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HOMOMORPHISMS BETWEEN GENERALIZED
VERMA MODULES
BY
BRIAN D. BOE!

ABSTRACT. Let g be a finite-dimensional complex semisimple Lie algebra and b a
parabolic subalgebra. The first result is a necessary and sufficient condition, in the
spirit of the Bernstein-Gelfand-Gelfand theorem on Verma modules, for Lepowsky’s
“standard map” between two generalized Verma modules for g to be zero. The main
result gives a complete description of all homomorphisms between the generalized
Verma modules induced from one-dimensional p-modules, in the “hermitian sym-
metric” situation.

1. Introduction. Let g be a finite-dimensional complex semisimple Lie algebra and
p a parabolic subalgebra. A generalized Verma module (GVM) is a left g-module
%(g) ®ay) E, where E is a finite-dimensional irreducible p-module. A study of the
g-homomorphisms between GVM’s was begun by J. Lepowsky [10-12] and the
purpose of the present work is to continue this study.

Suppose that G is a real Lie group with complexified Lie algebra g and P a
parabolic subgroup corresponding to p. There is a close connection between the
representations of G induced from finite-dimensional P-modules and the con-
tragredient duals of algebraically induced modules for g (i.e. GVM’s). For example,
P might be a “minimal” parabolic subgroup, and the representations of G the
nonunitary principal series. Homomorphisms between generalized Verma modules
give rise, upon dualizing, to differential operators intertwining the representations of
G.

In the main situation discussed in the present paper, this duality can be seen quite
concretely. Suppose that G/K is a hermitian symmetric space, where K is a maximal
compact subgroup. Take p to be the associated parabolic subalgebra of g (cf. §4).
Denote by r and u™ the reductive and nilpotent parts of p, and let u~ be the
opposite nilradical. Then u~ is abelian. By the Poincaré-Birkhoff-Witt theorem, a
homomorphism between generalized Verma modules is given by a certain matrix
with entries from % (u~) = % (u"). Replacing each x € u~ by 3/0x and transposing
the matrix, gives the associated differential operator.
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The g-module homomorphisms between (ordinary) Verma modules (where b is a
Borel subalgebra), have been completely characterized by Verma and Bernstein-
Gelfand-Gelfand (B-G-G): all nonzero maps are injective, the space of homomor-
phisms is at most one-dimensional, and there is a necessary and sufficient condition
for a nonzero map to exist (cf. [1, 2, 5, 17]). However, in the case of generalized
Verma modules, there are nontrivial homomorphisms which are not injective.
Because of this, the argument used to prove multiplicity one for Verma modules
does not carry over to GVM’s. On the other hand, no example has been found to
support the alternative conclusion, and it is one of the main unsolved problems to
show that the space of maps is always at most one-dimensional (cf. [13]).2

Generalized Verma modules are highest weight modules, and hence are quotients
of Verma modules. The existence of a nonzero map between GVM’s implies
containment of the corresponding Verma modules; conversely, such an inclusion
induces a map between the GVM’s, called the “standard map” [9]. But the standard
map may be zero, and even when this happens, there might be some other
“nonstandard” map. Thus the theory of Verma modules is not particularly useful in
determining all homomorphisms between GVM’s. Nevertheless, the standard maps
can be described completely. Theorem 3.3 gives necessary and sufficient conditions
(in the spirit of the B-G-G theorem) for the standard map to be nonzero.

The problem, then, is to understand the nonstandard maps. One tool which can be
used is invariant theory. Suppose E, and E, are finite-dimensional irreducible
r-modules. Every r-module homomorphism from #(g) ® 4, E, t0 %(g) ® 4y, E, is
determined by an r-invariant element of %(u~) ® - E* ® E,. In general this tensor
product is very difficult to decompose; however, when E; and E, are one-dimen-
sional (the “scalar” case), one need only determine the r-semi-invariants in % (u-).
In the hermitian symmetric context described above, this has been done by W.
Schmid [16]. Our main result is a complete characterization of when such an r-map
is actually a g-map (Theorem 4.4). It should be noted that the proof given here is
based on a result of N. Wallach [18], and is different from the one in the author’s Ph.
D. thesis [3], which involved case-by-case computations.

In §2, we introduce the notation used in the remainder of the paper. §3 is a
discussion of standard maps, and §4 is devoted to the proof of Theorem 4.4.

This article is a summary of work done for my thesis at Yale University. I wish to
thank my advisor, Gregg Zuckerman, for his guidance and encouragement.

2. Notation and preliminaries. Let g be a finite-dimensional complex semisimple
Lie algebra, %) a Cartan subalgebra, A C h* the set of roots of g with respect to b,
A*C A a positive system, and «,,...,qa, the corresponding simple roots. Set p
= 1Y _ca+a. Define subalgebras

nf=3Y g, n= Y g, and b=Hhe&n".

aeA? aeA*

2ADDED IN PROOF. R. Irving has recently discovered a pair of generalized Verma modules (having
singular infinitesimal character) for which the space of g-homomorphisms is two-dimensional.
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Denote by (, ) the Killing form on g, and also the form on b * induced by it. For
a € A™, let h, be the unique element of [g,, g,] such that a(k,) = 2. We will write
h,for h,, 1 < i<l Also, let 5, be the reflection in the root a. We have the Weyl
group W of g with respect to b, and the length function /(--- ) on W. For w,
w’ € W, write w — w' if there exists y € A™ such that w = s, w” and I(w) = I(w') +
1; the Bruhat order < is defined to be the transitive closure of — . Denote by P*
the set of regular dominant integral weights of g. For a a simple root, let w, be the
corresponding fundamental weight.

If A € h*, we denote by C, the one-dimensional h-module on which ) acts by the
form A, and n™* acts trivially. Define the Verma module

M(N) =%(g) ®qz(h)c>\—p-

Recall that M(A) has a unique irreducible quotient L(A), and admits an infinitesi-
mal character O, for the center Z'(g) of #(g); furthermore, ®, = ©, if and only if
LE W-A.

We shall now describe the construction of generalized Verma modules (GVM’s).
Because we need a rather explicit description of the parabolic subalgebras of g
containing the Borel subalgebra b, we must introduce some additional notation.

Let S be any subset of {1,...,/}, b the (complex) span of the h; with i € S, and
gs the subalgebra of g generated by b and the g, withi € S. Set Ag=A4N
TiesZa, Ag = AN Ag, ng =X, a8, and ng =X, 2:8_, Then g is a semi-
simple Lie algebra with Cartan subalgebra §j 5, root system A g, positive roots A and
simple roots {a,|i € S} (when these elements of h* are restricted to f5); we have
gs=ng ® bhg ® ng.

Define u™= X, cana380 4 = Locanaif-w L=H+gsand b=pg=r @ u”.
Then u™ and u~ are nilpotent subalgebras of n* and n~, respectively, and r is a
reductive subalgebra of g with derived algebra gg and center z(r) C h. Since
[t,u*]c u™, pgis a subalgebra of g: it is the most general parabolic subalgebra
containing the Borel b. If S = @, p = b;if S = {1,...,/},p = g. When |S| =/ — 1,

we say that p is a “maximal parabolic”. ,

We note the following decompositions: 3
g=u®p, r=g5®z2(r), bh=1bhs®z(r),
n*=nf®ut, n=n;éu.

Set pg = 3, casa, 05 = $¥,canaz@ Then p = pg + pS. WeTemark, for later use,
that p%|h s = 0 while p5 = 0 (if |S| # /).

Let Py = {Ae€bh*|A(h)€EN, all i €s}. Then Py parametrizes the set of
(isomorphism classes of) finite-dimensional irreducible r-modules which remain
irreducible under g: to A € PJ" we associate the r-module E(X) with highest weight
A — p (relative to gg, b, and ng). We make E(\) a p-module by letting u™* act
trivially. Define the generalized Verma module

(2.1) Mg(A) = 2%(8) ®qp,y E(N).

When S = @, M (A) is just the Verma module M(A); if |S| = /, then A € P* and
My () = L(N).
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The basic properties of generalized Verma modules can be found in [5 or 9]; we
recall here only that Mg(A) is a quotient of M(A).

To conclude this section, we define the subset WS of W which parametrizes the
generalized Verma modules having a given regular integral infinitesimal character.
Let Wy be the subgroup of W generated by the s, = 5, with i € S. When restricted
to b¥, Wsisjust W(gg, b). Put
(2.2) WS ={we W|l(sw)=1I(w)+1,alli € S},
the set of minimal length right coset representatives of W in W. (Note that some

authors use left coset representatives.) Another characterization of WS, which
follows from [7, Corollary 10.2C], is

(2.3) Wws={we Www'A} cA*}.
This description leads readily to the following proposition.

2.4. PROPOSITION. Let A € P*. Then wh\ € Pg if and only if w € W5,

Thus the GVM’s having infinitesimal character ©, are precisely the M¢(wA) with
weE WS,

3. Standard maps. Let A, p € P, and suppose there is a nonzero g-map from
M (A) to Mg(p). Then L(A) is a composition factor of Mg(p), hence of M(u). Now
by the B-G-G theorem, M(A) C M(p). Thus a necessary condition for the existence
of a map between generalized Verma modules is containment of the corresponding
Verma modules. Conversely, suppose there is a nonzero map f: M(A) — M(p), with
A and p as above. Denote by K(A) the kernel of the projection M(A) = Mg(A).
Then Lepowsky has shown [9, Proposition 3.1] that f(K(A)) C K(u), and hence f
induces a g-module map f: M¢(A) > M(p).

3.1. DEFINITION (Lepowsky). The map f is called the standard map from Mg(\) to
Mg(p).

By the uniqueness of embeddings of Verma modules, the standard map is unique
up to scalar multiples. At first sight, then, there appears to be an exact correlation
between the existence of maps between GVM’s and the existence of maps between
the corresponding Verma modules. Unfortunately, the standard map can be zero.
On the other hand, even when the standard map is zero, a nonzero homomorphism
may exist. We shall call such maps “nonstandard”. The author has discovered many
examples of nonstandard maps, some of which are obtained from well-known
differential operators such as the Laplacian, the Dirac and the Hodge star operators.
For a more complete discussion, the reader is referred to [3].

The existence of nonstandard maps appears to make the theory of Verma modules
relatively useless in the study of general homomorphisms between GVM’s. However,
the situation is much improved if we restrict our attention to standard maps.

3.2. DEFINITION (B-G-G). Let A\, p € h* and v,...,v, € A*. Set py = p and
p,=s, s, 1 <i<r. Wesay that the sequence (vy,...,Y,) links p to X (and
that u is linked to \) if

(i)p, = A, and

(i)p,=p,_, —nywithn,€Z 1 <i<r.
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The following theorem is a refinement of Lepowsky’s work.

3.3. THEOREM. Let A, u € P§", and assume that M(N\) C M(p). The following are
equivalent (notation as in Definition 3.2):

(i) The standard map Mg(X) — Mg(p) is zero.

(ii) There exists a sequence (v,,...,Y,) which links p to X, with p, & P .

(iii) There exists a sequence (Yy,...,Y,) which links p to N, and an integer i,
1<i<r,withp, & P§.

PROOF. (i) = (ii). Assume that the standard map M (A) — M(p) is zero. Then
by [9, Proposition 3.3], M(A) C M(s,;p) for somej € S. Hence (by B-G-G) there is a
sequence (,,. - -,Y,) of positive roots linking s;uu to A. Put y; = a;. Then p(h,) €N
since p € Pg, and (s;p)(h,) = —p(h;), sos;u & Pg. Thus (v,,...,7,) satisfies (ii).

(i1) = (ii1). Obvious.

(iii) = (i). Assume (iii). Then we have the commutative diagram

M(I-"i)
g/ Nh
M(N) > M(p)
m | L7,
Ms()\) 7 Ms(ﬂ)

where 7, and =, are projections, and fis Athe standard map. But since g, & P,
moh=0 byA[9, Proposition 3.1]. Hence fom, =m, o f=m 0hog=0. But =, is
surjective,so f = 0. Q.E.D.

In the regular integral case, the theorem can be stated in terms of the Bruhat
order.

3.4. COROLLARY. Let A € P* and w, w’ € WS, with w < w’. The following are
equivalent:

(i) The standard map Mg(wA) = Mg(w’X) is zero.

(i1) There exists w, € W\ WS such thatw < w; > w’.

(ili) There exists w, € W\ WS such thatw < w; < w'.

3.5. REMARK. The implication (ii) = (i) is Proposition 3.9 of [9], while the
equivalence of (ii) and (iii) also follows from Lemma 3.3 of [4].
The above result is most useful when applied to the following situation.

3.6. COROLLARY. Let A, w,w’ be as above. Then the standard map Mg(wA) —
Mg(w’A) is nonzero if there exist distinct wy, w, € WS with w > w; > w’ and
woow, > w

PRrROOF. This is an easy consequence of Corollary 3.4(ii1) and [1, Lemma 10.3].

4. Scalar maps: the hermitian symmetric case. Many of the results which have been
obtained concerning generalized Verma modules have pertained only to those
induced from one-dimensional p-modules. Thus, we make the following definition.
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4.1. DEFINITION. A generalized Verma module Z(g) ®4,,E, with E a one-dimen-
sional p-module, is called a scalar GVM. A g-homomorphism between scalar GVM’s
is called a scalar map.

We shall determine all scalar maps in the “hermitian symmetric” situation, in the
following sense.

Let G be a simple real Lie group, K a maximal compact subgroup, and assume
that G/K is a hermitian symmetric space. Let g and f be the corresponding
complexified Lie algebras, and g = f @ g a Cartan decomposition. If f) is a maximal
abelian subalgebra of £, then § is a Cartan subalgebra of g. By choosing an ordering
of the roots of § in g, we obtain a decompositiong = q*® q~. Thenp =f® q*isa
parabolic subalgebra of g. We shall call such a parabolic p a hermitian symmetric
parabolic subalgebra. The roots whose spaces lie in f (resp. q) are called compact
(resp. noncompact) roots.

The hermitian symmetric parabolic subalgebras of a complex simple Lie algebra g
are characterized by the condition that the nilradical u™* of p (and hence also u") be
abelian. For the remainder of this section, we shall assume that this condition holds.

Now, suppose E and E’ are one-dimensional p-modules, having nonzero elements
e and e’, and highest weights A and X. Every g-map

¢: %(g) ®ym E' = %(q) ®um) E
is determined by the image ¢(1 ® e’) = u ® e, where we may assume thatu € #(u").
Since gg is semisimple, and E and E’ are one-dimensional, they are trivial as
g s-modules. It follows that u € % (u~)®s, the space of g ¢-invariant vectors in % (u").
Similarly, by using the fact that ¢ is an H-module map, one finds that u is a weight
vector of weight X' — A. Hence u is an r-semi-invariant in % (u").

Thus, a first step in determining the maps between scalar GVM’s is to identify the
r-semi-invariants. Denote by a the unique simple noncompact root. We introduce
the usual order < on h*: A < pif p — A is a nonnegative integral linear combination
of the simple roots. Let y,,...,y, be the maximal family of mutually orthogonal
noncompact roots, as constructed by Harish-Chandra [6]. In particular, y; = a and
Yy < ¥, < -+ <Y, Moore has shown [15] that (v, v;) = (v, v,) for 1 <i,j<r.
Seth==%/_,Ch,.

Following Wallach [18], we set p,= —(y; + -+ +v;), 1 <j<r. Then, by
Schmid’s theorem [16], the r-highest weight vectors of % (u~) are in one-to-one
correspondence with the weights ¥;_,n.u;, n; € Z,. Let u; be a nonzero element of
% (u")"s having weight p - Then @ (u)"s is the subalgebra of (u") generated by
Uy ool

4.2. PROPOSITION. % (u")®s is either Clu,] or C.

PROOF. Let u € #(u~) be a weight vector for b, say of weight A. If u is
g s-invariant, then by Schmid’s theorem,

,
A=-Y my,, m zm,= - =2m,.
k=1
Now Z(r)uis a fihjte-dimensional irreducible r-module; thus, u is g -invariant if
and only if A\|hg = &
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Moore [15, Theorem 2] has shown that given 1 <j < i < r, there exists B € A¢
such that B]h~= 3(y; — v;). Then
(v v,)

0=}‘(h/3)=(_372_ﬁ)‘ %(Yi_ j kayk (B B) (mj_mi)-

Hence m; = m;, and A = -mY; _,y, = mp,, where m is the common value of the
m,’s. Thus u = u" (up to scalar multiple).

In case (a) of Moore’s result, every element B of Ay has the property that 8|~
= 3(v, — v,) for some 1 < j < i < r. In this case, we have %(u")% = C[u,]. How-

ever, in case (b), there also exists 8 € Ay with 8| ™= — y,. Then
()
0=A(h e
(") = (5, 8) "

forcing m = 0. Thus in this case (u7)% = C. Q.E.D.

4.3. REMARKs. 1. It follows from the proof that the cases #(u~) = Clu,] or C
correspond to cases (a) and (b), respectively, of Moore’s theorem [15, Theorem 2]. A.
Koranyi and J. Wolf [8] proved that condition (a) is equivalent to the condition that
G/K be a tube domain. Wolf [19] showed that this, in turn, is necessary and
sufficient for the existence of a nontrivial g ¢-invariant in % (u°~).

2. R. Lipsman and J. Wolf [14] have proved that #(u~) has a nontrivial
g s-invariant precisely when the longest element of W sends a to —a.

4.4. THEOREM. Let g be a simple Lie algebra, p = pg a hermitian symmetric
parabolic subalgebra, and a the unique simple noncompact root. Assume that U%(u")°%s
# C. Let A\, N € h* be such that M (A + p) and Mg(N + p) are scalar GVM ’s. Then
Hom g, (Mg(X + p), Mg(A + p)) is nonzero if and only if either A = X, or A =
(k = pS(h ) w, and X = (-k — pS(h,))w, for some k € N.

PROOF. Clearly we may assume A # N. Since E(A + p) is a one-dimensional
r-module, it is trivial as a g g-module. Hence A(h;) = 0 for all i € S. Thus A = zw,
for some z € C. Let e,e’ be nonzero elements of E(A + p), E(XN + p). If ¢:
My(N + p) = My (X + p) is a nonzero r-module map, then ¢(1 ® e’) = u ® e for
some u € %(u")%s having weight X' — A.

Suppose we show that x - (u ® e) = 0 for some nonzero x € u*. Since u™ is
abelian, it is irreducible as an (ad g ¢)-module. Now for g € g,

[g,x] (u®e)=g-x-(u®e)—x-g-(u®e)=0
it follows that u ® e is u*-invariant. Hence, by the universal property of induced
modules, ¢ is in fact a g-map.

Now, by Proposition 4.2, u = u* for some k € N, and Wallach has computed the
commutator [E, ,u,], where E, spans g, C u” [18, Lemma 5.9]. Set x = E, and
u = u,. Then

K
x-(uk®e)= Y u Y x,ulu"""®e
i=1

k
= Z ui_l{%(y” Yr)ur—lhy, + %(‘Yr’ Yr)crur—l + z xﬁeﬂ}uk—i ®e,
peA:

i=1
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where xz € %(u”),eg € ggandc, = H#{B € A5|BIb "= (v, — y;) for somej < r}.

Since gg - u = 0and g - e = 0, the third term vanishes. An easy computation, using

the fact that a =y, and (y;,v,) = (¥,,7,), shows that « (4, )=1. Also, since

p,=—(v+ - +vy)and(y,y,)=0fori#jp(h,)=-2forl <i<r Hence
k

% w3 v, (k= D (h,) + z0,(k, )

i=1

It

x(u*®e)

+%(Yr’ Yr)crur—l}uk_i ®e
= k(v v){-2(k=1)+ 2z + cju,_wlee.

This is zero precisely when z = kK — 1 — Jc,. Since by hypothesis, g satisfies condi-
tion (a) of Moore’s theorem (cf. Remark 4.3.1), a result of Harish-Chandra [6,
Lemma 18] implies that jc, = p%(h, ) — 1. Now it follows from §2 that p° is a
multiple of w,; since w,(h,) = w,(h,), we have Le, = pS(h,) — 1. Hence x - (u* ®
e)=0ifand onlyif z = k — pS(h,).

It remains only to compute X'. But X' = A + ku, and p,|hs =0, so p, is also a
multiple of w,. Since p,(h,) = -2, u, = 2w, and X = (-k — p5(h,))w,. Q.E.D.

4.5. REMARKs. 1. Lepowsky has proved [13] that the space of maps between two
scalar generalized Verma modules is at most one-dimensional; the same result—in
the hermitian symmetric case—also follows from the above proof.

2. Note that the proof also describes explicitly all nontrivial scalar maps.

3. One can show, using Remark 4.3.2, that wo(A + p) = X' + p for A # X as in the
theorem (where w® is the longest element of W*). Thus Hom g, ,(Mg(w’), M(p))
# 0 if and only if pS(h,) € N (under the hypotheses of the theorem). The same
conclusion applies to Homa,,(g)(MS(wop), Mg(p)) for any p € P*, by the Transla-
tion Principle of Jantzen and Zuckerman.
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