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HELICAL MINIMAL IMMERSIONS
OF COMPACT RIEMANNIAN MANIFOLDS
INTO A UNIT SPHERE
BY
KUNIO SAKAMOTO

ABSTRACT. An isometric immersion of a Riemannian manifold M into a Riemannian
manifold M is called helical if the image of each geodesic has constant curvatures
which are independent of the choice of the particular geodesic. Suppose M is a
compact Riemannian manifold which admits a minimal helical immersion of order 4
into the unit sphere. If the Weinstein integer of M equals that of one of the
projective spaces, then M is isometric to that projective space with its canonical
metric.

0. Introduction. In [2], Besse constructed a minimal immersion with a nice
property of a strongly harmonic manifold into a sphere. This nice property is that
the images of geodesics of the strongly harmonic manifold are of constant curvatures
as curves in the sphere, and the curvatures and the osculating orders are independent
of geodesics. Immersions with such a property are said to be helical (cf. [8]).
Sakamoto [8] studied a helical immersion of a Riemannian manifold M into a unit
sphere. The result is that if M is compact, then it is a Blaschke manifold and,
moreover, if the helical immersion is minimal, then M is a globally harmonic
manifold. It is well known that if a globally harmonic manifold is compact and
simply connected, then it is a strongly harmonic manifold (Michel’s theorem, cf. [2]).
Thus, we can declare that the theory of helical minimal immersions of compact
simply connected Riemannian manifolds into a unit sphere is a submanifold version
of strongly harmonic manifold theory.

Let f: M — S(1) be a helical immersion of a compact Riemannian manifold M
into a unit sphere S(1). Since M is a Blaschke manifold, all geodesics of M are
simply closed and of the same length. Furthermore, if we denote the cut-locus of
x € M by Cut(x), then the unit tangent vectors at x of geodesics emanating from x
and entering to y € Cut(x) compose a great sphere in the unit tangent sphere at x.
The dimension of the great sphere is independent of x and it is equal t0 0, 1, 3, 7, or
n — 1 (n = dim M), which is the index of the first conjugate point y of x (cf. [2],
Proposition 5.39 and Theorem 7.23). Geodesics are also helical in the Euclidean

Received by the editors March 15, 1984 and, in revised form, June 20, 1984.

1980 Mathematics Subject Classification. Primary 53C40; Secondary 53C42.

Key words and phrases. Helical immersions, strongly harmonic manifolds, geodesics, Blaschke structure,
cut loci, second fundamental forms.

©1985 American Mathematical Society
0002-9947 /85 $1.00 + $.25 per page
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space E in which S(1) is naturally embedded. Thus, it is easy to find the equation of
geodesics in E if we are given a certain initial condition which consists of the second
fundamental form of f and its covariant derivatives. So we can express the immer-
sion f in terms of geodesic polar coordinates by using the second fundamental form
and its covariant derivatives at the center (cf. Theorem 1.2). Moreover, we can
compute all normal Jacobi fields (precisely, their images by f). Therefore, we are
interested in the study of the property of the second fundamental form derived from
Blaschke structure.

Helical immersions of order 2 into a sphere are planar geodesic immersions which
are completely classified in [5 and 7). Helical minimal immersions of order 3 into a
sphere were determined by Nakagawa [6] under a more general situation. In the
present paper we shall study helical minimal immersions of order 4 into a unit
sphere.

The organization of this paper is as follows. We deal with a helical immersion f:
M — S(1), where M is a compact Riemannian manifold. In §1 we explain the results
obtained in [8] together with notation. In §2 we compute all normal Jacobi fields by
making use of the expression of the immersion f stated in Theorem 1.2. As a
corollary we show that the second fundamental form satisfies equations containing
the arc length parameter of the geodesic. In §3, we discuss a property of the second
fundamental form which is derived from the Blaschke structure. We also char-
acterize the tangent space of the cut-locus and its orthogonal complement (which is a
holomorphic section if M is a complex projective space) as eigenspaces of the second
fundamental tensor (shape operator) corresponding to some normal vector. In §4,
making use of results obtained in §3, we show that compact Riemannian manifolds,
admitting helical minimal immersions of order 3 into a unit sphere, are isometric to
a sphere of constant curvature. The proof is different from Nakagawa [6]. We also
show that if the cut-locus degenerates to one point (and hence M is isometric to a
sphere of constant curvature because of [2, Theorem D.1, p. 236]), then the order of
the helical minimal embedding f must be odd. These results lead us to conjecture
that if the order of a helical minimal embedding of a compact Riemannian manifold
into a unit sphere is odd, then the manifold will be isometric to a sphere of constant
curvature. As the cut-loci of compact rank-one symmetric spaces are totally geodesic
submanifolds, we hope that cut-loci are totally geodesic in M. Here we give good
information about the total-geodesicity of cut-loci. At the end of this section we
consider the fiber bundle whose total space is the unit tangent sphere at x and whose
base space is the cut-locus Cut(x) (cf. [2, p. 134]).

If the projection of the fiber bundle is a Riemannian submersion, then we can
apply Escobales’ result [3] to this submersion. We shall give a certain condition for
this application. In §5 we consider a helical minimal immersion of order 4. We prove
that if a = ((0), (L)) for a unit speed geodesic vy, where L denotes the distance
from y(0) to the cut point and ¢, ), the inner product in E, is positive, then M is
isometric to one of the compact rank-one symmetric spaces. In §6 we continue to
study helical minimal immersions of order 4 and compute the Weinstein integer of
M. We show that if the Weinstein integer of M is equal to that of a certain compact
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rank-one symmetric space and if M admits a helical minimal imbedding of order 4
into the unit sphere, then M is isometric to that rank-one symmetric space.

The author wishes to express his hearty thanks to Professor S. Ishihara for his
constant encouragement and valuable suggestions.

1. Preliminaries. In this paper, the differentiability of all geometric objects will be
C*®. Let M be a connected complete Riemannian manifold and f: M > M an
isometric immersion into a Riemannian manifold M. Let o be a curve [ > M
parametrized by arc length s. Let 6’ = ¢ be the unit tangent vector and put
Kk, = || V,o®|. If k; vanishes on I, then o is said to be of order 1. If k, is not
identically zero, then we define 6® by v,0® =k,6® on the set I, = {s € I:
Kk,(s) # 0}. Put k, = | V,0@ + x;0D||. If k, = 0 on I, then o is said to be of order
2. If k, is not identically zero on I, then we define ® by v,0@ = —k;6® + k,0®.
Inductively we put

Ky =|vo® + K09,

and if k, = 0 on I,_,, then o is said to be of order d. Let y be an arbitrary geodesic
of M. If the curve ¢ = f o y in M is of order d and has constant curvatures which do
not depend on vy, then f: M — M is called a helical immersion of order d. In the
sequel, the ambient manifold M will be a unit sphere S(1).

Let «: S(1) —» E be the canonical inclusion, where E is a Euclidean space whose
origin is the center of S(1). In [8] we showed that f = 1o f: M — E is also a helical
immersion of order d*, where

g% = d if d is an even integer,
~ \d+1 ifdisanodd integer.

The curvatures A,...,A,._; of 7= foy are rational functions of curvatures
K5 .,K4_q Of o (cf. [8, Corollary 4.2]). We computed in [8] the Frenet vectors of the
curve 7. If we denote the second fundamental form of the immersion f: M — S(1)
by H and the van der Waerden-Bortolotti covariant differentiation with respect to f
by D, then they are given as follows:

THEOREM 1.1. Let y: R > M be a unit speed geodesic such that y(0) = x and
¥(0) = X. Then Frenet vectors T/)(X),j = 1,...,d, at x of the curve T are given by

7(1)(X) =f*X’
TD(X) = (A -+ Aj_l)_l[—bjzf(x) + ij,.(D"'zH)(X")] if j is even,
(X)) = (A -+ A,_y) Ly (DIT2H)(X')  ifjis odd,

where the index i in the summation runs over the range {2,4,...,j} and {3,5,...,j},
respectively. When d is an odd integer, Frenet vector 7'*V( X) is given by

T@D(X) = (A, --- )‘d)-I[_bd+12f~(x) + Y (byors — ad+lk)(D’<—2H)(X’<)],

where the index k in the summation runs over the range {2,4,...,d —1}. The
coefficients b;; (resp. a 1 ) are polynomials of Ay, ..., A 4u_y (resp. Ky,...,K _1).
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Let A be the Frenet matrix

L A

A d*—1 O
and ‘(f,(s),- . .,f,+(s)) the first column of the matrix (e** — I)A~'. Thus, functions
f: defined on R satisfy

fi=1=Mfy,
fi=A_1fioi —Aifin (2<i<d*-1),
Jir = Nae 1 fa -1
We see easily from the definition that f, is an odd function. Therefore if i is odd

(resp. even), then f; is an odd (resp. even) function. For the sake of convenience, we
shall adopt the following notation:

FO(X)= (A A,_)) L (DITH)(X') ifj(< d) is even,
FED(X) = (A - M) E (basrs = @air )(DF2H)(X*) if diis odd,

and

£ X)= X f(s)7V(X),

Jj:even
s X)= X f(s)7(X)
jrodd>3

for arbitrary unit vector X tangent to M. In [8] we showed

THEOREM 1.2. For s € R and X € U_M (unit tangent sphere at x), we have
flexp,sX) = F(s)f(x) + fi(s)f& X + £(s5 X) + 8(s3 X),
where
AA - A,

=1- I S
F(s)=1 Z ofi(s), ¢ A N,
J:even J
Therefore, we see that position vectors f(x) and f(y) satisfy { f(x), f(»)) =
F(8(x, y)) for every x, y € M where ( , ) is the inner product on E and § denotes
the distance function on M. From this fact, we obtain

THEOREM 1.3 [8]. If a compact Riemannian manifold M admits a helical immersion
f: M — SQ), then M is a Blaschke manifold.

COROLLARY 1.4. If a helical immersion f: M — S(1) is not an embedding, then the
manifold M is diffeomorphic to a sphere and f is invariant under the action of antipody
of the Blaschke structure on M described in the above theorem; in this case the map f is
two-sheeted on f( M) which is diffeomorphic to RP". Moreover, M is simply connected
except for the case that M is diffeomorphic to RP".
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If an isometric immersion f: M — S(1) is minimal, then it is well known that
height functions are eigenfunctions of the Laplace operator corresponding to the
eigenvalue n = dim M. Thus, we obtain

THEOREM 1.5 [8]. If a Riemannian manifold M admits a helical minimal immersion
f: M — SQ), then M is a globally harmonic manifold. Furthermore, if M is compact
and simply connected, then M is a strongly harmonic manifold.

Conversely, if M is a strongly harmonic manifold, then M admits a helical
minimal immersion into a unit sphere (cf. [2, Theorem 6.99]). Thus, the theory of
helical minimal immersions is a submanifold version of harmonic manifolds.

2. Jacobi fields. In the sequel, f: M — S(1) will be a helical embedding. By virtue of
Corollary 1.4 we may assume that f is an embedding. Thus we shall identify x € M
with f(x) € E. The tangent space T, M will be identified with the subspace f (T, M)
of T E = E. Before computing Jacobi fields, we introduce some notation to avoid
complexity. Let X and V be orthonormal vectors at x tangent to M. Define the
following normal vectors at x:

t(s; V)= %g(s;cos 0X + sinV)|,_,

Ce(s; V) = —‘f—og‘(s;cos 0X + sin6V)|,_,

(D§)(s; V5 X) = L f(s)(DFD)(V; X),
(D§)(s; V5 X) = L f(s)(Dr)(V; X),
where D#)(V; X) is defined by
DFOW; X) = (A, -+ A,_) b (DTH)(V, X,...,X)
forj = 2,4,... < d; if d is an odd integer, then
DRV X) = (A -+ Ny) X(byrr s — ager )(DFH)(V, X, X),

and if j is odd, then D7)(V; X) is defined in a similar way.

Let us now compute Jacobi fields along a unit speed geodesic y. Let x = y(0),
X = y(0) and let V be a unit tangent vector orthogonal to X. In Theorem 1.2 we
exchange X for cos §X + sin@V. Then we have a variation of geodesics. Further-
more, if X*(¢) is a vector field parallel to X along a curve B(¢) parametrized by arc
length such that B(0) = x and B(0) = V, then each geodesic which issues from B(¢)
and is tangent to X*(¢) forms another variation. These variations yield all normal
Jacobi fields along y. We have

THEOREM 2.1. Let J,, and J} be normal Jacobi fields along y such that J,(0) = 0,
V,Jy(0) = Vand J}(0) = V, v,J}(0) = 0, respectively. Then they are given by

(2.1) Ty () =AWV + Ex(s; V) + Ex(s3 V),
(2.2) JE(s) = F(s)V — Ay x)V = A )V
+(s)H(V, X) +(D¢)(s; V; X) +(DS)(s; V; X),
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where Ay . x, (resp. Ay . x,) denotes the second fundamental tensor corresponding to
the normal vector &£(s; X) (resp. {(s; X)).

PROOF. Consider the variation (s, §) — exp, s(cos §X + sin§V'). Then we have,
from Theorem 1.2,

To(s) = :;%[F(s)x + £1(s)(cos X + sin 8V')
+£(s;cos 0X + sinfV) + {(s;cos 0X + sinV)]|,_,

=fi(s)W+ Ex(s; V) + E(s3 V).
Next let B(¢) and X*(¢t) be as above. We then consider the variation (s, t) —
€Xpg, $X*(¢). Theorem 1.2 implies that

d
Tp(s) = 2 [F(s)B(2) + f1(s) X*(1) +£(s5 X*(2)) + S (s X* ()] 2o
=F(s)V+fi(s)H(X, V) = Ag(,.x,)V +(DE)(s;V; X)
—AK(s;X)V +(D§)(S, v; X),

where we have used Gauss and Weingarten equations of the immersion f: M — S(1)

and the fact that X, £(s; X) and {(s; X) are orthogonal to V. Q.E.D.
ReMARK. For arbitrary V € T, M (not necessarily unit vector) orthogonal to X, we
also define & y(s; V'), $x(s; V), (DE)(s; V; X) and (D§)(s; V; X) in a trivial manner.
Thus in the above theorem, the tangent vector V in the initial conditions need not be

a unit vector, because both sides of equations (2.1) and (2.2) are linear with respect
to V.

COROLLARY 2.2. Let V be an arbitrary tangent vector orthogonal to a unit vector X.
Then for any s € R we have

(2.3)  fi(s)(DE)(s; V5 X)
= -ﬁx(ﬁ A{(x:X)V) + F(s)sx(s; V) = fx(ﬁ A&(s;X)V)’

(24) (L)) HY, X) + £1(s)(DE)(s: V5 X)
= F(s)&x(s; V) = &x((s5 Ago)V) = $x (55 Agix)V)-

PROOF. Let y be a unit speed geodesic such that y(0) = x and ¥(0) = X. Since
{Jy(s); V€ {X}*) spans the subspace {y}" in T M, then if y(s) is not a
conjugate point of x, there is a tangent vector W € { X }* such that J}(s) = J,,(s)
at every nonconjugate point y(s) of x, where we note that W may depend on s. Thus
we have from (2.1) and (2.2)

fi(s)W = F(s)V — AV = AgsixVs
Ex(ss W) +Ex(s; W) = fi(s)H(V, X) +(DE)(s; V5 X) +(DE)(s; V5 X).
Substituting the first equation into the second one, we have
L&A HW, X) +(DE)(s: Vi X) +(DE)(s: V3 X)]
= §x(5§ F(s)V = Ag. x)V — A{(s:X)V)

+8 (53 F(s)V = Agiye vV — Ags vV )-
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Since both sides of this equation are continuous with respect to s, we see that this
equation is valid for every s € R. Exchange X for —X. Then we have

L) [A()HY, X) +(DE)(s; V5 X) =(DE)(s; V; X))
= —ﬁx(s; F(S)V - Aas;,\’)V + A;(s;X)V)
+8x (55 F(s)V = Ay x)V + AgixyV )-
Therefore, we obtain the desired equations. Q.E.D.

3. Blaschke structure and the second fundamental form. In the sequel, we shall
assume that M is compact. Hence by Theorem 1.3 we know M is a Blaschke
manifold. Here we recall the definition of a Blaschke manifold (cf. [2]). Let N be a
Riemannian manifold. Let x € N and Cut(x) be the cut-locus of x in N. If for every
y € Cut(x) the link {¥(y) € U,N: v is a minimal geodesic from x to y} is a great
sphere of U, N, then N is called a Blaschke manifold at the point x.-Moreover, N is
said to be a Blaschke manifold if it is a Blaschke manifold at every point in N. It is
well known that N is a Blaschke manifold at x if and only if the distance from x to
each point of Cut(x) is constant (cf. [2, Proposition 5.44, p. 138]). If N is a Blaschke
manifold, then every geodesic is a simply closed geodesic loop with the same period
(cf. [2, Proposition 5.39, p. 136]). We shall denote the length of geodesics of M by
2L.Let X € UM and y = exp, LX € Cut(x). Then define 5£,( X) by

#,(X) = Span{y(0): y is a minimal geodesic from x to y }.

This subspace is orthogonal to the tangent space T, Cut(y) of Cut(y) at x (cf. [2,
Proposition 5.39, p. 136]). The dimension of J,(X) N U, M is constant for every
x € M and X € U_M, which is equal to the index of the first conjugate point y of x
along a geodesic from x to y. Let e = dim 5#,( X). Then by [2, Theorem 7.23, p. 186]
we know that e is equal to 1, 2, 4, 8, or n, corresponding to which n = m, 2m, 4m,
16, or any (m = 1,2,...). We notice that if M is a complex projective space with the
canonical metric, then 5£,(X) is the holomorphic section determined by X. Let
J*( X) be the orthogonal complement of X in 5, ( X). We have

LEMMA 3.1. The subspaces #,( X) and 5£*( X) are given by
#,(X) = Span(Z € UM: £(X) = £(2)),
HX)={ZeTM:£,(Z2)=0,Z 1L X},

where §(X) = &(L; X)and §4(Z) = £4(L; Z).

PrROOF. Note that f; (1 <j < d*) is a periodic function with period 2L. If j is an
odd integer, then f; is an odd function. Thus we have f;(L) = 0 for every odd integer
Jj (A <j<d*). It follows that {(L; X)= 0. Therefore using Theorem 1.2, the
cut-locus Cut(x) of x is given by Cut(x) = { y:y = F(L)x + {(X), X € UM }. We
see that exp, LX = exp, LZ if and only if £(X) = £(Z), which shows the first
equation. It is clear that #*(X)C {(Z € TM: £,(Z)=0,Z L X}.ForZ€ T.M
such that Z 1L X, £,(Z) = 0 if and only if J,(L) = 0 because of (2.1). Since the
index of the first conjugate point exp, LX of x is equal to e — 1, we have

dim #*(X)=dim{Ze€ T,M:£,(Z)=0,Z 1L X}. Q.E.D.
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REMARK. If Z € £ (X) N UM, then #,(X) = #.(Z).

Let y be a unit speed geodesic such that y(0) = x and y(0) = X. Define (D£)(X)
by

(D)(X) = X f,(L)DFV(X),
where D7 (X) = v (7Y)(¥)), v* being the normal connection of the embed-
ding f: M — S(1).
LEMMA 3.2. Let y = y(L). Then
#,(v(L)) = Span{aZ +(D§)(Z): Z € #,(X), | Z|| = 1},
T,Cut(x) = {£4x(Y): Y € T Cut(y)},
where a = f{(L).

PROOF. Since #,(¥(L)) = Span{a&(L): a is a unit speed geodesic from x to y }, for
the first equality we have only to show &(L) = aZ + (D§)(Z) if &(0) = Z. Since
a(s + L) = ba(s) + £(a(s)), where b = F(L), we have

a(L)=bZ — A; ;(Z) +(DE)(Z).
On the other hand, from Theorem 1.2, (L) = aZ + {'(L; Z), where {'(L; Z) =
L f/(L)rY(Z). Hence bZ — Ay ) Z = aZ and (DEXZ) = §'(L; Z). Next we prove
the second equality. Consider the linear map £,: V€ { X} £,(V). The curve
0 — bx + £(cos0X + sin8V') is contained in Cut(x). Thus £4(V) € T, Cut(x).
Since Ker §y = #*(X) and dim T, Cut(y) = dim 7, Cut(x), we see that £ induces
an isomorphism from 7, Cut(y) to 7, Cut(x). Q.E.D.
In the proof of the above lemma, we have also proved

(3.1) Ay, X = (b—a)X

for every X € U M. Furthermore, we note that J, (L) = £,(Y) for Y € T, Cut(y).

Hereafter we shall assume that the helical embedding f: M — S(1) is minimal. Thus
by Theorem 1.5, M is a globally harmonic manifold and, moreover, if M is simply
connected, then M is a strongly harmonic manifold.

LEMMA 3.3. We have a # 0, where a = f{(L).

PrROOF. Let X € T.M — {0} and let {V;}, i = 2,...,n, be an orthonormal base in
{x3+.
Let {J;},i = 2,...,n, be Jacobi fields along the geodesic

S
y:is > exp, o X
Pix|

such that J,(0) = 0 and J/(0) = V; for every i. We define §: TM — R by
8(0) =1, 6(x) =1x)I~""det(LUIXI),....,(I1XI])),

where the determinant should be understood with respect to the parallel frame field
along y such that it is equal to {V;} at s = 0. Since M is globally harmonic, there
exists a C*-function ©: R, — R such that §( X) = ©(|| X||). Consider the equation
(6.2) in [8, p. 78];

(3.2) fi+fi-((n—1)/s+©/0O) = nF.
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Assume that a = f{(L) = 0. Since fi(L)=f{'(L) =0 and, from the definition,
F’" = —f,, we have
F(s)=b+b,(s— L) + 0[(s - L),
where b, = F®(L)/4!. In[1, p. 110] Allamigeon proved
O(s)=A(s - L) '+ 0[(s-L)], (4+0).
It follows that
0 /0 =(e—1)(s— L)+ 0(1).
Thus, from (3.2) we have
~12b,(s = L)* + 0O[(s - L)']
—{ab,(s - L)’ + 0[(s - LY]}{(e - 1)(s - L) + 0(1))
=n{b+b,(s— L) +0[(s - L)])

on some interval (L — ¢, L], € > 0. Thus b = b, = 0. Repeating this argument, we
see that all derivatives of F at s = L vanish. Since F is analytic, we conclude F = 0,
which contradicts F(0) = 1. Q.E.D.

Now we characterize 5,( X) and T, Cut(y) (y = exp, LX) as eigenspaces of the
second fundamental tensor 4, y,.

THEOREM 3.4. The subspace 3,(X) and the tangent space of Cut(y) at x are
characterized by

H(X)={ZeTM: A, ,,Z=(b-a)Z},
T.Cut(y) = {Y € T, M: Ay, Y = bY }.

PROOF. Let Z € #,(X) N U M. By Lemma 3.1 and (3.1) we have 4 4,Z =
AgzyZ = (b — a)Z. Thus # (X) is contained in the eigenspace of A4y, corre-
sponding to the eigenvalue b — a. Since T.M = #,(X) @ T, Cut(y) (orthogonal
direct sum), it suffices to show that T,Cut(y) is contained in the eigenspace
corresponding to the eigenvalue b of 4, y,. Let Y € T, Cut(y) and let y be the unit
speed geodesic such that y(0) = x and ¥(0) = X. From Lemma 3.2, we see that
Y = Jy(L) = £x(Y) gives a linear isomorphism from T, Cut(y) to T,Cut(x).
Exchanging x for y, we have a Jacobi field K; along y such that K;(L) =0,
v,Ky(L) =Y € T,Cut(x) and K(0) = Y. If we put W = vK4(0), then K5 =
Jy + J,. By Theorem 2.1 we have

Ky(L) = bY - Aexy)Y +(DE)Y; X) + £ (W),
where (D§)(Y; X) = (D€)(L; Y; X). Thus Ag )Y = bY. QED.

COROLLARY 3.5. We have the equality a = mb(m = n/e).

PROOF. Since f: M — S(1) is minimal, trace A4, y,= 0. Hence e(b — a) +
(n—e)b=0. QE.D.
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We will now consider W in the proof of Theorem 3.4. Since Vv, Ky(L) = Y, we
have

d
s

s=L

- [Foks+ (K r(9) )|
= V,K5(L) + H(3(L), Ky(L))
Ye T,Cut(x),

s=L

where ¥ denotes the covariant differentiation on S(1). On the other hand, Theorem
2.1 implies

d
b+ Il = ~AynY + aH(X.Y)

+(D*%)Y, X,...,X) + aW +(D¢§) y (W),
where we have defined (D%¢)(Y, X,...,X) and (D¢) y(W) by

(D2%)(Y, X,....,X)=(D¢)L; Y; X) = %(D{)(s; Y; X)|,_,,

(D) x(W) = G (L W) = S8, (5 W),
Therefore, by Lemma 3.2 we have W = {4y, x,Y and
(3.3) Y=aH(X,Y)+(D¥)(Y, X,....X) + 5(D£) x(Apeyx)Y )-
Moreover, we obtain
(3.4) (DE)(Y; X) = —i&x(ApexxY)
for every Y € T, Cut(y).

ProOPOSITION 3.6. If Y € T, Cut(y) and Z € H#*( X), then
J3(L) = —%gx(A(De)(X)Y) = TyCUt(X)
and
J3(L) = aZ +(D§) x(Z) = 4&x(A(peyx) Z)-

PRrROOF. The first equation is clear because of (3.4) and Theorem 2.1. (2.2) shows
that J¥(L) = aZ + (D§{)(Z; X). If we differentiate (2.3) with respect tos at s = L,
then we have

a(D¢)(Z; X) = 'gx(A(DS)(X)Z) +b(DE) x(Z) —(b - a)(D¢) x(Z)
= a(Di)x(z) - gX(A(Di)(X)Z)- Q.E.D.

From Lemma 3.2 we see that aZ + (D§) y(Z) € #*(v(L)) for Z € A X (X) N
U.M. Hence aZ + (D§) y(Z) is proportional to aW + (D§)(W') for some W e
H(X)N UM. Thus Z = W and hence we obtain

(35) (D£)(Z) = (DE) x(2)

for every Z € s#*(X) N U, M. It follows that the 5#*(7(L))-component of JZ(L) is
equal to aZ + (D£)(Z) and its T, Cut(x)-component is equal to — 1¢ x(ApeyxZ)-
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We notice that aZ + (D£)(Z) is the unit tangent vector at s = L of the geodesic
s — exp, sZ. The next proposition asserts that the linear map Z — aZ + (D§) x(Z)
from #*(X) to#*(y(L)) is an isometry.

ProposITION 3.7. If Z,, Z, € ¢ (X) N U M, then
(az, +(D£)(Z,), aZ, +(DE)(2,)) = (Z,, Z,).

PRrOOF. Taking a unit vector Z orthogonal to Z,, we write Z, = cos §Z;, + sin6Z.
Define ¢(8) by

$(8) = (az, +(D£)(Z,), aZ, +(D£)(Z,))
= a%cos 0 + ((D£)(Z,),(D¢)(cos 8Z, + sin0Z)).

Then ¢'(8) = —a?sin8 + ((D¢)(Z,),(D¢)(-sin8Z, + cos8Z)) where we have
used (3.5). Thus we have ¢""(8) = —¢(8) because Z, is orthogonal to —sin0Z, +
cos 8Z. Since ¢(0) = 1, it suffices to show ¢’(0) = 0. Since || D¢)(V)||> = 1 — a? for
every V € #,(X) N UM, we have ¢'(0) = ((D¢)(Z),(D¢) z(Z,)) =0. QED.

4. Some results. At first we consider the case d = 3. Since a helical immersion of
order 3 is a proper cubic geodesic immersion, we can apply the result obtained by
Nakagawa [6] to this case. However, we make use of results in the preceding section.

THEOREM 4.1 [6]. If f: M — S(1) is a helical minimal embedding of order 3 of a
compact Riemannian manifold M into a unit sphere S(1), then M is isometric to a
sphere of constant curvature and f is equivalent to a standard minimal embedding of the
sphere ( for the definition of standard minimal immersions, see [2 or 12]).

ProOOF. Since f is of order 3 and (D§)X) = {'(L; X), we have (D&)X) =
ay(AA,) " N(DH)(X?) where a} = f;(L) and we note that b, , = 1 in Theorem 1.1.
Assume that e > 2. By virture of the Codazzi equation we see that D¢ satisfies

(Dg)(U» vV, W) = (Dg)(V’ U, W) = (Dé)(U’ w, V)

for every U, V, W& T,M. Thus (D¢XZ; X) = (DEXZ, X, X) = 3(DEXZ) for
Z € #*(X) N UM. By Proposition 3.6 and (3.5), we find 2(D&XZ)
= 26 x(A peyxyZ)- Since we see from Lemma 3.2 that both sides of this equation
are orthogonal, we conclude that (D£)(Z) = 0 and hence a} = 0. The constants a, b
and a) satisfy a=1— A, f,(L), a3 = A, fL,(L) = A3fy(L)and b=1 — ¢, f,(L) —
csf4(L). Moreover, c¢2 + ¢2 =1 by [8, Remark, p. 74]. From these equations we
obtain a = b. By virtue of Corollary 3.5 we have e = n. Next assume that e = 1. Let
Y e T,Cut(y)= {X}* such that |Y||=1. By (3.4), we have 3(D¢),(Y)=
- 4¢x(A pgyx)Y)- Noting that ((D¢)(V), H(V,W)) = 0 for every V, W € UM
(cf. [8, Lemma 3.3, p. 68]), we find

((DE)(X), H(Y,Y)) = -((D§) x(Y), H(X,Y)).
Thus,

L(DE)(X), H(Y, Y)) = 3(&x(ApeynY ). H(X, Y)).
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Since (¢£(V), H(V,W)) = (b — a){V, W) for every V, W € UM (cf. [8, Lemma
3.3, p. 68]), we see that

H(Dg)(X), H(Y,Y))
S[-(&(X), H(Apgyx) Y, Y)) + (b = a){ A ey Y- Y)]
~((DE)(X), H(Y,Y)),
where the last equality is derived from Theorem 3.4. It follows that 4 ;) x, = 0 and
hence (D§) ,(Y) =0 for every Y € { X}* NU_M. This means that (D{)(V) is a
constant vector on U M. Since the covariant degree of D is equal to 3, we have
(D£)(X) =0, and so aj = 0. We conclude e = n in the same way as the case e > 2.
This conclusion contradicts to the assumption e = 1. In this way we have proved
e = n. So we can use [2, D.3, Corollary, p. 236 and 5.57, p. 142]. We conclude that
M is isometric to a sphere of constant curvature. The second assertion is derived
from the fact that the degree of a helical immersion M — S(1) is smaller than the

order (cf. [8, Proposition 5.6]) and Wallach’s linear rigidity theorem (cf. [12, p. 32]).
Q.E.D.

THEOREM 4.2. Let f: M — S(1) be a minimal helical embedding. If M is compact
and e = n (hence M is isometric to a sphere), then d must be an odd integer. In this
case, we have §(X) = 0 for every X € U Manda = b = -1.

PROOF. In [8, Theorem 6.7] we have proved
A(E(s; X)+8(s; X)) =¢"(s; X)+ (55 X)

+w(s)(&(s; X)+¢(s; X))+ n(€(s; X) +¢(s; X)),
where w = (nF — f])/f, and A denotes the Laplace operator with respect to the
metric g, on U M induced by the map X — exp, sX from the induced metric on the
geodesic sphere with center x and radius s. Since the volume form of the metric g, is

equal to s" 10 dv where dv is the canonical volume form on U M (cf., [2, p. 159]), we
have from Green’s theorem

[ [e7(ss X) + w(s)(s: X) + né(s; X)) do =0
UXM
for every s € (0, L). It follows that

Y (7 + wf + nf,)fu FO(X) do = 0.

XM
From the definition of fJ we have
7 (s) = (A=A, )s/+0(s7), w(s)=(n—1)/s+ O(s).

Therefore we obtain

[+ of + nf, = U—l—l)!(}\l Ny )(n+j=2)s772 + 0(s7).

It follows that we have, inductively, [, »,7/’(X) dv = 0, from which [, , £(X) dv
= 0. Since e = n, £(X) is constant on U M. Thus we conclude that £(X) = 0.
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Noting that ||£(X)||*> =1 — b? and f is an embedding, we have b = —1. If d is even,
then H(X, X), (D?*H) X*),...,(D42H)(X?) are linearly independent and hence
7, j=2,4,...,d, are also linearly independent. Thus f;(L) = 0 forj = 2, 4,... .4,
which implies that b = 1. This contradicts the assumption that f is an embedding.
Q.ED.

REMARK. The equality b = —1 means that the cut-locus Cut(x) is the antipodal
point of x in S(1).

When d is an odd integer, can one show e = n? In this case we have £ ¢,#(X) = 0
(cf. [8, Remark, p. 74]), which is equivalent to [f £(s; X)ds = 0. I do not know
other conditions equivalent to d is odd.

Next we shall compute the second fundamental form of Cut(y) in M. Let y be a
unit speed geodesic in M such that y(0) = x, ¥(0) = X and y(L) = y.

PROPOSITION 4.3. Let Z € 5,(X) N U, M (unit normal vector at x of Cut(y) in
M). Then the second fundamental tensor A, corresponding to Z of the submanifold
Cut(y) in M is given by

<A~ZYD Y2> = _%<A(DE)(Z)Y1’ Y2>
for Y., Y, € T, Cut(y). In particular, Cut( y) is a minimal submanifold in M.

PrOOF. We may assume that Z = X because of 5#,(X) = #,(Z). Consider the
Jacobi field Ky as in the proof of Theorem 3.4. Since this Jacobi field is a variation
vector of a geodesic variation such that each geodesic is orthogonal to Cut(y) and
passes through y at s = L, we have

~AxY - vxKy(0) € #£,(X)
(cf. [4]). Since VxK#(0) = W = A pyx)Y, we have
(AyY, Y,) = -2(A py Y1, Vo). QED.

The second fundamental tensor A pg x, gives good information for the study of
Riemannian structure on M. Indeed, we have

PROPOSITION 4.4. The matrix representation of A p¢) x is given by

. otodo) «x
Apeyn =[O0 9 2x | }o£2(X)
0129, | —Ax| }T.Cut(y)

where Q  is an (e — 1) X (n — e) matrix. Let Q, be the field of linear transformation
HX¥(¥) = T,Cut(y(s + L)) along y. Then Q. vanishes along v if and only if#(v) is
parallel along .

a

PROOF. Let Z,, Z, € 5£*(X) N U M. Then we have
(ApexnZi Zo) = ~((D€)(2), H(X, Z,))

by (3.5). If Z, = Z,, then ((D£)(Z,), H(X, Z,)) = 0. If Z, is orthogonal to Z,,
then

((D£)(2,), H(X, 2,)) = ((D)(Z,), H(X, Z,))




778 KUNIO SAKAMOTO

because of (3.5) where we note that Z, € #*(Z,). However, <A(D§)(X)Zl, Zz> is
symmetric with respect to Z, and Z,, so that <A(D£)(X)Zl, Zz) = 0. Since 4 pg) ) X
= 0, we have the first assertion. Let s, € [0, L) and let I be some interval
containing s,. Let Z* be a vector field defined on y(7) such that Z*(s) € 7%, (Y(s))
for each s € I. Let W be an arbitrary tangent vector at y(s,) which is orthogonal to
¥(so) and W* the parallel vector field defined on y(I') such that W*(s,) = W. Since
AgyZ* = (b — a)Z*, we have

((DE)(7), H(Z*,Ww*)) + (£(¥), (DH)(¥, Z*, W*))
+{&(¥), H(v,Z2*,W*)) = (b — a)(v,Z* W*).

Noting that (£(V),(DH)(V,V,W)) =0 for any V, W€ T,M (cf. [8, Lemma
3.3]), we see that
2(£(1), (DH) (1, Z*.W*)) = ~(£,(2%).(DH)(1. 7. W¥)).
Since Z* € 5 *(7), the right-hand side vanishes. So we find
0.,(Z*) + A;,\v,Z* = (b — a)v,Z*,
which shows Q. vanishes at s = s, if and only if v,Z*| _ is contained in

H s (Y(50))- QE.D.

Next we shall consider the submersion I1: U M — Cut(x) defined by II(X) =
exp, LX (= bx + §(X)) (cf. [2, p. 134]), whose fiber through X is the (e — 1)-
dimensional great sphere 5,(X) N U M. The total space U M and the base space
Cut(x) are equipped with the canonical metric and the metric induced from M,
respectively. We hope that IT becomes a Riemannian submersion when the metric on
U .M is changed homothetically. In fact, we have Escobales’ theorem [3, Theorem
3.5, p. 273], which states that if II: S™(1) — B is a Riemannian submersion with
connected totally geodesic fibers (1 < dim fiber < m — 1), then B is isometric to
one of CP", QP", S2, S* and S?® with maximal curvature 4. Indeed, for n > 2 and
B=CP", QP"or S 2, IT is equivalent to the Hopf fibering. Unfortunately, when
B = S* or S8, the last assertion is not given in [3] (see [3, Remark, p. 271]). Making
use of Escobales’ result we have

PROPOSITION 4.5. Let e # n. Define n(X) by n(X) = §’(L; X) for every X € UM
(unit sphere bundle of M). If p = <An(X)Y, Y> is constant for every x € M, X € U M
and Y € T.Cut(y) N UM (y = exp, LX), then the cut-locus Cut(x) is isometric to
one of CP™~ 1, QP™ 1 §2 S* S*® with standard metric of maximal curvature
2(a + p)/a, or RP" 1 with constant curvature (a + p)/2a.

ProoOF. Let Y € T, Cut(y). Consider the Jacobi field Ky along y: s — exp, sX
satisfying K7(0) = Y, K3(L) =0 and v, K (L) =Ye T, Cut(x) as in the proof
of Theorem 3.4. Then we have V. K;(0) = 24 pgyx)Y and Y is given by (3.3). The
second derivative of (2.4) at s = L gives

(4.1) 2a’H(X,V) + 2a(D*)(V; X,...,X)
= —aﬁX(V) ( 7(X) ) + b"?x(V)
_"Tx(Ag(X)V) - 2(D§)X(A(Dé)(X)V)’
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where 7, (V) = £5%(L; V). If V =Y, then from Theorem 3.4 we have
(4.2) aH(X,Y) +(D%)(Y; X,...,X)
= —36x(Y + 24,007 ) = 2(DE) k(A0 Y )-

It follows that ¥ = — 3¢,(Y + 14,y Y). Let W € T, Cut(). Since ( Ky, V,J,) —
< v, Ky, J W> = constant along vy, we find
(4.3) %<£X(Y+ %An(X)Y)’gx(W» = (Y, W)
for every Y, W € T, Cut(y). Thus the assumption implies that

(6x(Y), 6x(W)) = 2a(Y, W) /(a + )

for every Y, W € T,Cut(y). Consider the metric 2a/(a + p){ , ) on U,M and note
that 7 Cut( y) is the horizontal space at X € U M of the submersion II. Since

Y= diog(cos X + sin0Y)|0=0

for Y € T, Cut(y) N U M, we see that II is a Riemannian submersion. Therefore if
e = 1, then Cut(x) is isometric with RP"~! of constant curvature (a + p)/2a. If
e =2, 4, or 8, then by Escobales’ theorem, Cut(x) is isometric to one of CP™~},
QP™ 1, 82 8% or $® with maximal sectional curvature 2(a + p)/a. Q.E.D.

Note. Under the assumption of Proposition 4.5, can one show M is isometric to
one of RP", CP™, QP™ or CayP? with standard metrics? Perhaps this is possible if
the cut-loci are totally geodesic submanifolds in M. It seems that the fact that II is
equivalent to Hopf fibering is useful to show that the cut-loci are totally geodesic in
M. However, the corresponding homogeneity of the submersion in the case B = S*
or S%is not given in [3].

5. Helical immersions of order 4. In the present and subsequent sections we shall
consider the helical minimal embedding of order 4 of compact Riemannian manifold
M into a unit sphere S(1). By Theorem 4.2 we have e + n. For the sake of
convenience we shall put

ay=f(L), a;=fi(L), ay=£(L) and r’=cj+ci.
By definition we have b = 1 — ¢,a, — c,a,, and hence for X € U M
(5.1) £(X) = a, A\ H(X, X) + ag(AAA) [ A H(X, X) +(D?H)(X*)]
= (1= b)H(X, X) + a,(AAN;) (D2 H)(X?),
where we note that b,, = A% (cf. Theorem 1.1 and [8, Theorem 4.1]). We also have
(52) (D£)(X) = a3(M\,) (DH)(X, X, X)

for X € U M. Noting that s is the arc-length parameter and f(exp,sX) € S(1) in
Theorem 1.2, we have £?_,(f/)> = 1 and X?_, 2 = 2(1 — F). Thus we obtain

(5.3) a? +(ay)’ =1,

(5.4) a?+al=201-0»).
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Sincef; =1 — A f,and f; = A, f, — A, f,, we have
(5.5) a, =c,(1 - a),
(5.6) a, =c,(1 —a) — Nja;.

Substitute (5.5) and (5.6) into the equation (a, — ¢,)> + (a, — ¢4)? = r? which is
derived from (5.4). Then we find
(M%) + 2¢,050a)as = r2(1 — a?),
from which we see that a} = 0 or a} = 2¢,A;a/(AN5r? — 1).
First, we shall consider the case (I): a; = 0. In this case, a®> = 1. If a = 1, then
a, = 0 and a, = 0 because of (5.5) and (5.6), respectively. Thus b = 1. This result

contradicts the assumption that f is an embedding. Thus we have a = -1. We need
the following

LEMMA 5.1. Let f: M — S(1) be a helical minimal embedding of a compact
Riemannian manifold M. Then we have

(5.7) 1(X) = aH(X, X) +(D*%)(X),
(5.8) aH(X,Z)+(D*%)(Z; X,...,X)
= —3:tx(4, 0 Z) + 30x(Z) = 2(DE) x(A(pey ) Z)
for X € UM and Z € 5£*(X).
PROOF. Let y be a unit speed geodesic such that ¥(0) = X € U M. Then by

Theorem 1.2 we have
Y(s+t)=F(s+t)x+fils+ )X+ &+, X)+8(s+ 1, X)
= F()v(s) + £i(1)¥(s) + (55 7(5)) + 813 ¥(s)).
Differentiate this equation with respect to s at s = 0. Then
—fi(1)x + fi(1) X + &(1; X) +§'(25 X)
= F(1)X + fi()(H(X, X) = x) = Ay, x, X +(DE)(1; X)
A 0 X +(D¢)(t; X),

where we have used Gauss and Weingarten equations. We know A, )X = 0 by [8,
Lemma 3.3]. It follows that

Agxyx = (F(1) = fi(0)) X, £(¢; X) = f,(1) H(X, X) +(D)(1; X)
and

$'(1; X) = (DE)(1; X).

Therefore, we see that
£(t; X) = filt) H(X, X) +(Dg')(1; X)
= fi(1)H(X, X) +(D?)(1; X).
In particular, at ¢ = L we obtain (5.7).
Let V=Ze#*X) in (41). Since A, x,Z =(b—a)Z and £4(Z) =0, we
obtain (5.8). Q.E.D.
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Since (D) X) = 0 for every X € UM, we have n(X) = ~H(X, X) because of
(5.7) and hence n,(Z)= -2H(X, Z) for Z € 5#*(X). Thus (5.8) implies
§x(A4,x)Z) = 0 which means that 4, y,*(X) C H#*(X). Noting that A, X is
proportional to X (cf. [8, Lemma 3.3]), we conclude that 4, x,T, Cut(y) C T, Cut(y).
Let Y, i=e + 1,...,n, be an orthonormal base in T, Cut(y) such that 4, Y, =
r,;Y;. Then from (4.2) we find

-H(X, Y.) = ‘%(1 - p‘i)gX(Yi)

for each i. It follows that

“1=<An(X)’ i 1>_ _<H(X X H( i 1)>
= 2H(X, Y)|I>-(3 - 1)
= (1= p)(€x(¥), H(X, Y)) = (¥ - 1),

where for the third equality we have used the fact that a helical immersion is
K 2-isotropic, as well as [7, (3.5), p. 40]. Since

(£4(Y), H(X, Y)Y = ~(&(X), HY,, Y))+ b—a=1,

we obtain p, = (2 — A2)/2 for each i. Hence by Propositions 4.3 and 4.5 the
cut-locus is a totally geodesic submanifold in M and isometric to one of CP™" 1,
QP™ 1 (m > 2), 2, S* with standard metric of maximal sectional curvature A3, or
R P"~! with constant curvature A2 /4.

Assume e > 2. Let Y, € T, Cut(y) N UM and x, = exp, LY,. Then 5, (Y,) C
T, Cut(y) by virtue of the above conclusion. Thus /#£,(X) c T,Cut(x,). Since the
sectional curvature of Cut(x,) corresponding to a section in ,( X) is equal to A2, [7,
(3.6), p. 40] implies H( X, Z) = O for every Z € J*( X). Therefore

(DH)(X, X,Z) =0 forZ € #*(X)
because of Proposition 4.4.

Next we shall prove (DH)(X, X,Y) =0 for Y € T, Cut(y). Recall the Jacobi
field Ky along y: s — exp, sX such that K3(0) = Y, Ky(L) = 0 and V., Ky(L) = Y
€ T, Cut(x), where Y is given by

__ZgX(Y_'_ A(X) )

It is easy to show d’K y(L)/ds*> = 2H(¥(L), ¥). On the other hand, since Ky = J3
+ JA(Dex nY/a’ Theorem 2.1 lmphes

d’Ky(L)/ds® = -aY — A, x,Y +(Dn)(Y; X) + ny(34,pey Y )
where (Dn)(Y; X) = (D¢”)(L; Y; X). Thus we have
(Dn)(Y; X) =2H(Y(L), ¥) + a¥ + A,0Y — 1y (34 pey Y )-

Computing the third derivative of (2.3) at s = L, we have
3a(Dn)(Y; X) + £, (L)(D§)(Y; X)
= _g,\'(A(Dn)(X)Y) - 3"IX(A(D£)(X)Y) - 3a(Df)x(Y + %An(X)Y)
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(see the proof of Lemma 5.3). Since (D£)(X) = 0 for every X € UM, we see that
(Di)(Y; X) € T,Cut(x), from which 2H(y(L), Y)- Y+ (1 - A/n2yYe
T, Cut(x). But this vector is a normal vector at y. Thus we conclude (DH (Y, X, X)
= —(Da)(Y; X)=0.

In this way, (DH)( X, X, V) = 0 for every V € T _M orthogonal to X. This shows
that (DH)(X, X, X) is a constant vector on U M and so DH = 0. This result
contradicts the assumption that the order d = 4.

Secondly we shall consider the case (II): @} # 0. In this case, we showed

ay = 2c,hya/(Nyrr — 1),

so by definition of ¢, and r?,

(5.9) ay =2\ Aa/(N + A4 — A2).
LEMMA 5.2. Let X € U M. We have

(5.10) n(X) = H(X, X) + B&(X),

(5.11) (Dn)(X) = «(DE)(X),

where a = —(AN3 + N5 + A3)/2and B = a — A\ A, /a5
ProoF. From (5.1) we find
(D%)(X) = (1= b)(D*H)(X*) + as(\AA3)(DH)(X°).

We proved (D3H)(X3) = —(A5 + A3)(DH)(X?) in [8, Theorem 3.4, p. 70] (also see
[8, Corollary 3.5, p. 71]). Using (5.5), (5.6) and (5.9), we thus have

(DPH)(X*) = (X5 + A3 - N)(D%)(X),

so that (5.7) implies

(D?H)(X*) = (N3 + N5 = N)(n(X) — aH(X, X)).
We now substitute this equation into (5.1). Here we note that

A= (A + N - R){(%+ X -8) + a8}
is derived from (5.3) and (5.9). The straightforward computation shows
{((M+2+2)a— (A +2 - ) J(H(X, X) —n(X))
2aN N5 ’

£(X) =

By definition and (5.9) we have

B=-{(M+2X+N)a+(N%+2r-7N)}/ 2a
Thus the coefficient of the above equation is equal to —1/8. Thus (5.10) has been
proved. Since (Dn)(X) = (DH)(X?) + B(D£)(X), (5.11) clearly follows from (5.2).

Q.E.D.
Since we have

(8(X), (X)) =(&(X), aH(X, X) +(D%)(X))
=a(b—a)—-(1—-a*)=ab—1,
(6(X), H(X, X) + BE(X))=b—a+ B(1 — b?)
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for X € U M, (5.10) gives
(5.12) B=(a-1)/(1-b)<0.
LEMMA 5.3. Let X € UM,Z € #*(X)and Y € T, Cut(y). Then we obtain
(5-13) 81(D§)X(Z) - %(a - B)fx(A(Dg)(X)Z)
= -3{2H(X, Apgyx,Z) +(DE) x(Apcx, ,Z)},
(5.14)  8,(D§) x(¥) — (e = B)éx(ApeynY)
= —3{2H(X, A(D&)(X)Y) +(D§)X(AH(X,X)Y)},
where 8, = (a — B)a+ 1)+ 3(B + 1) and §, = (a — B)a + 3(B + 1).
Proor. Differentiate (2.3) with respect to s three times. Then at s = L we have
3a(Dn)(V; X) + f,” (L)(DE)(V; X)
= "gx(A(Dn)(X)V) - 377X(A(D$)(X)V)
~3a(Dg) x(V + 24,0V ) +(Dn) x(bV — A, x)V)
for V.€ {X}+.SobyLemma5.2,
{a(a — B) +3a - ba}(DE) x(V) + (3B + a)(DE) x(Ay V)
+(3aﬁ + £ (L))(D&)(V; X) +(3B + a)'gX(A(D£)(X)V)
= -3{2H(X, Apgyx)V ) +(DE) x(Apx V) }-

It is easily verified that f,”” (L) = -A3a + A;A, 4. Using (5.9), we have a = -A3 —
AX,a/ay, and hence f,”” (L) = aa + A\\A,a%/a% + A\ A ,ay = aa + a — B. When
V = Z, the above equation reduces to (5.13), where we have used Theorem 3.4,
(5.12) and the equation

(D§)(Z; X) = (Dé)X(Z) - %gx(A(Ds)(X)Z)

(cf. Proposition 3.6). When V' = Y, we have (5.14) in a similar way. Q.E.D.

If a, =0, then (5.6) and (5.9) give a = (A3 + A5 — A3)/(A3 + A% + A3), which
means that £(X) = 0 (see the proof of Lemma 5.2), so we have b =1. This
contradicts the assumption that fis an embedding. Thus we see that a, # 0.

Let h(s), k(s), I(s) be defined by

h(s) =1-F(s) —(1 = b)fu(s)/a,,
k(s) = fu(s)/ay,, I(s) = f3(s)/a5.
Since
£(s; X) = (1= F(s))H(X, X) + £,(s)(\ A 1) (D2H)(X*)

and

§(s; X) = f5(s)(AA,) (DH)(X?),
we can represent them by
(5.15) £(s; X) = h(s)H(X, X) + k(s)é(X),
(5.16) §(s5 X) = 1(s)(DE)(X)
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for every X € U M, which are shown by using (5.1) and (5.2). Then (2.3) is rewritten
as

{$(a = B)frh = FL}(DE) x(V) + ki( DE) x(Agcx)V)
+1k(DE)(V; X) + kng(A(DS)(X)V)
= ~hl{2H( X, A peyxyV ) +(DE) x(Anx V)
forevery Ve { X}*.If V = Z € s£*(X), then this equation reduces to
{3(a = B)fih — FI + fik +(b — a)ki }(D¢) x(Z)
(5.17) +(kl = Lfik)Ex(A ey Z)
= ~hl{2H(X, A psyxZ) + (D) x(Apx.)Z)} -
If V=Y € T,Cut(y), then we obtain
{3(a = B)fih — FI + bkl }(D¢) x(Y)
(5.18) +(kl = 511k )€ x (A peyxY)
= —hl{2H(X, A peyx,Y) + (D) x(Apx. 0Y) ]}
LEMMA 54. Let X € UM, Z € #*(X)and Y € T, Cut(y). Then we have
(5.19) p(D§) x(Z) + ¢éx(A(pey ) Z) = 0,
(5.20) (p + aq)(DE) x(Y) + gy (A peyx)Y) = 0,

where functions p and q are defined by p = 3(a — B)fih — FI + fik + (b — a)kl
— $8,hland q = kl — Lfik + 35(a — B)AL

PrOOF. These equations are easily derived from (5.13), (5.14), (5.17) and (5.18).
Q.E.D.

LEMMA 5.5. The Frenet matrix A can be normalized as

0 —v
v O

where v = \/-B.

PROOF. Suppose that e > 2. Taking account of Lemma 3.2 into (5.19), we see that
p vanishes identically since |(D£)(Z)||>=1— a*# 0 for Z € #X(X) N UM.
Next suppose e = 1. From (5.20) we have

0= <(P + aq)(D§€) x(Y) + q‘fx(A(De)(X)Y)’ H(X, Y)>

~(p + aq){(DE)(X), H(Y,Y))
~bg( A peyx)Y> Y) +(b = a) g Apeyx)Y> ¥)
~(p +2a9)( A pgy )Y ¥)
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for Y € T, Cut(y). Assume that p + 2aq does not vanish identically. Then 4 p x,Y
= 0, where we note that A p;) x)X = 0. Thus also (5.20) shows (p + aq)(D§) x(Y)
=0. If (D§),(Y)# 0 for some Y& T, Cut(y)={X}*, then p + ag vanishes
identically. If (D£€),(Y) =0 for every Y € { X}*, then (D§)(X) is a constant
vector on U M and hence (D¢)(X) = 0, which contradicts a? #+ 1. We have shown
that p + 2aq or p + aq vanishes identically when e = 1. We shall compute the fifth
derivatives of p and g at s = 0. Making use of the differential equation satisfied by
f:» we have the following data:

fO0) =1, £90) = N,
F(0)=1, F?(0)=-1, F®(0)=A},
h(0) =0, BP(0)=1, h¥(0)=-N —(1-b)A\;Ay/a,,
k(0) =0, k®(0) =0, k“(0)=AA,As/a,,
1(1)(0) =0, 1(3)(0) = A Ay/a;,
19(0) = -AA, (A + A5 + N) /a3,
where we note that f/(0) = 0 if i # 1. If vy is a geodesic parametrized by arc length,

then (y(s),y(2)) = F(s — t). It follows that f,(s — L) = {y(s),¥(L)) = af,(s)
+ aj f5(s). Integrating both sides from 0 to L, we have

b-1=a(1-b)+a;[ fds.
0

Since f; = A, f,, we see that [ f, ds = A3'a,. Therefore
aya, = —(1 —b)(1 + a)A,.

Using this relation, A2 = —{(a — B)a + a} and A\\A,/a} = a — B, we can rewrite
the above data in terms of @, 8 and a. For example, /P(0) = 2a — B. Then the
routine calculation shows the fifth derivatives of p and ¢ at s = 0 are given by

p®(0) = 3(a — B)2a = 58), ¢®(0) = 5u(a — B)(2a - 5B).
Note that a # B. If e > 2, then 2a = 58. If e =1, then p®(0) + jag®(0) = 0
(j = lor2),and so 2a = 58. From the definition of a, we have A + A% + A3 = -58.
Since AA,/a = 3B, we have A% + A3 — A} = 3aB because of (5.9), and A2A\%
= $B8%(1 — a?). These equations imply

9 1-a> , 8B

“2Pars Mg
It is easily verified that the characteristic polynomial of A is given by
x4+ (A3 4+ A%+ A3)x? + AL,
so that the characteristic equation is given by x* — 58x? + 482 = 0, which proves
the assertion. Q.E.D.

s2)  M=-B@ars), x-

LEMMA 5.6. We have vL = 7 and

(5.22) fi(s) = %{2(1 —a)sinvs +(1 + a)sin2vs},




786 KUNIO SAKAMOTO
3a -5 + 1
8v? 8v?
PROOF. In virtue of Lemma 5.5, f, is a linear combination of sin »s and sin 2»s (cf.
§1). Let

(5.23) F(s)=1+

{4(1 — a)coswvs +(1 + a)cos2vs}.

fi = (u/v)sinvs +(v/2v)sin 2ws.
The conditions f{(0) =1 and f®0)= -AJ give u +v =1 and ur? + dvy? =
1v2(3a + 5), respectively. It follows that u = (1 — a), v = 3(1 + a), which show
(5.22). Since F’ = —f; and F(0) = 1, we have (5.23). It is easy to show vL = .
QED.

THEOREM 5.7. Let f: M — S(1) be a helical minimal embedding of order 4 of a
compact Riemannian manifold M into S(1). Then a > 0 if and only if there is a unique
real number s, € (0, L) such that f,(s,) =0. Assume that a > 0. Then a =
(e + 2)/(n + 2) and M is isometric to one of RP", CP™, QP™ (m > 2), or CayP?
with standard metrics. If M = RP", then the curvature is equal to n/4(n + 3). If
M = CP™, QP™, or CayP?, then the maximal curvature is equal to n/(n + e + 2).
And, moreover, f is equivalent to a standard minimal embedding (cf. [2, 11, 12]).

PrROOF. From (5.22) we have
fi(s)=(Q/2v)sint{(1 —a) +(1 + a)cost},
where ¢t = vs. It follows that @ > 0 if and only if there is ¢, (uniquely) such that

to € (0,7), costy=-(1 —a)/(1 + a). Suppose a > 0. (3.2) implies that nF — f|
vanishes at ¢ = ¢,. Thus by Lemma 5.6 we have
n(3a—5+8»?)+4(1 —a)(n—»?)cost,
+(1 + a)(n — 4r?)(2cos?t, — 1) = 0.
Substitute coszy, = —(1 — a)/(1 + a) into this equation. Using Corollary 3.5 and
(5.12), we easily obtaina = (e + 2)/(n + 2).

Let X € U M and let y be the geodesic such that y(0) = x, and 7(0) = X. We note
that {J,(s): V € { X}*} spans the subspace { ¥(s)}* on (0, L). Thus, at s, = #,/7,
{¥(s)}* is parallel to the normal space at x in the Euclidean space E by virtue of
(2.1). So we see from (2.2) that F(so)I — Ay, x) — Ay = 0 on { X} where [
denotes the identity transformation of { X} *. Exchange X for -X. Then we have
F(so)I — Agspixy T Agisyixy = 00n { X} * . Thus F(sg)I — Ay, xy) = 0 and Agg . x
=0on { X}*. Since f;’ = -N}f; + A;A, f;, using (5.21) (5.22) we see that I(s) =
—(2sinvs — sin2ys)/4v <0 on (0, L). It follows from (5.2) and (5.16) that
Apix.xx, = 0, and so ( H( Xy, X,), (DH)( X5, X4, X5)) = 0 for every X, (i =
1,...,5). Recall the Gauss structure equation of f:

R(U VYW=V, W)U = (U W)V + Ay, y U~ Ay V-

Thus, we conclude that M is locally symmetric. We next make use of F(sy,)I —
Agispixy = F(so) = h(so) A x.x) = k(5¢)Agxy =0 on (X}, As fi=1-A,f,
and f; = A, f, — A, f,, we can compute f, and f,. From this computation we have

h(s) = (1 — cos2vs)/4v?,  k(s)= (1 — cosvs)’.
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Thus we see that
Ayx.x0nZ = [{n(n—e)—4(e+2)}/2(n+2)(n+e+2)]Z
for Z € S#£*(X) and
Apx Y =[-(e+2)(n+4)/2(n+2)(n+e+2)]Y
for Y € T, Cut(y). Since f is isotropic (cf. [8, Proposition 2.1, p. 66]), we have
R(U, X)X = ( - %"12)U+ $Anx. U

for Ue€ {X}*. Therefore, if e > 2, then the symmetric linear transformation
R(:, X)X of { X}* has two distinct eigenvalues n/(n + e + 2) and n/4(n + e + 2)
whose eigenspaces are #*( X) and T, Cut(y), respectively. In this case, we see from
[2, Theorem 7.23] and Theorem 1.3 that M is simply connected. Since M is complete
and locally symmetric, M is a globally symmetric space (cf. [2, Remark.2.2.13]). We
have shown that the minimal (resp. maximal) sectional curvature is equal to
n/4(n + e + 2) (resp. n/(n + e + 2)). It follows that the symmetric space M is of
rank one. We conclude that M is isometric to one of CP™, QP™ (m > 2), or
CayP? If e = 1, then the symmetric linear transformation R(-, X)X is equal to
{n/4(n + 3)}1 and hence all sectional curvatures of M are equal to n/4(n + 3).
Using [2, Proposition 5.57] and Theorem 1.3, we conclude that M is isometric to
R P". Finally the assertion that f is equivalent with a standard minimal embedding is
due to Tsukada [11, Corollary 2.8]. Q.E.D.

REMARK. It is well known in the theory of harmonic manifolds that if M is a
compact locally harmonic manifold and locally symmetric, then M is locally isomet-
ric to a compact rank-one symmetric space (cf. [2], [8, Theorem 6.5]) shows that if f:
M — S(1) is a helical minimal immersion, then M is globally harmonic. Thus if we
make use of these results, then, in the proof of the above theorem, it suffices to show
thatA(D,,)(Xs) = 0.

6. Weinstein integer. In Theorem 5.7 we assumed a > 0 to show that M is
isometric to a compact rank-one symmetric space. The reason is that we needed
5o € (0, L) such that f,(s,) = 0. In this section we shall study the Weinstein integer
(cf. [2, Theorem 2.21, p. 59, and 13]) of the compact Riemannian manifold M which
admits a helical minimal embedding of order 4 into a unit sphere S(1) and show that
if the Weinstein integer i(M) of M is equal to that of a compact rank-one symmetric
space, then a > 0. Here we recall the definition of the Weinstein integer. If (N, g) is
an n-dimensional C,;-manifold (a manifold all of whose geodesics are periodic
geodesics with the same length 2 L), then the ratio

Vol(N, g) (z)
Vol(S”,can) \ L

is an integer i(N, g) called the Weinstein integer, where can denotes the standard
metric with curvature 1 and

2 (n+1)/2

I'((n+1)/2)°

Vol(S”,can) =
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In the present situation, we have
(6.1) i(M) =
Since

Vol(M) = fU MfOLs"‘IG(sX) dsdo

L
= Vol(§" !, can)f s" 1O (s) ds,
0
where ¢ denotes the canonical measure on the unit sphere U M, we have from (6.1)

(6.2) (M) = Wﬂ[}%klem is.
PROPOSITION 6.1. The Weinstein integer i( M) of M is given by
I'((n+1)/2)T(e/2) F(g e
72T ((n + e)/2) 2772
where F(-, -, -, -) denotes the hypergeometric function (cf. [14]) and
x={(e+2)—(n+2)a}/2(1 - a).
PrROOF. From (3.2) we have

(log s"~'0(s)) = (nF(s) — fi(s))/fi(s) = w(s).

i(M)=2""1 ,a+1),

Thus we have
s"71O(s) = Cexp /xw(u) du,
0

C being a certain constant. If we put ¢ = vu, then by Lemma 5.6
1 n(3a — 5 + 8»?)
w(u) = — - :

2v|2(1 —a)sint +(1 + a)sin2¢
4(1 —a)(n—v?*)cost +(1 + a)(n — 4v?) cos 2t

2(1 —a)sint +(1 + a)sin2z
A long but routine calculation shows

s"71@(s) = CJl — a +(1 + a) cos f] *(sin(/2))" " *(cos(2/2)) |-

Since ©(0) = 1, we see that
(6.3) s"10(s) = (2/»)" " "2X{(1 + a)cosvs + 1 —a} ™

~(sin(rs/2))" " '(cos(vs/2)) .
Here we note that if @ > 0, then a = (e + 2)/(n + 2), and hence x = 0. Substitute
(6.3) into (6.2). Then we have
I'((n+1)/2)
72T (n/2)

+

i(M) =

2 2

s a7 [ . t n—1 t e—1
2" "f {1+ a)cost+1—a} "|sins cos dr.
0
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Noting that
(1 +a)cost + 1 — a=2(cos(t/2) — asin®(1/2)),
we integrate by substitution u = sin?(¢,/2). Then we obtain
T((n+1)/2),,., 1 X, n/2— e/2-1
(M) = —/———7«+——F5527 1—(a+Du} u"?11-u du.
(M) = = iy 2 (e Dy w2 )

Thus, the formula

T'(c) 1oa-1 c—a-1 -b
F(a,b,c,z)= m/(;u (l—u) (l—zu) du,

where a, b, ¢ and z are complex numbers such that Zc > %£a > 0 and |z| < 1 (cf. [14,
p- 293]) gives the assertion. Q.E.D.

If a > 0, then x = 0. Since F(n/2,0,(n + e)/2,a + 1) = 1, the condition a > 0
implies that

i(M)=2"""T((n + 1)/2)T(e/2) /7T ((n + ¢) /2).

We can see that this number is equal to the Weinstein integer of a compact rank-one
symmetric space. For instance, if e = 2, then

i(M) = zn-lw = g2m-1 @m)\a'? (Zm - 1)
72T (m + 1) a2 (m1)22m m-1)

which is the Weinstein integer of CP™ with the canonical metric (see [2, p. 60}).
Conversely, we have

THEOREM 6.2. Assume that a compact n-dimensional Riemannian manifold M admits
a helical minimal embedding of order 4 into a unit sphere. If i(M) = i(RP", can)
(e = 1), then M is isometric to RP" of constant curvature n/4(n + 3). If i(M) =
i(CP™, can) (e =2), i(QP™,can) (e = 4) and i(CayP? can) (e = 8), then M is
isometric to CP™,QP™ and CayP?, respectively, with standard metrics of maximal
curvature n/(n + e + 2).

ProoOF. If a < 0, then x > 0, and hence
F(n/2,x,(n+e)/2,a+1)>1,

where we note that a > -1. By Proposition 6.1 we see that

0> 2 (g {25).

This contradicts the assumption. Thus we have a > 0. The assertion follows from
Theorem 5.7. Q.E.D.

Unfortunately, at present we can not prove a > 0 without condition i(M) =i
(compact rank-one symmetric space).

REMARK. Since M is a globally harmonic manifold, if e = 1, then we see from [2,
Proposition 5.57, p. 142 and Corollary D.3, p. 236] that M is isometric to RP" of
constant curvature. Thus in Theorem 6.2 the condition i(M) = i(RP") is redundant.
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