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ON THE EXISTENCE AND UNIQUENESS OF COMPLEX
STRUCTURE AND SPACES WITH “FEW” OPERATORS!
BY
STANISLAW J. SZAREK

ABSTRACT. We construct a 2 n-dimensional real normed space whose (Banach-Mazur)
distance to the set of spaces admitting complex structure is of order n!/2, and two
complex n-dimensional normed spaces which are isometric as real spaces, but whose
complex Banach-Mazur distance is of order n. Both orders of magnitude are the
largest possible. We also construct finite-dimensional spaces with the property that
all “well-bounded” operators on them are “rather small” (in the sense of some ideal
norm) perturbations of multiples of identity. We also state some “metatheorem”,
which can be used to produce spaces with various pathological properties.

1. Introduction and the main results. The main purpose of this paper is to prove
the following results.

THEOREM 1.1. Given n there exists a 2n-dimensional real normed space X such that
whenever Y is an n-dimensional complex normed space and Yy is Y, treated as a real
space, then the Banach-Mazur distance d(X,Yg)> cVn, where ¢ is a numerical
constant.

Given a complex (normed) space Y denote by Y the space obtained fror_n Y by
replacing the multiplication by scalar (A, y) = Ay by (A, y) = A0y = Ay and
preserving the rest of the structure (addition, norm). We then have

THEOREM 1.2. Given n there exists an n-dimensional space Y over C such that
d(Y,Y) > cn, where c is a numerical constant (here d(-,-) denotes distance of
complex spaces).

The orders of magnitude O(/n) and O(n) in Theorems 1.1 and 1.2 are of course
the largest possible: In the first case the n-dimensional (complex) Hilbert space
always gives the upper estimate V2n, in the second—d(Y,,Y;) < n if dimY; =
dimY, = n (in both the real and complex case). A weaker version of Theorem 1.1
(with estimate O(y/n/logn )) was shown recently by P. Mankiewicz [8]; a version of
Theorem 1.2 (with estimate O(n/log n)) was shown, independently of this paper and
approximately at the same time, by J. Bourgain [1], who also settled the infinite-di-
mensional problem, constructing a complex Banach space Y such that Y and Y are
not isomorphic with all the consequences (see Corollary 1.3 below). Similar problems
were considered recently by N. J. Kalton [5], who constructed an analogous example
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340 S.J. SZAREK

for quasi-Banach spaces and a Banach space Y such that Y and Y are not isometric.
All the papers—except Kalton’s—are heavily influenced by the “random” Gluskin’s
technique from [3] and some of the papers [4, 9].

Since Y and Yp (i.e., Y and Y treated as real spaces) are obviously identical and
the identity map is an isometry, we have

COROLLARY 1.3. Given n, there are two n-dimensional complex Banach spaces Y,, Y,
which are isometric as real spaces, but the complex Banach-Mazur distance d(Y,,Y,)
> cn, where c is an absolute constant. Equivalently, there is a 2n-dimensional real
Banach space admitting two complex structures, which differ (loosely speaking) in the
worst imaginable way.

In the positive direction it should be noted that a real normed space X admits
complex structure (after some renorming) if e.g. X is isomorphic to the direct sum
Z & Z for some normed space Z, in particular if X has symmetric (or subsymmet-
ric) basis; one has also an obvious finite-dimensional version of this statement. One
can, however, ask

PROBLEM A. Does every space with unconditional basis (resp. Banach lattice) admit
complex structure? The spaces constructed in this paper have very large unconditional
basis constants (see [2]).

On the other hand, it is clear that if a complex space Y has e.g. an unconditional
basis, then Y is isomorphic to Y. However, it is not that clear that there is any
(besides the Hilbert space) positive statement in the context of Corollary 1.3.

PROBLEM B. Characterize the spaces which have unique (in the sense of Corollary
1.3) complex structure.

Theorems 1.1 and 1.2 will follow from the following “ metatheorem”, for which we
need to introduce some notation. We will say that a linear operator 7: R* - R"
satisfies the condition (M, ,) (M for “mixing”) if

there exists a subspace H C R", dim H > k,

M,
(My..) such that | Py, Ty | > aly.

Here P, . denotes the orthogonal projection onto H *, the absolute value and
inequalities have the usual “Hilbert space” meaning; in this case the Hilbert space is
just /7 and the condition means that ||P,. Tx||, > al|x||, for x € H (here and later
Il - 1|, denotes the usual /; norm).

THEOREM 1.4. Given & > 0 there exists anorm || - ||z on R, || - ||, < |- llz < - ll1
such that whenever T satisfies (M, ,) with some k > &n, then |T: B — B|| > cayn,
where c depends only on 6. Moreover, one can require || - || 5 to be invariant under some

finite subgroup T of O(n), provided that H in (M, ,) can be chosen to be T'-invariant;
¢ depends then additionally on the cardinality of T.

The following result strengthens Theorem 1.4 from [9] and is connected with the
following well-known problem:
“Does there exist an infinite-dimensional Banach space such
that every bounded operator on it is of the form NI + K with K
compact? (resp. K nuclear?)”
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First we need to introduce some notation. Given a nuclear operator 7: H —» H
where (H, H are Hilbert spaces) define the quasi-norm

5(7)
1+s5(7)

1T, =X

J
where (s,(7')) is the sequence of s-numbers of 7" (cf. §2). We then have

THEOREM 1.5. Given § > 0 there exists ¢ = ¢(8) such that, for every n € N, there

isanorm || -||gon R, ||-|l, < -llg <| |, with the property that if an operator T
satisfies |T: B — B|| < cVn, then there exists A € R such that ||T — M|, < én.
Moreover, one can choose || - || g so that the cotype 2 constant of B does not exceed c,

and B satisfies the Grothendieck theorem with constant ¢, (c, an absolute constant); in
particular m(I: B - I7) < ¢;.

Theorems 1.4 and 1.5 (and 1.5A below) appear to be very useful facts. They
reduce construction of spaces with some pathological properties to verifying simple
conditions about operators on R". Besides yielding other results of this paper they
have several nontrivial known facts as easy corollaries. For example, the main results
of [4 and 9] follow immediately from the obvious fact that if P is a rank k
projection on R”, then ||P — AI||c, > 3[k A (n — k)] combined with, respectively,
Theorem 1.5 or 1.5A. Theorem 1.4 can be incorporated into the proof of the main
result of [7]: the first part of [7] is devoted basically to showing a stronger version of
our “mixing” condition for some group of operators which irreducibly act on R”
after this is proved, the rest follows from Theorem 1.4. Another possible application
of Theorem 1.4 would be in constructing “poorly equivalent”—in the linear
topological sense—representations of groups which are otherwise equivalent alge-
braically (Theorem 1.2 can be thought of as a result of this type for the circle group),
etc.

We also have the following variants of Theorems 1.4 and 1.5.

THEOREM 1.4A. Given n there exists a norm || - ||z on R, |||, <INz <"l
such that whenever an operator T satisfies the condition (M,_,), then

(0) IT: B> B| > cak/yn(1+1nn),

where ¢ is a universal constant. Moreover, || - || g may be constructed to be invariant
under the finite subgroup T of O(n) and (O) still holds for T’s satisfying (M, ,) with
H invariant under T.

Note that (O) is meaningful if k/ /n(1 + Inn) is large (e.g. k ~ n®, B> %), a
much weaker condition than k > én in Theorem 1.4. However, here we do not
recover the sharp estimates on ||7’|| which we obtained in Theorem 1.4.

Let us introduce another quasi-norm defined for compact operators acting be-
tween Hilbert spaces:

1T |lw-c, = ||(SJ(T)) ”w—/l = ig%)‘ : #{j: sj(T) = }\} = sup n-s,(T).

neN
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THEOREM 1.5A. There exists anorm || - ||[g on R", || - ||, < || - ||z < || - |l, such that,
for any linear operator T on R",

inf |T = Alllu-c, < e/n (T +Inm) |T: B~ B,
(<3
where C is an absolute constant.

Since we obviously have ||T||¢, < (1 + Inn)||T||,,_c, (C, is the nuclear norm) for
T a rank n operator, we have

COROLLARY 1.6. There exists a norm ||-||g on R, ||-|l, <|-llg<| -l such
that, for any operator T on R",

jnf |T =\ lc, < Cyn(1 +Inn)’|T: B - B|.
R

Theorems 1.5 and 1.5A and Corollary 1.6, although clearly relevant to the
problem stated before Theorem 1.5, have an obvious drawback: the norms of
T — A1, which appear in their statements, are not intrinsic to B. Instead, they come
from some inner product norm (closely connected with B, though).

ACKNOWLEDGMENTS. A large part of this research was done while the author was
in residence at the Banach Space Workshop at the Ohio State University in July
1984. The author would like to thank Gilles Pisier for communicating the problems
(which led to Theorems 1.1 and 1.2) and the result of P. Mankiewicz.

2. Notation and organization of the paper. We use the standard Banach space
notation as can be found e.g. in [6]. If X is a (normed) linear space, L(X) will
denote the space of (bounded) linear operators on X. L(X) will be endowed with
the standard operator norm || - || (x), occasionally denoted by |- : X — X|| or
Il - Il x— x» although we may occasionally consider other operator (usually ideal)
norms or quasi-norms. By 7, we will denote the identity map on X; occasionally we
will omit the subscript X. By B(X) we will denote the unit ball of X. If X = /7, we
will write B for B(/;). We will frequently identify a normed space X with its unit
ball B(X) and its norm || - || x. For a set F C X we will denote by ac(F) its absolute
convex hull and by [ F] its linear span.

All inner product spaces considered in this paper are de facto subspaces of /5 for
appropriate n and so we will denote every inner product norm by || - ||,. If H is a
Hilbert space and E its subspace, we will denote by P, the orthogonal projection
from H onto E. If T: H —» H (H also a Hilbert space) is compact, then 7 admits
the polar decomposition, i.e. can be written

(PD) T= Z)\j<uj,~)ﬂj,
j>1
where A} > A, > -+ >0 and (u;) and (#;) are orthonormal sequences in H and

H respectively. The representation (PD) is “nearly” unique; certainly the sequence
(A,) is unique and so are (up to a sign) (u,) and (i) if all A}’s are distinct. A ’s are
sometimes called the s-numbers of 7" and denoted by s,(T'). Another description of
s-numbers involves the concept of a modulus of an operator defined by |T|=
(T*T)H)?; (s (T)) is then the sequence of eigenvalues of 7 arranged in the
nonincreasing order, u,’s are corresponding (normalized) eigenvectors.
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We will work with the usual order on L(H). For our purposes it is enough to
know that if ST = T8, then |S| > |T|iff ||Sx||, > ||Tx||, for all x € H. Also, let us
state explicitly some immediate consequence of the existence of (PD): if dim H = n,
a > 0 and 1 < k < n, then either there exists a subspace E C H, dim E > k, such
that |7)g| < alg or a subspace F C H, dim F > n — k, such that ||| > alf.

We will consider the trace classes C, C L(H) with norm ||T||¢, = (tr|T|”)"/? =
lls,(T)ll, (in particular the nuclear norm C,) and some unitary ideal quasi-norms
corresponding to various symmetric quasi-norms on R™:

ITle, = L5, (0)/(1 +5,(0)),
T [lw-c, =||(sj(t)) llwa = iul()) A {] Sj(T) = >‘} = Sijsj(T)-

It should be noted that || - ||, satisfies the triangle inequality, but is not positively
homogeneous; || - ||,,_¢, is positively homogeneous, but satisfies just ||S + T'||,,_c,
< 218N, + 1T - c,)-

If dim H = m, we will say that a ( H-valued) random variable (r.v.) g, defined on
some probability space (£, £, P), has the (Gaussian) distribution N(0, 2, H) if its
density equals (m/2me2)™/%-mixi3/29° We emphasize that, in our normalization,
E||gl|3 = o We will need just three facts about such g:

1) 2({llgll, = 20}) < a", @ < 1 a numerical constant.

(i) if E € H, dim E = k, then P.g has the distribution N(0, ko?/m, E).

(i) if E, FC H, E 1 F, then P.g and P.g are independent.

Beginning with §4, all spaces considered in this paper are real; in §§1 and 3 it is
always carefully stated whether we deal with the real or complex case.

The paper is organized as follows.

§1 presents the main results: Theorems 1.1,1.2,1.4 and 1.5 together with their
corollaries and generalizations, comments and some open problems.

§3 contains reduction of Theorems 1.1 and 1.2 to statements about real spaces:
Propositions 3.1 and 3.2. The corresponding “mixing properties” (Lemmas 3.4 and
3.5), from which the propositions follow via Theorem 1.4, are also stated there.

In §4 the “mixing” Lemmas 3.4 and 3.5 are proved.

§5 contains the proof of Theorem 1.4 and a sketch of the proof of its generaliza-
tion—Theorem 1.4A.

In §6 Theorems 1.5 and 1.5A are deduced from Theorems 1.4 and 1.4A respec-
tively.

3. Reduction to problems about real spaces. If X is a normed space over R, then
any complex structure on X (i.e. multiplication elements of X by complex scalars)
corresponds (on an essentially one-to-one basis) to the R-linear isometry on X such
that 42 = —I. Indeed, if multiplication by complex scalars satisfying ||Ax|| = |A| - ||x]|
is defined, set Ax = ix. Conversely, if such an isometry exists, define ix = Ax or,
more generally, (a + bi)x = ax + bAx, to get that ||(a + bi)x|| = |a + bi| - ||x|| one
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must modify the norm a little bit, introducing e.g.

xS 5 [*7 (cos8)x +(sind) Ax|| b
0

27
i Il

Taking this into account, Theorem 1.1 immediately reduces to

clearly || - ||

PROPOSITION 3.1. Given n there exists a 2n-dimensional real normed space X such
that whenever S: X — X satisfies S = —I, then ||S| > cl\/; ; ¢, a numerical con-
stant.

To reformulate Theorem 1.2 notice that if Y is a complex space and A is the
isometry associated with the regular multiplication (i.e., Ax = ix), then the isometry
determining the complex structure of Y is -4, as iOx = —ix = —Ax. Therefore to
say that an R-linear operator T: Yg — Yy is C-linear considered as acting from Y to
Y (i.e., T(ix) = iOTx) is precisely the same as to say that 74 = —AT. Thus Theorem
1.2 reduces to

PROPOSITION 3.2. Given n there exist a 2n-dimensional real space X and an isometry
A on X satisfying A* = —I such that whenever T: X — X satisfies TA = —AT, then
T\ - IT Y > ¢yn, ¢; a numerical constant.

For future use observe that T: Y, — Yy is C-linear considered as an operator
actingon Y (or Y) iff TA = AT.

For the rest of this section and in §4, all normed spaces will be “living” on R”;
they will then be determined by (and frequently identified with) their unit balls. We
will work with the standard /2" Hilbert space structure.

REMARK 3.3. When working with the product ||T|| - ||T ~}|| we are always free to
replace T by any aT, a € R\ {0}, without affecting the value of the product. For
the purpose of the proof of Proposition 3.2 we will use a normalization such that
both T and T~! have at least n s-numbers greater than or equal to 1; in other
words, if T = Zf:loj(u 5 +)U; is the polar decomposition of 7, then ¢, > 0, > - -
20,212>0,,,> " >0y,

Both Propositions 3.1 and 3.2 assert that norms of certain operators are large. It is
therefore clear that the propositions can be deduced via Theorem 1.4 if we show that
those operators satisfy certain “ mixing properties”, which we now formulate.

LEMMA 3.4. If S: 13" - I2" is such that S? = -1, then it satisfies the “mixing
property” (M,,,l).

LEMMA 3.5. Let A € O(2n) be such that A*> = —I and let T: 12" — 12" verify

(i) AT = -TA,

(ii) at least n s-numbers of T are greater than or equal to 1 (c¢f. Remark 3.3).

Then T satisfies the “mixing property” (M,, ;) with m > n/8 — 1 and H such that
AH = H.

Assuming the lemmas above (to be proved in §4) it is immediate to deduce
Propositions 3.1 and 3.2 (and hence Theorems 1.1 and 1.2) from Theorem 1.4
(proved in §5). Indeed, to prove Proposition 3.1, we apply the first part of Theorem
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1.4 with 2n instead of n, § = 1/2, a = 1. To prove Proposition 3.2, we apply the
second part of Theorem 1.4 withe.g. 6§ =1/17, a=1and I' = {1, 4, -1, -A} (cf.
Remark 3.3).

4. The “mixing” properties. In this section we prove Lemmas 3.4 and 3.5. Let us
reformulate slightly the first of them.

LEMMA 34A. If S: 13" > 13" is such that S* = -I, then there is H C I3",
dim H = n, such that, for x € H,

1Py Sxlly =1Sx ]2 > [ x][2-

PrOOF. Consider the polar decomposition S = Zf:l}\ S(uj, - )v; (with A, >0, (A))
nondecreasing). Since § = —S !, we also have S = —X32,X7'(v;, -)u,. By the unique-
ness properties of polar decomposition, it follows that A, = A j+1 for all j (in
particular A, ., =)' <1<A, and hence A;>1 for j<n). If all \’s were
distinct, it would also immediately follow that v; = tu,,_;,,; in the general case
we can also achieve that by modifying the original u;’s and v;’s somewhat. Thus we
can write

Ss=3 A(uj, - )o, — Yy ANy, ) uy,
j=1 Jj=1

where (uy, u,,...,U,,0y,...,0,) is an orthonormal basis of /2". Let H = (4] <
Then H*=[v],., and

PH.LS = Z )\j(uj, ')Uj.

J=1
Since all A;’s, 1 <j < n, are greater than or equal to 1, the assertion of Lemma 3.4A
readily follows. Q.E.D.

The proof of Lemma 3.5 is a little bit more complicated. We shall work with 4

whose matrix representation in the standard unit vector basis (e;,...,e,,
€ni1s---»€5,) Of R?" is

0 -7
0 !

where the entries stand for n X n matrices (i.e. de; =e,,; and Ae,, ;= —e; for
j=1,2,...,n). This can always be achieved by appropriate change of
coordinates—orthogonal, if 4 € O(2n) (see the proof of Lemma 3.4). Actually for
Proposition 3.2 we just need to find some 4 and X, so we could as well start with 4
of the form (1).

Let us reformulate the lemma.

LEMMA 3.5A. Let A be given by (1) and let T: 13" — 12" satisfy

@) AT = T4,

(ii) at least r s-numbers of T are > 1.

Then there exist H 12", dim H > r/8 — 1, AH = H, such that, for x € H,
1 Pys Tx|ly = Tx |2 > [|x|l2-

For the proof of Lemma 3.5A we need several further lemmas.
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LEMMA 4.1. If A: 12" - 3" is given by (1) and T: 13" — 13" satisfies TA = —AT,
then there exists an orthonormal sequence hy, h,, ..., h, with k > n/4 such that one
has

GE L E, fori # j, whereEj = [hj, Ahj, Thj, TAhj} forj=1,2 ...k,

) ITh |l = Sg;-1y+1(T) forj=1,2,..., k.

PrROOF. Set E; = {0} and let k£ be the smallest integer greater than or equal to
n/4.For j =1,2,..., k choose
dt
hy€ (B + - +E_ ) 0T (B, + - +E_))" )= E
such that ||h/|l, =1 and ||Th||, > Sg;_1)+1(T); this is possible since codim E <
8(j — 1). Obviously, h; L E; and Th; L E; for i <j. Also Ah; L AE, = E; and
TAh; = -ATh; L AE, = E fori <j.SoE; L E, fori <. Q.E.D.

LemMma 42. If S: H— H (H a Hilbert space) and u, u’ € H\ {0} satisfy
(Su, u)(Su’,u’) < 0, then there exists w € [u, u’], ||w||, = 1, such that (Sw,w) = 0.

PrOOF. Apply the Intermediate Value Theorem to the function [0,7/2] > 6 —
(Swy, wy), where wy = u - cosf + u’ - sinf. Q.E.D.

LEMMA 4.3. If A and T are as in Lemma 4.1 and h € 13" with ||h||, = 1, then there
exist u, v € [h, Ah] such that Au = v, ||u||, = ||v|l, = 1 and (Tu,v) = (Tv,u) = 0.
Moreover, (u,v) = 0, (Tu, u) = ~(Tv, v) and |[Tull, = | Tvll, = | Th]l,.

PrOOF. Notice first that (Ax, x) = 0 for every x € I3". Since (h, Ah) = (Th, TAh)
= 0 and ||Th||, = ||TAh||,, it easily follows that ||Tx||, = ||Th||, for every x € [h, Ah]
with ||x||, = 1. The fact that one can choose u € [h, Ah] with ||u}|, = 1 such that if
v = Au, then (Tv, u) = (TAu, u) = 0 follows from Lemma 4.2 applied with S = T4,
u=h, u’ = Ah. All other statements follow trivially from these and the assump-
tions. Q.E.D.

ProOF OF LEMMA 3.5A. Let hy, h,,..., h;, with kK > n/4, be an orthonormal
sequence constructed as in Lemma 4.1. For every i, find u,, v, € [h;, Ah,] as in
Lemma 4.3; then v, = Au; and (u,,v;) = (Tu;,v;) = (Tv;, u;) = 0. Also ||Tu,||, =
ITv;l, = ITh,||, = 1 for i < d, where d > r/8 (by (ii) of Lemma 3.5A and (jj) of
Lemma 4.1). Therefore

Tu,=au;+ z;,, Tv,=-ATu,= -a,v; — Az,
with z,, Az, € [u;,v;] and (z,, Az;) = 0. In particular
[h;s Ah;, Th,,TAh,) = E, = [u,,v;, z;, Az,].

Exchanging the roles of u,’s and v,’s for some i’s, if necessary, we may assume
that the sequence (aq,) has alternating signs. For j = 1,2,...,[d/2], apply Lemma
4.2 with {u,u’} = {u,,_j,u,;} to obtain an orthonormal sequence (w;) with
w; € [uy,_1,uy;]C E,; 1 ® E,; and (Tw;,w;) = 0. Since Tw, € E,; | ® E,;, we
also have (Tw;,w;) = 0 for i # j.

Let Hy = [w], (42 and let H = H, + AH,. We already know that Tw; L H,
for j < [d/2). Since Tw; € [uy;_y, Uy, 25,1, 2;] L [V, 05,41 2 Aw; for i, j <
[d/2], also Tw; L AH,. So Tw; L H and hence TH,, L H. It follows in particular
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that TAH, = -ATH, L AH = H. Thus TH 1 H. Since
17w, > min{[|Tuy, ||, 7wy, 1} > 1

and the Tw,’s are mutually orthogonal, it follows that ||Py. Tx||, = ||Tx||, > ||x||,
for x € H. This proves Lemma 3.5A. Q.E.D.

5. Proof of Theorem 1.4. The proof of Theorem 1.4 consists of three parts: (a)
description of the random norm || - ||z on R”, (b) the “measure theoretic” argument
which shows that, for a given operator 7 satisfying the appropriate “mixing
condition”, ||T: B — B|| is large for the vast majority of B’s and (c) the “e-net”
argument which shows that, still for “most of” B’s, ||T: B — B|| is large for all such
T’s.

We shall prove Theorem 1.4 only in the case relevant to Proposition 3.2 (and
Theorem 1.2),1.e. I' = {1, A, -1, —-A} with A of the form (1) (see §4), which reveals
all technical difficulties. The case of trivial I' = {1, —I} relevant to Proposition 3.1
(and Theorem 1.1) is somewhat easier and can be obtained from the argument we
present by, roughly speaking, dropping all references to 4 and expressions involving
A; the case of general I' requires “throwing in” additional expressions involving all
elements of I different from I. We point out the crucial observation that if G, C R”
then there is G D G, which is I'-invariant with dimG < #I' - dimG,,.

(a) Description of the random norm. Fix 6 > 0 and let k > én. Let m < k/10 and
let gy, &5,-.., 8, be independent Gaussian random variables (r.v.’s) with distribu-
tion N(0,1, /) defined on some probability space ({2, =, ). For each w € £ denote
B = B(w) = ac{ey, €;,...,€,, 81,--->8m> ALy, ..., Ag,,}. We shall identify B with
the normed space (R, || - || 5) whose unit ball is B. Note that A(B) = B and hence
x|l g = |Ax|| 5 for x € R, i.e. || - || g is [-invariant. Let us observe here (this is going
to be useful in the proof of Theorem 1.5) that every space constructed in this way is
a quotient of /¥ with N < 2n. Moreover, the randomness in the construction allows
us to conclude that, with large probability, the kernel of the projection (and in fact
also the orthogonal-in /}-complement of the kernel) are “nearly” Euclidean sub-
spaces of /. In the case of trivial ' (i.e. B = ac{e,...,e,, §,---, &, ) this follows
directly from [9, Remark 4.5]; the “complex version” of the argument presented
there also works if I' = {I, 4, —I, —-A}, i.e. the case we describe here in detail (we
do not make any claim about the kernel in the case of general I'). In particular it
will follow that all spaces, whose existence is asserted in Theorems 1.1,1.2,1.5, and
the cases of Theorem 1.4 relevant to the I'’s mentioned above can be assumed to be
quotients of /¥ by a “nearly” Euclidean subspace with all the consequences like
having cotype 2 constant bounded by a universal constant ¢, and satisfying the
Grothendieck theorem with the constant ¢, (see [9, Remark 4.5] and its references).

(b) The “measure theoretic” argument. We will consider operators 7 satisfying the
condition (M, ,), k > &n. Clearly it is enough to work with a = 1, i.e. with the
condition

(2)

there exists H € R", dim H > k, such that
AH = H and || Py . Tx||, > || x| for x € H.
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For technical reasons we will also use a slightly weaker form of (2):
there exists H, C R", dim H, > 4k /5, such that

{AH0 Hyand |Py.T||, >| x|, for x € H,,.

We have the following “measure theoretic” statement.

(2a)

PROPOSITION 5.1. Let T satisfy the condition (2A). Then, for every K, > 0,

e K nz km/2
.¢’({||T:B—>B||>K0})>1—(—°k;2 )
Moreover,
thereexists Z, Z 1 [g,.,Agj]ij<m o1 coKon? km/2
such that, for somej < k, P,Tg, € K,P,B k3/? )

¢, is in both cases a numerical constant.

ProOOF. Clearly it is enough to prove the second statement. The argument is in the
spirit of the proof of Fact 5.2 from [9]. We need the following lemma, which is a very
slight modification of Claim 6.2 from [9] (the same proof works and so we omit it).

LEMMA 5.2. Let ¢,0, K,> 0 and let W: H— H (H, H are Hilbert spaces,
dim H = k) be such that #{j: s,(W)> 1} > k,. Let B c H be of the form
B =ac{y, yp--0r Yu}> Iyll, <1 forj < M, and let g be an r.v. with distribution
N(, 02, H). Then

KoMK |

kil o

Let us denote Gy =1[glicm 8 = Pug; + Py:8,=8;+8,, Go =Py.Gy=
[8/]j<m and G” = Gy + AGy = [g]’, Ag]']; j<m (noOte that since AH = H and
hence also AH *= H*, both P, and P,. commute with 4 and so e.g. Py.Ag; =
APy.g; = Ag}). Finally, choose Z = (G” + Py.TGy')* NH . Observe that

1° g{,.... 805 8-, 8&n are independent r.v.’s with distribution N(0, k/n, H)
for g;’s and N(0,(n — k)/n, H*) for g’s.

2° Zc H*, codimensionof Zin H' is <3m < 3k/10; Z L G” = [g” A)).

3° G” and hence Z depend only on g;"’s and so are independent of g7’

Consider now T, = = P,T = P,Py.T. As rank(T, — Py.T) < 3k/10 by 2°, we
have (cf. (2A))

(3)

By 3°, H, depends only on g;"’s and so is independent of g;’s.
We are now ready to estimate the probability in the assertion of Proposition 5.1.
We have

|T: B> B|| <Ko= Tg; € K,B for j =1,2,.
=>PH1ngEKOPHJ.BQPHLng“‘PH;Tg;,EKOPHJ.B
= PZPHJ.ng’» + PZPHJ' ng” = TOg_; +0e KOPZPH*B

P({Wg e K,B)}) < (

{there is Hy Cc H,dim H, = k, > k/2, such that

| Toxll, > x|l for x € H,.
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and

P,P,.B= Pz(ac{Pmei, g/ Ag;’}

isn;j,hsm)
= ac{Pze,-, P,g7, PZAg,’,’} = ac{ Pze,} = P,B].

Thus W = T, satisfies the assumptions of Lemma 5.2 with kq, > k/2 (cf. (3)),
M =n, B=P,B=P,B}=ac{Pye,},_,and o* = k/n (see 3°). Therefore

i<n

2({IT: B> B < K,}) < ?({Tog) € KoP,B}, j=1,2,...,m})

cKOn\/I? )kom

= [97’({Tog{ € KOPZBII})]M < (ké - k/n

cKyn? Fom ( 4cKyn? )km/z
= —_— S _
Kk ez
and hence the assertion of Proposition 5.1 follows with ¢, = 4c. Q.E.D.
(c) The “e-net” argument. Assume for simplicity that k (> én) is a multiple of 10

and choose m = k/10. Then the statement in the assertion of Proposition 5.1
becomes

¢ 82n%/20
(4) .@({HT:B—»B]|>K0})>1—(6535f/°;)

Fix K > 0 (to be specified later) and define
%= {T e GL(n): |T: I} - I7'|| < 2K, T satisfies (24)}.

By Fact 5.1 of [9] (essentially due to Gluskin), for any e € (0,1),  admits an
e - 2K/ Vn = net (in the operator norm on [}), say 4, such that #4, < (Co/e)"z.
We need this fact just for ¢ = %, so denote by /"= 4 ,, the k/2Vn -net, #4"< Cl"z.
It follows from Proposition 5.1 (cf. (4)) applied with K, = 2K that if K < czw/;
(where ¢, = c,(8) = 8%2(2¢,)"1(2C;)"2/%"), then

o (<Ko} _ (L)
1 85/2\/; =

and hence with probability > 1 — (3)” we have |T: B = B|| > 2K and moreover

(5)

there exists Z L [gi, Agj] i jm
such that P,Tg; & 2KP,B for some j < m

for every T € . Consider now any B satisfying (5) and additionally
(6) lg,l, <2 forj=1,2,...,m.

Note that £({(6)}) > 1 — a" for some numerical a < 1 ((i), §2). We claim that any
such B verifies the assertion of Theorem 1.4 with ¢ = ¢,(8) as above (except that, in
view of (6), we have only 3| |l < |- |l 5; replacing || - |5 by || - I V || - ||  or each
g; by ig ;. takes care of that problem). To show this assume the opposite is true. Let,
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for some B satisfying (5) and (6), there exist T satisfying (2) such that
(7) IT: B - B| < K.

By an argument identical to that in the proof of Proposition 4.1 of [9] it then follows
that there exists 7, ||7: I7 > [}l < K < 2K, such that if, as before, G =
[8i» 48], ;< mand Q = P;., then

(8) oT = oT.

In particular, rank(7 — 7') < dimG < 2m < k/5 and hence T satisfies the condi-
tion (2A) (note that AG* = G *) and so T € %. Therefore there exists T; € 4" such

that |7 — T, non S K/2/n . By assumption (5) on B this shows that there is a
Z 1 Gand j € {1,2,...,m} such that

(9) P,T,g, & 2KP,B.
On the other hand, since obviously

K

[ i K
“ng_ Tlgj“2 S”T* T, gj-||2 < ﬁ -2 = 7_;1—-

13

(we used (6)), we have

T K n n

Tg, - T8, &€ ﬁBz C KB} C KB
and hence
(10) pP,Tg, — P,T,g; € KP,B.

Now (9) and (~10) together imply tl~1at P,Tg ; & KP,B and, a fortiori, since P,Q = P,
and QT = QT by (8), QTg, = QTg; € KQB, which contradicts (7).

This concludes the proof of Theorem 1.4. Q.E.D.

Sketch of the proof of Theorem 1.4A. In the case of trivial I" one essentially follows
[4]: to construct the space one adds m random points to the ball of /], this time with
any m such that Cn(Inn)? < m < n? for an appropriate numerical constant C. The
“measure theoretic” part of the argument—based on an analogue of Lemma 4 from
[4] rather than on Lemma 5.2—is much less complicated than in the case of
Theorem 1.4 since we do not (and cannot) annihilate the space Z * (we pay for this
with a weaker estimate). The only source of apparent difficulty is the presence of the
terms Py . Tg}, but they can be handled using the fact that the densities of measures
N(0, 02, 15) are symmetric and radially decreasing. The “e-net” part can be taken
care of as in [4]: note that, for fixed k, one only needs to find a net for the set
{Py.T: T satisfies (M), |T: 15 = 17| <n, HE G, ,} of rank k operators. The
case of general I' requires only obvious modifications.

6. Proof of Theorem 1.5. Theorem 1.5 will follow immediately from Theorem 1.4
and the following

PROPOSITION 6.1. Let 8 > 0 and let T: R" = R" be such that, for any A € R,
T — M|, = 8n. Then T satisfies the mixing condition (M, ,) with some k > 8n/36
and o = 8 /6.
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Indeed, suppose we have proved Proposition 6.1. Apply the first part of Theorem
1.4 with 8,/36 instead of 8. This gives B = (R”, || - |lz) with || -, <l llz <"l
satisfying, by Proposition 6.1, the first assertion of Theorem 1.5 (about norms of
operators). The facts that B can be chosen so that the cotype 2 constant of B does
not exceed some numerical constant ¢; and that B satisfies the Grothendieck
theorem with constant ¢, follow from the “random” construction of B—see §5(a).

REMARK 6.2. It should be noted that the following converse to Proposition 6.1
holds: If T: I3 — I3 verifies (M, ,), then, forany A € R, ||T — ||, > ka/(1 + @).

For the proof of Proposition 6.1 we need the following simple variant of Lemma
4.1.

LEMMA 6.3. Given T: 17 - I} and G C I3, dim G = p, there exists an orthonormal

sequence f1, f, ..., [, in G with k > p/4 such that
(T, Tf,) = (Tf,. £;) =0 if1<i,j<k,i#}j

PROOF. Argue as in Lemma 4.1 omitting all references to 4 and s-numbers of T.

PROOF OF PROPOSITION 6.1. Observe first that it is enough to exhibit an orthonor-
mal sequence hy, h,,..., h,, k > 8n/36, satisfying

(D (Th;,Th;) = (Th;,h;)=0fori+j,i<i, j<k,

(D) | Py Thill; > 8/6 for j < k.

Indeed, then the space H = [k, h,,..., h,] works: just observe that, for each j,
Py.Th; = P[,,]]l Th; and the sequence (Py . Th;), ., is orthogonal.

To construct (h;) we proceed as follows. Let 7= X7_,A (u;, )#t; be the polar
decomposition of 7. Since ||T||c, = IT — OI||c, > 8n, we must have

>

#{j: N, >58/6}>8n/6

or, in other words, if m is the smallest integer greater than or equal to 8n/6, then
A, > 58/6 ((A))is assumed to be nondecreasing). Let us consider two cases:

() }‘m - An~m+1 <6/3,

@) A, = A, _e1=68/3

Case (i). Note that if p=X, —8/6 (> 26/3) and m<j<n—m+ 1, then
le —A;| < 8/6. Thusif F=[u], ¢ cnms+1> then

(11) codimF =2m — 2 < 8n/3
and if x € F, then
(12) (p = 8/6)llx]2 <[ Tx[l2 < (p + 8/6)| x]l2.

For x € R” consider the condition
)
(13) ITx = Axll < 3l x2

for A =p and A = —p; we will also denote by ~ (13), the reverse (nonstrict)
inequality. Our present goal is to prove the following

Claim. At least one of the following statements holds.

(A) There exists E, C F, dim E, > 8n/9, such that every x € E, verifies both
~ (13),and ~ (13)_,.

(B) There exist E,, E, C F with E, 1 E, and dim E; = dim E, > 8n/9 such that
every x € E, verifies (13)_, and every x € E, verifies (13),.
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PROOF. Observe first that since ||T + pl||c, > 6n, (11) implies that ||T\r £ plg| ¢,
> 38n. Therefore there exist F), F, C F, dim F, > 8n/3 such that every x € F,
satisfies ~ (13)_, and every x € F, satisfies ~ (13),. If no E, satisfying the
condition (A) exists, then it follows from the remarks following the defirition of
polar decomposition in §2, applied to the operator 7|5 + ply (resp. T\r, — plf,),
that there exists Fy C F}, dim F} > 26n/9 (resp. F, C F,, dim F,’ > 26n/9) such
that every x € Fy satisfies (13)_, (resp. F,, (13),). Choosing further subspaces
E,C F/ withdim E, > dn/9 and E, L E, concludes the proof of the claim.

To settle case (1) it remains to deduce the assertion of Proposition 6.1 from the
Claim. To this end, we observe that if E is either E, (from (A)) or the graph of any
isometry from E, onto E, (E,, E, as in (B)), then

)
(14) | Pl Tx|, > g”x”z forx € E.

A simple geometric argument (the reader is advised to draw pictures) works in both
cases. If x € E, with ||x||, =1 and Tx = ax + x’ with x’ L x, then it is easily
shown that (12), p > %6, and ~ (13),.5gn, show that ||x’||, > /6. On the other
hand, if y € E| and z € E, are such that || y||, = ||z||, = 1, then ||Ty + py||, < 8/3,
Tz — pz|| < 8/3 and so if x =2°Y?(y + z) and x’ = 27/%(y — z), then x’ L x,
llx|l, = ||x"]l, =1 and (Tx,x") > 2 — v2) > & (we also use p > 28 here). This
establishes (14).

Finally notice that in either case E satisfying (14) also verifies dim E > 6n/9.
Therefore applying Lemma 6.3 to E we get an orthonormal sequence satisfying (I)
and (II), as required.

Case (ii). First apply Lemma 6.3 with G = [u,, ..., u,,] to obtain an orthonormal
sequence fi, ..., fi, kK = m/4. Then define g to be the smallest integer not less than
m/6 (note that g > &n/36 and E = [f,..., f,]). Again apply Lemma 6.3 with
G=[t, ppi1r--» 4, ]N(TE)* NTH(E*) to obtain E' = [f/,..., f/]; then E’ L
TE and TE' L E (observe that we have automatically E L E’ and TE L TE’ since
u;’s came from the polar decomposition of T').

Now set i, = 27V2(f, + f/) for j=1,2,...,9. We claim that these h’s satisfy
the conditions (I) and (II). Indeed, (I) is clear since f;’s and f/’s were obtained via
Lemma 6.3 and since E, E’, TE, TE’ are mutually orthogonal. To show (I1I), we
observe that

E4(r(5+ 7). (£ + )]

|21, T, ”z =37(s5+ 1)

> IT5 ) - 1T7]) 2 30 = A i) > (8/6)°

by (ii). This concludes the proof of Proposition 6.1.
PROOF OF THEOREM 1.5A. We use Theorem 1.4A and the following

LEMMA 6.4. Let T: R" —» R" and denote « = infy (g||T — A||,,_,. Then there
exist k,a with ka > ck (¢ a universal constant) such that T satisfies the condition

(M o).
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The proof of Lemma 6.4 goes along the same lines as the proof of Proposition 6.1.
First, by replacing T by T — A,I for appropriate A,, we may assume that
ITl,,—c, = . Assume, for simplicity, that » is even and set p = s, ,(T). Consider
now the operator T — pI and ||T — pl||,,_c, = m; - 5, (T — pI) (> x), denote
Bi = 5,,(T — pI). Assume first that m; < n/2 and consider two cases:

W’ Sm(T) = Sy_my41 < 3B

(1) 5, (T) = Sy, 41 = 1B1-

In case (ii)” we argue similarly as in case (ii) of Proposition 6.1. In case (i)’ notice
that we must necessarily have

Bi=s,(T—plI)<s,(T)+p<p+ 3B +p

and so p > 4fB;. Therefore m;B; > k > in-p > in- ;B, and hence m; > §n (the
case m; > 3n also falls in here). Considering similarly 7'+ pI we get that the only
unsettled case is when ||T + pI||,,_ = m,p, etc.,, with m, > §n. But this type of
situation is covered by Proposition 6.1. Thus Lemma 6.4—and hence Theorem 1.5A
—1is proved.
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