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ALGEBRAIC AND ETALE K-THEORY
BY
WILLIAM G. DWYER AND ERIC M. FRIEDLANDER!

ABSTRACT. We define etale K-theory, interpret various conjectures of Quillen and
Lichtenbaum in terms of a map from algebraic K-theory to etale K-theory, and then
prove that this map is surjective in many cases of interest.

1. Introduction. The purpose of this paper is to study the etale K-theory of a
commutative noetherian Z[1//]-algebra A. Etale K-theory is relatively easy to
compute, and it is related to algebraic K-theory by a natural, highly nontrivial map
¢. One stimulus for this work has been the conjecture that for many rings 4 the map
¢ is close to an isomorphism; this conjecture is a common generalization of several
distinct conjectures made by Lichtenbaum and Quillen [19, 33]. The main computa-
tional result below is Theorem 8.7, which (roughly) states that the map ¢ is surjective
for suitable subrings of an algebraic number field.

By definition, the etale K-theory of 4 depends upon the etale homotopy type [14]
of SpecA in a very classical way; for instance, there is a spectral sequence of
Atiyah-Hirzebruch type (§5) which relates the continuous etale cohomology of 4
with certain local coefficients to the etale K-theory of 4. From this point of view,
etale K-theory is a (twisted) generalized cohomology theory on the etale homotopy
type of Spec 4, a theory which bears the same relationship to etale cohomology as
the complex topological K-theory of spaces does to singular cohomology. From a
pragmatic point of view, the main achievement of etale K-theory is to manufacture,
for a fairly general ring 4, some plausible analogue of the space im J (or Fy7) used
by Quillen to identify the algebraic K-theory of a finite field [30]. The present study
of etale K-theory is an extension to more general rings of the work in [12, 13].

Some of the topological and algebro-geometric material below may be interesting
in its own right, for instance, the notion of “geometric function space” (§2), the
general construction of continuous cohomology (§2), and the association of a
secondary cohomological transfer homomorphism to a finite cyclic covering map
(§87). A little more speculative is the hope that, as a new algebraic tool, etale K-theory
may prove useful in the study of various questions in algebraic geometry which are
seemingly unrelated to K-theory.

Because of the long gestation period of this paper, there have already been a few
publications which make use of the machinery developed here. In collaboration with
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248 W. G. DWYER AND E. M. FRIEDLANDER

V. Snaith and R. Thomason, we showed that etale K-theory satisfies “etale cohomo-
logical descent” and proved a general surjectivity theorem for a modified form of the
map ¢ [8]. R. Thomason proved that the natural transformation from algebraic to
etale K-theory satisfies a theorem of Riemann-Roch type [42]; he has also used etale
K-theory in several other recent papers [41, 43]. In [39], C. Soulé constructed
operations in etale K-theory.

We acknowledge a great debt to C. Soulé, whose provoctive paper [37] led directly
to the present work. Just as important is the pervasive influence below of the ideas
of A. K. Bousfield and D. M. Kan (especially [3]).

Outline of the paper. §2 contains a technical description of various function spaces
and spectral sequences. Many of our constructions are formulated in terms of
(topological) spectra rather than of spaces or homotopy groups, and §3 describes the
categorical machinery needed to produce these spectra. The definition of the etale
K-theory spectrum and the definition of the map from algebraic to etale K-theory
appear in §4, while §5 contains the specializations to etale K-theory of the spectral
sequences of §2. §6 discusses the K-theory transfer homomorphism, and §7 an
analogous secondary transfer homomorphism for cyclic covering maps. §7 also
contains the proof (by descent) of a surjectivity result for the etale K-theory
secondary transfer. The surjectivity theorems for rings of S-integers in global fields
and for fields of Z/I-cohomological dimension < 2 are proved in §8, as well as an
isomorphism theorem for finite fields and a divisibility theorem for the Borel classes
in the algebraic K-theory of a ring of integers in a number field. The proofs in §8 use
product, transfer, and secondary transfer to reduce all of the questions to low-degree
calculations. The appendix contains a result which is needed in §4 in order to
recognize a construction of algebraic K-theory. An overview of our specific conclu-
sions for algebraic K-theory is given in [7].

Notation and terminology. Throughout the paper, / denotes a fixed prime number
and /¥ an arbitrary power of /. The word spectrum is always used in the sense of
algebraic topology [25], and space is a synonym for simplicial set [22]. We will
ordinarily make no distinction in notation between a commutative ring A and the
associated affine scheme Spec A. All schemes are locally noetherian by assumption;
the contraction sscheme then stands for (locally noetherian) simplicial scheme. One
background reference for the theory of simplicial schemes is [14], though we have
deviated from some of the usages there in the interests of economy. In particular, the
word hypercovering is used below to stand for what in [14] is called “rigid hyper-
covering.”

If A and B are objects of some category with a simplicial structure, then
hom(A, B) will denote the set of maps from 4 to B in that category, and
Hom( A4, B) the corresponding space (= simplicial set) of maps from 4 to B. For
instance, if A and B are sschemes, then Hom(A4, B) is the simplicial set with
Hom(A4, B), = hom(4 ® A[n], B) [14, p. 124]. If A and B are provided with
structure maps 4 - C and B — C for some C, then hom(A4, B). (respectively
Hom( A4, B)) stands for the set (resp. space) of maps from 4 to B in the category of
objects over C.
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2. Function spaces and spectral sequences. The purpose of this section is first of all
to construct various spaces of functions between pro-spaces and between sschemes.
If S - V, T — V are maps of pro-spaces, there is a space Hom (S, T') of topologi-
cal functions, a space Hom,(S, T), of relative topological functions, and a space
Hom,(S, T), of relative /-adic functions. If X - R, Y — R are maps of sschemes,
there is a space Hom (X, Y) of relative geometric functions, as well as a map from
Hom (X, Y)gtoan associated space of /-adic functions (see 2.4).

The second part of the section contains the construction of a homotopy spectral
sequence associated to Hom (S, T), Hom (S, T),, or Hom,(S,T), (see 2.10).
There is a formula for the E,-term of this spectral sequence in terms of the
“continuous cohomology” (see 2.8) of a pro-space with local coefficients.

2.1 DEFINITION. Let S = {S,} and T = {T;} be pro-spaces with each T, a Kan
complex [22, p. 3]. For any n > 0, let Hom{"’(S, T') denote the space

hczl_im li_rr)l Hom( S,, Q(n})
B «
where Tz(n) is the nth stage in the simplicial Postnikov tower of Tj [22, p. 32].
Define the space of topological functions from S to T by
Hom (S,T) = holim Hom{" (S, T).

It is clear that Hom,(S, T) is natural with respect to all maps S’ — S and all
strict maps T — T’. (A map of pro-spaces is said to be strict if it is given by a
natural transformation with respect to a functor on indexing categories [14, §4].) If S
and T are singleton pro-spaces (i.e., indexed by the trivial one-object category) then
Hom, (S, T') is homotopy equivalent to the standard function space of maps from S
toT.

There is also a relative version of (2.1).

2.2 DEFINITION. Let {7 — V}} be a pro-object of Kan fibrations [22, p. 25] and
§={S,) » V={V,} some specified map of pro-spaces. For any n >0, let
Hom{™ (S, T'), denote the space

holim lim Hom(S,, Ty/ V(1)) ,.
B (24
where T/ Vp(n) is the nth stage of the simplicial Moore-Postnikov tower of T = Vj
[22, p. 34). Define the space of relative topological functions from S to T over V by
Hom,(S,T), = holim Hom{™ (S, T),.
n

It is convenient to use the notation of (2.2) in a slightly larger setting. Let g:
T={T},cr = V= {V;}sca be a strict map determined by a functor ®: A - I'.
Construct the associated levelwise fibration {T, = Vp}pep as follows: B is the
category in which an object is a triple (v, 8, y = ®(6)) and a map a pair (y' — v,
8’ — 8) determining a commutative square; T, — Vj is then the mapping fibration
of T, — Vjfor B = (v,8,y > ©(§)). Any specified map S — V' = {V;} determines a
map S — {V},} and therefore a relative function space Hom (S, {T3}),,)- As in
Definition 2.2, the notation for this relative function space is Hom (S, T),.
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The Bousfield-Kan fibrewise (Z//-) completion of a fibration E — B appears in
one of its forms as a tower of fibrations {(Z//),E - B},., (3,1, §8]. If T = (T}
— V = {V;} is a strict map of pro-spaces, define the fibrewise completion T, — V to
be the pro-space {(Z/1),Ty = Vy}s ,, Where {T, — V,} is the associated levelwise
fibration.

2.3 DEfFINITION. Let T — V be a strict map (of pro-spaces) and S — V some
specified map. Define the space of relative l-adic functions from S to T over V to be
the space

Hom,(S,T), = Hom,(S,T,"),.

These definitions apply to sschemes through the etale topological type functor,
which passes from the category of (locally noetherian) sschemes to the category of
pro-spaces and strict maps. If X is a sscheme, its etale topological type X, is the
pro-space {7 - U}, indexed by the hypercoverings U of X, where 7 - U is the
diagonal of the bi-simplicial set obtained by applying the Zariski connected compo-
nent functor to each bi-dimension of U [14, §4].

2.4 DEFINITION. Let X - R, Y — R be maps of sschemes. Define the space of
relative geometric functions from X to Y over R by

Hom (X,Y), = 11)1’1 Hom(U, Y) g,
U

where the direct limit is indexed by the hypercoverings U of X and Hom(U, Y),
signifies Hom(diag U, Y') ;. Define the space of relative I-adic functions from X to Y
over R by

Hom, (X, ¥)g = lim Hom,(Uy, Y s,
U

where the direct limit is again indexed by the hypercoverings U of X and U, denotes
the etale topological type of diag U.

If U is a hypercovering of X, the natural map diag U — X of sschemes induces a
weak equivalence U,, = X,, (cf. [14, 8.11]) and therefore a homotopy equivalence
Hom (X, Y,)r, — Hom (U, Y,)g_ This indicates that the direct limit in the
above definition of Hom,( X, Y), has no homotopy function. The purpose of this
direct limit is to simplify the following proposition.

2.5 PROPOSITION. Given maps X = R, Y — R of sschemes, there is a natural map
Hom (X, Y)z = Hom (X, Y).

PrOOF. For each hypercovering U of X there is a natural map Hom(U, Y) —
Hom(U,, Y,,) constructed in [14, 13.2]; it is easy to see that the same procedure gives
a map Hom(U, Y), = Hom(U,,, Y ) - Given any two maps S = V, T = V of
pro-spaces, there is an obvious associated map Hom(S, T),, » Hom,(S, T), as well
as a map Hom,(S,T), » Hom,(S,T), induced by the fibrewise completion
morphism {7, — (Z/1),T } .- Putting these together produces for each hypercover-
ing U of X a natural map Hom(U, Y); — Hom(U,,, Y, ) g . The proof is finished
by taking a direct limit over U.
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2.6 REMARK. Suppose that X — R is replaced by a “geometric map” U — R,
where U is a hypercovering of X. In this case it is natural to define

Hom (X, Y)g = 1_12)1 Hom(V,Y)g, Hom,(X,Y)g= 11_1_)“ Hom (V,,, Yo) &,
v v

where V runs through all hypercoverings of X which refine U. The construction of
Proposition 2.5 again leads to a natural map Hom (X, Y), = Hom,(X, Y).

The remainder of this section is devoted to the definition of continuous cohomol-
ogy and the construction of a homotopy spectral sequence associated to Hom, (S, T')
or Hom (S, T),.

2.7 DEFINITION. A groupoid G is a small category in which every morphism is
invertible. A G-module M is a functor from G to the category of abelian groups. A
pair # = (G, M) consisting of a groupoid G and a G-module M is called a
coefficient system. A morphism A4 = (G, M) —» A’ = (G’, M’) of coefficient sys-
tems is a functor f: G — G’ together with a natural transformation M’ —» Mo f. If
M = (G, M), the relative Eilenberg-Mac Lane space K(#, n), n > 0, is the natural
Kan fibration over NG with fibre over x € Obj(G) equal to the simplicial Eilenberg-
Mac Lane space K(M(x), n) [22, p. 99].

The nerve NG of a groupoid G is the disjoint union of Eilenberg-Mac Lane spaces
of the form K(,1) [34]. Relative Eilenberg-Mac Lane spaces come up naturally in
twisted cohomology theory and also in the Postnikov decomposition theory of
non-simply-connected spaces [9]. .

2.8 DEFINITION. Let S be a pro-space, # = {#;} = {(G;, M,)} a pro-object of
coefficient systems, and f: § - NG = {NG;} a specified map. For each n > 0,
define the nth continuous cohomology group of S with (local) coefficients .# by

Hc'lmt(S’ ‘//l) = 'TTOHOIII,(S, K(‘//{’ n))NG'
If # = (G, M) is a constant pro-object and S = { S, }, then
Hiyn(S, H#) = 7, lim Hom(S,. K(A . n)) g

= llr_)n H"(S,, #)=H"(S, ),
where H"(S, #) and H"(S,, #) denote the usual local cohomology groups of S or
S, with respect to the coefficient system .# and the twisting maps S, - NG. For a

general # = {.M# ;},.,, there is a more complicated relationship between continuous
cohomology with coefficients.# and ordinary cohomology:

2.9 PROPOSITION (CF. [40, 2.2]). With the above notation, there is a convergent first
quadrant spectral sequence

. P
Ef7= lim HY(S, # ) = HELL (S, M)

cont

J

in which the rth differential d, has bi-degree (r,1 — r).
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REMARK. Here l(iLn’; is the pth right derived functor of the inverse limit functor on
J-diagrams of abelian groups [3, XI, §6].

PROOF. Pick n > 1 and apply Hom (S, -) 5, to the homotopy fibre square:

K(A#,n) - NG
e !
NG - K(A.n+1)

What results is a homotopy fibre square of spaces in which two of the corners are
contractible—this leads to the conclusion that Hom,(S, K(A4#, n)) 5. is homotopy
equivalent to the loop space @ Hom, (S, K(A, n + 1)) 55 It follows by induction
that for any n > 0 there are natural isomorphisms

m,Hom (S, K( A, n)) yg = Hionli(S, ).

cont

In light of this calculation, the Bousfield-Kan spectral sequence [3, X1, §7] associated
to the homotopy inverse limit formula

Hom,(S. K(#,n)) g = holim lim Hom(S,, K(#,, 1)) v,
J a
can be re-indexed to give a (suitably fringed) first quadrant spectral sequence
lim” H(S,, #,), +g<n,
Ero(my= | B0 (S #,).  pP+gq

0 p+q>n,
which converges to H2*4(S, A ) for p + q < n. It is not hard to produce for each n
a map E?%(n + 1) > EP-(n) which in total degree < n gives an isomorphism on
E,-terms. The spectral sequence of the proposition is then l(ir_n L E(n).

If T, is a space; let I'T, denote the fundamental groupoid of T and for n > 1 (and
n = 1if = is abelian), let =, (T}, -) be the I'T,-module whose value on a vertex a of
Ty is m,(T, @). Let I1,Tp be the coefficient system {I'Tg, 7,(Tp, -)} and, finally, if
T = {Ty} is a pro-space, let I (T") denote {II,7;}.

2.10 PROPOSITION. Let f: S = T = {T,} be a map of pro-spaces in which each Ty is
a connected Kan complex with abelian fundamental group. Then there is a natural
fourth quadrant spectral sequence

Ef9=HL, (S, I T)=m,.,(Hm/(S.T). /)
in which the differential d, has bi-degree (r,1 — r). This spectral sequence converges

completely in positive degrees if ](i_ll] : E?-9 vanishes forallp > 0,p + q > 0.

PrOOF. This spectral sequence is a re-indexed form of the one associated by [3, IX,
4.2] to the tower of fibrations {Hom{™(S, T)},.,. Let S = {S,}. It follows from
the functorial approach to obstruction theory [9] that there is a natural homotopy
fibre sequence

Hom(S,. K(IL,Ty. 1)) yrp, = Hom(S,. Ty(n)) - Hom(S, Ty(n = 1))
for any a, B and any n > 0. This determines fibre sequences

Hom (S, K(I1,T, n)) yrr = Hom{" (S, T) » Hom{" (S, T).
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The identification of

Ef = ﬂ_(p+q)Hom,(S, K(II_,T, -q))

NTT

with HZ (S, I1_,T) is a consequence of the initial remarks in the proof of
Proposition 2.9. The convergence criterion is that of [3, IX, 5.4].

There is also a relative version of the spectral sequence. Suppose that gg: Tp
— Vj is a fibration which has a connected fibre with abelian fundamental group.
Denote by 7,(T,/Vj, ) the T'Ty-module which assigns to each vertex x of Tj the
group ,( gl;lgﬁ(x),x), and by II,T,/V, the corresponding coefficient system

(I'Ty, m,(T,/ Vg, -))-

2.11 PROPOSITION. Let {gg: Ty = Vp} be a pro-object of fibrations each of which
has connected fibre with abelian fundamental group, and let f = S — T be a map. Then
there is a natural fourth quadrant spectral sequence

Ef = HE (S T T/V) =7, ,(Hom,(S,T)y, f)

in which the differential d, has bi-degree (r,1 —r). (Here 11_ T/V denotes
{11_,Tp/Vg}.) This spectral sequence converges completely in positive degrees if
l(u_n} E?9 vanishes for allp > 0,p + q > 0.

Proor. This is identical to the proof of Proposition 2.10, except that it uses
relative obstruction theory fibration sequences

Hom(S,, K(T1,Ty/Vy, 1)) yrr, = Hom(S,, Tp/Vi(n)),,

— Hom(S,, T/ Vy(n — 1)), (whereS = {S,}).

3. Categorical constructions of spectra. One way to construct a spectrum [35] is to
pass from a permutative category to an %space (see 3.3) and then from the %#space
to a spectrum (see 3.2). This section sketches that procedure and then recapitulates
the first step with all of the spaces involved replaced by sschemes. For instance,
Proposition 3.4 associates an sscheme to a particular permutative-category-
sscheme made up of general linear groups. §4 will combine this #sscheme with the
function space constructions of §2 to obtain K-theory %spaces and K-theory spectra.

3.1 DEfFINITION [35]. Let # be the category of finite pointed sets together with
basepoint-preserving maps and let n denote the set {0,1,...,n} pointed by 0. If €is
any category, then an Fobject of €is a functor ®: #— €; such a functor amounts
to a collection of objects ®(n), n > 0, together with a map ®(n) — ®(m) for each
pointed map n — m. An %object in the category of spaces is called an Fspace. The
Fspace @ is special if the natural map ®(A4 v B) - ®(A4) X ®(B) is an equivalence
for every pair of finite pointed sets A and B.

3.2 PROPOSITION [35, 24, 25]. There is a natural functor which associates to each
Fspace ® an Q-spectrum Sp(®). If ® is special, then the zeroth space Sp(®), of
Sp(®) has the homotopy type of a group completion [23, 26] of ®(1).
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If ® is special, the folding map 1 vV 1 — 1 determines the H-space structure on
® (1) which figures in the above group completion. The pre-spectrum which gives rise
to Sp(®) is determined by the canonical maps S! A ®(S") - ®(S"*!), where S! is
the standard simplicial model of the circle, S” is the n-fold smash power of S!, and
®(S") is the diagonal of the bi-simplicial set obtained by applying ® to each
dimension of S”.

A permutative category is a small category P together with a strictly unital, strictly
associative, coherently commutative “sum” operation, denoted O. A morphism
between two permutative categories is a functor which strictly respects both the units
and the appropriate sum constructions [24, Definition 1]. The nerve [34] of a
category P is denoted NP.

3.3 PROPOSITION [35; 24, CONST. 10]. There is a natural way of passing from a
permutative category P to an Fobject P of permutative categories, with P(1) = P. The
associated Fspace NP is special, and Sp(NP), has the homotopy type of QB(NP),
where the classifying space B(NP) is formed by using the monoid structure on NP
induced by the sum operation of P.

The categories P(n), n > 0, are defined as follows: An object of P(n) consists of
an object P of P for each subset S < n containing 0 (with Py, the unit object of P)
together with compatible isomorphisms Pg , — P¢0 Py whenever S N T = {0}; a
morphism of P(n) consists of a collection of maps f: P; — P{ (with [0y the identity)
such that each of the following diagrams commute:

fsor ,
Psyr - Pyt
) )
fsOfr

p,aP, = pP.OP;

It is not hard to see that P(n) is categorically equivalent to (but not in general
isomorphic to) the n-fold cartesian power of P, and that NP(n) therefore contains
NP X --- X NP as a simplicial deformation retract [24].

Fix a sscheme R, and let ¥ be the category sschemes/R of sschemes over R. For
each n > 0 the general linear group sscheme GL, (= GL, ; X, R) gives rise in the
spirit of [21, p. 75] to a category in € with object “set” the sscheme GL,, and
composition law the matrix multiplication map GL, X  GL, —» GL,. This category
in €is denoted ¥7,.

3.4 PROPOSITION. The disjoint union 11, ,%9¢, = 9¢, has the structure of a
permutative category in € in which the sum operation O is determined by the external
sum maps

GL,, xxGL, - GL,,,,.

The proof is immediate.

3.5 PROPOSITION [11, 9.1]. Let R be a sscheme and 9¢ , the permutative category in
sschemes /R described in Proposition 3.4. Then there is a naturally associated Fobject

B%¢, : F — sschemes/R
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such that

B%/,(0)=R, B%,(1)=1]]BGL,,
k>0
and B%¢ ,(n) contains the n-fold fibre power of BY¢ (1) over R as a simplicial
deformation retract.

In the above proposition, BGL, is the diagonal of the bi-simplicial sscheme NGL,
[14, 1.2, §2]. The construction of B%/, is carried out by formally imitating the
construction of NP in (3.3). This involves first building a functor,

9¢,: ¥ — (permutative categories in sschemes/R)

and then obtaining Bg_/*(n) as the diagonal of the nerve of g_{’*(n). (See [14, 5.2,
8.3, 9.1] for more details.)

The following pairing on B/, will induce a product structure on K-theory. Let
A: F X F— Fdenote the smash product functor on pointed sets sending (m, n) to
mn [25, p. 303].

3.6 PROPOSITION [13, 1.4]. The Fobject BG¢ , of (3.5) admits a natural pairing
derived from the external tensor product maps GL,, X x GL, — GL,,,. In particular,
there is a functor BY¢ . F X F — sschemes /R together with natural transformations

- A I .
B9Z, A< B9, 5> BYZ, x,BYZ,

such that for any (m,n) in F X Fthe induced map
Emm: BFZ, (m,n) > BGZ, (m) X , BGZ, (n)

is a simplicial equivalence. In the appropriate sense [25, p. 339] this pairing is
associative and commutative.

The assertion that g, , is a simplicial equivalence means in this case that the map
has a right inverse r, , such that the composite r, , © 8. n i simplicially homo-
topic to the identity as a map of simplicial schemes over R. The above pairing is
obtained by reproducing the constructions of [25, Appendix] in the algebraic
category.

4. Algebraic and etale K-theory. From this point on in the paper, R will denote the
ring Z[1/1]. In this section we will define the algebraic K-theory of an affine scheme
over R (see 4.1) as well as the etale K-theory of a general sscheme over R (see 4.3);
the fundamental similarity between these two definitions provides a natural map ¢
from algebraic to etale K-theory (see 4.4). Proposition 4.2 verifies that the algebraic
K-theory of Definition 4.1 agrees with Quillen K-theory [32], while Proposition 4.5
shows that in most cases etale K-theory has a straightforward homotopy-theoretic
interpretation. The last part of the section deals with properties of the natural
transformation ¢ in degrees 0 and 1.

Here and in what follows, Bg_/* is the #sscheme over R defined in Proposition
3.5 and B/, the associated # X Fsscheme of Proposition 3.6. The mod /* Moore
spectrum S° U ,, e! with bottom cell in stable dimension zero is denoted M(»).
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4.1 DErFINITION. For any R-algebra A, the algebraic K-theory spectrum of A is the
ring spectrum

K, = Sp(Hom (4. B97,) )

with ring structure provided as in [25, p. 339] by the # X Fspace Hom (4, B9t ) x
and the associated maps involving it (see Proposition 3.6). The algebraic K-theory
space K , is the ring space K, = (K ;). The algebraic K-groups of A are defined for
i > 0by
K,(A4)=7K,, KI(A’Z/IV)z'”i(KA/\‘//[(V))‘
REMARK. To obtain the above ring structure, [25] requires that the natural map
(see 3.6).

Hom (A4, B9/, ), » Hom (4. B%¢, ), x Hom (A4, BGL ),

be an equivalence. This follows from Proposition 3.6 and the fact that a simplicial
homotopy Y ® A[1] — Z induces a homotopy Hom (X, Y) X A[1] = Hom (X, Z).

4.2 PROPOSITION. For any R-algebra A, the ring 7 ,K, = 7, (K,) is naturally
isomorphic to the Quillen K-theory of A [32] with its usual ring structure [20].

PROOF. By Proposition 3.2, K , is a group completion of the space
[1 Hom,(4, BGL,) , = Hom (4, B%Z/ ) z(1)
n>0
with respect to the external direct sum operation. By results in the appendix, this
union of geometric function spaces is equivalent (in a way which preserves the sum
operation) to LI, BIso(P), where P runs through the set of isomorphism classes of
vector bundles over 4 (= finitely generated projective A-modules). The first part of
the proposition now follows from [16, p. 228 and 26]. A crucial point [16, p. 226] is
that every epimorphism of vector bundles over 4 can be split—this is false in
general for a nonaffine scheme. The statement about products follows as in [25, p.
302].
4.3 DEfFINITION. For any (locally noetherian) sscheme X over R, the etale K-theory
spectrum of X is the ring spectrum

Ief\" = Sp(Hom,(X, Bg_/*)k)

with ring structure provided as in [25, p. 339] by the # X Fspace Hom,( X, B¢ ) n
and the associated maps involving it (see Proposition 3.6). The etale K-theory space
K¢ is the ring space K§ = (K%),. The etale K-groups of X are defined for i > 0 by

k,et(X)='”ike,\t’v kfl(XvZ/[y)=7Ti(f(e,\l’/\'/”(V))~
4.4 PROPOSITION. For any noetherian R-algebra A, the map of Proposition 2.5

determines a natural map of ring spectra ¢: K, — f(ﬁ. This map induces homomor-
phisms

¢*:K*(A)—>k§f(A), ¢*:K*(A’Z/[y)_’K?kt(A’Z/[V)v
which are ring homomorphisms for I* #+ 2. Moreover, the rings involved are associative
for I” # 3 and commutative for |" + 4.8.
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ProOOF. This follows immediately from the naturality of (2.5), the naturality
properties of the pairing construction in [25], and the results of [1].

REMARK. The natural transformation (4.4) can be extended from neotherian
R-algebras to schemes quasi-projective over such algebras by “Jouanalou’s device”
[13, proof of 1.3]. However, this construction has the disadvantage of being natural
only up to homotopy.

Assuming finite cohomological dimension, we give a more explicit formula for the
etale K-space.

4.5 PROPOSITION. Let X be a connected sscheme over R with (etale) Z /I-cohomologi-
cal-dimension [28, V1.1] equal to d < co. Then for any n > 1 there is a natural
homotopy class of maps Z X Hom,(X, BGL,), — 12'}‘ which is a (2n — d)-
equivalence. In addition, for any n > 1 there exists a natural homotopy class of maps

(K%), - HomI(X’ B—gT*(S"))R
such that the induced map

RS - 9" Hom, (X, BGZ, (5"),
is a weak equivalence on the connected component of the base point.

PROOF. Recall from [14, §8] that the homotopy fibre of B/ (n)}— R, is
equivalent to [(LI ., BGL,(C))*"]", where BGL,(C) is the classifying space of the
Lie group GL,(C). It follows that Hom,( X, B%(,) r 1s a special #space. Since
(BGL,))g— (BGL,, )¢ is a fibrewise (2n + 1)-equivalence for each n > 0, the
induced map

Hom,( X, BGL,)  » Hom,( X, BGL,, ),

is a (2n — d)-equivalence (see the proof of 2.10 for the obstruction theory that leads
to this conclusion). Therefore K'§, as a group completion of
Hom,(X, B9/, (1)), = 1] Hom,(X, BGL,) .,
k>0
is equivalent to Z X li_r)n JHom (X, BGL,), [26]. The first part of the lemma
follows.
If S is a space and T, a simplicial space, there is a natural map
diag Hom( S, T',) — Hom( S, diag T'.)
which sends a k-simplex S X A[k] — T, to the composite S X A[k] = T, X A[k]
— diag T,. Since B/ ,(S")y receives a map over R, from the diagonal of k —
B%¢,((S"),)kr, this construction determines a map (K$), —

Hom (X, BY¢ ,(S"))z- Looping n times produces the stated equivalence because
the natural map

27/R A|Z X lim (BGL)p | » B9Z, (S")r
k

has an adjoint which is a weak equivalence on each connected component. (Here
2"/R A (-) is the n-fold fibrewise suspension functor over R ,.)
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In [13] the groups K£'(X) and K( X, Z/1") are defined in terms of the homotopy
groups of the space lE)n ,Hom, (X, BGL, ), where X is a sscheme defined over a

complete discrete valuation ring F over R with separably closed residue field and
BGL, = BGL, Xz F.

4.6 COROLLARY. If X is as above and has finite Z /I-cohomological dimension, the
etale K-groups K:'(X) with i > 0 and K T(X,Z/1") are isomorphic to those defined in
(13].

PrROOF. For K{'(X) with i >0 and K'(X.Z/I") with j > 1, it suffices by
Proposition 4.5 to prove that the natural maps
Hom, (X, BGL, ) - Hom,( X, BGL,) .

are equivalences for each n > 0. Since F,, is contractible and since the structure map
X, — R, factors through F,, these equivalences are implies by the fibration
sequence (BGL, ;)"— (BGL,)z— R, Forj = 0 or 1, apply the argument of [13,
1.2] in conjunction with the above equivalences.

Let Grass,, , denote the projective R-scheme representing locally free coherent

sheaves of rank n generated by m global sections, According to [10] there are natural
maps (in the category of sschemes over R)

Grass,, , < B(GL, /GL

m.n

GL, 4) = BGL,
such that on /-adic etale topological types the left-hand map induces a fibrewise
equivalence over R, and the right-hand map a fibrewise (2m — 2n + 1)-equivalence.

m-—-n>

4.7 PROPOSITION. If X is a connected sscheme over R of finite Z/I-cohomological
dimension, there is a natural isomorphism
bo: K5'(X) > Z X ll_I)n 11_11)1 7, Hom (X, Grass, .+ ,,) z-
n k
Moreover, if X = Spec A is affine and P is a rank n projective A-module, then 6,0 ([ P])
is represented by the pair (n, 7" : A, — (Grass,, ,) i) where 7,: A — Grass,, , is the
classifying map associated to some surjection A®™ — P.

m.n

ProoOF. The existence of §, follows from Proposition 4.5 and the above remarks.
For the second statement, choose a splitting 4™ = P & Q for some surjection
A®m — P If U — A is an etale hypercovering such that the restriction of P to U, is
trivial, then a choice of trivialization for P on U, determines g,: U — BGL, (as in
the appendix) while the splitting 4®” = P & Q determines a lift g,: U —
B(GL,/GL, _,.GL, ). By construction, ¢([P]) is represented by the homotopy
class g U,, = (BGL,) in myHom (U, BGL,), so to prove the proposition it is
enough to check that the following square commutes:

&gr
U - B(GL,/GL
) )

GLn.*)

m-—n?

T

P
A —  Grass

m.n

This follows from an explicit calculation with g, and 7.
There is a similar result in the case of dimension 1.



ALGEBRAIC AND ETALE K-THEORY 259

4.8 PROPOSITION. If X is a sscheme over R of finite Z/I-cohomological dimension,
there is a natural isomorphism
0,: K{(X) = lim 7, Hom, (X, GL,) x-
n
Moreover, if X = Spec A is affine and a € GL,(A) is an invertible n X n matrix over
A, then 0,¢(a) is represented by the map a™: A, — (GL,) .

PrOOF. Let EGL, denote B(GL,,GL, ,)[14, 1.2], so that for each n > 0 there is a
pullback diagram (of sschemes over R):
GL, - EGL,

n

) I
R - BGL,

This becomes a homotopy fibre square of /-adic etale topological types and so gives
a fibration sequence

Hom,( X,GL,), = Hom,(X, EGL,)  » Hom,( X, BGL,) .

Since EGL, is simplicially contractible to R, the space Hom,(X, EGL,) is
contractible and so the isomorphism 8, can be constructed from Proposition 4.5 and
the long exact homotopy sequence of a fibration.

In the case X = Spec A, the natural maps of Proposition 2.5 determine a com-
mutative diagram

GL,(A) - Hom(4,EGL,)), - BGL,(A)

! ! !
Hom,(A4,GL,), — Hom,(4,EGL,), — Hom,(A4,BGL,),

in which the rows are fibration sequences. By the argument of 4.5, the map ¢:
K, (4) - Kf‘(A) is equivalent to the abelianization of the direct limit of maps
m(BGL,(A4)) - =, Hom, (A4, BGL, )y induced by the right vertical arrow above. It
follows that 8, o ¢ is induced by the left vertical arrow above.

5. Relationship to cohomology. The purpose of this section is to construct a
spectral sequence relating etale K-theory to etale cohomology. One of the major
attractions of etale K-theory is the fact that in many cases it can be computed, either
with the spectral sequence or by some other technique. Theorem 5.6 contains a
periodicity statement for mod /” etale K-theory, which is proved by working with
spectral sequence product structures.

As usual, R denotes Z[1//]. Since adjoining an /-primary root of unity to an
R-algebra A determines a finite etale extension, the sheaf p, of /”th roots of unity
[28, 11.2.18] is locally isomorphic to the constant sheaf Z //” for the etale topology on
R. In particular, u, determines a coefficient system (see Definition 2.7) on R,,,
which for brevity is also denoted p,. Let Z//*(0) denote the constant coefficient
system Z/!” and, for any k > 0, let Z//"(k) be the coefficient system given by the
k-fold tensor power of u,.. In addition, for any k£ > 0 let Z,(k) be the pro-object of
coefficient systems on R., given by {Z//”(k)},.,. To simplify the statements that
follow, we will use the convention that Z/!”(k/2) and Z,k/2) are the zero
coefficient systems unless & is a nonnegative even integer.
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5.1 PROPOSITION. Let X be a connected sscheme over R of finite Z /I-cohomological
dimension. Then there is a natural, strongly convergent, fourth-quadrant spectral
sequence

Ef~9 = Hpo(Xeo Z(q/2) = KU, (X).

REMARK. Continuous cohomology was defined in Definition 2.8. Note that the
natural summand of Z in K{'(X) is /-adically completed in the abutment of this
spectral sequence; in all other respects there is strong convergence in the ordinary
sense.

ProOF. Using Proposition 4.5, interpret K$'(X) as 7, ,, Hom (X, B?—/*(S”))R
for some n > 0. It is clear from the proof of 4.5 that this involves the abovemen-

tioned /-adic completion when * = 0. Consider the spectral sequence of Proposition
2.10

'Ef~9=H?

cont

(X TI,BGE, (S")R /Ry

= m,_,Hom, (X, B9, (S")r ) .
where the basepoint is provided by the natural map X - R — B¢ (S"). Define
the spectral sequence E** by EP~9='EP~47" To identify the E,-term, observe
that the fibre of BZZ,(S")s — R, is equivalent to the n-fold connective delooping
of Z,(0) X BGL_(C)", so that the homotopy pro-groups of this fibre are abstractly
isomorphic to {Z/!"},. , in degrees of the form n + 2k, k > 0, and zero otherwise.
The action of 7 R, on the pro-group in dimension n + 2k is induced via delooping
and the Hurewicz homomorphism by the action of =, R_ on the 2k-dimensional
fibre cohomology in the fibration
BGL,(C)" — (BGL,); = R

Modulo decomposable elements, this fibre cohomology is generated by the kth
Chern class ¢,; it follows from the fact that this class is algebraic that the dual
homotopy pro-group affords the m, R -representation Z,(k). See [12, 5.5] for more
details. The fact that X has finite Z //-cohomological dimension implies that ‘E{*9 = 0
for p sufficiently large, and so the convergence criterion of Proposition 2.10 is
satisfied.

There is a similar spectral sequence for mod /" etale K-theory.

5.2 PROPOSITION. Let X be a connected sscheme over R of finite ZL /I-cohomological
dimension. Then there is a natural, strongly convergent, fourth-quadrant spectral
sequence

EP~9= H?(X,.2/"(q/2)) = KS ,(X.Z/1").
PrOOF. According to Definition 4.1, §3, Proposition 4.5 the spectrum W = K
can be constructed from the collection of spaces W,, i > 0, given by
W, = Hom (X, B/, (S")) -
For each n > 0, let W(n) be the spectrum constructed from the collection of spaces
W(n), i = 0, with
W(n), = Hom,(X,..(BGZ, (S)R)/Ruln + 1)) -
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It follows from the various definitions that the spectral sequence of 5.1 for 7r,,f(°;, is
exactly the homotopy spectral sequence associated to the tower of spectra { W(n)}, .,
by the procedure of [3, IX, 4.2]. In particular, the E,-formula in 5.1 is equivalent to a
calculation of 7, fibre (W{n) — W(n — 1)), n > 0, in terms of H}  (X,,,Z,(n/2)).
The spectral sequence of this proposition is defined to be the homotopy spectral
sequence of the tower {W(n) A M (v)},.; it is straightforward to calculate
the E,-term by showing that for each n > 0 the homotopy groups of the fibre
of the natural map W{n) A M (v) = W{n — 1) A #(v) are given in terms of
H*( X, Z/1"(n/2)).

The spectral sequences referred to in the following lemma are the spectral
sequences of Proposition 2.10 in the special case in which all of the pro-spaces
involved are trivial, i.e., are actual spaces.

5.3 LEMMA. Let g: V — B and h: W — B be Kan fibrations with given sections and
let g A h: V NgW — B denote the mapping fibration of the fibrewise smash product of
g and h. For any f: U — B, consider the associated smash product pairing of function
spaces

Hom(U, V) z A Hom(U, W)z = Hom(U,V AgW ),

where the function spaces are pointed by the given sections. Then this pairing induces a
pairing of homotopy spectral sequence

p: EP~9(U,V)® EF~9(U,W) > EP™P 474U,V Ay W)

with the following properties:
(1) On E,, this pairing is induced by cup product in cohomology and smash product in
homotopy of the fibres

H?(U, N1 V/B)® H(U, 1 ,W/B) - H**?(U, 11, .,V AgW/B).
(2) Forv € EP~9andw € EP' 77,

d,(p(vew))=p(d(v) ®@w) +(-1)"n(v & d,(w)).

(3) The pairing on E, | for r > 2 is induced by that on E, , and the pairing on E__ is
induced by that on E, for all r > 2.
(4) The pairing on E_ is compatible in the usual sense with the smash product pairing

m,_,Hom(U, V) ® m,_, Hom(U, W), > = (U V AW .

q9+q' —p=p
ProoF. We will sketch the construction of a pairing satisfying (3) and (4), and
omit the verification of (1) and (2) (see, for instance [4]).
For any fibration Z — B with given section and any pair /, j with 0 < i < j, let
Z({i,j) denote the relative (i — 1)-connected cover of the jth Moore-Postnikov stage
of Z — B. More precisely, Z{i, j) lies in the pullback square (see 2.2)

Z{,jy - Z/B(j)
) 2
B - Z/B(i-1)
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in which the lower horizontal map is induced by the given section B — Z. By
definition, the homotopy spectral sequence for Hom(U, Z) , is the spectral sequence
associated to the exact couple:

® 7, Hom(U, 2(0,4)) , » @ 7,_,Hom(U. (0.4~ 1)),

'
I
e

¥
@ 7, ,Hom(U, Z(q.9)) »

The E?~9-group in this spectral sequence is isomorphic to
image{ 7,_, Hom(U, Z(q,q + r = 2)) ; > =, ,Hom(U, Z{q — r + 2, )}

The pairing asserted in the lemma can therefore be derived in a straightforward way
from the natural maps

V(q,q+r—2>/\BW<q’,q’+r—2>—>(V/\BW)<q+q’,q+q’+r—2>.

5.4 PROPOSITION. Let X be a connected sscheme over R of finite Z /I-cohomological
dimension. Then for I* + 2 there are natural bilinear pairings on the spectral sequences
of Propositions 5.1 and 5.2. These pairings have the following properties:

(1) On E,, the pairings are induced by cup product

HC‘Z)nl(Xe!’Zl(q/z)) ® H(ﬁ;nl(Xet’Z/(ql/z)) - HCPO-I:tp,( Xel’Zl(q/z + ql/z))’

H? (X 2/1(4/2)) ® H (X, 2/1"(q'/2)) = HP P (X 2/ (/2 + 4'/2)).
(2) and (3) As in (5.3).
(4) The pairings on E_ are compatible with the pairings of §4,
K’f'(X) ® Iejet(X) - K‘eij(X),
KX, Z/1") ® KX, Z/1") - KF\ (X, 2/17).
PROOF. The ring structures of §4 are derived from the object B9/, of 3.6. There
are maps
B9l,(S")* < B%/,(S"x S") - BG¢, (S?")
of sschemes over R which determine (up to homotopy) pairings
BYCy(S")r A r BICx(S")r = BIL,(S¥)i
of pro-spaces over R,,. These pairings pass to maps
Hom, (X, B9/, (S"))x A Hom, (X, B9/, (S")), — Hom,( X, BGZ, (5*")),

which (see 4.5 and [25, Appendix]) determine the ring structure of K§(X). Conse-
quently, the natural extension of 5.3 to pro-spaces over R, gives a product structure
on the spectral sequence of 5.1. The corresponding product structure on the spectral
sequence of 5.2 can be obtained formally by working in the stable category (proof of
5.2) and using a suitable product map A (v) A A (v) = A (v) [1].
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Let ¢ be a primitive /”th root of unity (if / =2 assume » > 2) and let B, €

K,(R($),Z/1”) be the image of 1 mod /* under the map
Z/I" = m(BZ/I", Z/1I") > K,(R(§),Z/1I")

induced by the homomorphism Z/I” —» R({)* = GL,(R({)) sending 1 to §.

REMARK. O. Gabber has pointed out that the proof of 8.4 below proceeds from an
implicit assumption that the above map Z//* — K,(R({),Z/!") is a group homo-
morphism. This can be verified if /” # 2 by a straightforward calculation which
compares homotopy to homology by the Hurewicz map.

We recall that, since /” # 2, R[{] has finite Z//-cohomological dimension [37,
IIT 1.3).

5.5 LEMMA. The image of B, in K§'(R($),Z/1") maps under the edge homomor-
phism of the spectral sequence of Proposition 5.2 to a generator of the cyclic group

HO(R(§)eo Z/1"(1)).

PrROOF. Let A = R({). By naturality there is a commutative diagram

v

K(AZ/) - K(4) S K(4)

!¢ l¢ l¢
N Iid N
K$'(A4,2/I") -  K'(4) - K7i(4)
l { !

13
0- HO(Aet’Z/ly(l)) - Hclont(Aet’Zl(l)) - Hclom(Aet?Zl(l))

in which the lower vertical arrows are spectral sequence edge homomorphisms and
the left-hand horizontal arrows are Bockstein homomorphisms. The rows in this
diagram are exact (the lower one because H2  (A4,,, Z,(1)) vanishes [37, I11.1.6]). It is
easy to see that the maps in the center column are part of a commutative diagram:

di
K, (4) S Hom,(4,GL,), ~ 4*
lo )
de
Klet(A) _: 7TOI_IOInI(A’(}Ll)R = Hclont(Aet’ Zl(l))

Comparing the fibration sequences

v

!
Homg(A’ p’l')R - Homg(A9GL1)R - Homg(A’GLI)R
=] \ i

v

/
Hom,(A4,p,)r — Hom,(4,GL,); — Hom,(4,GL,),

now leads directly to the conclusion that the /’-torsion subgroup of K,(A4) maps
isomorphically above to the /*-torsion subgroup of HL (4. Z,(1)). It follows that
if x is an element of K,(A4,Z/!") then the image of x in H%(A.,Z/I’(1)) is a
generator of this group if and only if the image of x under the Bockstein homomor-
phism is a generator of the /*-torsion subgroup of K,;(A). By construction, B8, has
this second property.
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5.6 THEOREM. Let { be a primitive I"'th root of unity, and let X be a connected
sscheme over R({) of finite Z /I-cohomological dimension. If | = 2, assume v > 2. Then
the cup product map B,(—): K{'(X,Z/1") = K\ ,(X,Z/1") is an isomorphism for
i=0.

5.7 REMARK. It is not hard to prove stronger periodicity results by exploiting the
construction of “Bott elements” in [8]. For example, suppose that / is odd, let K be
an algebraic number field and A4 the integral closure of R in K. Then if X is a
sscheme over A of finite Z /I-cohomological dimension, the groups K'(X,Z/[") are
periodic of period 2d, where d is the degree of the field extension K(p,.)/K.

PROOF OF 5.6. Let A = R({), and let b, be the image (see Lemma 5.5) of B, in
H°(A.,Z/1"(1)). Since b, is a generator of this group (see 5.5), cup product with b,
gives isomorphisms

b,U - H'(X,,Z/I"(k)) = H(X,,Z/I"(k + 1)), i,k>0
(see [37]). By 5.3, multiplication by 8, on K¢ (X,Z/!”) corresponds on the E,-level
of the spectral sequence of 5.2 to the isomorphism given by multiplication by b,.
Inspection of the spectral sequence shows that multiplication by B, induces an
isomorphism on the associated graded of K{(X,Z/!”) and therefore by B, on
KS(X,Z/!”) itself.

6. The transfer. This section contains a construction of the transfer map in
algebraic K-theory and a parallel construction of the transfer map in etale K-theory.
These transfer maps are induced by naturally defined maps of Zspaces, and they
commute with the natural transformation ¢ from algebraic K-theory to etale
K-theory.

Throughout this section, m will denote a fixed positive integer and p: ¥ > X an
m-fold locally trivial covering of sschemes over R. (This means that p is finite and
etale of degree m in each dimension and that the restriction of p to some hyper-
covering U — X determines a degree m coveringmap 7 - (U X, Y) = 7 - U)

Let S denote the set {1,...,m} and = = =, the group of permutations of S. LetS
be the category with object set £ and exactly one morphism between any two
objects; the nerve of 2 is a contractible space EZ on which = acts freely. For any
subgroup p C X, space A and space (respectively R-sscheme) Z with left p-action,
the symbol 4 X Z (resp. 4 ®,Z) will stand for the quotient of 4 X Z (resp.
A ® Z) by the diagonal action of p.

6.1 DEFINITION. Let p be a subgroup of . A classifying map for p: Y — X (with
respect to p) is a geometric map (see 2.6) f: X -->EZ ® R which can be represented
by an actual map U — EZ ®, R that fits into a cartesian square:

UxyY - (ESxS)®R

\ 1
u o - EZ®,R

Such a classifying map is obtained by choosing a hypercovering U — X which
trivializes p in each dimension and defining U — EZ ® R to be the map over R
induced by any simplicial classifying map 7 - U — EZ /p of the simplicial covering
7 (UX,Y)->m- U
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6.2 PROPOSITION. Let f: X--+EZ ® R be a classifying map for p. Then for any
sscheme Z over R there is a natural commutative square

¥
Hom, (X, EZ ®,Z*") y5o x — Hom,(Y,Z),
\ I

et

¥
Hom,( X, ES ®pZX'")E>:®pR -  Hom/(Y,Z)g

in which the vertical maps are of type in Proposition 2.5 and the map ¢ is an
isomorphism. Moreover, if the natural map

(me)et = Z ><Rel T ><Rc| Z,,

becomes an equivalence after fibrewise l-adic completion over R.,, then Y is an
equivalence.

PrOOF. If U - EZ ® R represents f and U’ is a hypercovering of X which
h
refines U, then a ¢-simplex U’ ® A[t] > EZ ® Z Xm is sent by ¢ to the composite

(U'xyY)®A[1] > (ES x §) @, 2% 'S Z

where 4 is defined by the cartesian square

h
(U'xyY)®A[t] - (EExS)®,Z*"
N \
U Alr] L Eze,zxm

and proj is induced by the =-map (EZ X S) ® Z*X™ — Z sending (o, i, z;,...,2,,)
to z,. It is easy to check that this construction gives a bijection.

Hom(U’, EZ ®,Z%") 3¢ = Hom(U' Xy ¥, Z) .

The fact that  is an isomorphism is deduced by passing to the direct limit in U’ and
using the fact that any hypercovering V of Y is dominated by one of the form
U'x,7Y.
In the same vein, a map
k
Uix Alr] = (EZ ©,277) 150 5
is sent by ¢! to the composite
A (pl'Oj)ﬂ
-

(U, Y), x Ale] S ((EE x §)®,2%") "5 28,

where k is defined by the cartesian square

A

k
(U'xxY), xAll] = ((EZX5)®,Z%") rs 50,8
! I
Ug x A1) . (Ex®,z*")

N
EZ®,R
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and (proj)., is derived from the map proj above. There is a map

Hom,( X, ES X, (22)"") — Hom,(Y, Z)

EZX, R,
defined in the same way as i, and it is easy to see that this map is an isomorphism.
Moreover, if Z satisfies the stated hypothesis, then by the product properties of the
fibrewise completion functor [3] the natural map
A
(ESx, 2%7) 50 = EZX,(27)

XI?I

is an equivalence. It follows then that the composition ¢ of the above constructed
maps is an equivalence.

6.3 PROPOSITION. Let f: X--»EZ ®, R be a classifying map for p: Y — X, and let
B%¢ . be the Fsscheme over R of Proposition 3.5. There is a naturally constructed
commutative square of #spaces.

@7 Xm o @7
Hom (X, EZ®,BIL "), 5o » — Hom(X,BYZ,),

) i

R g¢t -
Hom, (X, ES ®,B9Cy ") yse x — Hom,(X,BGl,),

in which the vertical maps are of the type found in Proposition 2.5.

PROOF. According to [23, p. 81] there is a S-equivariant sum functor 3 ® @2X" —
@¢, where 3 acts diagonally on the left and trivially on the right. Passing to the
diagonal of the nerves of these sscheme-categories as in 3.5 gives a S-equivariant
map EZ ® BY/S ™ - B%/, which induces a map T: EZ ®, B%¢X™ - BG(, of
Fsschemes. The maps 6 and 6° are induced by T.

Propositions 6.2 and 6.3 lead to the transfer map.

6.4 THEOREM. If X and Y are affine, the diagram of #spaces

_ v _
Hom (Y, B9Z,), & Hom(X,EZ®,BY; "), xq

5 Hom (X, BG¢ ™),

determines up to homotopy a map of spectra p,: K, — K . The corresponding diagram
of #spaces

‘pcl .
Hom,(Y.B9Z,), & Hom,(X ES®,BGZL") ¢

A I
- Hom,(X,B%/,),

determines up to homotopy a map of spectra p$': K — K<. The maps p, and p* fit
into a homotopy-commutative square:

P
K, - Ky
l¢ le

i et i et
Ky - K%
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In addition, p, and p$' do not depend up to homotopy on the choice of a classifying map
for p: Y — X, and the map on homotopy groups induced by p, is the usual transfer map
P K.Y = K, X [32,p.111].

ProoOF. The existence of p,, p§' and the commutativity statement are immediate
from 6.2 and 6.3. To verify that p{', say, is independent of the choice of the
classifying map for p: Y — X, consider two classifying maps f, g: X--+EZ ® R,
together with the corresponding transfers p§'( f), pt'(g). Since f and g are related by
a simplicial homotopy 4: X ® A[1]---EZ ®, R, the maps p{'(f) and pf'(g) are both
deformation retracts of p$'(h): K$'e A Ko Al

Suppose that X = Spec 4, Y = Spec B, and that A’ is a finite etale A-algebra such
that B ® , A’ is a disjoint union of m copies of B. In this case the maps ¢ and § are
determined (via descent—see appendix) by maps

GL,(B®,4') > =, X GL,(4')"" > GL,,,(4)

where X denotes semidirect product. This is one of the usual constructions of the
Quillen transfer map [32, p. 111].

6.5 REMARK. The maps p, and p{' determine maps K, A A (v) > K A A (v) and
Kiﬁ ANM(v)—> Ki‘, A A (v). This gives transfer homomorphisms on etale or alge-
braic K-theory with coefficients mod /.

The following lemma is used in §7.

6.6 LEMMA. If p: Y — X is a trivial covering (i.e., Y is isomorphic via p to a disjoint
union of m copies of X), then the above transfer map K{(Y,Z/1") » K$(X,Z/1") is
split surjective.

PROOF. In this case K§$(Y,Z/1”) = o, K$(X,Z/1"), and it follows directly from
the above constructions that the transfer map is the sum homomorphism

@ KL (X.Z/") > KX, Z/1").

7. Galois descent and secondary transfer. Proposition 7.1 shows that etale K-theory
satisfies descent for a general Galois cover. Theorem 7.4 constructs a secondary
transfer map in algebraic K-theory or etale K-theory for a cyclic Galois cover—the
indeterminacy of this secondary transfer map is the image of the (primary) transfer
map constructed in §6. The section concludes with Theorem 7.9, which uses Galois
descent over a tower of cyclic maps to show that the secondary transfer in etale
K-theory is surjective for a cyclic map which belongs to such a tower.

Throughout this section, m is a fixed positive integer and p: Y — X is a Galois
map of sschemes over R with Galois group I' = Z /m; in other words p is finite, etale
and principal with group T'. If T is treated as a subgroup of £ = ¥ via the regular
embedding, then the transfer machinery of §6 applies to this situation with p = T'. If
Z is a sscheme over R, then for brevity K¢ will denote the mod /” etale K-theory
spectrum K A #(v).
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7.1 PROPOSITION. There are natural equivalences of spectra

K< S holim K, K¢ — holim K¢
X — Y X -— Y
T T

where the action of T' on K$! and on K¢ is that induced by the action of T on Y.

PROOF (cf. [8, Theorem 9]). Let B denote the object (BYZ )z over R,,. Since
smashing with the finite complex . (») commutes with taking stable homotopy
inverse limits, it is enough to verify the following chain of #space equivalences:

Hom, (X, B9/, ), = Hom,(X,. B)x,

— Hom (Y, XET, B) g
— Hom"(ET, Hom, (Y, BEZ,, ) ,)

- holim Hom (Y, BGZ, ) ,.
r
The first row is the definition of Hom,(-, -), the map of the second row is an
equivalence induced by the equivalence Y, X . ET' = X, the map in the third row
comes from an adjointness construction and the definition of Hom,(-, -), while the

map in the bottom row is essentially the definition of h(()l_im r

7.2 COROLLARY. Let X be a sscheme over R of finite mod [ cohomological dimension.

Suppose that X « X, « X, --- « X, « --- is an infinite sequence of maps such
that each X, is Galois over X, each group T, = Gal(X,/X) is cyclic, and

I

l_i_r_{l , vorder I)) = oo, where v,(-) is the l-adic valuation. Then the natural map of
spectra
K§ - lim K
X =S X,
n
is equivalent to the inclusion of the homotopy fibre of the map
1-7: lim K¢ - lim K,
n n

M

where ¥ is a topological generator of l(iin W Lo

PrOOF. The homotopy fibre of the map 1 — ¥ is

holim ( lim K¢ )
«— - "

where the generator g € Z acts on l_(e,}" through Z — T, sending g to the image of 7.
By Proposition 7.1 it is enough to show that the natural map

lim (holim K< ) - holim( lim Rs})
- «— " «— - "
n T,

n

Z n
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is a homotopy equivalence. For each n there is a spectral sequence [3]
Ey~/(n) = H'(T,, KX(X,.Z/I")) = K& (X,Z/1").
This spectral sequence converges strongly—in fact, it can be mapped to the
Atiyah-Hirzebruch spectral sequence (see 5.2)
E;™/ = H(X. Z/I'(j/2)) = KL (X, Z/1)

in a way which covers the identity map on abutments. This implies that the
Z /I-cohomological dimension of X gives a global bound (independent of n) on the
filtration of elements in E}X*(n). It follows that there is a strongly convergent direct
limit spectral sequence

EiJ(o0) = lim H(T,, K(X,.2/")) = K (X, Z/1").

The proof is completed by comparing this with the spectral sequence

'E}"I(o0) = H'|Z, 11_n)1 Kf‘(X,,,Z/I”)) =7, hc(>1_im ( 11_n)1 Ke}")
n YA n
and using the fact that Z — {I,} is a Z /l-equivalence to conclude that EJ ~/(c0) =
'Ef~/(0).
The construction of the secondary transfer depends upon a choice of homotopy.
The following proposition makes that choice algebraically once and for all.

7.3 PROPOSITION. A choice of generator y € T determines a self-map of Fsschemes.
y:ESQ®.BYGL ™ - ES ®.BYL [
with the property that
0oy =1v00: Homg(X, EZ ®FB@,§<”)E2®FR — Hom (Y, B¢, ).,

where y: Hom (Y, Z) p = Hom (Y, Z) is induced by the action of y on Y. Similarly,
0¢ oy = y o @°. In addition, there is a natural simplicial homotopy

H: (EZ2®.B9/ ") @ A[1] > ES @ BYZ ™
relating ¥ to the identity map

PrOOF. Since T is abelian, the action of y on EZ commutes with the action of T
on EX and thus induces ¥. The asserted equality # e ¥ = y o 8 is proved by observing
that permuting the factors of BZ;™ and then projecting via (EZ X §) ®I~B—{9_{’I”‘
— B%/ , has the effect of composing with an automorphism of p: Y — X. There is a
unique (T-invariant) natural transformation from the identity functor £ — = to the
functor provided by multiplication by y. This gives a '-invariant natural transforma-
tion

id->y®1:20 @ "3 g7 m
which determines the homotopy H.

Recall (Theorem 6.4) that p, and p{' stand for the geometric transfer maps

K, > K,and K"; — K< as well as for the corresponding homotopy group maps.
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7.4 THEOREM. If p: Y — X is a Galois map as above of affine schemes over R, then
the simplicial homotopy of Proposition 1.3 determines a homotopy-commutative dia-
gram of maps of spectra

K, 5 fibre( p,)
! N
K¢ —  fibre( p%)
such that the composites
K, - fibre( p,) - Ky

and

Tel

K< — fibre p$' — K¢
are both given by 1 — v.

7.5 REMARK. The maps of 7.4 give rise to commutative diagrams:

K" 5 K, (x)/image( p,)

e ¢
Kst(Y)r - K:ﬂrl(X)/image(p!)

=
=0

(Here GT denotes the subgroup of I'-fixed elements in the group G.) The horizontal
maps p,, and p$! are called the secondary transfer homomorphisms associated to p.

7.6 REMARK. The above constructions are on the level of spectra, so that applying
the functor —A.# (v) gives maps 7, 7" and secondary transfer homomorphisms with
coefficients mod /”.

PROOF OF THEOREM 7.4. There is a commutative diagram of %sschemes (see 7.3,
proof of 6.3):

— l —
ES ®.BGL " 3 ES @B
Y
inl} yin2 T
(ES @ B9t ™) @ A[1] > B9,
To

Applying Hom (X, -)_, and taking the spectra associated to the resulting Fspaces
gives a commutative diagram of spectra

s
jet Vi jet 1—)y jel
Y Y Y

1 in* A

rjet i ct
Jy - K%

0o H
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where ¢ J¢ = KS and, similarly, "J$' - K¢!. The commutativity of this diagram
determines a map fibre(in®') — fibre (8°'). Define 7 to be the composition
K¢S — J¢t — fibre(in®) — fibre(8°') — fibre( ps'),

where the first map is the homotopy inverse of ¢, the second is the homotopy
inverse of

. . A A Pnoa
fibre(in') - J§ v J§ - J¢

and the fourth comes from the definition of p§' in terms of 6.

The definition of 7 is identical, with Hom, (-, -) _, replaced by Hom (-, -) .
The naturality condition of 2.5 produces the desired commutative diagrams.

The following is an analogue of Lemma 6.6.

7.7 LEMMA. If p: Y — X is a trivial cyclic covering (i.e., Y is isomorphic, via p, to a
disjoint union of m copies of X) then the map
A M (v): KS - fibre( p$') A A (v)
is surjective on homotopy.

PROOF. As in 6.6 there is an isomorphism

K{(Y,Z/I") = @ K$(X,Z2/1")

m

such that the action of T on the direct sum is by cyclic permutation. The lemma is
proved by inspecting the diagram

0
l

TAM (V)
@ Ks(x,2/1") — X 5 n (fibre( p5t) A (%))

1-y \J
@ K(X.Z/)
l
K$(X,Z/1")
\
0

and using the fact that the right-hand column is exact.
One more fact is needed for the proof of 7.9. Suppose that

l N N
B, - B, - B
) ) l
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is a commutative diagram of spaces (or spectra) in which each row and each column
is a fibration sequence. Let 3,: m4A4; — 7, _, 4, be the connecting homomorphism
for the topmost horizontal fibration sequence, and 3,: 7,C, = 7, _, A, the connect-
ing homomorphism for the left-hand vertical fibration sequence. Let F be the fibre
of the evident map B, — C;, and note that by assumption there are natural maps
f: F—> A,, g F—- C,.

7.8 LEMMA. In the above situation, suppose that x € mw F. Then 9, f(x) = +9,8(x)
inm_,A,.

PROOF If is not hard to see that up to homotopy there is a fibration sequence
A4, - F —> A X C; for which the connecting homomorphism 3: 7,4, X 7,C, —

m,_, A, is given by the formula d(u, w) = 9,(u) £+ 9,(w).

1

7.9 THEOREM. Let X be a sscheme over R of finite mod !/ etale cohomological
dimension. Suppose that

XiY=X1(_X7_‘—“‘ — X &« ...

n

is an infinite sequence of maps such that each X, is Galois over X, each group
I, = Gal(X,/X) is cyclic and li_r)nn v, (order I',)) = oo. Then the secondary transfer

homomorphism (see 1.5, 7.6)
PKE (Y, 2/1) - KS(X, 217 )/image( p$')
is surjective for each i > 1.

PROOF. Let Y, = X, X , Y, so that there is an infinite tower of cartesian squares

Y <« Yl «— Y2 — . e Y «—

n

pi ! s L b,
X «— X1 «— X2 — e X «—

n

in which each p,: Y, > X, (n > 1) is a trivial covering. By 7.2 and naturality, there
is a 3 X 3 diagram of spectra

. et . . et -y . . et
fibre pi' — h_r)n fibre( p,), - ll_r)n fibre( p,,),

l l !
_ _ 1-% _
K¢ - lim K¢ - lim K¢
lim Ky, lim KY,
1 p! | lim(p, )\ L lim (p,)y
K > lim K = lim K¢
X m Ry, am R,

in which each row and each column is a fibration sequence, where ¥ is a topological
generator of l(iEl [, For brevity we will use the notation of 7.8 to refer to the spectra
in this diagram. Pick x € K{'(X,Z/1”) = m,C,. By 6.6 the image of x in 7,C, lifts to
an elemen: of 7, B, and therefore (by an easy diagram chase) to an element y of 7, F
such that f(y)=x. By 7.8, 9,8(y) = +9,(x). However, by 7.4 and a careful
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naturality argument, there is a map of fibration sequences:

— —_ Y —_
et H et 3 et
KY - IlmKy - lim K§

- -

A | lim | lims
- -

4, - A4, - 4,

By 7.7 the element g(y) € 7,4, can be lifted to an element z € 7r,.li_r)n Ke,}". The
image of z in m,_ K¢ = K (Y,Z/!") then passes to +x modulo image ( p') under
the secondary transfer homomorphism.

8. Surjectivity theorems. In this section, we will prove the theorems announced in
[7]. The basic result is the statement 8.5 that the natural map from algebraic
K-theory mod /” to etale K-theory mod /” is surjective for fields of Z //-cohomologi-
cal dimension < 2 and for rings of S-integers in global fields. For a finite field this
map is an isomorphism (see 8.6). The corresponding /-adic surjectivity results (8.7,
8.9) are related to conjectures of S. Lichtenbaum. The section ends with a divisibility
theorem (see 8.10). The reader familiar with [37] will recognize that the strategy
below is just to combine results from the preceding sections with the arguments of
C. Soulé.

Recall that a global field is either a number field (i.e., a finite algebraic extension
of the rational number field Q) or a function field (i.e., a finite algebraic .xtension of
F, (1) for some prime p). Let c¢d,(-) denote (etale) Z/I-cohomological dimension. If
F is a global field, it is known [36, II, 4.4] that cd,(F) < 2 under any of the
following assumptions:

(1) F is a number field and / is odd,

(i) F is a number field with no real embeddings and / = 2,

(ii1) F is a function field and 1// € F.

The surjectivity results below therefore apply to any global field which satisfies (i),
(ii), or (iii), as well as to any other field F with cd,(F) < 2, such as a finite field, a
nonarchimedean completion of a number field, or the function field of a surface over
a separably closed field of characteristic different from /.

A ring of S-integers A4 in a global field F is a finitely-generated Dedekind domain
with field of fractions F. If F is a number field let X = Spec @, where 0 is the
integral closure of Z in F, while if F is a function field let X be its associated smooth
complete curve. In either case Spec 4 is obtained from X by deleting a finite set of
closed points (a set which must be nonempty in the function field case). The
localization sequence in etale cohomology [37, I11.1] implies that a ring of S-integers
A in a global field F satisfies cd(A) < 2 if cd(F) < 2.

Etale K-theory starts out with schemes over R = Z[1 /!]. The following well-known
lemma shows that from the algebraic K-theory point of view this is often no real
restriction.

8.1 PROPOSITION. Let A be a ring of S-integers in a number field. Then the natural
map
K(A,Z2/1") - K, (A[1/1),Z2/1")
is an isomorphism for i > 1 and an injection for i = 1.
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PrROOF. Apply Quillen’s localization sequence [32]
-2 K(AZ/1") > K (AN/ILZ/1) > @ K _y(k,,Z/1") = -
w|/

in which each k, is a finite field of characteristic /, so that K,(k,Z/1") = 0 for
i > 01[30].

What follows is a three-step proof of surjectivity, first in low dimensions, then in
the presence of some roots of unity, and finally in general.

8.2 PROPOSITION. Suppose that A is either a field F satisfying 1/1 € F and
cd,(F) < 2, or a ring of S-integers in a global field F satisfying these conditions. Then
the natural map (see 4.4)

K (A[1/1].2/1") - K (A[1/1],2/17)
is an isomorphism fori = 1 ori = 2.

8.3 REMARK. The above map is not necessarily an isomorphism for i = 0. This
fails even for 4 = Q.
ProoOF OF 8.2. Let B denote A[1//]. By calculation (see [29, §§1, 16] and the
appendix to this paper) there are isomorphisms:
det

rank .
KB = ker(KOB - z) -~ PicB = myHom (B, BGL,),,

det
KB - B* = mHom (B, BGL,)
Since cd,(B) < 2 and det: (BGL,)., — (BGL)),, is in low dimensions a fibrewise

l-equivalence over R, there are isomorphisms (see 4.5):

ker(ke'B oy z) %' 7 Hom, (B, BGL,)
0 0 / ’ 1/ R

K{'B — o Hom,(B, BGL,) .
It follows that the map K (B,Z/!”) = K{'(B,Z/!”) is an isomorphism, since it can
be identified with the connected component map induced by the left-hand vertical
arrow in the following diagram (see 2.5) of fibrations:

Hom (B, Bu,)r, — Hom,(B,BGL,), — Hom,(B,BGL,),
= ) l

/
Hom,(B, Bp,.), — Hom,B,BGL,), — Hom,(B, BGL,),

(The main step in this identification is to use the determinant function to produce a
map from K to the spectrum determined by the tensor product multiplication on
Z X Hom (B, BGL,)y, as well as a map from K¢ to the spectrum determined by
the tensor product multiplication on Z X Hom (B, BGL,).)

The map of 4.4 together with the edge homomorphisms in the spectral sequence of
5.2 induces a map of short exact sequences:

0-K,(B)®Z/I" — K,(BZ/") +K,(B) >0
L/ lg Lh
0 H*(B..Z/I"(2)) - K$(B,Z/I") - H°B,Z/I'(1))>0
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The map 4 is the obvious isomorphism (see above), and the multiplicative properties
of the spectral sequence (see 5.4) imply that the map f is the Galois symbol [40, 3.3].
The Galois symbol is known to be an isomorphism for any field [27]; this finishes
the proof of Proposition 8.2 in the field case. If 4 is a ring of S-integers, the proof is
completed by applying verbatim the argument of [37, Lemma 10].

8.4 PROPOSITION. Suppose that A is either a field F satisfying 1 /l€ F and
cd,(F) < 2, or a ring of S-integers in a global field F satisfying these conditions. Then
if A contains a primitive I"th root of unity and I* + 2, the map

K,(a[1/1].2/1") - K7 (4[1/1],2/1)

is naturally split surjective for i > 1. In particular, the splitting is preserved by the
action of Aut(A) on the groups involved.

PROOF. This follows immediately from 5.6, 8.2 and the multiplicative properties of
the map K ,(A[1/1],Z/1") - K$(A[1/11,Z/1").

8.5 THEOREM. Suppose that A is either a field F satisfying 1/1 € F and cd,(F) <2,
or a ring of S-integers in a global field F satisfying these conditions. If | = 2, assume
that v > 1 and that A contains a primitive 4th root of unity. Then the natural map

K, (A[1/1],2/1") - K7 (A[1/1],2/17)
is surjective for i > 1.

PROOF. Let B denote A[1//], and B — B’ the cyclic Galois extension obtained by
adjoining a primitive /”th root of unity to B; note that successively adjoining
primitive /% ¥ th roots of unity to B’ determines a tower as in 7.9. By 6.4 and 8.4, the
image of K,(B,Z/l")— K{(B,Z/1") contains the image of the transfer map
K{(B",Z/1”) - K{(B,Z/!"). By 7.9, the cokernel of this transfer map is in the
image of the corresponding secondary transfer map. The theorem now follows from
7.4 and 8.4.

8.6 COROLLARY. If F , is a finite field of characteristic different from I, then the
natural maps

K,(F,.2/I") > K(F,2/I"),  K,(F,)®Z,— K:\(F,)
are isomorphisms for i > 0.

PROOF. The case i = 0 is trivial, so assume i positive. Because cd (F,) =1, the
spectral sequence of 5.1 implies that K§'j(Fq, Z/’y=H °((Fq)e,, Z/I’(j)) and
K S}_I(Fq,Z/l Y=H 1((Fq)e,,Z/l *(J)). These groups are isomorphic to the known
finite groups K,;(F,,Z/I”) and K, i-1(E,Z/1%) [30, 5]. This implies that the
surjection K,(F,,Z/!") > K f‘(Fq, Z/1") of 8.5 is an isomorphism. (There are some
minor points here if / = 2. First of all, if /¥ > 4 the argument of 8.5 goes through
verbatim for F, even in the absence of a primitive fourth root of unity, since every
degree 2 extension of a finite field is contained in a Z ,-tower. Secondly, isomor-
phism in the case /” = 2 can be derived from isomorphism in the case /* = 4 by a
universal coefficient exact sequence argument.) The proof is finished by using the
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fact that K,(F,) and K(F,) are finite groups to construct a chain of isomorphisms
K(F)®Z = lim K,(F,.z/I") = lim K:(F,,Z/1") = K{\(F,).

8.7 THEOREM. Suppose that A is the ring of integers in a number field. If | = 2,
assume that V-1 € A. Then the natural map
K,(4)®Z,~ K} (4[1/1])
is a surjective for n > 2.

8.8 REMARK. The spectral sequence of 5.1 shows that there is an isomorphism

K5 (A[1/1]) = Hon(A[1/1]e, Z,(i))
where n = 2i — j, j = 1,2. In view of the fact that the groups involved are finitely-
generated Z,-modules, this implies that the conjecture of [33, §9] is equivalent to the
conjecture that the surjection of 8.7 be an isomorphism.
PRrROOF OF 8.7. Construct a chain of maps

K,(4)®Z,~ limK,(A,2/1") > lim K,(4[1/1].2/1")
- lim K3(A[1/1).2/1") - K3 (A[1/1]).

The first is an isomorphism by the finite generation of each K ,(A4) [31], the second
an isomorphism by 8.1, the third an epimorphism by 8.5 and finite generation, and
the fourth an isomorphism by the finiteness of H*(A[1/1].,,Z/!"(j)) for each .

Since K;(A) is finite for i > 0 if A4 is the ring of S-integers in a function field [17,
18], the proof of 8.7 also gives the following result.

8.9 THEOREM. Let A be a ring of S-integers in a function field of characteristic
different from I. If | = 2, assume V-1 € A. Then the natural map
K,(4) > K}(A) = Hipp (Ao, Z/(i))
(n=2i—j, j=1,2)is surjective forn > 1.
The following divisibility theorem is a slightly sharpened version of the one

announced in [7]. The theorem is stated for the ring of integers in a number field;
there is an analogous result for rings of S-integers.

8.10 THEOREM. Let A be the ring of integers in a number field F. If | = 2, assume
V=1 € A. For any j > 1, there exists a finite Galois extension F’ of F with ring of
integers A" < F' such that

(i) F’/F is a solvable extension, unramified at any ( finite) prime not dividing I, and

(i1) the natural map

K (A)/torsion — K (A’)/torsion
has image divisible by I.

PROOF. The groups K,,(A4) are finite for i > 0 [2], so the theorem is nontrivial
only for j odd. Theorem 8.7 states that the natural map

Ky (4) ® Z, - R$_(A[1/1]) = HLn (A[1/1]0.Z,(i))
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is surjective for i > 2. Since the ranks of these groups have been computed and
shown to be equal [2, 38] it follows that

(K,,_,(A)/torsion) ® Z, - K5!_,(A[1/1])/torsion

is an isomorphism for i > 2. The casej = 1 is easy to handle directly, so it suffices to
exhibit F — F’ such that the image of K$! [ (A[1/1]) = K$_,(A’[1/1]) is divisible
by /. For this, it is enough to find F — F’ such that K$5i_,(A4[1/1),Z/])—
K$t_(A'[1/1),Z/1) is trivial, or, equivalently, such that H'(A[1/1].,Z/I(i)) —
HY(A'[1/1),,,Z/1(i)) is trivial. If { is a primitive /th root of 1, the extension F[{]/F
is cyclic and unramified away from /, so it is no loss of generality to require
F = F[{]. Under this assumption, it is enough to construct F — F’ such that
HY(A[1/N..,Z/1Q1)) > H(A'[1/1].,Z/11)) is trivial. Consider the Kummer short
exact sequence

0> A[1/11* ® Z/1 » H'(A[1/1],Z/1(1)) - ,Pic(A[1/1]) - 0.

Let F — F” be the Hilbert class field extension, an unramified Galois extension
with Gal(F” /F) = Pic(A). It is known that Pic(A) — Pic(A4"”) is trivial, so that

H'(A[1/1], 2/1Q1)) = HY(A”[1/1].. 2/1(1))

has image contained in A”[1//]* ® Z/I. Let F”” — F’ be the composite of the
cyclic extensions unramified outside / obtained by adjoining to F”’ the /th roots of
enough units in A”[1/1] to generate A”’[1/1]1* ® Z/l. Then A"[1/I]* ® Z/] —
A'[1/11* ® Z/I is trivial, so that H'(A[1/]].,Z/I(1)) > H'(A'[1/1).,Z/1(1)) is
trivial, as required.

Appendix: The space Hom (X, BG);. The construction of the algebraic X-theory
spectrum given in 4.1 involves geometric function spaces Hom (X, BG)g (in the
special case S = Spec R, G = GL,). The purpose of this appendix is to calculate the
homotopy type of such a function space. In the appendix, G will denote a group
scheme over an arbitrary (but fixed) base scheme S. If U is a sscheme over S, then as
usual hom(U, BG)g will denote the set of maps from U to BG over S and
Hom(U, BG) the function space of maps from U to BG over S.

For any sscheme U over S, let Z!(U, G) denote the set of all maps f: U, = G
(over S) which satisfy the (cocycle) condition

(fody) (fedy)=fed:U,—G.

A.1 LEMMA. There is a natural isomorphism hom(U, BG)g — Z*(U, G) given by
=7 -

PrOOF. This is an elementary consequence of the definition of BG [14, 1.2].

Let s#}(U, G) denote the category whose objects consist of the elements f in
ZYU, G). A morphism h: f— f’ in this category is by definition a function h:
U, = G (over S) such that f- (hody)=(hod,)-f": U — G. If h is a morphism
f— f’ and h’ a morphism f’ — f”, then h - h’: U; — G represents the composite
morphism f — 7.



278 W.G. DWYER AND E. M. FRIEDLANDER

A.2 LEMMA. The set ZN(U ® A[1], G) is naturally isomorphic to the set of arrows h:
fo = [ in the category # (U, G). More generally, the set Z\(U ® A[n), G) is naturally
isomorphic to the set of diagrams

n

B hy h
o2 imh— o 2,
in#Y U, G).

ProoF. This follows from a direct calculation with the 2-skeleton of U ® A[n].
Lemmas A.1 and A.2 together imply

A.3 LEMMA. The function space Hom(U, BG) is naturally isomorphic to the nerve
of the category #(U, G).

Let X be a scheme over S and let U — X be an etale hypercovering. Denote by
T4(G) the category of G-torseurs over X and by T, (U, G) the full subcategory of
T (G) containing those G-torseurs P which are Uy-trivial, i.e., P|y, = Uy X G.

A.4 LEMMA. There is a natural functor (U, G) = Ty (U, G). This functor is an
equivalence of categories.

PrOOF. There is one way to express the basic result of the theory of descent [6, 1-4;
15, 111.3.6].

In conjunction with A.3, Lemma A.4 leads to the following result.

A.5 LEMMA. Let X be a scheme over S and let U — X be an etale hypercovering.
Then there is a natural map from the simplicial set Hom(U, BG)g to the nerve of the
category Ty (U, G). This map is a homotopy equivalence.

Taking a direct limit of the equivalences in A.5 provides an identification of
Homg(X, BG),.

A.6 THEOREM. Let X be a scheme over S. For any left filtering category I of etale
hypercoverings of X with the property that each G-torseur over X is trivial over U, for
some U in I, there is a natural homotopy equivalence from l_il)n veHom(U, BG)g to

the nerve of the category of G-torseurs over X.

Since the category of G-torseurs over X is a groupoid category, its nerve contains
as a strong deformation retract the disjoint union LI 5, BIso(P), where [P] runs
through the set of isomorphism classes of G-torseurs over X, and Iso(P) denotes the
group of automorphisms of the G-torseur P.

A.7 COROLLARY . Let X be a scheme over S and let H'(X, G) denote the set of
isomorphism classes of G-torseurs over X. Then there is a homotopy equivalence

Hom (X, BG)s — II  Blso(P).
[PleH (X, G)
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