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A RELATION BETWEEN INVARIANT MEANS ON LIE GROUPS
AND INVARIANT MEANS ON THEIR DISCRETE SUBGROUPS!
BY
JOHN R. GROSVENOR

ABSTRACT. Let G be a Lie group, and let D be a discrete subgroup of G such that the
right coset space D \ G has finite right-invariant volume. We will exhibit an injection
of left-invariant means on /(D) into left-invariant means on the left uniformly
continuous bounded functions of G. When G is an abelian Lie group with finitely
many connected components, we also show surjectivity, and when G is the additive
group R" and D is Z", the bijection will explicitly take the form of an integral over
the unit cube [0,1]".

1. Introduction. This paper grew out of an attempt at the still unsolved problem of
parametrizing invariant means on /*(Z), where Z is the discrete additive group of
integers. This led to the more general problem of relating left-invariant means on
[(D) and left-invariant means on the left uniformly continuous bounded functions
of G (UCB,(G)), where G is a Lie group and D a (not necessarily normal) discrete
(hence closed) subgroup, where the coset space G/D (or D\ G) is compact. In fact,
in §3 it will be shown that if G is a locally compact, second countable topological
group (in particular, a Lie group), and the right coset space D \ G has right-invariant
finite volume, we can construct an injection of left-invariant means (LIM’s) on
I®(D) into LIM’s on UCB,(G). In §4 we consider the case where G = R" and
D = Z" and prove that the injection of §3 from invariant means on /*(Z) to
invariant means on the uniformly continuous bounded functions of R" (UCB(R")) is
also surjective, showing that every invariant mean on UCB(R") can be constructed
from one on /*(Z") and conversely. Thus, if the parametrization problem for /*(Z)
is solved, the analogous problem for UCB(R) will also be solved.

Using the result of §4, we show, in §5, that there is a bijection between invariant
means on /*(D) and invariant means on UCB(G) when G is an abelian Lie group
with finitely many connected components. Finally, in §6 we examine the problem of
generalizing the surjectivity proof for R” to the general Lie group.

I am deeply indebted to my dissertation advisor, Professor Leonard L. Scott, Jr.,
for the many hours he devoted to me in this undertaking and to the referee for
arguments used in the proofs of Lemma 3.1 and Theorem 3.2.
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2. Preliminaries and notation. Let G be a locally compact topological group with
fixed left Haar measure. The vector space of equivalence classes of essentially
bounded real-valued functions on G is denoted by L*(G), and the set of real-valued
functions ¢ on G for which [;|¢(g)|dg < oo is denoted L'(G). For ¢ € LY(G),
define ¢(x) = ¢(x71). It is easy to see that if /: G — R is essentially bounded, so are
the convolutions ¢ * fand f * ¢ defined by

wwxn=4ﬂﬂnwom

and

(f%ﬂﬂ=£ﬂ0ﬂﬂnw=Lﬂ0Mﬁ0w

Define P(G) tobe {¢ € LY(G): ¢ > 0 and [; (1) dr = 1}.

The left and right actions of G on L*(G) are denoted by, respectively, x - f(y) =
f(x'y)yand f- x(y)=f(yx7!) for x,y € G and f € L*(G). A function f € L*(G)
is left [resp., right] uniformly continuous if, given ¢ > 0, there is a neighborhood
U(e) of the identity element of G such that ||x - f — f||., < e[resp.,||f- x — f|l, < €]
for all x € U(e). (Note that Greenleaf’s definitions [5, p. 21] are the reverse of the
above.) The left and right uniformly continuous bounded functions on G are
denoted by, respectively, UCB,(G) and UCB,(G). The set of uniformly continuous
bounded functions on G, UCB(G), is defined to be UCB,(G) N UCB,(G).

If W(G) is a closed subspace of L*(G) containing the constant function e(x) = 1,
an element m of W(G)* is called a mean if m is positive and m(e)=1. It is a
left-invariant mean (LIM) [resp., right-invariant mean (RIM)] if, given f € W(G),
m(x - f)=m(f) [resp., m(f-x)=m(f)] for all x € G, and it is a topological
left-invariant mean (TLIM) [resp., topological right-invariant mean (TRIM)] if,
given f € W(G), m(¢* f) = m(f) [resp., m(f* ) = m(f)] for all $ € P(G). It is
well known that if there is a LIM on one of L*(G), CB(G) = continuous bounded
functions of G, UCB,(G), or UCB(G), there is a LIM on any of the others [8, p. 26].
In such a case we say G is amenable.

The following well-known results [5, pp. 24, 27] are stated here for later quota-
tions:

LEMMA 2.1. If f€ L®(G) and ¢ € P(G), then ¢ f € UCB(G) and ~f=k<i> €
UCB,(G). If g € UCB.(G) [resp., g € UCB|(G)], then ¢ * g [resp., g*¢] is in
UCB(G).

LEMMA 2.2. If m is a LIM on UCB,(G), then it is also a TLIM on UCB,(G). The
same result is true for UCB(G) or for m any left-invariant continuous linear functional
on UCB,(G) or UCB(G).

Because dim UCB,(G) is infinite, the kernel of each of these invariant means has
infinite dimension. The following corollary actually describes the functions con-
tained in the intersection of all these kernels.




INVARIANT MEANS ON LIE GROUPS AND THEIR SUBGROUPS 815

THEOREM 2.3. Let N; be the set of all left-invariant means on UCB(G). Then
N,.en kerm is the closure {f— x-f) of the space spanned by the differences
f—x-f,withf € UCB,(G)and x € G.

PRrROOF. Let / be a left-invariant continuous linear functional on UCB,(G). Extend
! to a left-invariant continuous linear functional /, on L*(G) by letting /.(f) =
I(¢ * ), where ¢ € P(G) is fixed. By Theorem IV 16 of [4], I.(f) = [; fdv, where v
is a bounded, finitely additive set function. Since /,(f) = [ (x - f) for each f and all
x € G,

fG F()dv(y) = /G (x-f)(y)dv(y) = /G f(xYy)dv(y) = /G £(2) dv(xz);

in particular, for f = x, the characteristic function of the set E, we get v(E) =
v(xE). By the Jordon decomposition Theorem III 8 of [4], » = »*— »~, where »™*, »~
are positive, v *(E) = supg. g ¥»(F), and v~ (E) = —inf . »(F) so that
v*(xE)= sup »(F)= sup »(F)= sup v(x'F)=»*(E).
FCxE x'FcE x'FcE
Similarly, v~ (xE) = v~ (E); thus,

()= [ favi= [ fav=1:(f) = 1:(f),
G G
with /}, [, positive and left-invariant, so they are scalar multiples of LIM’s.
Now let
g e QN ker m.
Suppose / € UCB(G)* vanishes on
(f=xf)reucnor
then /(g) = I(x - g) and, by Lemma 2.2 and the above,
I(g) =1(o+*g) =1.(g) =1:(g) - 1:(g).
and since /7, I are scalar multiples of means, /J(g) =0 =1/;(g),sol(g)=0.Bya

corollary to the Hahn-Banach theorem, g € {f — x - f ). Since each ker m is closed,
itisclear that (f— x - f) €N,y kerm.

THEOREM 2.4. Let W be the subspace of those functions in UCB(R) whose antideriva-
tives belong to UCB(R). Then W C N,y ker m.

PROOF. Let m be any LIM on UCB(R), so by Lemma 2.2, m is also a TLIM. Let
f€ W, and let xy,; be the characteristic function of the interval [0,1]. Then
(X *fNs) = fg f(s —t)dt. Lets — t = r and get

'/ilf(r) dr=F(s)— F(s—1) = (F—1-F)(s),
where F’ = f, so
m(f)=m(xpy*f)=m(F=1-F)=m(F)-m(1-F)=0

by left invariance of m. Since m was arbitrary, f € N ker m.

me Ng

Theorems 2.3 and 2.4 are due to the author. Combining the results of these two
theorems, we see that a uniformly continuous bounded function on R having a
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bounded antiderivative is a uniform limit of functions of the form X*_, a,(f, — x, - f)),
where each f; € UCB(R). For example,

f(x) =sinx = 3(sin x —(-7/2) - sin x) + 3(cos x —(-7/2) - cos x).

3. Injecting LIM’s on /*( D) into LIM’s on UCB,(G). Let G be a locally compact,
second countable (hence o-compact), amenable topological group and D a discrete
(hence countable) subgroup of G. Then there is a Borel measurable transversal K
(which can be taken to be o-compact) for the right coset space D \ G with cross-sec-
tional transformation 7: D\ G — K. By definition, DK = G. K can be taken so that
(K% D K, where K ° denotes the interior of K.

If D\ G has finite right-invariant volume » (which will be taken to be normalized),
let v, be the measure on K preserved by 7. Let C.(G) denote the continuous
real-valued functions on G with compact support. Let h € C(G) € UCB(G) be a
symmetric function for which 4 > 0, supp 2 C K°, and [ h(x) dvy(x) = 1.

LEMMA 3.1. Given f € I°(D), the function Tf defined by
Tf(g) = ¥ f(do)h(dog™)
dy€D

is in UCB|(G).

PROOF. Let U be a symmetric neighborhood of the unit in G such that (U - supp h)
is contained in K°. If x € U and g € G, then

ITf(xg) — Tf(g)l =| ¥ f(do)h(dy(xg)") - ¥ f(do)h(dog_l)‘

do€D dy€D
= dsz(do)(h(dog_lx_l) - h(dog_l))’;

however,
h(dyg™'x')# 0« dyg-'x! € supph = g! €dy'supph - U C dy'K,
possible for only one d} € D. All terms except for one vanish, and the sum is thus
|7 (ag) (k- x(dgg™) = h(dgg ™)) <If ol - x = Allo.
By further restricting the size of U this can be made as small as desired.
THEOREM 3.2. Let m be a LIM on [*(D), where D\ G has right-invariant finite

normalized volume v. If m ,(f) = [, m((t - [),) dvy(¢) for f € UCB\(G), then m —
m, is an injection of LIM’s on [°(D) into LIM’s on UCB(G).

Let ¢(Dt) = m((t - f),) = ¢o(2). Then ¢ is well defined, because if Dt, = Dt, we
have
070 €D = ¢(dr)) = m((1, - f),) = m(t,¢7 (1, - f),) by left invariance
=m((t17't, - f),) = m(1,- ) = 6(D1),

SO

[ )y dm(o) = [ ooty dm()= [ o(Dr) dv(Dr),
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so m, is a mean and left-invariant because, given f € UCB,(G), for any x € G we
have

mo(x-f) = [ m((e:C 1)) dw(e) = [ m((ax- £)0) dwo(2)

= fD\G ¢(Dtx) dv(Dt) = '[D\G ¢(Dtx) dv(Ditx) (by right invariance of »)
= f ¢(Ds) dv(Ds) (s = tx)
D\G

= J (-1 dnls) = mo().

Now, if f € UCB,(G) consider the function Tf of Lemma 3.1. Note that by the
support condition on A, if t € K and d, € D, then h(dyt) # 0 =dyt € K= d,is
the identity by the definition of K. Thus,

(- T0)(d) = Tf(17d) = L [(do)h(dod™'1).
dyeD
Letting dod ! = ¢,, we have d, = c,d, and as d, ranges over D, so does ¢, giving us

L fleod)h(cot) = f(d)h(r) = (h(2)f)(d),

€D
since all terms vanish except for ¢yt € K i.e., ¢, = the identity. This gives

m((¢- Tf);) = m(h(2)f) = h()m(f),

SO

m (Tf) = /Km((t~Tf),) dy(1) = fK'n(f)h(t)dvo(t)

=m(f) [ h(r) dvy() = m(f).
K
It thus follows immediately that m — m, is injective. Q.E.D.

4. LIM’s on /*(Z") and on UCB(R"). The first step in constructing a bijection
between LIM’s on /(D) and on UCB(G) when G is a connected abelian Lie group
and D a discrete subgroup for which G/D (= D\ G) has right-invariant finite
volume (hence is compact, since G/D is a group) is to prove that the relation
m — m of the previous section is bijective when G = R" and D = Z".

THEOREM 4.1. Let m be a LIM on [*(Z") and, for f € UCB(R), define
me(f)= f 1]" m(((tl""’tn).f)l')dtl oo dtn.

o,
Then m — m_ is a bijection between LIM’s on |*°(Z") and LIM’s on UCB(R").

PROOF. We can take K to be [0,1)” in the proof of Theorem 3.2, in which case
Jxm((t - f),) dt is the above integral. Thus, m — m, is injective.
To show surjectivity, forj = 0,...,n — 1, we prove that p > p“*1, where

putO(f) = /01 p((t01 1), )t
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is a surjection of LIM’s on UCB(R’ ® Z" /) onto LIM’s on UCB(R/*! @ Z"~/~1),
where 7, | denotes #,,; € R in the (j + 1)st position, 0 elsewhere. It is clear that
pY* 1D is a mean when p is. To see that u* 1 is invariant, let

) i+1 —j-1
(ul,...,uj,ujH,kl,...,k,,_j_l)ER’ e 7",

and let (u,,...,u;) = U, (ky,...,k,_,_;) = K, so that

.“'(j+1)((U; Ujirs K) f) - /(;l ”‘(((U; Ujirs K) i f)r) at

— ./(;1 ‘U’(((UQ Uji + Ij+1; K) f),) dtj+1

Sy

by invariance of p; letting u;,, + ¢,,; = v;,,, the integral becomes

L w0, ,H_/ e

U,

—

(uj+l + Ij+1) ) f)r)dt

Lettingv,,; = s;,; + 1 in the third integral, we get
Ui
j(;j /"'( (/+1' ds —f /+1'f)r)ds+1

by left invariance of p. This integral cancels with the previous integral, so we are left
with

_/:I‘((U/H’f) )dvjﬂ H(j+1)(f)§

thus, p ;) is left-invariant.
Let v be a LIM on UCB(R/*! @ Z" /7). If pisany LIM on L*(R/*! @ Z" /1),
define p(;,,,on UCB(R’ ® Z" /) by p;,,(8) = p(g(,+1,), Where

(X, XX, my,. o m, ) = g(xl,...,xj; [x,0:]; my,...,m, ),

x ;] denoting the greatest integer less than or equal to x;, ;. Since k. ; - 841, =
j+1 J J J+1
(k; 11 8)(j+1y M, +1, 1s invariant. Furthermore, #, defined by #(h) = v(x 0 1,+1 * h),
J+1 (J+1 P+1 ) - [0.1] /
gives a TLIM on L®(R/*! @ Z"/~!) (hence, a LIM, by [5, p. 25]). Now, if

f€ UCBR/*! @ Z" /7 1), we have

. l n
(f/(j+1))(j+1)(f)=f ”(,‘+1)((’j+1 f),) dt,‘+1
_f /+l r(j+l)) dt/+1

/ (x[01]”'*(/+1 f)r(/+1)) dt +1

0

1
= "(j(; (X[o.l]/*' *(tj+l 'f),(jﬂ)) dtj+l)’
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where the last integral is the weak vector-valued integral (see [5, p. 101]). Now,
1
j{; X[0.1y/+! "‘(tj+1 'f),(j+1) dtjq (sl""’sj+1; ml""’mn—j—l)

1

=j(; Xpap+! *(tj+l 'f)r(j+l)(s1""’ 415 ml""9mn—j—1) dt/+1
1

='/(; j[’o.uf“ (441 'f)r(j+1)(sl — Uy, S — U — U3 ) dUdL

(where dU = duy -+ du;, 1, J = my,...,m,_;_,)

fo fo 1y+1 e )8 =y s — g s, — w3 J) dUG
=~/(‘) f l]/” ul""’sj_ uj'; [sj+1 /+1] I+1’ )dUdtj+1

1
= e j(; f(s, - U8, — U ls — ] =40 J) dt;,,dU

by Fubini’s theorem, and this becomes
1
'{0 e (/0 (’j+1 -f) dtj.H)(s1 — Uy, — U85, — Ul J) dUu
(note thatif n =1and;j = 0, fol (tj+1 -f) dr;,qisjust X *f)

1
=j[‘0 - (/; (t;41f) dtj+1)( '+1)(s1 —UpseeS; U S — g J) AU
. J

1))(5’1’“-’ j+15 ml""’mn—j—l);

1
(X[OI]/*'*(/(; ti f dt/+1)

G+
thus,
. Gy 1 ) )
v, . =y j+1 ¥ tiiq- dt;
()0 = #{x0 (fo(,ﬂ Nayn)
(e, )
G+1)
Now,

1
(/(; (tj+1 -f) dtj+1) .+1)(sl""’sj+l; ml""’mn—j—l)

_/ ( j+1 f) SpreeenS)s [sj+1];m1""’mn—j—l) dt;

=](; f(sl""’sj;[ 1] — Liv1smy,.. ’mn—j—l) dar; .,
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Let S = (sy,...,s;)and [s; ;] — ¢;,, = u. Then
s;ial-1 Si4
[ s u;f)<—du>=/“ (83w ) du

[S,+l] [)+l]_1

=f £(S; u; J)du+f f(S; u; J)du-i-f[s’”]f(S;u;J)du.
[‘,+l] 1 i+ 1 -1 Si+1
Substitute v;,; = 5,,; — uin the second integral and get
(***)
s -1 1 Siv1
S;u; J)du + S;s,— v, Jd)dy (S u; ) du.
‘/[‘.ylﬂ—l]f( ) j(; f( Jj+1 /+1 ) _/+1 '/['S/H]f( )

Let T,(S; s;,15 ) = f[/“ 1 f(S5 u; J) du. T;is easily seen to belong to
Loo(Rj+l @ Zn—j“l)’

and (**x) is

TS 5,0 = 1 9) ([ (001 0) doy)(Si,0050) + T3(S58,005 )

1
= (/(; (an -f) dv; +(1,'+1 : Tf) - T})(S;Sj+l; J),

o)

. 1 N

"((/(; (tj+1 f) dtj“)(jn)) = ”(_/(; (Uj+1 f) dvj+1 +(1j+1 : T}) - Tf)
5[ (0er - ) i) + 5000 1) = (7).
By left invariance of 7, the second and third terms cancel, and we get

1
(X[Ol]!”*/ ( 41 f ,+1) = ”(fo (Uj+l 'f)deH)

1

/(; (j+1 f)dj+1 V(f),

$O 7,1 is the preimage of ». Thus, if M is a LIM on UCB(R") we have

M(f) = ( A(n))(n)(f) _ ((( ("))(~n ) )(n—l))(n)
= ( .. ((M(n));,,_l))A o (Al))(l) (n)(f)
/[0.””(. (M) (et 1)) ey -+

{(”.((M("))(An—l)) ' )(1)} (f);

thus, (“‘((M(n)):n—l))"‘):n is the preimage of M, so m — m, is surjective.
Q.E.D.

5. The general abelian Lie group case. Let G be an abelian analytic (i.e., connected
Lie) group. Then G is the direct product R” X (S')™, where S' is the circle, i.e., the
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multiplicative group of complex numbers with modulus 1 with the topology in-
herited from R (Exercise XIII 2: (i) = (ii) of [7] followed by Corollary 4.2 of [7]). If
D is a discrete subgroup of G such that D \ G has finite right-invariant volume, then
D\ G is compact, being a topological group and equal to G/D. D is a finitely
generated abelian group (by the corollary to Proposition 3.7 of [8]) and is thus
isomorphic to some Z" X {a,...,a,, ), where each a, is a primitive root of unity. By
applying the following lemma twice, we get a bijection between LIM’s on /*( D) and
LIM’s on UCB(G).

LEMMA 5.1. Let G be the direct product of two locally compact amenable topological
groups N and C, with C compact. For f € UCB(N X C), define

m (1) = [ m((c 1)) de.
Then m — m, is a bijection between LIM’s on UCB,(N) and UCB,(N X C).

PROOF. m, is easily seen to be a mean on N X C. If (k,8) € N X C, we have

mAWJ%ﬁ=Lm«vwﬁ%n9k=Lthﬁ%ﬁJﬁ
=Lthnuw»n»@=LmW&n»¢

by left invariance of m. Let ¢d = b. Then dc = db and [-m((b - f),) db = m (f).
Thus, m, is left-invariant.

Now, define f,(k, 8) = f(k). If f € UCB,(N) it is easily seen that
f.€ UCB,(N x C).

Let m, and m, be LIM’s on UCB,(N) such that m, (g) = m,(g) for each g € G.
For f€ UCB|(N) and ¢ € C, n € N, we have c¢- f,(n,1) = f,(n,c™!) = f(n), so
(c-f.), =1 Thus,

my(f) =fcm1(f)dc=fcm1(0'fe) de = my,(f,) = my,(f.)

= fc my(c-f,)dc= fc my(f) dec =m,(f),

so m — m, is injective.
To show surjectivity, let M be a LIM on UCB,(G) and define, for f € UCB(N),
My(f) = M(/,).Since

(n-f)e(k,8)=n-f(k)=f(n"k)=f(n"k,8) =n-f(k,3),
Mo(n-f)=M((n-f).)=M(n-f,)=M(f)=M(f),
s0 M, is a LIM on UCB,(N). If g € UCB,(G), then

(fc(c.g),dc)e(k,a)= (fc(c-g),dc.)(k,l)=/Cc.g(k’1) e

= fc g(k,c™) dc.
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Let ¢ = 87'b. Then dc = db, and the integral becomes

fcg(k,b-la)dc=fcb-g(k,a)db= (fc(b-g)db)(k,S)
= (j;(c - g) dc)(k,S).

Hence,

M. (g) =/CM°((C - g),) de = Mo(fc(c : g)rdc) = M((/C(c - g)rdc)e)

=M(/(c-g)dc)=f M(c-g)dc=M(g),
c c
so M, is the preimage of M, and m — m, is thus surjective.

THEOREM 5.2. Let G be an abelian analytic group and D a discrete subgroup of G
such that G/D is compact. Then there is a bijection between LIM’s on [*(D) and
LIM’s on UCB(G).

PROOF. By the remarks preceding Lemma 5.1, G = R" X (S')™ and D = Z" X
{ay,...,a,y. If DN R"=Z"is N in the preceding theorem, and C = («a,...,a,,),
then [-(c - f),dcis (1/|CDE/Ly/"(c; - f),, where j, is the order of a, and ¢, = af!

- a'm 0 <i, <j,. Lemma 5.1 gives a bijection between LIM’s on /*(D) and
LIM’s on [*(Z"). Theorem 4.1 gives a bijection between LIM’s on UCB(R") and
LIM’s on UCB(R"). Lemma 5.1 again gives a bijection between LIM’s on UCB(R")
and LIM’s on UCB(G). Composing these bijections gives the desired bijection
between LIM’s on /(D) and LIM’s on UCB(G). Q.E.D.

COROLLARY 5.3. Let G be an abelian Lie group having finitely many components,
and let D be a discrete subgroup of G such that G/D is compact. Then there is a
bijection between LIM’s on (D) and LIM’s on UCB(G).

PROOF. Let G, be the connected component of the identity in G. By 24.45 of [6], G
is the direct product G, X G/G,. If D is a discrete subgroup of G such that G/D is
compact, then G,/D N G, is compact, being isomorphic to the closed subgroup
Go,D/D of G/D. By the corollary to Proposition 3.7 of [8], D N G, is finitely
generated. Since D/D N G, = G,D/G, C G/G,, D/D N G, is finite, hence finitely
generated. This implies that D is finitely generated, since if {a;,...,a;} generate
D N Gy, {by(D N Gy),....b (D N G,)} generate D/D N Gy, and d € D,

d(D N Gy) = bl --- b(D N Gy) = dbi" --- b€ DN G,
=,de/1 ...b;/k=a1m1 ---aj'."/=>d=al'”' ...aj'_n,blll bik

= {a,,....a;, b,,....b,}

generate D = D is finitely generated. By the fundamental theorem of abelian
groups, D = Z* & (& i=1Z,,), where ®_|Z  is a finite direct sum of integers
mod m, for various integers m, D N G, is thus = Z* & (®L,Z,), where g < n.
The exponent on Z is the same for D and D N G, as D/D N G, is finite.
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Lemma 5.1 gives a bijection between LIM’s on /*(D) and LIM’s on /®(D N G,).
Theorem 5.2 gives a bijection between LIM’s on /®(D N G,) and LIM’s on
UCB(G,). Lemma 5.1 again gives a bijection between LIM’s on UCB(G,) and
LIM’s on UCB(G). Composing these bijections gives the desired result. Q.E.D.

By Theorem 5.1 of [1] there are at least 2¢ LIM’s on CB(G) for any locally
compact, noncompact amenable group, where ¢ = card R = cardinality of R. If G is
an abelian Lie group with finitely many components, we can be more precise about
LIM’s on UCB(G).

COROLLARY 5.4. Let G be a noncompact abelian Lie group having finitely many
connected components. Then there are exactly 2¢ LIM’s on UCB(G).

PROOF. Let D be a discrete subgroup of G such that G/D is compact. (e.g., since
G =R" X (SH)™ X G/G,, we can let D = Z"). By Theorem 1 of [2], the cardinality
of the LIM’s on [®(D) is 2¢, since ¢ = 2°*4 P The conclusion thus follows from
Corollary 5.3. Q.E.D.

6. Remarks. We are unable to generalize the proof of Theorem 4.1 to the general
Lie group case or even to the solvable case. It is conceivable that the proof could be
extended to at least the simply connected solvable case, using the fact that such a
group is (isomorphic to) semidirect products of R. The difficulty lies in showing the
means constructed are invariant at each stage.

More generally, if G is analytic and has a faithful, finite-dimensional, continuous
representation, we know G is isomorphic to a semidirect product N X, H, where N is
simply connected and solvable and H is reductive. If G is also solvable so is H, and
by Theorem XVIII 4.4 of [7], H/Z(H) is semisimple, where Z( H) is the center of
H, but H/Z(H) being solvable also implies it is trivial, so Z(H) = H. Also, by the
same theorem, H is compact, and being abelian implies H = (S!)™. It would seem
that if one could prove that m — m, is bijective for G simply connected and
solvable, a generalization of Theorem 5.1 would produce a bijection between LIM’s
on /*(D) and on UCB,(G). The following example illustrates the problem.

ExAMPLE 6.1. Let G be the semidirect product R? X, S*, where

n(e®)(x, y) = (xcos @ + ysin@, —xsin 8 + ycos 6)

(i.e., n(e™) rotates (x, y) clockwise through an angle of @ radians). Let M be a LIM
on UCB,(G). We would like a LIM p on UCB(R?) such that p,(g) = M(g) for
every g € UCB,(G). If f € UCB(R?), we have

1) = [ 1) ds= [ 5+ £(r) ds

and

M(f) = w L) = [ #((s-£),) ds

= u{ [ 510} = .
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Thus, p(f) must be defined to be M(f,), but we need to show p is R*left-invariant.
Given (r,, r,) € R?, we would like to have ((r;, r,) - f), = (#;, t,; €'*) - f, for some
t,, t5, ¢ so that

p((r,n)-f)= M(((rl’ n)-f).)= M((’l» 133 eio) fe) =M(f,)=u(f);
however, this is impossible for even r; = 7, r, = 0. Simple calculations show
(11, 15 €") - £.(x0, 55 €)= (13, 131) - £ (x, %55 €”)
for all ¢.

Now, let f(x,, x,) = sin(x, + x,). Clearly f € UCB(R?), and simple calculations
show

(1;,1551) ‘fe(xl’ X325 eio)

() = sin((x, — ¢,)(cos 8 + sin@) — (x, — ,)(sin@ — cos 8))
and
(x%) ((51’52)'f)e(x1’x2;ei0)

= sin(x,(cos 8 + sinf) — x,(sinf — cos ) — (s, + 5,)).

Lets, = 7,5, = 0, and 6 = 7. Equating (*) and (**) implies that

() t, +1t,=2nm — 7.
If 6 = 7/2, we get
(1) t,—t,=2mm + 7.

Solving for ¢, in () and (1) we get 2¢, = 2@(n + m), or t, = w(n + m), so
ty=2nwm — 7 —a(n+ m)=a(n—m)—m if § =7/4, equate () and (**) and
get

sin(vV2 (x, — #,)) =sin(V2x, —7) = V2 (x; — 1) + 2ka = V2x, — 7
=21, =7+ 2knm=V2(n+m)—-2k=1,

impossible for n, m, k € Z. Thus, ((7,0) - f), # (1,, t,; e'?) - f,. This does not make
surjectivity impossible, since for p to be R? invariant for all M we need
M(f, — (51, 55) - f).) = 0; ie., f, — ((s1, ;) - ). is a uniform limit of functions of
the form Xc,(g; — x; - g;) for x; € G, ¢, € R, g; € UCB(G) by Theorem 2.3.

If G is any analytic group, G = (Rad G X,S)/A, where A is discrete and central,
Rad G = radical of G, and S is a maximal semisimple analytic subgroup of G. If G is
amenable, so is S and, being semisimple, is thus compact. If follows that A must be
finite. If RadG = N X, (S 1)ym_ it seems reasonable that an appropriate generaliza-
tion of Lemma 5.1 applied twice would yield bijections between LIM’s on UCB,(N),
UCB,(Rad G), and UCB,(G). Thus

CONJECTURE. If G is an analytic group having a faithful, finite-dimensional,
continuous representation, and D is a discrete subgroup of G such that D\ G has
right-invariant finite volume, there is a bijection between LIM’s on /®(D) and
LIM’s on UCB,(G).
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