH is isotype in pAG the identity map on p®H can be extended to a mapping from
H to G since H/pPH is weakly pP-projective [7, Theorem 2.2]. Under our hypothesis
we may assume that G, as well as p#G, is totally projective. Clearly, if we combine
such a map from H to G with H » H/pPH > G’, we can obtain the desired
embedding of H in a totally projective group G ® G’. A benefit of this is that we
now know that the Ulm-Kaplansky function of H is admissible [18, Theorem 4.7].

Letting f denote the Ulm-Kaplansky function of an arbitrary group G and letting
pPH = H(B), we define the function f} 4, by the rule

() 0 ifa <8,
T () = 1 (v) ifa=B+y.
Note that f] g, is not itself an Ulm-Kaplansky function, but rather a shift of the

Ulm-Kaplansky function fy . Since B is a limit, f; = fy, sy + f,s - Denote the
nonzero A-invariants of H/pPH as follows:

Fy = fuppns F, =g, for0+ped.
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Observe that no p € # can exceed B (since H/pPH has length B). Likewise, denote
the nonzero A-invariants of H(8) = p#H as follows:

F=fup F.=8p+, forB<B+ped’.
Note that # and .#’ are disjoint. Hereafter in this proof it is understood that p
ranges over# U A’ . If A < B,
A+ w o ]
L ta@> [ fu@) = [ fuip(@)

A

since f; is admissible. Therefore, if A is less than some p,

A+ w A+ w o o+
L ez [T fugpr@) + [ Sun(@) > E 7 ()
Consequently, there exists an A-group K whose 4-invariants are closely related to H,
namely,

Ff=fy, FF=g, ifp#0.

"

Recall that

FH/PaH(a) lfﬂ e,
gua)=1¢("
FF'H(a) ifp=B+ved.

Thus, p#K and pPH are A-groups with the same invariants, and therefore p#K = p#H.
Likewise, K/p#PK = H/pPH. Finally, K = H by virtue of a recent result of Hill and
Megibben [9] that implies that an A-group is totally Zippin, which means (by
definition) that an isomorphism p#H >» pfK can be extended to an isomorphism
H>» K provided the quotients H/pPH and K/pPK are isomorphic and totally
Zippin. Thus, H is an A-group since K is an A-group and the theorem is proved.

The existence theorem is evidence enough that A4-groups exist in abundance.
However, we include the following examples to illustrate how naturally they occur.

EXAMPLE 1. let = w, and let G be a totally projective group of length 22. Let M
be Megibben’s example in [11, p. 109] identified in the d.s.c. group p%G. If H is
maximal in G with respect to H N p®%G = M, then H is an A-group that is not an
S-group. Note that H/p%H is an S-group.

EXAMPLE 2. Let W be an S-group of length  that is not totally projective and let
T be totally projective of length greater than Q. If W is isotype and pY-dense in the
d.s.c. group G, then the p%-pure exact sequence TOR(W, T) » TOR(G,T) » £ &
T reveals that TOR(W, T) is an A-group (but not an S-group).

The following result is particularly striking since it was only in 1964 that a
subgroup of a d.s.c. was first exhibited [12] that did not itself decompose into a d.s.c.
Shortly after, it was shown that no isotype subgroup of a d.s.c. of countable length
could fail to decompose into countable groups. Moreover, all isotype subgroups of
d.s.c’s that are S-groups must decompose into groups of cardinality at most .

THEOREM 10. There exist arbitrarily large A-groups that are, in fact, isotype
subgroups of d.s.c.’s that cannot be written as the direct sum of smaller groups. (Hence
they are quasi-indecomposable.)
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PROOF. Let 8 > N, be a cardinal and let o be the first ordinal of cardinality 8. Set
p = w; and define

ifa<p,

1@- {4

otherwise (if a is uncountable).

Define

(a) = N fa<o,
8:{%) =10 otherwise (if a exceeds o).

Note that g, has length ¢ + 1, not 6. Obviously, f and g, are admissible and f totally
dominates g, since

[ (@)= = f0°°+ g,(a).

Therefore, there is a u-elementary A-group H that has for its A-invariants Fy(a) =
f(a) and F (a) = g,(a). Since p = w,, there is a d.s.c. group G such that (H, G) is
an A -pair. The proof of the existence theorem reveals that H has cardinality 8. To
demonstrate that H cannot be decomposed as a direct sum of smaller groups,
assume that it can. Suppose that H = ¥ & H,, where |H;| < ¥ for each i. Conse-
quently, g, must decompose as g, = 1g, ;,, where g, ; is admissible and [;° g, (@) <
|H;| < 8. But this is absurd, since for at least one i we must have g, ;(o) # 0, which
implies that [;°g, ;(a) > N since g, ; is admissible.

Our final result shows that there is no class of reduced p-groups that is closed with
respect to direct sums properly containing the class of 4-groups whose members are
determined by their A-invariants. Here, in the more general setting, we define E,

= (H/p"H)/(H/p"H).

THEOREM 11. Let € be a class of reduced p-groups closed with respect to direct sums
(and such that membership is independent of notation). Suppose that the A-invariants
determine the structure of all the members of €. If € contains the A-groups then it is
exactly the class of A-groups.

PROOF. Suppose that E belongs to € . Since £ @ H and H have the same
A-invariants for some A-group H and since both belong to %, it is evident that
E & H = H and E is a direct summand of an A-group. Thus we know already that
the only members of ¥ that are not A-groups, if any, must be summands of
A-groups. We shall demonstrate, however, that summands of A-groups belonging to
% are, in fact, A-groups. This will be accomplished if we can show that a summand
of an A-group has the same invariants as some A4-group.

Let H be an A-group and let H = K & L. We prove that the 4-invariants of K
agree with the 4-invariants of some 4-group by induction on the length o of K. This
is certainly the case if o is countable, so assume that ¢ is uncountable. By employing
Theorem 9, we may assume that o = 8 + ¢ for each limit ordinal 8 < 6. For
otherwise p#K and K/pPK have the same invariants as 4-groups by the induction
hypothesis, and therefore so does K. Observe that E,(H)=E,/(K)® E,(L) and, of
course, fy = fy + f,. Since fi is admissible and [£*¢ fi(a) > [} fc(a) when
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B < vy, we may assume without loss of generality (for some fixed cardinal m) that
B+ w Yt w
/ fx(a) =m= / fx(a)
B Y

whenever B and y are limit ordinals less that . Again, since fy is admissible, it is
clear that m > |6|. By the same argument used in the proof of the necessity of
condition (+ + ) in the proof of the existence theorem, we can obtain the inequality

n
[ fx(e) 2B P
for each A < p. Therefore, if A < p,
oc -+
m>|E(K)P)l> [ g(e),

where g, = FMK is the extended Ulm-Kaplansky function of E,(K). Since g, does not
exist (or is zero) when g > o, and since m > |o|, the preceding inequality yields

(++) [ @z me £ g

Therefore, according to the existing theorem, K has the same A4-invariants as some
A-group, and the theorem is proved.

There remains at least one significant open question about A-groups. Are they
closed with respect to direct summands? We suspect (and there is some historical
basis for this opinion) that the summand question is relatively difficult. At least its
solution has not yet fallen to our particular attack.
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